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Abstract: Because Herglotz’s variational problem achieves the variational representation of
non-conservative dynamic processes, its research has attracted wide attention. The aim of this paper
is to explore Herglotz’s variational problem for a non-conservative system with delayed arguments
under Lagrangian framework and its Noether’s theorem. Firstly, we derive the non-isochronous
variation formulas of Hamilton—-Herglotz action containing delayed arguments. Secondly, for the
Hamilton—-Herglotz action case, we define the Noether symmetry and give the criterion of symmetry.
Thirdly, we prove Herglotz type Noether’s theorem for non-conservative system with delayed arguments.
As a generalization, Birkhoff’s version and Hamilton’s version for Herglotz type Noether’s theorems
are presented. To illustrate the application of our Noether’s theorems, we give two examples of
damped oscillators.

Keywords: non-conservative system with delayed arguments; Noether’s theorem; Herglotz generalized
variational principle; Lagrangian framework

1. Introduction

Time delay is a common phenomenon in nature and engineering. Although time delays have
often been ignored in the past and many problems have been solved, with the increasingly precise
requirements for the dynamical behavior and control of complex systems, the effects of time delays on
the system need to be considered. It has been shown that even millisecond delay can lead to complex
dynamical behavior of the system. In addition, for many delayed systems, if the time delay is ignored,
it will lead to a completely wrong conclusion. Therefore, the study of the dynamical characteristics
of time-delayed systems is not only extremely important to the understanding of these systems
themselves, but also to the research of biology, ecology, neural network, physics, electronics and
information science, mechanical engineering, and other research fields [1-4]. For the variational
problem in the case of delay, El’sgol’c first mentioned its extremum characteristic in [5]. Hughes derived
the necessary conditions for a time-delayed variational problem in 1968 [6], which is similar to
the classical one. Frederico and Torres [7] were the first to propose and prove the extension of
Noether’s theorem to time-delay variational problems and optimal control. In 2013, in reference [8],
we extended the results of [7] in three aspects: from Lagrange system to general non-conservative
system; from a group of point transformations corresponding to generalized coordinates and time to a
group of transformations that depend on generalized velocities; from Noether symmetry to Noether
quasi-symmetry. In recent years, Noether’s theorems with time delay have been extended to high-order
variational problems [9], fractional systems [10], Hamilton systems [11], nonholonomic systems [12],
Birkhoff systems [13,14], and dynamics on time scales [15,16], etc. Although some important results
have been obtained in the dynamics modeling of time-delay systems and its Noether’s theorems,
in general, the research in this field is still in the preliminary stage and is still an open topic.
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Recently, the Herglotz generalized variational principle (HGVP) with time delay was studied
in [17]. Noether’s theorem for Herglotz’s problem with time delay was proved, in which Noether
symmetry is defined by the invariant transformation of Lagrangian function in a one-parameter
point transformation group. Refs. [18,19] extended the results of [17] to a high-order variational
problem. HGVP refers to a kind of generalized variational principle proposed by Herglotz when he
studied Hamilton system, contact transformation, and Poisson brackets, as shown in Herglotz [20,21]
and Guenther et al. [22]. Different from the classical variational principle (CVP), the advantages of
HGVP are as follows. First, it achieves a variational representation of the process of non-conservative
dynamics. However, the CVP cannot represent a non-conservative system as an extremum of a
functional. Second, the CVP can be used as its special case. Thus, HGVP may not only describe
the physical processes described by CVP, but also some problems that CVP has difficultly applying.
Third, HGVP unifies conservative and non-conservative processes into the same dynamics model,
and thus can systematically deal with the actual dynamical problems. Noether’s theorems [23,24]
based on HGVP were extended to fractional order models [25-29], non-conservative Hamilton
systems [30-32], non-holonomic systems [33], Birkhoff systems [34-37], non-conservative classical
and quantum systems [38—40], and adiabatic invariants [41,42], etc. Although some advances have
been made in the study of HGVP and Noether’s theorems, but little work has been done on the HGVP
with time delay and its symmetry and conservation laws.

Based on the two aspects as stated above, our motivation is to apply HGVP to the time-delay
mechanical system and study Herglotz’s variational problem for a non-conservative system with
delayed arguments under Lagrangian framework and its Noether’s theorem. The structure of this
paper is arranged as follows. The HGVP with delayed arguments and its Euler-Lagrange equations
are given in Section 2. In Section 3, the non-isochronous variation formulas of Hamilton-Herglotz
action with time-delayed arguments are derived. In Section 4, the Noether symmetry is defined,
and the criterion of symmetry is given for the Hamilton-Herglotz action case. The infinitesimal
transformations we discussed depend on the generalized velocity. Herglotz type Noether’s theorem
for non-conservative systems with delayed arguments is proved. In Sections 5 and 6, Birkhoff and
Hamilton generalization of Lagrange systems of Herglotz type with delayed arguments is given.
To illustrate the application of our Noether’s theorems, we give two examples of damped oscillators in
Section 7. The conclusion of the paper is in Section 8.

2. HGVP for Non-Conservative Dynamics with Delayed Arguments

Considering a non-conservative mechanical system with delayed arguments, we assume that its
configuration is described by g5 (s = 1,2, - - - , n). We now define Herglotz’s variational problem of the
non-conservative system with delayed arguments as:

Suppose that functional z is determined by a first order differential equation

L (0),d: (1,05 (=) (1= 7) 2 (1) M

Determine the trajectory gs () that satisfy the boundary conditions

gs (1) = qs1, 45 (£) = fs () £ € [fo — T, fo] @)

and initial condition
z (84—, = 20 3)

so as to extremize the value z (t;) — extr. Here, L = L (t,qs,{s, st,st,2) is the Lagrangian in the
sense of Herglotz. f; (t) is a given function on [ty — T, f] , which is piecewise smooth. T is the delay
quantity, and T < t; — to, which is a given positive real number. Here, g5; and zp are constants.



Symmetry 2020, 12, 845 30f13

We call a functional z Hamilton-Herglotz action with delayed arguments. The Herglotz’s
variational problem above can be called the HGVP for non-conservative system with
delayed arguments.

For a non-conservative system with delayed arguments, it is easy from the above principle to
obtain the Euler-Lagrange equations of Herglotz type, and we get

oL d oL oL oL
A(t) (W — o T *7)
A7) (ke — Al + L) (t+T) =0, t € [to, — ), @
A(t) (% —~ %%Jr%%) (H)=0,t€ (th—7,t],

where A (t) = exp [— tt, %—Ig (9) dQ} .

3. Non-Isochronous Variation of Hamilton-Herglotz Action with Delayed Arguments

Consider the infinitesimal transformations that depend not only on generalized coordinates,
and time, but also on generalized velocities, that is,

F=t+ At, Js ({) ={s (t) + AQS (5)
or their expansion

E=t+eCo (tar Gk 2) s (F) = qs () +e0Gd (t k. Gk 2) (6)

where Zf and ¢ are the generators, and &, (0 = 1,2, - -, r) are the infinitesimal parameters.
The function z () is transformed by the infinitesimal transformation (5) into zZ (), and the
relationship between them is as follows:

Z(F) =z () + Az (t) (7)

where Az is the non-isochronous variation. By calculating the non-isochronous variation of Equation (1),

we have oL oL oL oL oL L
Ar = At Lo Ag + T Ag 4+ PR Age + 25 A + ZEAZ 8
ot FY L Y e L Ve L T L ®)

Note that, for any differentiable function F, the following formulae hold [43]:

. d . , d .d
AF = 6F + FAt, a&F = 0F, AF = EAF — FaAt 9)
Thus, we have
d JL JL JL . . JL JL . d oL
aAZ = gAt + 78[,]5 Aqs + qu AE]S + 78(]51— Aqs'( + 78(,751_ Aqu + LaAt + EAZ (10)

From Equation (10), we get

Az (£) A (t) — Az (k)
t . .
= fi (8 (St + BLAqs+ BEAGs + PLAqer + 25 Ador + L A) dt

0

(11)

where Az (t)) = 0. By performing variable substitution operations t = 6 + 7 for the fourth and fifth
items in Equation (11), and noting the boundary condition (2), we have
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Jig A 0 (2L (1) Aqer + 2L (1) Adsr ) it
- T/\(9+r){a%(9+r) [6qs7 (0 +T) + dsr (6 + T) A]
+§TL (0+7) [3dsc (0 +7) + dr (0+7) A6] } A9
= [ TAO+T) [ 2L (04 7) Ager (0+T) + 2L (0+7) Ador (0+7)| A0
+ A0 +T) ?7@(9+r)qsf(9+r)+a%(9+r)qsf(9+r)}Aede

Substituting Equation (12) into Equation (11), we get

Az (t )?\ (t)

WA+ T) [ <t+r>qsr<t+r>+a?f (£+7) e (£ 4 7)] At
+f: T (% (1) Bt 25 (1) Ago (1) + 25 (1) Ads (1) + L (1) 1)
+A(t+r)[ (t+ AqST t+r)+;’qL (t+~r)AqST(t+r)Hdt
+J A L) ( (F) A+ S5 () Aqs (1) + S5 (1) Ads (1) + L (1) A¢) dt

Equation (11) can also be written as

Az (1) A (1)

= o & [2 ) (3 (8, — 4ubrt) + 2L (Bger — dirht) + LAY )|

+A (1) (-$2L +§;+%§§;)<Aqs GoAt)

+A (t) (_%aqﬁ + aqST + glg a%i) (AqST - q.srAt)} dt

40f13

(12)

(13)

(14)

By performing variable substitution operations t = 6 + 7 for the terms in Equation (14) with delay

T, and using condition (2), we get

fto 4 [ AL (Agsr — qSTAt)] dt

ti) % {)‘( )ﬁ&isr} dt
= o L (A O+ B (0+7) 09 (0+7)| a0
= i & A 9+r)a%(9+r)5qs(9)] 40

and

t .
fto A (t) (—% Loy y %;TL) (Agse — dseAt) dt

A0+ )( do9i e +g§aaqL>(9+T)5qsr(9+T)d6

to T 9qst

:fto AO+7) (—dhadl + 2L + 3L 2L (0+ 1) bg, (9) dO

From Equations (15) and (16), we can rewrite Equation (14) as

Az (A () = [ { & Ao (2@
+/\(t+r)aa—(t+r) (Ags (t) — gs (¢

Ags (1) — ds (£) A) +L(t)At)
Af)

(
)

+A(H) (f%% (t)+ 3; o+ 9L (1) 3L (1)) (Ads (1) — ds () AF)
FA () (g + aqﬁ %éaa;)aw)( 7 (6) = ds (1) A1)
+f”E A () (85 (1) (g5 (1) — 4 (5) ) + L (1) )]

A (&3 (1) + aqqo (1) G- (1) (Ags (1) — e (1) 1) } d,

(15)

(16)

(17)
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Since
At:sv’ggr AQS :S(Tt:(sr (S = 1/2/"' ,I’l) (18)

Substituting Equation (18) into Equations (13) and (17), we get

A ()
W T{ T [aqb (E+ ) dor (4T & + 2L (£ T dor (£ +7) 8| } oot
+L AW [E @ e+ L e+ 2L 1) (& - () E) +L (1) E] 19)
NG [ (4 D)+ e (4 7) (& — e (06 et
A [ 085+ 2 ()8 + 2L (1) (6 — 0 (0 E5) + L (1) &) } vl
and
pz(A () =& A <>(a () (68 — s (1) 85) + L ()85
A7) B (4 1) (& — e (0)]
A () (~$3E )+ 3 () + %<>%<>)(cv—qs (1)
(20)
A7) (- SRl + L+ azaa) +7) (67— s () 8) } eodt

t
q
L AS o (B0 @@ -ame) +LmE)]
A (1) (—$ 3 () + 2 () + 3 () 2 (1) (27— 4 (1) 8F) beodlt

Equations (19) and (20) are the non-isochronous variation formulas of Hamilton-Herglotz action
with delayed arguments.

4. Herglotz Type Noether’s Theorem for Non-Conservative Systems with Delayed Arguments

If Hamilton-Herglotz action remains unchanged through the infinitesimal transformation of the
group, namely Az (t1) = 0, it is known as Noether symmetry for non-conservative mechanical system
with delayed arguments.

According to Equation (19), we can obtain the criterion of Noether symmetry for the
non-conservative system. That is,

Criterion 1. If the generators i and C of infinitesimal transformation (5) make the following conditions true,
when t € [ty — T, ty), there is

oL oL
M) | (4 e (4 T) 8 5o (44 D (1) 8| =0 @)
a%r aqST
when t € [ty, t; — T|, there is

Ah) [iﬂ>¢g+%<>cz+§7ﬁ<><é”—q's<>ég)+ut> 5]

. 22
FA(T) [RL (0 &+ 2 (1) (& s (0E5)] =0 =

when t € (t1 — T, t1], there is
A(>[8L<>co e+ aL<>(<:s <t>¢8>+L<t>c‘3]—o 23)

wheres =1,2,--- ,nand o = 1,2,--- ,r, then the transformation corresponds to the Noether symmetry of
non-conservative system with delayed arguments.

By Noether symmetry, we can find the conserved quantity, and we have the following results.



Symmetry 2020, 12, 845 60f 13

Theorem 1. For non-conservative system (4) with delayed arguments, if the infinitesimal transformation (5)
corresponds to its Noether symmetry, then r linearly independent conserved quantities of Herglotz type exist,
such as

17 =00 [3 0@~ 0.0 8) + L () 5]

@
FA(ET) L () (2 — 46 (025) 1 € ot — 7]
and o - ) )
=20 |55 0@ -4 (0 +LOF] 1< (-] @)

whereo =1,2,--- ,rand A (t) = exp {— tg g—g (6) dG} .

Proof. Considering that the transformation (5) is Noether symmetric, then Az (t;) = 0, and from
Formula (20), we have

{8 [A(t) (35 () (@ =) +L(ME) +A(t+T) Z (t+7)
+%§<t>a7.s<t>) @ - 4.0)

+
—
[
SN—
/N
|
&l
Dl
f‘"h
—
[~
S—
+
S
f“h
—
[
S—

A (+T) (Sl + L+ L) (14 7) (7 — s (D E) feoat (26)
S o (B0 @ - mE) + L)
+A<>( SO () + 2L (1) + 3 (1) 3 (1) (& — 4 (1)8F) evdt =0

Substituting the Euler-Lagrange Equation (4) into Equation (26), we get

ﬁ?”{%[w( (1) (67— 4 (0 E) +L() &)
FA(E+T) 3 (F47) (67— ds (1) 86) | ; eodt (27)
+ftﬂ{a[ ) (85 (1) (6 = s () E) + L (&) ] Jeodt =0

Since the infinitesimal parameters ¢, (0 = 1,2, - - ,r) are independent and the interval [ty, t1] is
arbitrary, we get

S0 (0 E@-awm) o 682) @)

FA(E+T) S (t+r)(gs—qs(t)gg)] =0, t€[tot—T

and

d oL

3 PO (G 0@ -6 0H+L0F)] =0ren -, )
Thus, the theorem holds. [

Theorem 1 is Herglotz type Noether’s theorem for non-conservative system with delayed
arguments, and the conserved quantity (24) given by the theorem can be called Herglotz type Noether
conserved quantity.

5. Birkhoff Generalization of Herglotz Type Noether’s Theorem

For the Birkhoff system with delayed arguments, the functional z can be defined by the differential
Equation [35]:

a
—B(t,a"(t),a" (t—1),z( (30)
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The corresponding Birkhoff’s equations with delayed arguments of Herglotz type are

aR, _ IRy . 9B _ 9Ry 9R, _ 9R
—A (t) [(aal‘ - a:J) a’ — oall atl + (R% - JRI/)
dRy a ’
+ (R % — *RWZ L+ B - R (1)
Rur\ ORyir R e
a0 [(F = ) o 5 - %5 + (R = R 0
3R aR;,T BRW ! (31)
+ (RVT z RVT) B~ Ry % } (t+7)=0,t€to,t1 — 1],
dRy BR JB aR aRV aRl

aR aR
+(RVB§ZVT_JRVT> 52 B-— R;t }():O/te(tl_'[;tl]

We take the infinitesimal transformation of the group as follows:
t=t+eslq(ta",z), a' (£) =a(t) +esCy (ta",z) (n=1,2,---,2n). (32)
Then, the criterion of Noether symmetry for the Birkhoff system (31) can be expressed as

Criterion 2. If the generators {f and &y of infinitesimal transformation (32) make the following conditions
true, when t € [ty — T, ty), there is

A<t+r>{Rmm)a?(m)%+Rw<t+r> (t+7)E5
)

+8RF” (t+7)dk (t+1)8§ (33)
G (b Ty (b )k (b4 T) 8§ — 2B (b T)ak (4 T) 85| = 0
When t € [to,t1 — T|, there is
Ao (5 (08 + 5 (her) an () + Ry (D&~ B(OE
~ 28 (t)gg - (¢ m;} +A(t+T) (B 1+ 0% (34)
+aRm (t+71) ga) ar (t+7) + Ry (t+7) ga ﬂ (t—}—T)Cﬂ =0
When t € (t; — T,11], there is
) (5 (5185 + 2 (18)  (6) + Ry (1) & — B () & o)
~2 (e -2 (g =0

Then, the transformation corresponds to the Noether symmetry of Birkhoff system with delayed arguments.

Theorem 2. For Birkhoff system (31) with delayed arguments, if the infinitesimal transformation (32)
corresponds to its Noether symmetry, then r linearly independent conserved quantities of Herglotz type exist,

such as
I"=A(t+T)Rur (t+7) a5 (t+7)E], tE[to— T t) (36)
and
17 = A(8) (R (1) 85 = B (1) 85 ) +A (¢ +7) Ry (t+T) &5, £ € [to, 1 — 7] (37)
and
=) (Ru (08 —B(1)EF), te (-] (39)

where o = 1,2, -+ ,rand A (t) = exp { ft (aR" ala{;”dﬁ — %—E) (6) dG},
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In Reference [35], Herglotz type Noether’s theorem for Birkhoff systems with delayed arguments
was studied. However, the above Equations (33) and (36) were not obtained in [35] due to an error in
calculating the non-isochronous variation in the interval ¢ € [ty — T, to].

6. Hamilton Generalization of Herglotz Type Noether’s Theorem

For the Hamilton system with delayed arguments, the functional z can be defined by the
differential equation [30]

E=p s () +ps(t=1) s (t - 7) 39)
—H (t,qs (t),ps (t) ,qs (t —T), ps (t = T) 2 (t))

The corresponding Hamilton’s equations with delayed arguments of Herglotz type are

() [ps (8) + 3 () + ps () 4 (1)]

FA (D) [Por (b4 T) + 2L (44 7) 4 por (04 7) L <t+r>]:0

A [~ () + FLO| +A (1) |- et ) 4 2 (t+7)] =0 “w0)
t e [to,t1 — 1],

A [ps O+ 30 +p (0 F ()] =0,

A [=ds (1) + H<>}=o, te (h—Th]

Let the infinitesimal transformation be

F=t+elq (4 a0 prz),
s (t_) qs (t) +eoCs (t, q, Pr 2) (41)
ﬁ (t) Ps(t +€t777g(t1q7</pklz)/(521’2""'n)'

Then, the criterion of Noether symmetry for the Hamilton system (40) can be expressed as

Criterion 3. If the generators ¢, &7 and 17 of infinitesimal transformation (41) make the following conditions
true, when t € [ty — T, ty), there is

A(t+T) [PST(H’TWST(f+T>‘:8+PST(t+T)qsr(t+7)§8+qsr(t+T)

X o (£4+T) 5 = S (84 7) dae (£ 4 1) 85 — 2L (£ 7) poc (+ 4 7) 5] =0 (42)

When t € [to, 11 — T|, there is

<>{qs<>ng+ps<>c H(t) & — 4 (1)
a% (68— 3 () ng] + A (t+7) [dor (47 78 + poc (E+7) & (43)
— S (1)l — P (1) 7| =0

When t € (t; — T, 11, there is

<>{qs<>n§+ps<t>éz H (1) &~ (1

(44)
~ 3 (1)gg — M (1)y¢] =0

Then, the transformation corresponds to the Noether symmetry of Hamilton system with delayed arquments.
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Theorem 3. For the Hamilton system (40) with delayed arquments, if the infinitesimal transformation (41)
corresponds to its Noether symmetry, then r linearly independent conserved quantities of Herglotz type exist,
such as

I" =A(t+71)pse (t+7)Gsr (t+T)E5, £ € [to— T, to) (45)
and
I7=A(t) (ps () 6§ —H (1) G5) + A (t+T) psr (t+T) G, tE [to, 11 — 7] (46)
and
I7=A(t)(ps ()G —H(t)5), te€(t1—TH] (47)
wherec =1,2,--- ,rand A (t) = exp { tg %—g (G)dG]

In Reference [30], Herglotz type Noether’s theorem for the Hamilton system with delayed
arguments was studied. However, the above Equations (42) and (45) were not obtained in [30]
due to an error in calculating the non-isochronous variation in the interval t € [ty — T, fo] .

7. Examples

Example 1. Study the Noether symmetry and conserved quantity of a non-conservative system with delayed
arquments. The Lagrangian of the system in the sense of Herglotz is

L= [P0+ -] -2 () -=() (48)
Functional z satisfies the equation
d 1 1
W=z [FO+PE-] -3 1Oz (49)

Equation (4) gives

elqg()+4() +q4 O]+ T e (t+7) + 4 (t+T)] =0, € [to, 1 —T],

50
g )+d(+1(0] =0, te (—7h 0
According to Criterion 1, when t € [to,t; — 7], the criterion equation is
el [—q(M & +4 (1) (& - uaﬁ+zw<>+%<»a -
—1P (o —z (D &) +e e (t+7) (B =4 (1 &) =
There is a solution to Equation (51), which is
. 7 (¢)
=0, = _ 52
(:0 61 q(t)+q(t)+(1+ef)q(t) ( )
when t € (t; — 7,11], the criterion equation is
et [—a (e +a() (G- é) + 3¢ ()& )
12 (Do~ 3? (N éo—z (1 &) =0
There is a solution to Equation (53), which is
2
=06 =q()+q()+ L 64



Symmetry 2020, 12, 845 10 of 13

when t € [ty — T, t9), from Equation (21), we have
e (b4 1) G (E+T) 80 =0 (55)

Obviously, §yp = 0 satisfies Equation (55). The generators (52) and (54) are associated with the
Noether symmetry of the current system. According to Theorem 1, when t € [tg,t; — 7], we have

T=e |21+ 0+ (a(0d () +3 1)) (56)

when t € (t; — 7,t1] , we have

T=e | (1) +q(0)q )+ (1) (57)
Equations (56) and (57) are the conserved quantities of the system.

Example 2. Consider a damped two-degree-of-freedom oscillator with time delay. The Lagrangian of Herglotz
type is
L= gm {[d (5) + 3 (t = O + 2 (1) + 2 (£ - DF }

58
—%k{[ql (8) g1 (8= D)) + [2. (1) + 2 (¢ ~ T)]Z} —mz () o

where m is the mass of the particle, k is the stiffness coefficient, and c¢ the damping coefficient, and m, k, c
are constants.

The differential equations of motion of the system are

et Lk gy (8) + g (t—'r)] m (g (8) + g1 (t—T)] —clga () + 41 (t—T)]}

+eftHD/m Lk gy (t+7) +q1 ()] —m [ (t+T) + 1 (8)] —c[d1 (t+7) +4d1 ()]} =0, (59)
e Lk (g2 (8) + g2 (t = T)] = m [G2 (£) + 2 (£ = T)] — ¢ [d2 () + G2 (t — T)]}

+e M kg (4 T) + g2 ()] = m [ (+7) + G2 ()] —c[d2 (t+ 1) + 2 ()]} =0

fort € [to,t1 — 7] ,and

/M {—k[q1 (t) + g1 (t—T)] — m [d1 () +dja (t — T)] —
MM {—k (g2 (8) + g2 (= 7)) = m [G2 () + 2 (t = T)] =

fort € (t; — T,t1] . According to Criterion 1, the criterion equation of the system is

e {—kgr (1) +q1 (t=T)] G —m g1 (1) + g1 (t = 7)] (&1 — ch(t) )}

+et/m {—k (g2 (t) + g2 (t = )] & — m [d2 (t) + 2 (t = )] (62— da (¢ )+L(t) Go} (61)
+ec(t+r)/m {—k [‘71 (t + T) + g1 (t)] Cl [q1 (t—|— T —i— q1 ( } ( 60)}
+ef DM Lk gy (F4T) + g2 ()] &2 — m[d2 (¢ 4+ T) + 42 ()] (€ z—qz )80)} =

for t € [ty, t; — 7] . Equation (61) has a solution

f0=0, & = Ql+%+ QL B=Ot %2+ <0, (62)

where Qs =g (t —7) + (1 + ecT/m ) gs () + e/ gs (t + 1), 5 = 1,2. The generator (62) is associated

with the Noether symmetry of the current system. By Theorem 1, we obtain the conserved quantity
as follows:

I= et/ (mQ} +kQ} + Q1 Q1 +mQ3 + kQ3 + cQ2Q, ) = const (63)
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When t € (t] — 7,t1], the criterion equation of the system is

e {—k [qu (8) +qu (¢ = D)) &1 = m[d1 () + 1 (= 1)] (&1 — du (£) &o) } (64)
et/ {—k[ga (£) + 42 (t = T)] G2 = m [G2 (1) + G2 (t = T)] (G2 — g2 (£) o) + L (H) &o} =0
Equation (64) has a solution

fo=0, & —dy () 4y (t—1)+ %+%[41(t)+ql(t—r)]/ (65)

&2 = 2 () + o (£ — ) + WEEECI 4 £ gy (1) + 42 (£ — 7))

According to Theorem 1, we obtain the conserved quantity as follows:

1= met/™ gy (8) + 1 (£ =0 + g2 (8) + 2 (t = 7))}
+kect/m {[q1 ()41 (=) + g2 (t) + g2 (t - T)]Z} (66)

+ee™ {[q1 (1) +q1 (t= 1) [41 (1) + 1 (t = 7)]}
+ee™™ {[g2 (1) + g2 (t = T)] [42 () + g2 (t — T)]} = const.

When t € [tg — T, 1), from Equation (21), we have &, = 0. Therefore, Formulas (63) and (66) are
conserved quantities led by Noether symmetry of the system.

8. Conclusions

Based on the HGVDP, we studied the Noether symmetry and conserved quantities in the dynamics of
non-conservative systems with delayed arguments. The Euler-Lagrange equations for the time-delayed
non-conservative systems were presented. Non-isochronous variation Formulas (19) and (20) for
Hamilton-Herglotz action with delayed arguments were derived. The infinitesimal transformation
(6) depends not only on the generalized coordinates and time, but also on the generalized velocity. Based
on the non-isochronous variational formulas, the Noether symmetry criteria for non-conservative systems
with delayed arguments were established. Noether’s theorem of Herglotz type for non-conservative
systems with delayed arguments was proved, and was extended to the Birkhoff system and to the
Hamilton system.

Recently, in Reference [44], we summarized some advances in the study of HGVP and its
Noether’s theorems, and put forward some views on future research. In addition, the spontaneous
symmetry breaking is an important field concerned by physicists [45,46]. How can we apply Herglotz’s
generalized variational principle to non-conservative quantum systems and study the simultaneous
symmetry breaking? This is also a topic worthy of further research. In short, there are still many
problems worth exploring in the study of HGVP and its symmetry of time-delay non-conservative
systems, etc.
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