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Abstract: The aim of this paper is to give some fixed point results in generalized metric spaces in
Perov’s sense. The generalized metric considered here is the w-distance with a symmetry condition.
The operators satisfy a contractive weakly condition of Hardy—Rogers type. The second part of
the paper is devoted to the study of the data dependence, the well-posedness, and the Ulam—Hyers
stability of the fixed point problem. An example is also given to sustain the presented results.
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1. Introduction and Preliminaries

The well-known Banach contraction principle was extended by Perov in 1964 to the case of spaces
endowed with vector-valued metrics. In [1], Perov introduced the concept of vector-valued metric
as follows.

N _ d1(x,y)
Let X be a nonempty set. A mappingd : X x X — R"™ whered = e foreverym € N
dm(x,y)
is called vector-valued metric on X if the following properties are satisfied.

(1) d(x,y) >0forallx,y € X,and d(x,y) = 0 implies x = y;

2) d(xy) =d(y,x); _
(3) d(x,y) <d(x,z)+d(z,y) forall x,y,z € X.

In this case, the pair (X, d) is called a generalized metric space in Perov’s sense. Some examples of
fixed points on the sense of vector-valued metric are given in [2-6]. Throughout this paper M, ,, (R.)
will denote the set of all m x m matrices with positive elements. We also denote by ® the zero m x m

0 1
matrix and Oy, = | --- |, by I theidentity m X m matrix and 1 x,, = -+ | and by U the unity
0 0
1
m x mmatrixand Uy, = | -+ |.If A € Myu(Ry), then the symbol AT stands for the transpose
1

matrix of A.
Recall that a matrix A is said to be convergent to zero if and only if A" — @ asn — co.
Let us recall the following theorem, which is useful for the proof of the main result, see [7].
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Theorem 1. Let A € My, (Ry). The following assertions are equivalent.

(i) A is a matrix convergent to zero;

(ii)) A" - @asn — oo;
(iii) The eigenvalues of A are in the open unit disc, i.e., |A| < 1, for each A € C with det(A — AI) = 0;
(iv) The matrix I — A is non-singular and

(I—A)P=I4+A+. . +A" +.;
(v) The matrix I — A is non-singular and the matrix (I — A)~! has nonnenegative elements.

In [8], one can find that the notion of K-metric, which is an extension of the Perov’s metric. Huang
and Zhang reconsidered in [9] the notion of K-metric under the name cone metric.

Hardy and Rogers [10] proved in 1973 a generalization of Reich fixed point theorem. Having this
as a starting point, many authors obtained fixed point results for Hardy—Rogers type operators.

Let (X, d) be a metric space. Throughout this paper we use the following notations.

P(X): the set of all nonempty subsets of X;

P (X): the set of all nonempty closed subsets of X;

Pep(X): the set of all nonempty compact subsets of X;

Fix(F) := {x € X | x € F(x)}: the set of the fixed points of F;

SFix(F) := {x € X | {x} = F(x)}: the set of the strict fixed points of F.

We denote by N the set of all natural numbers. We also denote by N* := N — {0} the set of all
natural numbers without 0.

Let (X, d) be a generalized metric space in the sense of Perov. Here, if v, € R™ have the form

v := (v1,v2, - ,0m) and r := (11,12, -+ ,7y), then by the inequality v < r we mean v; < r;, for
eachi € {1,2,---,m}, whereas by the inequality v < r, we mean v; < r;, for eachi € {1,2,--- ,m}.
Moreover, |v| := (|v1],|v2|,- -+, |om|) and, if ¢ € R then v < ¢ means v; < ¢, foreachi € {1,2,--- ,m}.

We can notice that, in a generalized metric space, some concepts are similar to those given for
metric space. Some of these concepts are Cauchy sequence, convergent sequence, completeness,
and open and closed subsets.

In [11], Kada et al. introduced the concept of w-distance and improved several results replacing
the involved metric by a generalized distance. On the other hand, the notions of single-valued
and multivalued weakly contractive maps with respect to w-distance was introduced by Suzuki
and Takahashi in [12]. Some recent fixed point results involving the w-distance can be found in [12-19].

Definition 1. A mapping w : X x X — [0, 00) is a w-distance on X if it satisfies the following conditions for
any x,y,z € X.

(1) w(x,z) <w(x,y)+w(yz);

(2) the function w(x,.) : X — [0, 00) is lower semicontinuous;
(3) forany e > 0, there exists 6 > 0 such that w(z,x) < § and w(z,y) < ¢ imply d(x,y) < e.

In [20], we find the definition of wy-distance as follows.

Definition 2. Let (X, d) be a metric space. A mapping w : X x X — [0, 00) is called wo-distance if it is
w-distance on X with w(x,x) = 0 for every x € R.

Remark 1. Each metric is a wq-distance, but the reverse is not true.

For the following notations see I.A. Rus [21,22], I.LA. Rus, A. Petrusel, A. Sintdmarian [23],
and A. Petrusel [24].
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Definition 3. Let (X,d) be a metric space and f : X — X be a single-valued operator. f is a weakly Picard
operator (briefly WPO) if the sequence of successive approximations for f starting from x € X, (f*(x))nen,
converges, for all x € X and its limit is a fixed point for f.

If f is a WPO, then we consider the operator

f®: X — X defined by f*(x) := lim f"(x).

n—o0

Notice that f*(X) = Fix(f).

Definition 4. Let (X,d) be a metric space, f : X — X be a WPO and c > 0 be a real number. By definition,
the single-valued operator fis c-weakly Picard operator (briefly c-WPQ) if and only if the following inequality holds,

d(x, f°(x)) <cd(x, f(x)), forall x € X.

For the theory of weakly Picard operators, for single-valued operators, see [21].
L.A. Rus gave in [22] the definition of Ulam-Hyers stability as follows.

Definition 5. Let (X,d) be a metric space and f : X — X be a single-valued operator. By definition, the fixed
point equation

x = f(x) @

is Ulam—Hyers stable if there exists a real number ¢y > 0 such that for each ¢ > 0 and each solution y* of
the inequation

d(y, f(y)) <e @)

there exists a solution x* of Equation (1) such that
d(y*,x*) < cye.
Remark 2. If f is a c-weakly Picard operator, then the fixed point Equation (1) is Ulam—Hyers stable.

The Ulam stability of different functional type equations have been investigated by many authors
(see [25-35]).

We present in the first part of this paper some fixed point results in generalized metric spaces
in Perov’s sense. The operator satisfies a contractive condition of Hardy—Rogers type. In the second
part of the paper, we study the data dependence of the fixed point set. The well-posedness of the fixed
point problem and the Ulam-Hyers stability are also studied.

2. Fixed Point Results

First, let us we recall the notion of generalized w-distance defined in [36] by L. Guran.
Definition 6. Let (X,d) be a generalized metric space. The mapping @ : X x X — R is called generalized
w-distance on X if it satisfies the following conditions.

(1) w(x,y) <w(x,z)+w(zy), forevery x,y,z € X;

(2)  w is lower semicontinuous with respect to the second variable.;
€1 01

(3) Foranye:= e > 0, there exists 6 1= o > 0, such that w(z,x) < §and w(z,y) <4
Em Om

implies d(x,y) < ¢.
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Examples of generalized w-distance and some of its useful properties are also given in [36]
and [37]. In the same framework, let us give the definition of generalized wy-distance.

Definition 7. Let (X, d) be a generalized metric space. A mapping w : X x X — [0, 00) is called generalized
wo-distance if it is generalized w-distance on X with W(x, x) = 01y, for every x € R.

Let us recall the following useful result.

Lemma 1. Let (X, d) be a generalized metric space, and let w : X x X — R'!' be a generalized w-distance
&n1 Py

on X. Let (x,) and (y,) be two sequences in X, let ay := e € R and B, = e € R}
Xnm :Bnm

be two sequences such that X (j) and ,Bn(,-) converge to zero for each i € {1,2,...,m}. Let x,y,z € X. Then,
the following assertions hold, for every x,y,z € X.

(
(2) Ifw(xn,yn) < ayand w(xy,z) < B forany n € N, then (y,) converges to z.
(3) Ifw(xn,xm) < ay forany n,m € Nwithm > n, then (x,,) is a Cauchy sequence.
4 Ifw(y xn) <ayforanyn € N, then (x,) is a Cauchy sequence.

Next, let us give the definition of single-valued weakly Hardy—Rogers type operator on generalized
metric space in Perov’s sense.

Definition 8. Let (X, d) be a generalized metric space in Perov’s sense, W : X x X — R be a generalized
w-distance, and f : X — X be a single-valued operator. We say that f is a weakly Hardy—Rogers type operator
if the following inequality is satisfied,

@(f(x), f(y)) < Aw(x,y) + Blw(x, f(x)) + @y, f(y))] + Clw(x, f(y)) + @(y, f(x))],

forall x,y € Rand A,B,C € My m(R5).

The first fixed point result of this paper is the following.

Theorem 2. Let (X,d) be a complete generalized metric space in Perov’s sense, W : X x X — R bea
generalized wo-distance. Let f : X — X be a single-valued weakly Hardy—Rogers type operator such that

(a) f is continuous;
(b) there exist matrices A, B,C € My, (R4) such that
(i) M= (I-(B+C)) YA+ B+ C) converges to ©;
(ii) I — (B+ C) is nonsingularand (I — (B+C))~! € Mm,m(RﬁI);
(iii) I — (A +2B+2C) is nonsingular and [I — (A+2B+2C)]7" € My, m(R4).

Then, Fix(f) # @. Moreover, if x* = f(x*), then w(x*, x*) = 0.
Proof. Fix xp € X. Let x; = f(x¢) and x, = f(x1). Then, we have
w(x1,x2) = w(f(x0), f(x1))Aw(xo, x1) + Blw(xo, f(x0)) + @(x1, f(x1))] + Clw(xo, f(x1))

+w(x1, f(x0))] = Aw(xo, x1) + Blw(x0, x1) + W(x1, x2)] + C[W(x0, x2) + W(x1, x1)]
= (A + B)@(xo, x1) + B(@(x1,x2)) + Cl@(x0, x1) + W(x1, x2)]
= (A+ B+ C)w(xg, x1) + (B+ C)w(x1,x2).
Then, we have [I — (B + C)]w(x1,x2) < (A+ B+ C)w(xg, x1).
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We get the inequality
@(x1,%2) < [I— (B+C)]"H(A+ B+ C)w(xg,x1) = Mib(xg, x1). 3)
For the next step, we have
w(xa,x3) = W(f(x1), f(x2)) AW (x1, x2) + B[w(x1, f (1)) + @ (x2, f(x2))] + Clw(xy, f(x2))
+w(x2, f(x1))] = Aw(x1, x2) + Blw(x1, x2) + W(x2, x3)] + C[w(x1, x3) + W(x2, x2)]
= (A+ B)w(x1,x2) + B(@(x2, x3)) + Clw(x1, x2) + w(x2, x3)]
= (A+ B+ C)w(xq1,x2) + (B+ C)w(x2, x3).
Then, we have [I — (B + C)]w(x2,x3) < (A+ B+ C)w(xq,x2).
Using (3) we obtain the inequality
@(x2,x3) < [I = (B+C)] 7 (A + B+ C)w(x1,x2) = M (x1,%2) < M*@(x0,x1). 4)
By induction we obtain a sequence (x),cny € X, with x, = f(x,_1) such that

Zﬁ(xﬂ/ le-‘rl) < Mnib(x()/ xl)/ (5)

withM € My, (Ry) and n € N.
We will prove next that (x,),cn is a Cauchy sequence, by estimating w(xy, X, ), for every m,n € N
with m > n.
W(xp, xm) < W(xn, Xp11) + O(Xp11, Xnt2) + oo + W(Xp—1, Xm)

< M™M(@(xg,x1)) + M"TH(@(x0, 1)) + ... + M™ 1 (@(x0, x1))
<MY I+ M+ M+ ...+ M" " V) (@(xg,x1)) < M"(I — M) 1@(xq,x1)).

Note that (I — M) is nonsingular since M is convergent to zero. This implies

Hm w (X, X)) < lim M"(I — M)~ Ya@(x0, x1)) 2 O1sem-
n—oo n—oo

By Lemma 1 (3) the sequence (x;),c is a Cauchy sequence.
By (a) we have w(f(x,-1), f(x*)) LN O1xm, as n — oo. As (X, d) is complete, there exists x* € X
such that lim x, 4 ¥* as n — co. From the continuity of f, it follows that x,, 11 = f(x,) LN f(x)

n—oo
as n — oo. By the uniqueness of the limit, we get x* = f(x*), that is, x* is a fixed point of f.

Then Fix(f) # @.
Let x* € X such that x* = f(x*). Then, we have

w(x®,x%) = w(f(x"), f(x7)) < Aw(x", x7)
+B[@(x", f(x*)) + @(x", f(x*))] + Cld(x", f(x*)) +d(x", f(x"))]
= Aw(x*,x*) + 2Bw(x*, x*) + 2Cw(x*, x*). (6)
This implies [I — (A 4+ 2B +2C)]w(x*, x*) < 01x,. By hypothesis (iii) we get w(x*, x*) = 01x,,. O

We can replace the continuity condition on the operator f and we obtain the following fixed
point theorem.
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Theorem 3. Let (X, d) be a complete generalized metric space in Perov’s sense and w : X x X — R bea
generalized wy-distance. Let f : X — X be a single-valued weakly Hardy—Rogers type operator such that
the following conditions are satisfied,

(a) inf{w(x,y)+w(x, f(x)):x€ X} >0;
(b) there exist matrices A, B,C € My, m(R4) such that:

(i) M= (I—(B+C)) ' (A+ B+ C) converges to ®;
(i) I— (B+ C) is nonsingular and (I — (B+C))~! € Mm,m(RﬁI);
(iii) I — (A+2B+2C) is nonsingular and [I — (A+2B +2C)]7" € My, m(R4).

Then Fix(f) # @. Moreover, if x* = f(x*), then w(x*,x*) = 0.
Proof. Following the same steps as in the previous theorem, Theorem 2, we have the estimation
W(xp, xm) < M1 — M)*lfu(xo, x1) ?)

with M € M, m(Ry)and n € N.
By Lemma 1 (3), the sequence (x,),cn is a Cauchy sequence. As (X, d) is complete, there exists x* € X

such that x; 2 ¥+ Letn € N be fixed. Then, as (X )meN 2 x* and w(xy, ) is lower semicontinuous,
we have
W (%, x*) < Uminf @ (x,, xp) < M*(1— M)~ Y@ (xg, x1). 8)

m—o0

Assume that x* # f(x*). Then, for every x € X, by hypothesis (a) we have
0 < inf{w(x,x*) +w(x, f(x)): x € X} < inf{w(xy, x*) +@(xy, xy41) : n € N}

< inf{M" (I — M) '@ (xo, x1) + M"@(xq, x1)} = 0.

This is a contradiction. Therefore x* = f(x*), so Fix(f) # @. For the proof of the last part of this
theorem we use the same steps as is the previous theorem, Theorem 2. [

Further we give a more general fixed point result concerning this new type of operators.

Theorem 4. Let (X,d) be a complete generalized metric space in Perov’s sense, w : X x X — R be a
generalized wo-distance, and f : X — X be a single-valued weakly Hardy—Rogers type operator. There exist
matrices A, B,C € My,m (R4 ) such that

(i) M= (I—(B+C))"'(A+ B+ C) converges to ©;
(i) I— (B+ C)isnonsingular and (I — (B+ C))™' € Mym(R4);
(iii) I — (A+ 2B +2C) is nonsingular and [[ — (A + 2B +2C)] ™' € Mym(R4).

Then Fix(f) # @. Moreover, if x* = f(x*), then w(x*,x*) = 0.
Proof. Following the same steps as in Theorem 2, we get the estimation
@(xn, Xm) < M"(I — M)~ @ (xo, x1) )

with M € My, (R4 ) and n € N.

By Lemma 1 (3) the sequence (x,),¢n is a Cauchy sequence; since (X, zf) is complete there exists
x* € X such that x, i> x*.

Let n € N be fixed. Then, as (X ) neN 4 x, W (xy, ) is lower semicontinuous and letting n — oo

we have

(2, x*) < Gminf@(xy, 2) < M (1= M)~ (x0, 1) A O (10)
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Let f(x*) € X. By triangle inequality and using (6) we obtain
@(xn, f(x7)) = @(xn, x") + W0(x", f(x7)) < W@(xn, x7) +@(f(x7), f(x7))

< M"(I— M) @(xp,x1) + [[ — (A +2B +20)]@(x*, ) 5 015 (11)

Using Lemma 1(1), by Equations (10) and (11), we get x* = f(x*). Then, Fix(f) # @.
For the last part of the proof we use the same steps as in Theorem 2. [

Another fixed point result concerning the single-valued weakly Hardy—Rogers operators in
generalized metric space is the following.

Theorem 5. Let (X,d) be a complete generalized metric space in Perov’ sense, W : X x X — R be a
generalized wy-distance and f : X — X be a single-valued Hardy—Rogers type operator. Suppose that all
the hypothesis of Theorem 2 hold. Then, we have

(1) Fix(f) # @.

(2)  There exists a sequence (Xp)yen € X such that x,1 = f(x,), for all n € N and converge to a fixed point

o f- ~
(3)  d(xn,x*) < M"d(xg,x1), where x* € Fix(f).

Example 1. Let X = R? be a normed linear space endowed with the generalized norm d defined by

d(x,y)(= < Hil _zl ) and W a generalized wy-distance defined by w(x,y)(= ( H?H ),for each
2= Y2 2

x = (x1,x2),y = (y1,y2) € R Let f : R?> — R2 be an operator given by

g = L% 1,Y 1, for(x,y) € R2, withx <5
Y Tvoy, for (x,y) € R?, with x > 5.

4x 6y 2 ] ;
+ < —1, for(x,y) € R5, withx <5;
We take f(x,y) = (fi(x,y), f2(x,y)) where fi(x,y) { 55 z5_1 j:or Ex i; € R?, withx >5
573 ’ ! ! '

o 4 for (x,y) € R?, with x < 5;

d LY) = 5 ’ Y ! ’
and f>(x,y) { %, for (x,y) € R2?, with x > 5.

Next, we show that weakly Hardy—Rogers type condition takes place.

;8
Let A =
0 ¢
Case 1. If 1 < x1,x2,Y1,y2 < 5 we have
. (v y2) | [2y1 + &ya —1]| 2llyall + &llyall —1
w xl = == S
(0 ) (HMwmm 10+ 1+ &y — 1] 0 [Jyal + &lIyall — 1

O Ul

X

[yl ~
= Aw(x,vy).
(IMI (9)
Case 2. If x1, x2, 1, Y2 > 5 we have

_ _ (Al _ o v+ i -1 ;wm+wmw4>
U, f)) (HMmmm> ( myﬁému>§< 0- [fyal + 31321
<

J () <(3 ) (1) -sooew

[6;1[o)16; [[o)

O gl
U= W=
[$;1eN¢; To
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Case 3. For other choices of x1, X2, Y1, Yy2 we have

4
D(f(x), f(y)) = ( 8 ) < ( s ) ( Hg;” ) _ ad(x,y).

Thus, the weakly Hardy—Rogers type condition is satisfied for A =

[$11[=)\¢; [o)}

and B = C = © or

O vl
[€;1[e)1¢; [o)}

B+C=0.
As all the hypothesis of Theorem 3 hold, f has a fixed point and it is easy to check that x = f(x) = (f1(x), fa(x)),
where x = (1,1).

Next, let us give some common fixed point results.

Theorem 6. Let (X,d) be a complete generalized metric space in Perov’s sense, W : X x X — R bea
generalized w-distance, and f,g : X — X be two continuous single-valued weakly Hardy—Rogers type
operators. There exist matrices A, B,C € My, (R4 ) such that

(i) I— (B+ C) is nonsingular and (I — (B+C))~! € My m(R);
(i) M= (I—(B+C)) ' (A+ B+ C) converges to ®.

Then, f and g have a common fixed point x* € X.
Proof. (1) Let xg € X. We consider (x,),cn the sequence of successive approximations for f and g,

defined by
Xon+1 = f(xZVl)ln = 0/ 1/

Xon42 = g(x2n+1)/” = Or ]-r

Then, we have
W(x20, Xon41) = W(g(x2n—1), f(x20)) < AW(xpn—1, f (X2n)

+B[w(x2n, f (x2n)) + W(x2n-1,8(x20-1))] + C[W0(x2n, & (X2n-1)) + W (X201, f(x20))]
= AwW(x2y—1,X2n) + BlW(X2n, Xop41) + W(x24—1, X2n)] + CO(X2p—1, X2041)
< AW(x24—1, X2n) + Bw(x2n, Xon41) + W(x20-1, X21)] + C[W0(X2n—1, X20) + W(X20, X20041)]-

Then, we have @ (X2, X2n41) < (I — (B+C)) (A + B+ C)@(xp,_1, X2) = M@W(x0,_1, X2).
By the same argument as above, we get

W(x2p+1, Xon42) = W(f(x21), §(X2n41)) < Ad(x2n, f(X2n41)

+B[w(x2n, f(x20)) + W(x20n11, 8 (X2041))] + ClW0(x2n, & (X2n41)) + @ (X2011, f(x20))]
= AW(X21, X2n 1) + B[W(X2n, X2n1) + @ (X2n41, X2n42)] + CWO (X2, X2042)
< AW(Xon, Xop+1) + Blw(x2n, Xont1) + W (X2n+1, X2n42)] + Cl@0(X2n, Xont1) + W (X241, X2n+2)]-

Then, we have @ (X241, X2142) < (I — (B4 C)) "1 (A + B 4 C)w (X2, X2p11) = M (X2, X241)-
Further, we obtain @(xy, x,,41) < M"@w(xo, x1) for each n € N.
Following the same steps as in the proof of Theorem 2 we estimate w(x,, X,,,), for every m,n € N
with m > n.
W(xn, xm) < W(xn, Xp11) + O(Xp11, Xnt2) + oo + W(Xp—1, Xm)

< M™M(@(xg,x1)) + M"TH(@(x0, 1)) + ... + M™ (@ (x0, x1))
<MY I+ M+ M+ ...+ M" " V) (@(xg,x1)) < M"(I = M) 1@(xq,x1)).
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Note that (I — M) is nonsingular since M is convergent to ®. Using Lemma 1 (3) the sequence
(Xn)nen is a Cauchy sequence.

Using the lower semicontinuity of the generalized w-distance, by relation (8) we have w(x,, x*) LN
O1xm as 1 — oo. Then, we have w(xp;,, x*) LN O1xm as n — co. By the continuity of f it follows
Xont1 = f(x2) 4 f(x*) as n — oo. By the uniqueness of the limit we get x* = f(x*).

By w(xy, x*) LN 01, as n — oo we have that @(xp,41,x*) LN O1xm as n — oo. By the continuity

of g it follows x2,4+2 = g(%2n+1) LN g(x*) as n — oo. By the uniqueness of the limit we get x* = g(x*).
Then, x* is a common fixed point for f and g. [

By replacing the continuity condition for the mappings f and g, we can state the following result.

Theorem 7. Let (X,d) be a complete generalized metric space in Perov’s sense, w : X x X — R bea
generalized w-distance, and f,g : X — X be two single-valued Hardy—Rogers type operators. There exist
matrices A, B,C € My, m(Ry) such that

(i) I— (B+ C) is nonsingular and (I — (B+C))~! € My m(Ry);
(i) I— (A+2B+2C) is nonsingular and [I — (A +2B +2C)]7' € My, m(Ry);
(iii) M= (I—(B+C))"'(A+ B+ C) converges to ©.

Then f and g have a common fixed point x* € X.

Proof. (1) As in the proof of the previous theorem, Theorem 6, for xy € X we consider (x,),en
the sequence of successive approximations for f and g, defined by

Xong1 = f(x2n),m=0,1,...

Xon42 = §(X2n41),m =0,1,...

We define the sequence (x,,),n € X such that

(X011, X2n12) < (I— (B+C)) (A + B+ C)w(xon, Xon11) = MW (X2, Xo041)-

Further, we obtain @ (xy, x,11) < M"d(xg, x1) for eachn € N,

Following the same steps as in the proof of Theorem 6 we estimate w(x,, x;,,), for every m,n € N
with m > n and we get @(xy, xn) < M™"(I — M)~ 1@ (xq, x1)).

Note that (I — M) is nonsingular since M is convergent to ®. By Lemma 1 (3), the sequence (xy)en
is a Cauchy sequence. Using the lower semicontinuity of the generalized w-distance, by relation (8),

we have w(x,, x*) 1) 01xm, as 1 — oo. By (11) we have w(x,, f(x*)) 1> 01xm, as 1 — oo. Then, using
Lemma 1 (2), we get x* = f(x*).
Let us show that g(x*) = x*. Then, by the definition of Hardy—Rogers type operators we have

w(x®, g(x")) = d(f(x"),8(x%))
< Aw(x,x") + Blw(x®, f(x7)) +@(x", g(x7)] + Clw(x7, g(x7)) + w(x™, f(x7))].

Then, we get
@(x*,g(x*) < (I—(B+C)) " (A+B+C)w(x*,x*). (12)

By (6) we get w(x*, g(x*)) = O1xpm-
Let g(x*) € X. By triangle inequality and using (12) we obtain

D(x, g(x*)) = (20, %) + B(x*, g(x*)) < M"(I— M) (x0,%1) + Ot = O (13)
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Using (8) and (13), by Lemma 1 (2), we obtain x* = g(x*). Then x* is a common fixed point for f
andg. O

Remark 3. In the case of common fixed points, the generalized w-distance must not necessarily be a generalized
wo-distance.

3. Ulam-Hyers Stability, Well-Posedness, and Data Dependence of Fixed Point Problem

We begin this section with the extension of Ulam-Hyers stability for fixed point equation for
the case of single-valued operators on generalized metric space in Perov’s sense. Then, let us recall
the definition of weakly Ulam-Hyers stability.

Definition 9. Let (X, d) be a metric space, W : X x X — R} be a generalized w-distance, and f : X — X be
an operator. By definition, the fixed point equation

x = f(x) (14)

is weakly Ulam—Hyers stable if there exists a real positive matrix N € My, (R+) such that, for each € > 0
and each solution y* of the inequation

Wy, f(y)) < elism (15)

there exists a solution x* of the Equation (14) such that

d(y*,x*) < Nelyyp-

Theorem 8. Let (X, d) be a generalized metric space in Perov’s sense, W : X x X — R be a generalized
wo-distance and f : X — X be a single-valued Hardy—Rogers type operator defined in (8). There exist matrices
A,B,C € My, (R such that

(i) N = M"(I — M)~ is nonsingular and N = M"(I — M)~! € My m(R,), where M = (I(B +
C)) "' (A + B+ C) converges to ®;
(i) I— (A+2B+2C) is nonsingular and [I — (A+2B +2C)]7' € My, m(Ry);
(iii) I — P?is nonsingular and I — P> € My, ;u(Ry) where P = [I — (A + C)]71C € My m(Ry).

Then, the fixed point Equation (14) is weakly Ulam—Hyers stable.

Proof. LetdI; ., > 01y, such that @(xg, x1) < 6114y, for every xo, x1 € X with xy = f(xp). Let Fix(f) =
{x*} and u* € X be a solution of Equation (14). Then, w(u*, f(u*)) < eljxy. By the definition of
the weakly Hardy—Rogers type operator we obtain

w(x*,ut) Sw(f(x"), f(u*)) < Aw(x*,u”) + Blw(x", f(x*)) + w(u”, f(u*))] + Clw(x", f(u)
+@(ut, f(x))] = AB(x*,u*) + Bl@(x, x*) + @(u*, u*)] + Cl@(x*, u*) + @(u*,x*)]  (16)
= (A+C)@(x*,u*) + Bl (x*, x*) + @(u*, u*)] + Co(u*, x*).
By (6) we get
@(x*, 1) = W(f(x*), f(x")) < (A+2B+2C)@(x*,x*) and (17)
@(u*,u*) = @(F(u*), f(u*)) < (A+2B+20)@(u*, u*).

Using hypothesis (ii) we get w(x*, x*) = w(u*, u*) = 01 4.
By (16) we obtain
@(x*,u*) < [I— (A+O)] 1Ca(u*, x*). (18)
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By the definition of the weakly Hardy-Rogers type operator we get
W(u*,x*) < [I—(A+C)] 'Cw(x*, u*)
and using (18) we obtain
@(x*,u*) < (1= (A+ OO0 (x", u*) = PPa(x",u’). (19)

Then, (I — P?)@w(x*,u*) < 01y By hypothesis (iii) we get @(x*, u*) = 015
Let x, € X such that, by Equations (8) and (19) we have

@(xy,x*) < M™M(I — M)~ @ (xg, %1) < NSl and (20)

W (2, u*) < Wy, x*) +@(x*, u*) < M'(I— M) Y@ (xg,%1) + 01 < NIy

Then, using the definition of generalized w-distance, there exists €l x,, > 01, such that

d(x*,u*) < elyxm < Nelpwpm.

Then, the fixed point Equation (14) is weakly Ulam—Hyers stable.
O

The following result assures the well-posedness of the fixed point problem with respect to
the generalized wy-distance w.

Theorem 9. Let (X, d) be a generalized metric space in Perov’s sense, W : X x X — R be a generalized
wo-distance, and f : X — X be a single-valued Hardy—Rogers type operator defined in Equation (8).
If all the hypothesis of Theorem 2 (respectively, 3 and 4) are satisfied, the fixed point Equation (14) is well-posed
with respect to the generalized wo-distance w, i.e., if Fix(f) = {x*} and x, € N, with n € N, such that
W(xn, f(x)) = O1xsy As 1 — oo, then x, — x* as n — oo,

Proof. Let x* € Fix(f) and let (x),cny € X such that @W(x,, f(x,)) 4 O1xm as 1 — oo. That means
W(xy_1,%n) LA 01, asn — oo,
By the lower semicontinuity of the generalized w-distance, using (8) we have

@(xy1,%") < Hminf(x, %) < M"(1 = M)~ (x0, 1) A O

Then, using Lemma 1 (3) we get x;, 4 x*asn — oo, O

The next theorem presents a data dependence result.

Theorem 10. Let (X, d) be a generalized metric space in Perov’s sense, w : X x X — R be a generalized
wo-distance, and f1, f» : X — X be single-valued operators, which satisfy the following conditions,

(i) for A,B,C,M € My, u(Ry) with M = [I — (B+ C)]"'(A + B + C) a matrix convergent to © such
that, for every x,y € X and i € {1,2}, we have:

w(fi(x), fi(y)) < Aw(x,y) + Blw(x, fi(x)) + @(y, fi(y))] + Clo(x, fi(y)) + @(y, fi(x))];
(ii)  there exists § > 0 such that w(f1(x), f2(x)) <y, forall x € X.

Then, for x = f1(x7) there exists x5 = fo(x}) such that zf(xi‘,x;) < (I — M)~ Y1y s (respectively,
for x5 = fo(x3) there exists x; = f1(x}) such that (x5, x7) < (I — M) "1yl m).
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Proof. As in the proof of Theorem 2 (respectively, Theorem 3) we construct the sequence of successive
approximations (x,),cn € X of f, with xg := x] and x; = f>(x}) having the property w(x,, x,4+1) <
M"@(xg,x1), where M = [[ — (B+ C)]"'(A+B+C).

If we consider the sequence (x,),eny € X converges to x5, we have x; = f(x;). Moreover,
for each n, p € Nwe have w(xy, xp4p) < M"(I — M)~ Yw(xg, x1).

Letting p — 0 we get @(x,,, x3) < I(I — M)~ 'w(xo, x1).

Choosing n = 0 we get w(x, x3) < I(I — M)~ '@(xg, x1) and using above the notations we get
our conclusion @(x},x3) < (I — M) 'Ly O

4. Conclusions

The purpose of this paper is to establish some fixed point results in generalized metric spaces in Perov’s
sense. The generalized metric considered here is the w-distance, for which the symmetry condition is not
satisfied. The operators satisfy a contractive weakly condition of Hardy-Rogers type. The second part of
the paper is devoted to the study of the data dependence, as well as the well-posedness and the Ulam-Hyers
stability of the fixed point problem. In order to prove our main results we had to impose a symmetry
condition for the w-distance. The results presented in this paper generalize some recent ones.
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