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Abstract: The initial value problem for the third order delay differential equation in a Hilbert space
with an unbounded operator is investigated. The absolute stable three-step difference scheme of a
first order of accuracy is constructed and analyzed. This difference scheme is built on the Taylor’s
decomposition method on three and two points. The theorem on the stability of the presented
difference scheme is proven. In practice, stability estimates for the solutions of three-step difference
schemes for different types of delay partial differential equations are obtained. Finally, in order to
ensure the coincidence between experimental and theoretical results and to clarify how efficient the
proposed scheme is, some numerical experiments are tested.
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1. Introduction

Various problems in elasticity theory such as the problems of the longitudinal oscillations of
a non-uniform viscoelastic rod, the problem of the longitudinal impact of a perfectly rigid body
on a non-uniform finite-length viscoelastic rod with a variable cross-section, problems of wave
propagation in a visco-elastic body, etc., lead to third order differential equations without the time delay
term ([1-3]). Over the years, nonlocal and local boundary value problems have been of great interest
due to their importance in the fields of engineering and science, especially in applied mathematics.
Such problems have formed various research fields. Several nonlocal and local boundary value
problems for differential equations have been investigated extensively in various works (for example,
see [4-12] and the references given therein).

Differential equations having a delay term are used to model sociological, biological, as well
as physical processes. They are used to model naturally occurring oscillation systems. A typical
example of the occurrence of time delay can be seen in a sampled data control in control theory
(see, for example, [13-17]). The presence of delay term in differential equations usually leads to
difficulties in analyzing the differential equation. The boundedness and stability and the oscillation
property of solutions for a third order delay ordinary differential and difference problems were widely
studied (for example, see [18-25] and the references given therein).

Delay partial differential equations (DPDEs) arise in many applications such as control theory,
climate models, medicine, biology, and much more (for example, see [26] and the references therein).
The independent variables of partial differential equations having delay terms are time ¢ together with
one or more dimensional variable x, representing the position in space. It can also stand for the size
of cells, relative DNA content, their level of mutation, as well as other parameters. The solutions of
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partial differential equations having delay terms may stand for voltage, temperature, or densities or
concentrations of various particles, for instance chemicals, cells, animals, bacteria, and so on. Numerical
methods for partial differential equations with delay terms usually lead to specific difficulties, which
are usually not present in equations without delay terms. The theory and applications of parabolic
and hyperbolic partial differential equations having a time delay term were studied by numerous
authors (for example, see [13,27-34] and the references given therein). Recent publications on third
order DPDEs are not many:.

Several physical models lead to initial-boundary value problems for third order DPDEs
(see, e.g., [1,3,8]). It is known that such types of problems can be replaced with the initial value
problem for a third order delay differential equation:

{ up(t) + Aug(t) = bAu(t —w) + f(t), 0 <t < oo, )
u(t) = g(t), —w <t <0
in a Hilbert space H with unbounded operator A. Here, b € R!. Assume that f(t) is a continuous
function on [0, c0) and f(t) € D(A/2), g(t) is a twice continuously differentiable function on [—w, 0]
and ¢ (t) € D(AGR/2) fork = 0,1,2.

Let us give the main theorem of paper [35].

Theorem 1. The solution of Problem (1) satisfies the stability estimates:

a1<da0+/ Ilf(s) %) s,d =2+ |b|w, )
n+1
- <dan+2/ £, dsm =12+, @)
o= max{_max g (0,30 max lse()logey max I8, 3
= t t t .
o =max {max Ol max Ol max 0l

In practice, stability estimates for the solution of several problems for third order DPDEs
were obtained.

Moreover, publications on the theory and applications of difference schemes (DSs) for third order
DPDEs are not available. Thus, the construction and investigation of stable DSs for the approximate
solutions of third order DPDEs is of great importance. Our aim in this paper is to construct the absolute
stable three-step DS of the first order of accuracy of the third order DPDE for the approximate solution
of the problem (1). We consider the uniform set of grid points:

[—w,00), = {ty : ty =k1,—N <k < 00, NT = w}

with step T > 0. Applying Taylor’s decomposition method on three and two points (see [36,37]),
we present the DS of the first order of accuracy:

”k+2*3”k+i3+3”k*”k—l +A“k+2;”k+l = bAue_n+ f(k), k> 1,
Up :g(tk), —-N+1<k<0,

(I+T2A) 85 = g(0), (14 724) 524210 — g1() @
(I+T2A)”mN+] UmN __ HUmN— ”mN 1

u —2u +u u 2UyN—1FUmN—
(I + T2A) mN+2— TrgNJr] mN _ UmN— ;nl;lzl mN. Z/m — 1[ 2’

for the approximate solution of Problem (1).
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The organization of this paper is as follows. In Section 2, the main theorem on the stability of DS (4)
is established. In Section 3, stability estimates of DSs for the approximate solution of three problems
for third order DPDEs are obtained. Numerical results are provided for one= and two=dimensional
third order DPDEs in Section 4. Finally, Section 5 gives the conclusion and our future plans.

2. Stability of DS

All over the present paper, assume that H is a Hilbert space and A is a self-adjoint positive definite
operator A > 6l in Hand R = (I — iTA%)’l, R=(I+ iTA%)’l.

Note that three-step DS (4) can obviously be rewritten as the system of single-step and two-step
delay DS:
@ = Uk, k 2 0,

B =290 4 Apy = pr pr = bugn + f(B), k> 1,
up = g(tx), =N <k <0,

Q)
(I+12A)vg = g'(0), (I+ T2A) 120 = ¢"(0),

(I + TZA)va — umegmel ,

v -0 Uy N —2UyN—1+UmN—
(I+T2A) mN+}[ mN _ UmN ml;lzl mN 2,7’1’1:1,2,...

for the solution of DS (4). Applying DC(5), we can obtain the formula for the solution of DS (4). For this,
we will consider two cases1 <k < Nand mN +1 <k < (m+1)N, m=1,2,---, separately.
Let1 < k < N. Applying (5), we get the following DS:

U —Uj_
%:kalllskgz\]r

U =290 | Ay g = prpr = bugn + f(B), 1 <K< N -1,

6
ue = g(t), ~N<k<0, ©
(I+72A)vg = ¢(0), (I +T2A) 1220 = ¢"(0).

Therefore, we have that (see [38]):
k—1
up = g(0), ux = g(0) + Z T0;, 1 <k <N, 7)
j=0
vg = RR¢'(0), v1 = RR¢'(0) + TRRg"(0),
o = §[RF1 + RETIRRg'(0) + £ A7 R(RF — RE)g"(0)
k—1 ~
-y 211 —%[kas _kas]Ps
s=1 (8)

= J[RF1 4+ RF1RRg(0) + £ A~ 2R(RF — R¥)g"(0)
k—1 . ~
+A {5 ¥ [RE=S + RE=5](ps_1 — ps) +2pk—1 — [RF 1 + R"‘l}m} ,2<k<N,
s=2

pi = bAG(te-n) + f(t), 1<k < N-1
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Applying Formulas (6)—(8), we obtain:

( )—i—TRRg( ),k=0,
<(0) —|—TRRg (0),k=1,

(0) +2TRR¢’(0) + T2RRg"(0),k = 2,
7 g0

g(0)+ LAz (Rk 2~ RE2) RRg'(0) — JATIR (2RR — (RE1 4 RE-1)) ¢7(0)
k=1 j-1 ~.
+ Y T L SATIRITS — R]p, 3<k < N.

By an interchange of the order of summation, we get:

g(0) + TRRg 0),k=0,

£(0) —i—TRRg (0),k=1,

g(0) + ZTRRg (0) + T>RRg"(0),k = 2,
(0)

U, = ~ ~ ~ 9
“7) 8(0)+EAE (RE2 - RE2) RRg/(0) — 3AIR (2RR — (R1+ R1)) 27(0) ©
k—2 .
+AV Y §[r— (R 4 RE19)]p, <k < N
s=1
for the solution of DS (4).
Letl+mN <k<(m+1)N, m=1,2,---. Applying (5), we can get the DS:
Bl — g, mN4+1<k< (m+1)N,
205+
M + Avg1 = pr pr = bug_n + f (),
mN+1<k<(m+1)N-1, (10)
Uy is given, (I + T2A)vy,y = “N—Tmi=1
(I+ TZA) Zmeﬂr*Umlxl — MmN*lemz‘\[szlJrumwfz_
Therefore, we have that (see [38]):
k—1
wg=1tmn+ Y, 70, mN+1<k< (m+1)N, (11)
j=mN+2
_ ~ — 2
O = RRYmN — UmN L OmNi1 = RRUmN L TRRHUmN — MmN2 1+ UnN-— 2
T T T
Uk — %[kaml\lvfl + ﬁkmefl]RﬁumN_’?mel
+%A7%R(Rk—mN _ ﬁk—mN) umN*ZMmI;J;lJruanq

_ i %A,% [Rk—s o ﬁk—s}ps
_ s:mNNJrl . _ (12)
— %[Rk*l + Rk*l]RR umN_:mel + zliA—iR(Rk _ Rk)g//(o)

k-1 ~
ca () T R R e )
s=m

2Pk mN—1 — [RETMN=T 4 Ek*mel]pmNH} ,mN+2<k<(m+1)N.
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Applying Formulas (10)—(12), we can obtain:

UmN + TRﬁM,k =mN +1,
Uy + 2TRR NN 2 RRUnN-2UnNATION2 e — N 42,
UpN + %A*% (Rk—mN—Z — Rk=mN-2) RRH#mN—#mN—1

1

T
—%A_lR <2Rﬁ _ (Rk—mN—l + ﬁk—mN—l)) umN*ZMml;lglJrumN—z
k—1 ]’71 1 . ~.
+ Y 1t Y FA IR —R7ps, mN+3<k<(m+1)N.
j=mN+2  s=mN+1

Up =

By an interchange of the order of summation, we get the solution of DS (4):

UmN + TRﬁ“"’N%””’H,k =mN+1,

umN + ZTRR umelL_‘mel + TZRR umN72uml;fzfl+umN—2, k — mN + 2,
1 41 k— _2 Sk— -2 B Uy N—UmN—

UyN + zA 2 (R mN *Rk mN RRM

e = _%AflR (2Rﬁ _ (kamel + ﬁkmefl)) ”mN*214n11;12—1+umN—2 (13)
k=2 ~
+ATL Y IpI- (Rk—l—s + Rk_l_s)]ps, mN+3 <k < (m+1)N.
s=mN+1
The following lemma will be needed in the sequel.
Lemma 1. The following estimates are fulfilled:

IRIb—m, IRl <1, (14)
IRR M fom, IRR M pon <1, (15)

1 1
ITA2R||p—h, |TAR||p-p < 1. (16)

The proof of the estimates (14)—(16) is based on the spectral theory of a self-adjoint operator in a
Hilbert space [39].
Now, let us study the stability of DS (4).

Theorem 2. The solution of DS (4) satisfies the following stability estimates:

N-2
by < 2+ Tb|(N=2)bp+7 Y. [|A2£(ts)||, (17)
s=1
(m+1)N )
b1 < Q4+ TB|(N=2)by+7 Y A f(t) |, (18)
s=mN-+1

! 3
bp = max { max ||A2gu(t , max ||Ag(t . max ||AZe(t ’
0 {N<k<0 1421t (ti) 1 _N=k<0 1Ag: (ti)ll _max, [A2g( k)|H}

-2
by, = max { max HA% ) uzk+1 + uy i,
(m—1)N<k<mN-2 T
U — U1 1 3
max A——— = max Azu m=12...
(m—1)N+1<k<mN I -l 5 e | k”H} , ,2,

Proof. Let us estimate b;. Using Formula (9) and the estimates (14)—(16), we get that:

3 3 1 ~
[A2ur]|lg < [|A2g(0)|[1 + [T A2 R| 5o 1R | H- 1l Ag: (0) |1 < 2bo,
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3 3 1 ~
[A2uz||g < [|A28(0)||1 + 2 TA2 Rz ulIR [ H-HI A (0) | 1

1 1~ 1
+||rAzRnHwHrAanHﬁHnAzgttm)||H < 4by,

3 3 ~
[A2uella < |A28(0)|1 + 5 [”RHH%H—F||RHH4H]||RRHH—>H||Agf(0)HH

1
HRHH—>H[2HRRHH—>H + IR+ IR 511 A28 (0) |1

k-2
T _1_ Sik—1— 3
+5 101 3 2+ IRIGEE + RIS AZ8 (tn)
s=1

k=2
T 1 ~ 1 1 3
+5 YR+ RIS + IR SNAZF ()l < 1AZ8(0) |1 + | Ag: (0) |1
s=1
1 3 k=2 1
+2||A2g4(0) || g + 27|b| (N — 2) max [A2g(t) |l +27 Y [JA2f(ts) ||
=t s=1

N-2
< 2<2+r|b(N—2))b0+27 Y |A2F(ts) |l B<k < N.
s=1
From that and up = g(0), it follows that:

1
3 max A3

N-2 1
< 2+Tb|(N=2)bo+7 ) |AZf(ts) |l (19)
s=1

for the solution of DS (4). Applying Formulas (6)—(8), we can write:

Uy —u D
i S U vy = RRgt(O),
T
Uy —u D °3
% =0 = RRgt(O) + TRRgtt(O)/
U=t g = HRE2 4 R2RRg(0) + SRR - B A bga(0)
TkZ[Rk 1 R oAbyt ) - & TR - RA (), 3 <k < N
2i i—1 Sls—N 2is:l f 7 - .

Using this formula and the estimates (14)—(16), we obtain:

U —Uup 5
A I < [IRR[|H—Hg(0)[|1 < bo,

u u = 1 5 1
1A= < IRl 1| A1 (0) |1 + [ TA2 Rl s R || 1 ]| AZ gt (0) |11 < 2D,

Up — U =~
[A=——1ln < [IIRHHQH+HRIHHH]IIRRIIHHHIIgt(O)IIH

1 1 T N=2 1 = k1 3
5 RIS 1+ IR gl IR o1l A2 g Ol + 5181 3 RIS + IRIEAFIIIA () 11
s=1

N-2
T 11— Sik—1— 1
+5 L RIS + IRIGAEIIA2f(E) | a
s=1
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N-2
< @+ Tbl(N=2)bo+7 ¥ A2 F(t)]|m,3 <k < N.

Combining these estimates, we obtain:

U — Uj—
Ak k—1
T

max
1<k<N

N-2
<@+1b|(N=2)bo+7 Y |ALf(ts)|n
s=1

for the solution of DS (4). Applying Formulas (6)—(8), we can write:

Up — 2uq + ug

T2 = T_l (Ul — U()) = ﬁRgtt(O),

Uz — 2uy + uq
2

— —TA(RR)%g:(0) + <1 - TZA> (ﬁR)zgtt(O) +TRRpy

=1 (v — 1)

= —TARR:(0) + (I - 72A) (RR) gu(0) + TRR[bAg(t1 ) + f(11)],

U — 2Ujiq + Uy
2

=1 (U1 — k)

1 SRR 1 R
- T—l{z[Rk + R¥RRgi(0) + - A2 [RE — R Rgu(0)

_ E %A*% [Rk+1fs _ §k+1fs}ps _ %[kal + ﬁkil]Rﬁgt(O)
s=1

1 1 ko 1 ~p_
— 5 A 2[RF — R¥|Rg (0 sz ~2[RF=s — Rk S]ps}

1 ~ ~ ~ 1 ~ ~

k—
_EA ;[R R pr+ Z A Rk s _ Rk—s _ Rk+l-s + Rk+15]ps}

: o . N N N
= —%[Rk — RF|RRA2,(0) + ER[R"“ + RM11¢44(0) — TRRAbG(te_N) — TRRF (1)

k—1 k—1
_% Z[Rk—s+l + Rk_SH}Abg(tst) _ % Z[Rk—s—l—l + Rk_s+1]f(ts)/2 <k<N-2.
s=1 s=1

Using this formula and the estimates (14)-(16), we obtain:

A%uz —2uq + ugp
2

~ 1
< |IRR||g—u|A28(0)||n < bo,
H

1u3 —2up +ug
R

1 = = 1
.S ITAZR | IR | RIS 1| Age (0) |1 + [|RR|pi—s 1] A2 g1(0) | 1

~ 3 ~ 3
+7[b|[|RR ||| A2g(t1-N) [ 5 + TIIRR | 5= H (| A2 f (t1) |1

1
< (2+7|b))bo + T||AZf (1) 1,

AL M2 — 2y F Uy
2

< SR b+ IR )RR s | Age(0) |11

7 of 23

(20)
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1 ~ 1 T, k1 N ~ 3
+§HRHH%HH|R”]1({+_1>H + RIS LI AZgH(0) |1 + §|b| Y RIS H + IR H I AZg (ts—n) |1
s=1

H—H H—H
i k—s+1 , || )k=s+17(| 4} 5 3
+5 LUIRIE S + IR SE A2 F ()| + TBIIRR| [ A2 g () [l
s=1

=~ 1
+T|RR[| 5l A2 f (8[|
N-2 1
< (2+7b|(N=2))bo+7 ) [A2f(ts)]|ln,2 <k <N -2
s=1

Combining these estimates, we can get:

max || A% K2 — 2uzk+1 + Uy
0<k<N-2 T q
N2
< 2+Tlb|(N=2))bo+7 ) [|A2f(ts)|Im (21)
s=1

for the solution of DS (4). Estimate (17) follows from (19)—(21).
Now, let us estimate b, 1. Using Formula (13) and the estimates (14)—(16), we can obtain:

3 3 1 = UyN — UmN—
1A w1l < A% w1+ 1 TA2 Rl | R | s | A= 1y < 2D,

3 3 1 =1 u — UyN-—
A2 w2l < |AZ Nl + 20 TA Rl o p R o | A=

1 1~ 1U —2UyN_1+ UpN—
I TAZR| | TAZR 1| A2 =N Ry < by,

3 3 1 CN— A ~ UyN — UmN-1
AR gl < 1A2 [+ 5 IRIEE 7 + IRIESE 2 HIRR b | A=

T
_'_1 IR| SIRR RIE-mN=1 4 R|jk=mN-17)[ g} ¥mN = 2UmN—1 + UmN—2
5 HoH2[[RR[m-m + [R5 + RIS 2 lH
T =y k—1-s plk—1-=s 3
+5000 ), RH+IRIESE + IRIESTIAZu(tN) |1
s=mN+1
T =2 k—1—s plk—1—s 1
+5 L RAIRIESE + IRIESE A f () [
s=mN+1
(mtDN-2
< 2(2+T|b|(N 2)>bm +2t Y |JA2f(ts)||n, mN+3 <k < (m+1)N.
s=mN+1
Combining these estimates, we obtain:
1 3
= max Azuy
2 mN+1§k§(m+1)N|| el
(m+1)N-2 )
<@+rll(N=2))bw+7 ), [IA2f(t)]n (22)
s=mN+1

for the solution of DS (4). Applying Formulas (10)—(12), we can write:

u —Uu ~Uu —u _
mN+1T mN :UmN:RR mN - mN—1

7
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u —u ~UpN — UnN— ~UpN — 2UpN—1 + UmN—
mN+2 mN+1 = VN4t — RR mN mN—1 +TRR mN mN—1 mN—2

T T T2 !
Uk — Ug—1 _ Op_1 = E[Rk—mN—z + Ek—mN—Z]Rﬁ UmN — UmN—1
T 2 T
—i—l.R(Rk_mN—l _ ﬁk—mN—l)A—% UmN — 2UpyN-1 + UmN—2
2i T2
T k=2 ~ 1
—— 2 [Rk—l—s _ Rk_l_s]bAfu(ts,N)
2i s=mN+1
k—2
LY [RFIS_REISATEf(L), mN 43 <k < (m+1)N.
2i s=mN+1

Using this formula and the estimates (14)-(16), we can obtain:

u —Uu ~ u —Uu _
||AM||H < HRR||H—>HHAMHH < by,

u —Uu ~ u —Uu _
HAM”H < ||RRHHHH||AM”H

1UmN — 2UpN -1 + UmN -2

1 ~
+|tA2R| g H|R||H-HIA = | < 2bm,
Up — Up_q 1 k—mN— = k—mN— ~ UmN — UmN-1
ML g < S RIS 2+ RSN 2 IRR 422 ==
1 — Sik— 1 UpN — 2UN—1 + UmN—2
+S[IRIGS 5 + IR BRI o ]| A2 = e = |u
2 T
T (m+1)N—-2 1 I 5
+506l Y IRIESE + RIS E N AZu(ts—N) |1
2
s=mN+1
T(m—‘rl)N—Z - —_— Ny
+5 ), URIESE + IRIGEENAZf(t) |IH
2
s=mN+1
(m+DN-2
<QR+Tb|(N=2)bu+T1 Y. [[AZf(ts)||ln, mN+3 <k < (m+1)N.
s=mN+1

Combining these estimates, we obtain:

Up — Up_q (m+1)N-2 X
A———| <2+ 71p|(N—-2)bp+T A2 f(t
mNHi’i‘i’((mH)NH T ||, S @IV =2))bn s:n;w 1AZf(t5)]|n

for the solution of DS (4). Applying Formulas (10)—(12), we can write:

R MmN — 2uN-1+ UmN-2

UmN+2 2”mN+1 UmN
2
T

2

T (VN1 — Unn) =

4

UpN43 — 2UmN+2 + UmN41

2 =17 (OmN+2 — Umn+1)

- — _ < \2 — QU B -
:—TA(RR)Zu”’N TumN 1, (I—TZA) (RR) UpN — 2UpN—1 + UmN-2 + TRRpyn 1

T2
2 UmN — 2UyN—1 + UpN—2
1—2

= —TA(RR)? NN 4 (1 224) (RR)

Urp — 2Ujeqq + U
T2 N

T (U1 — W)

9o0f23

(23)
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+TRR[bAu(t1_N) + f(buni1)],

_ Tl{;[kaN + ﬁkme]RﬁumN —TMqu

1 1 iok—Mnt+1  Sk—Mn+1ypUmN — 2UmN—1 + UmN—2
+5A AR ~R IR =

y %A‘% [REHI=S _ RkH1—s]p, _ %[Rk—an n ﬁk—Mn—l}Rﬁ”mN — UpN—-1

T
1 e [RE-mN ﬁk_mN]R”mN —2UyN-1+ UnN—2
2i T2
u T a—Lipk—s _ pk—s
T
s=mN+1

_ T_l{;[Rk_mN + Rk—mN _ pk—=mN-1 _ ﬁk—mN—l]RﬁLIW
+%A’1[R"“ — RkH1_ Rk 4 Rk REmN 2”mN;l + N2
T

k—1

T 1 ~ T N ~

_2—1,1472 [R — R]pk—mN + Z 271A7% [Rk*S _ kas _ Rk“rl*S + Rk+ls]ps}
s=mN+1

— _ LRkemN _ RhmN)gR 4} MmN = N1

2
+1R[Rk+1 + R UpN — 2UpN—1 + UmN-2
2 T2
~ ~ T k=1 ~
—TRRAbu(ti—n) = TRRf (tmn) = 5 Yo REST 4 RS Abu(t_y)
s=mN+1
T _
—= Y [RESTURESTA(L), mN4+2 <k < (m+1)N —2.
2 s=mN+1

Using this formula and the estimates (14)-(16), we obtain that:

5 1 UpN — 2UN-_1 + UpN—
< [IRR |1 l| A2 =R g < b,
H

HA% UpN+2 — 2U N1 + UmN
2
T

HA; UmN+3 — 2UmN+2 + UpN+1
2
T

H

1 ~ UuN — UiN—1
< HTAZR”HHHHRHHHH”R”%{HH”A%HH

~ 1UmN — 2UpN—1 + UmN—
HIRR || A2 = g

~ 3 ~ 3
+7|b|[|RR|| g || AZu(ti-N) |z + TIRR||[H—H | A2 f(tun 1) H

1
< (24 T|b))bm + T|| A2 f(tun+1) | H,

AL B2 — 2Ujeq + U
2

H

k— Dk— 5 UpmN — UmN—1
< LRI + RIS IRR ] A2 = Bt

T

N| —
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1 k Sk 1 UmN — 2UyN—1 + UmN-—2
5 IR lIRIE -+ RIS A2 === "l

H—H H—H T2
T e k—s+1 o || B|k=s+11|| 42
+5000 ) [IRIESH + RIS AZu(tn)lla
s=mN+1
T & k—s+1 o || B|k=s+11|| 4 %
o L HIRISH + IRISHIA (1)
s=mN+1

~ 3 ~ 1
+T|b|[|RR|| - u | A2u(te—nayn) 11 + TIRR g m | A2 f((—mn) |1

(m+1)N-2

S@+TbI(N=2)bw+7 Y AZF(t)]l, mN+2 <k < (m+1)N -2,

s=mN+1

Combining these estimates, we obtain:

1U —2u +u
max Az k+2 k+1 k

mN<k<(m+1)N—2 72 H
(mtYN-2
<Q+Tb|(N=2)bw+T Y. AZf(ts)||u
s=mN+1

for the solution of DS (4). Estimate (18) follows from (22)—(24). Theorem 2 is proven.
Note that applying Theorem 2, we can obtain the stability estimate:

max ) teva — 2112k+1 + Uy max HAuk — Ug_q
mN<k<(m+1)N-2 T g mN+1<k<(m+1)N T H
+1 0 max A ully < 2+ Tlb|(N —2))"b
2 mN+1<k<(m+1)N KIH = 0
m ) N X
+Y @+Tp|(N=2))"Tr Y A f(t)||lg,m =0,1,...
j=1 s=(j—1)N+1

for the solution of DS (4). O

3. Applications

11 0f23

(24)

(25)

Note that the generality of this approach permits studying of a general class of DPDEs.
We consider the applications of Theorem 2 for three types of problems. First, the mixed problem for

the one-dimensional DPDE with nonlocal conditions:

33355,3() — (a(x)usc(t, x)), + ous(t, x)

— b (= (a(x)uuz(t = w,%)),, + St — w,2)) + £ (¢, %),
0<t<oo 0<x <],

u(t,0) = u(t,1), ux(,0) = ux(t,1), 0<t< oo,
u(t,x) =g(t,x),—w<t<0,0<x<I

(26)

is studied. Under compatibility conditions, Problem (26) has a unique solution u(t, x) for the given
smooth functions a(x) > a > 0, x € (0,1),6 > 0, a(l) = a(0), g(t,x), —w <t < 0,0 < x <

I, f(t,x),0<t <o, 0<x<Ilandb € RL

The construction of full discretization to Problem (26) is completed in two stages. In the first stage,

we consider the uniform grid space:

0,1, ={x=xp:x,=nh, 0<n <M, Mh =1}



Symmetry 2020, 12, 1033 12 of 23

with step h > 0. Let Ly, = L»([0,1];,) be a Hilbert space of the grid functions ¢"(x) = {¢, }}! defined
on [0,1];,, equipped with the norm:

1/2
I(Phle;,Z( )3 |§0(X)|2h) :

xG[O,l]h

Let Aj be the second order difference operator defined by:

A" (x) = {—(a(x) @) xn + S} 27)

acting in the space of grid functions ¢’(x) = {¢n}}! satisfying the conditions @9 = ¢@um, ¢1 —
®o = ¢Mm — ¢m-1- It is well known that Aj; is a self-adjoint positive definite operator in Lyy,.
Applying Aj in (26), we can obtain the initial value problem for an infinite system of third order
differential equations:

u’ftt(t,x) + Aiu’f(t, x) = bAju(t —w,x) +fh(t,x),
0<t<oo,xel0l], (28)
uh(t,x) = gh(t,x),—w <t<0,x€[0,1]

In the second stage, we use DS (4) for (28):

“’£+z(x)—3“’£+1(x);r3”fé(X>—uZ71(X) +AZ ”Z+2(x)_”;cl+1(x)
T T
= bATul () + 740, fL(3) = 10k 2, v € 0],
ug(x) = g"(t, x), —N <k <0,
h _ . h

(Ih 4 TZAZ)V»;(X)T“O;X) = }??(0/ x)/ 29
(I + T2AF) 2ETER), _ ok (0,.x), x € [0,1), )
(Ih +T2Ax)”an+1(x)*”mN(x) — ufﬂN(x)iu}r;lel(x)

T 7
(Ih + TzAi) uflnN+2(x)_2uml\é+l(x)+uml\l(x)

T
_ ”an(x)*zuflané(x)*”?anz(x) m=172
T 7 7Ly e

Theorem 3. The solutions of DS (29) obey the stability estimates:

W h
Up —Up_ 4
T

h h h
Upyp = 2Up g Uy

max
mN<k<(m+1)N—2

+ max
mN+1<k<(m+1)N

2

1 2
WZh WZh

1

h myh
+= max u < Ci|(24T|b|(N—=2))"D
2mN+1§kS(m+1)NH kHW23h =+ [( | ‘( )) 0

m /N

+Y. @+Tp|(N=2)" It Y ||A%f(ts)||wzlh] ,m=0,1,..,

j=1 s=(j—1)N+1

ho_ Ion h h
by maX{IgngéollA 8it(te)llwy,, _max llgr (f)lwz,» _max g (tk)|W§h}‘

hold, where Cy does not depend on T, h, g" (), and f]'(x).
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Proof. DS (29) can be written in abstract form:

h h h h h h
Uyp =3l q H3UE— g4 Upo U1 _ h h
+ +r3 + Ap R = bAuy + fL k>,

uZ:gQ,—Ngkgo,

h
(I, + T2A )”1 %= gh(0), (I, + T2A )uzi& = g(0), (30)

h

2 mN+1 uhN umNiuﬁ'lel
(Ih +1°A ) = T ’

-2 + -2 +
(Ih + T2A ) mN+2 Lf[rgNJrl u — mN uml;lz 1 umN Z,m — 1’ 2,
in a Hilbert space Ly, with a self-adjoint positive definite operator A, = Aj. Here, gl}j = Z( ),

fl = fl(x), and u}! = ul'(x) are known and unknown abstract mesh functions defined on [0, 1];,.
Therefore, the estimate of Theorem 3 follows from the estimate (25). Theorem 3 is proven. [

Second, let () be the unit open cube in the m-dimensional Euclidean space.
R*(x = (x1,-*+,xm) : 0 < xx < 1,k =1,---,n) with boundary S, Q = QU S. In [0,00) x Q,
the mixed problem for the DPDE with the Dirichlet condition:
n n
win(t ) = £ (ar (e, (43)), = b & (0 () (¢ = 0,),,,
r= r=
0<t<oo,xe), (31)
u(t,x)=0,x€S5, 0<t<oo,
u(t,x) =g(t,x),—-w<t<0,x€Q

is investigated. Under compatibility conditions, Problem (31) has a unique solution u(¢, x) for the given
smooth functions a,(x) >a >0, (x € Q), g(t,x), —w <t <0, x€Q, f(t,x), 0 <t < oo, x € Q,and
beR.

The construction of full discretization to Problem (31) is completed in two stages. In the first stage,
we consider the uniform grid space:

6h:{x:xi’:(hljll"'/h}’ljl/l)/j:(]‘1/"'/]‘1’!)/ OSjT’SNV/
thr=1,1’=1,~~~,n},QhZﬁhﬂQ,Sh=6hﬂS

and introduce the Hilbert space Ly, = Ly(Q);,) of the grid functions ¢" (x) = {¢ (h1j1,- -, huju)}
defined on ), equipped with the norm:

1
2
" Loy (xez(), ‘(P ‘ hn) ’

We consider the difference operator A; defined by the formula:

o

n
A=Y <“r(x)u§,)x‘j , (32)

r=1

acting in the space of grid functions u” (x), which satisfy the conditions u" (x) = 0 for all x € Sj,. It is
well known that Aj is a self-adjoint positive definite operator in Ly;. Applying A; in (31), we can
obtain that:
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ull (t,x) + AFull (t,x) = bAFu(t —w,x) + f(t, x),
0<t<oo,x ey, (33)
ul(t,x) = g"(t,x), —w <t <0,x € Q.

In the second stage, we also get the difference scheme as the one-dimensional problem case:

h

uk’ﬂ(x)—?aufc’ﬂ( )+3uk(x) ukfl(x) +A; ui’ﬂ(x)—uﬁ“(x)
T
= bAju_y(x )+fk( ), fi(x) = fM (%), k> 1, x€Qy,
up(x) = ¢"(t, x), ~N <k <0,
(1 + 727 A — b0, ),
I (o) —2ul () +ult (x) = (34)

I, + T2 AX) 12X =21 0 0,x),x €Qy,
( " h) h Tj h hgtt( 2 h _
(Ih+T2Ax)un1N+l(x) ”mN(x) _ mN(x) U N— 1( ) X c Qh

h T - T
(I + T2A%) U2 (X) =200 - () (%)

I 2
— o) zumNT%( )H?"Nfz(x),x eQym=12,..

Theorem 4. The solution of DS (34) obeys the following stability estimates:

h h

h h h
u —2u +u ul —u
max k+2 2k+l k max k k—1
mN<k<(m+1)N-2 T Wi mN+1<k<(m+1)N T w2
2h 2h
1 ! h
+= max u <C [Z—O—Tb N-=2)"p
e IOl < Ca [Tl (N —2))"f
m ) jN 1
+Y @+rp|(N=2)"Tt Y [ ALf(ts) |y | o m=0,1,...,
h . 2h
j=1 s=(j—1)N+1

bl = Adglh( t t :
0 maX{_IrVn;,}SOII gir(t)llyy,, max ¥ (Bl max 112" (6 g,

where Cy does not depend on T, h, g" (i), and f]'(x).

Proof. DS (34) can be written in abstract form:

n h h_h L ——1
ul o, —3ult  +3ul—u u u k
k+2 k+;3 k_ k-1 + Ah k ZT ktl — bAth N +f1?/ >1,

uk_gk, —-N<k<o0,
(Ih+T2A )ul ul :gt( ), (Ih+T2A )%2:7—%—8”( ),

5 MI h —Mh
(I, + T2Ap) mN+1 mN _ HaN TNt
—2uM +ul T, by Ny
(Ih+T2A ) mN+2 TrgNJrl mN _ ZmN ml;]zl mN. 2,1”1 — 1,2’.”

in a Hilbert space Ly, = Ly(Q);,) with self-ad]omt positive definite operator A, = Aj by Formula (32).

Here, gk = gk( x), fk = fk( x), and uk = uZ( ) are known and unknown abstract mesh functions

defined on (), with the values in Ly;,. Then, the estimate of Theorem 4 follows from Estimate (25) and
the following theorem. [

Theorem 5. The solution of the difference elliptic problem: [40]
Aful(x) = WM(x), x e Quu(x) =0, x € Sy,

obeys the estimate:

< Gal|w||L,,,

o h
D Hu i
r=1 21
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where Cz does not depend on h and w".

Third, in [0, o0) x (), the mixed problem for DPDE with the Neumann boundary condition:

upe (£, x) — é (ar(x)utx,(t,x))xy + Suy(t, x)

=b <— i (ar (%), (t — w, X)), + Su(t — w,x)) ’

r=1
0<t<oo,xe)

MY —0,x€8,0<t < oo
u(t,x) =gt x),—-w<t<0,xeQ

(35)

is investigated. Here, 7 is the normal vector to S. Under compatibility conditions, Problem (31) has
a unique solution u(t, x) for the given smooth functions a,(x) > a > 0, (x € Q), g(t,x), —w <t <
0, x€Q, f(t,x), 0<t<oo, x€Qandb e R

The construction of full discretization to Problem (35) is completed in two stages. In the first stage,
we introduce the second order difference operator A; defined by:

n
A =-Y" (ocr(x)u’;r) +oul, (36)
r=1

Xr,Jr

acting in the space of grid functions 1" (x) that satisfy the conditions D"u" (x) = 0 for all x € Sj,.
Here, D" is the approximation of operator ﬁ It is known that Aj is the self-adjoint positive definite

operator in Ly;,. Using the difference operator Aj, we get the initial value problem (33). Therefore,
in the second stage, we use DS (4) for Problem (33):

”£+2(x)*3”£+1(x);r?’”ﬁ(x)*”fA( x) —|—Ax U o (%)— ”k+1(x)
T
=bAw£N@rf¢wLﬁ() fW&/Lkzl,XGQm
ull(x) =g (tk, ) —-N<k<0,
A — gho,),

( =

(I + T2AF )u 2u1 ) _ =gm(0,x),x € O, (37)
( )

(

I, —I—‘L'ZAx mN+1 (x) ”ﬁw(x) _ ”fZN(x)*”l:anl(x) x e 6}1

T
Ih + TZAZ) uﬁ1N+2(x) zuml\;rl( )+uﬁ1N(x)

YN (x) 721[?,11\]71 (x)+umN72 (x)
2
T

X Eﬁh,m =1,2,..

Theorem 6. The solution of the difference scheme (37) obeys the stability estimates in Theorem 4.

Proof. DS (37) can be written in abstract form:

h
U= 3”k+1+3”k ey - ”k+1 _
+ Ay bAhuk N+fk,k>1
gk, —N<k<O,
I Iyl
<h+ﬂAV1%=&<Hh+#&mi%§@:%w»
h uh oyt
2 mN+1 “UmN _ YN T HaN—1
(Ih +1°A ) p - W T 4 N ;
(I, +T2Ah) mN+2 2?§N+l+uml\] — uW1N72unzI;12—1+ur:1N—2’m -1,2,..

ina Hllbert space Ly, = Lz( Q),) with self-adjoint positive definite operator Aj, = Aj, by Formula (36).

Here, gi' = gl(x), fI' = f'(x), and u}! = u}}(x) are known and unknown abstract mesh functions
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defined on ), with the values in Ly, . Therefore, the estimate of Theorem 6 follows from the estimate
(25) and the following theorem. [

Theorem 7. The sol

satisfies the estimate:

ution of the elliptic difference problem: [40]

Aful(x) = w(x), x € Q); DMuM(x) =0, x € S,

< Cal | |1y,

n
)y
r=1

h
U x, x5
‘ rArY L2h

where Cy is independent of h and w".

4. Numerical Resu

1ts

It is well known that when the analytical methods fail to work properly, the numerical methods
for getting partial differential equations’ approximate solutions play a vital role in applied mathematics.
In the operator approach, constants in theorems can be large; therefore, in this case a nice stability result
must be supported numerically. For this reason, it is important to see that for such a type of theoretical
result, we need numerical applications when one cannot know concrete values of constants in stability

estimates. Therefore, the first order of accuracy DSs for the solution of one- and two-dimensional
DPDEs are presented. To solve this problem, a procedure of modified Gauss elimination is applied.
The result of the numerical experiment supports the theoretical statements for the solution of these DSs.

4.1. One-Dimensional Problem

First, we consider the mixed problem, with the exact solution u (¢, x) = e teosx,

(8, %) — Upex (£, ) = —0.1uxy (£ — 1, x)
—2etcosx —0.1e (t"Deosx, t >0,0< x < 7,
uy(£,0) = ux(t, 1) =0, 0 < t < o0,

u(t,x) =etcosx, -1<t<0,0<x<rm

for the one-dimensional DPDE.
Applying DS (4), we get the following DS:

uk+2 3kt 43yl k-1

3

T
k2 k1 o (k2 ket k+2 _ k41
Uiy — Uyig — 2 (”n Un )+”n—1 W1

k—N k—N TIEN
_ —Olu"+1 = 2uy N — Uy, ]

3 — 2¢t cos x, — 0.1~ (-N) cos xyy,

tk:k’r,lN+1§k§(l+1)N—2,l:(),l,..., 1<k<N-1,
Nt=1x,=nh, 1<n<M-1, Mh=rm,

uk =etkcosx,, —N<k<0,0<n<M,

Mk—H*Mk
%:—e_tkcosxn,—NSkS0,0gngM,
k+272 k+1 k
tn mZ 2T T pticosx,, —N <k <0,0<n< M,
Kokl ok k

uy —uy=uy —uy_ 4 =0,0<k<N.

It can be written as the second order difference problem with matrix coefficients:

A Up+1 + Buy, +Cun_1 = Dq)n, 1<n<<M- 1;u0 = Uy, Up = UpM-—1-

(38)

(39)

(40)
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Here and in the future, we put:

ulN
Us = : , s=nn=+1.
(I+1)N
§ (N+1)x1
Here,
0 0 0 O 0 0 0 7
0 0 —a 0 0 O
00 0 a 00 O
A=C= . ,
000 0 - 0 a —a
o0 o0 0o - 00 O
L0000 0 - 00 0 4 (N+1)x (N+1)
10 0 0 0o - 0 0 0 0 ]
b -3 3b—c b—c 0 - 0 0 0 0
0 b —3b 3b—c c—b 0 0 0 0
0 0 b —3b 3b—c 0 0 0 0
5 . ) ) . . . ,
0 0 0 0 0 3b—c c—b 0 0
0 0 0 0 0 —3b 3b—c c—b O
0 0 0 0 0 b —3b 3b—c c—b
1 1
-t i 0 0 0 0 0 0 0
L 2 2 7z 0 0 0 0 0 0 4 (N+1)x (N+1)
where:
ol 12
oTh? T 8 Th?’
!N =cosx,, —~M<k<0,0<n<M,
k=N k-N _  k—-N
u —2u —u
gh = flt o) = =01 ——
IN —2¢~tk cos x, — 0.1e~(-N) cos x,,,
Pn
Pn = (3) "\ te=kt,IN+1<k<(I+1)N-2
I+1)N -
§0n (N+1)><1 1_0/1/"'/1§n§M_1/
q0£,1+1)N_1 =—cosxy, —M<k<0,0<n<M,
oI — cosx,, —M <k <0,0<n <M,

and D = Iy is the identity matrix.
To solve this second order difference problem, we use the following formula:

Uy = Kpi1Upyy1 + PBpy1, n=M-1,..,1,0, (41)

where uy; = (I—ap) " B, aj (j=1,..,M—1)are (N+1)x (N + 1) square matrices, B; (j =
1,..,M —1) are (N +1) x 1 column matrices, a; is the identity, and B; is zero matrices, and:
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api1 = — (B4 Cay) ' A, (42)
Bus1 = (B+Cay) ' (Dgy —CBy),n=1,..,M—1.

The errors are computed by:

EN = max u(ty, x —uk (43)
M N 1<k<(I4D)N-11<n<M-1 (Fir ) =t

of the numerical solutions, where u(t;, x,,) represents the exact solution and u¥ represents the numerical
solution at (t, x,), and the results are given in Table 1.

Table 1. Errors of difference scheme (DS) (39).

I/INM 20,20 40,40 80,80

0,t€[0,1] 00141 0.0068 0.0040
Lte[L,2] 00559 00322 00172
2,t€[2,3] 01346 0.0746 0.0392
3,t€[3,4 02011 01011 0.0561

4.2. Two-Dimensional Problem

Second, the mixed problem with the Dirichlet condition:

upt(t, 2, y) — tpex (8,2, y) — iy (£, %, ) = —0.1upe (t = 1,x) — 0.1uyy (t — 1, x,y)

—3e tsinxsiny —0.2e~ " Vsinxsiny, t >0, 0 < x,y < 7,

u(t,0,y) =u(t,r,y) =0,0<t <00, 0<y <, (44)
u(t,x,0) =u(t,x,71)=0,0<t<o0,0<x<m

u(t,x,y) =e'sinxsiny, -1<t<0, 0<x,y<nm

for the two-dimensional DPDE is considered. The exact solution of Problem (44) is u (t,x,y) =
e !sinxsiny.

Applying DS (4) to the problem (44), we get the following DS of the first order of accuracy in ¢:

uﬁ*;nz — 3u’fj;} + 3u’fl,m —yk-1

n,m
3
k+2  _ k+1 k+2 _ , k+1 k+2 o k+1
un+1,m un+1,m 2 (uﬂ,m uﬂ,m) + Mnfl,m unfl,m
Th?
k+2  _ k+1 k+2 _ , k+1 k+2 k41
un,m—i—l Z’ln,m—',-l 2 (ui’l,m un,m) + un,m—l un,m—l
k—N k—N I%'hIZ\] k—N k—N k—N
- 01 n+lm 2un,m - unfl,m . un,m+1 - zun,m - un,mfl
- h? h?

—3e~ !k sin x, sinyy, — 0.2¢ %N sin x;, sin
tk=kt,IN+1<k<(I+1)N-2,

1=0,1,.., 1<k<N-1, (45)
Nt=1x,=nh, yy=mhl<nm<M-1 Mh=rm,

Uy = sinxysiny,, —N <k<0, 0<nm<M,
uk+1_ k

n,m n,m . .
———— =sinx,sinyy,

T
—N<k<0,0<nm<M,

k+2 k+1 k
un,m - Zun,m + un,m

= = sinxy sin Yy,
—N<k<0,0<nm<M,
ulérm:ul&,m:o,ogng,ogmgM,

ublg=uk ) =0,0<k<N0<n<M,
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It can be written as the second order difference problem with the matrix coefficients’ form:
Auppg +Buy+Cuy_q, =Dey, 1<n<M-1uy=0, uy =0. (46)
Here and in the future, we put:

e — [ IN (I+1)N N (I4+1)N IN a+1)N1T
5=

uO,sf . .’uO,S r”l,sr .. .’ul,S S ’uM,S/ .. "uM,S (N+1)(M+1)><1’ sSs=mn,n + 1.

A,B,C,Tare (N+1)(M+1) x (N+1)(M+ 1) square matrices, and I, R are identity matrices.

Here,
S T S
Toh?’ T T g8 Th?’
0 0 0 0
0 E 0 0
A=C=| . . .. ,
0 0 E O
0 0 0 0
[Q O O O O O O O ]
E D E O O O O O
B_ O E D E O O O O
O O O O 0 E D E
1 O O O O OO O 0 Q |
where:
0 0 0 O 0 0 0 T
0 0 a —a 0 0 O
0 0 0 a 0 0 O
E= : : o
00 0 O 0 a —a
0 0 0 O 0 0 O
L0 0 0 O 00 0 |
M1 0 0 0 0 0 0
b -3 3b—c b—c --- 0 0 0
0 b -3b 3b—c¢ 0 0 0
0 0 b —3b 0 0 0
D= . . . . ,
0 0 0 0 c—b 0 0
0 0 0 0 3b—c c¢c—b 0
0 0 0 0 -3 3b—c c—b
1 1
—l; ;2 (1) 0 0 0 0
L = —= = 0 0 0 0
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Q= Int1)x(n+1)r O = ONs1)x(N+1),

gz)%\,’n = sinx;, siny,,
—-M<k<0,0<nm<M,

k—N k—N k—N
_ IN - Kk — _p 1un+1,m B Zun,m Uy m
qDO,n q)m,n - . h2
: k—N k—N k—N
(I+1)N Uil — 2 — Wy g
0n -
IN L h?
P —3e~ tk sin xy, sin yyy,
: —0.2¢ =N sin x, sin y,,
Pn = (I+1)N ’
v te=kt,IN+1<k<(I+1)N-2
IN
P [1=0,1,---,1<nm<M-—1,
E\I/IH)N gog,l;,l)N*l = —sin xy, sin Yy,
L PMn (M (N1 X1 TM<k<0,0<mm<M
(p,(é;l)N = sinxy sin Yy,

—M<k<0,0<nm<M,
To solve this second order difference problem, we use the following formula:

Up = Opp1Un41 + ,Bn—&-ll n=M-1,..1, Upm = 0,
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(47)

wherewa; (j=1,..,M—1)are (N+1)(M+1) x (N+1)(M + 1) square matrices, 8; (j =1,.., M —1)

are (N+1)(M+1) x 1 column matrices, and a; and B are zero matrices and:

Api1 = — (B4 Cay) L Ay,
Bus1 = (B+Cay) t (Dpy —CBy),n=1,..,M—1.

The errors are computed by:

lEI\I\/II = max u(tk, Xn,ym) - Mﬁ,m

IN+1<k< (141)N—1,1<n,m<M—-1

(48)

(49)

of the numerical solutions, where u(ty, x,, Y ) represents the exact solution and ”ﬁ,m represents the

numerical solution at (g, X, ¥ ), and the results are given in Table 2.

Table 2. Errors of the difference scheme (45).

I/N.M 10,10 20,20 40,40
0,t€10,1 0.0370 0.0162 0.0083

]
1,t€[1,2] 0.0840 0.0456 0.0236
2,t€[2,3] 0.1028 0.0543 0.0276
3,t€[3,4 0.1008 0.0521 0.0261

As seen in Tables 1 and 2, we obtained some numerical results. If M and N are doubled, the values

of the errors decrease by a factor of approximately 1/2 for DS (39) and (45), respectively.
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5. Conclusions

1.

In this paper, the absolutely stable DS of a first order of accuracy for the approximate solution
of the DPDE in a Hilbert space was presented. The theorem on the stability of this difference
scheme was proven. In practice, stability estimates for the solutions of three-step difference
schemes for different types of delay partial differential equations were obtained. Numerical
results were given.

The mixed problem for the one-dimensional DPDE with the Dirichlet condition was studied
in [41]. The first and second order of accuracy DSs for the numerical solution of this problem
were presented. The illustrative numerical results were provided. We are interested in studying
absolutely stable DSs of a high order of accuracy of the approximate solution of the initial value
problem (1) for the DPDE in a Hilbert space.

Applying this approach and the method [30], we could study the existence and uniqueness of a
bounded solution of the initial value problem for the semilinear DPDE:

(50)

up(£) + Aue(t) = f (t,u(t —w)), 0 < t < oo,
u(t) = g(t), ~w < ¢

in a Hilbert space H with an unbounded operator A. Moreover, applying the method of [28],
we can investigate the convergence of DSs for the numerical solution of Problem (50).
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