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Abstract: Recently, periodic traveling waves, which include periodically symmetric traveling waves
of nonlinear equations, have received great attention. This article uses some bifurcations of the
traveling wave system to investigate the explicit periodic wave solutions with parameter « and their
asymptotic property for the modified Fornberg-Whitham equation. Furthermore, when « tends
to given parametric values, the elliptic periodic wave solutions become the other three types of
nonlinear wave solutions, which include the trigonometric periodic blow-up solution, the hyperbolic
smooth solitary wave solution, and the hyperbolic blow-up solution.
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1. Introduction

The Fornberg-Whitham equation
Up — Uyt + Uy + Ully = SUxlyyx + Ullyxxy 1)

appeared in the study of qualitative behaviors of wave-breaking [1,2]. In [3], Fornberg and Whitham
obtained a peak solution of the form u(x,t) = Aexp(—1|x — 3t|) for Equation (1). We can see the
similarity between Equation (1) and the well-known Camassa—Holm equation

U + 2kt — Uyyt + Uty = 2Uylyy + Ulhyry. 2)

If k = 0, then Equation (2) has the peakon solution u(x,t) = cexp(—|x —ct|) [4]. If k # 0, then
Equation (2) has the peakon solution u(x,t) = (c + k) exp(—|x — ct|) — k [5]. In addition to the
distinction in the coefficients, there exists a great difference, i.e., for k = 0, Equation (2) possesses the
property of complete integrability and bi-Hamiltonian structure while Equation (1) does not have such
advantage [6].

Since the appearance of the Camassa—Holm equation Equation (2), a huge amount of work has
been carried out to study the dynamic properties of Equation (2). Equation (2) has been proved to
possess the global existence, the precise blow-up scenario, the blow-up set and the blow-up rate for
the strong solutions [7-10]. It has also been confirmed that the peakon of Equation (2) are orbitally
stable [11,12].

In [13], Liu and Qian suggested a generalized Camassa—Holm equation

Ut + Zkux — Uxxt + 3u2ux - zuqux + Ul yxyx- (3)
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Similarly, by softening the nonlinear term, He et al. [14] studied the peakons and solitary waves for the
modified Fornberg-Whitham equation

Up — Uxxt + Ux + uzux = BuUxUyy + Ullyxy. 4)

However, little attention has been given to the periodic traveling wave solutions in their study.

Recently, periodic traveling waves of nonlinear equations have received great attention.
For instance, Angulo et al. [15] mentioned that the cnoidal waves of KdV equation converge to
the limit soliton when the period tends to infinity. The detailed study was presented by Neves [16].
In [17], the periodic asymptotics of a class of stationary nonlinear Schrodinger equations has been
studied together with the existence of dark soliton. The authors [18] showed that the limit forms of the
periodic loop solutions of the Kudryashov-Sinelshchikov equation contained loop soliton solutions,
smooth periodic wave solutions, and periodic cusp wave solutions.

In this paper, we study the explicit periodic wave solutions and their asymptotic property for
Equation (4) using bifurcation analysis [19-26]. Also, some periodic wave solutions are symmetric [27].
First, we obtain two types of explicit periodic wave solutions, elliptic smooth periodic wave solutions
and periodic blow-up solutions with a parameter a. Secondly, we reveal that there exist four
parametric values. When « tends to these parametric values, these elliptic periodic wave solutions can
become other three types of nonlinear wave solutions, the hyperbolic smooth solitary wave solutions,
the hyperbolic blow-up solutions and the trigonometric periodic blow-up solutions.

This paper is organized as follows. In Section 2, we give some preliminaries. Our main results are
listed in Section 3. In Section 4, we provide derivation to our main results. A short conclusion is given
in Section 5.

2. Preliminaries

To derive our results, we give some preliminaries in this section. For given constant ¢, substituting
u = ¢(¢) with § = x — ct into Equation (4), it follows that

" ! 1

—cg' +cg" + o' + 979 =39"¢" + 99" ()

Integrating (5) once, we have
1
(p=c)¢"=3¢°+(1-cp—(9)+g, ©)

where ¢ is an integral constant. Letting y = ¢/, we get a planar system

de
dag — ¥ ,
dy  3¢°+(1-c)e—y*+g @)
de p—c ’
with the first integral
2 1 2
(p =)y’ = 9" — zcp* + S(1— )@’ + (g —c(1—))¢* — 28cp + I, ®)

where & is another integral constant.
Assuming that « and ¢ (double root) are two real roots of the equation

2 1 2
=9 2ot + 31 -9’ + (g —c(1-¢))p* — 28cp +h =0, ©)
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we get its other two roots B and -y of forms

= % (—3c — 4o+ \/—320 + 320c — 23¢2 — 24ca — 4842 ) ) (10)
and 1
¥ = 3 (—3c —4n — \/—320 +320c — 23¢2 — 24ca — 48a2> . (11)
Solving equations f = 7, « = B, and & = 7 respectively, we get the four numbers «; (i = 1 —4)
of forms
—3c+ 20
M= (12)
—3c+o0
Ky = 12 ’ (13)
—3c—o0
= 14
1% 12 ’ ( )
—3c—20
- = 1
g o (15)
where
o = /15(16c — 16 — ¢2). (16)

From above expressions we get the following lemma.

Lemma 1. To make o real, denote c; = 4 (2 — \@), cp =4 (2 + \/5), when constant wave velocity

¢ € (c1,c2), there are the following facts.
(1) &y, ap, a3 and wy are real and satisfy inequality

oy <oz <oy < K. (17)

(2) If« < ayora > way, then B and -y are complex. If oy < o < &y, then B and <y are real and there exists
the following properties.
(i) When o = w, it follows that

‘B:f)/:pcz<0(:a1. (18)
(ii) When o € (a, a1), it follows that
¥ <B<a. (19)
(iii) When o = wy, it follows that
Y=a4 <B=0a=a (20)
(iv) When o € (a3, &), it follows that
v <a<B (21)
(v) When « = w3, it follows that
x=7y=u03<p=ana. (22)
(vi) When o € (g, a3), it follows that
a <y <B. (23)

(vii) When o = wy, it follows that

a=un4 <B=7=nunan (24)
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According to the above inequalities, we give some notations as follows:

2
B, whena € (a3, a2) or o € (ag, a3). @)

. { o, whena € (ap,a1) or & > g or & < ay,
0 =
B, whena € (np,a1) or & > ay or & < @y,
bo=1{ «, whena € (n3,a2), (26)
v, when a € (ng,a3).

v, whenwa € (ap,a1) or & € (3, ap) or & > ay or & < (g,
o) = (27)

a, when o € (ag,a3).

Using above these notations, on the ¢-y plane we obtain some special points (ag,0) , (by,0) , (co,0). Via (2.4)
we display the orbits passing these special points as Figure 1.

ao ¥ Co\_/bo & ¥
(@) a>ajo0ra <ay (b) g < a < g and & # ap, a3

Figure 1. The orbits passing the given points for systems (2.3).
3. Our Main Results

In this section, we state our main results. The pictures of Proposition 1 are included in the
Appendix A.

Proposition 1. For given ¢ € (4 (2 — \/5) ,4 (2 + \/5)) and arbitrary real number w, if let
E=x—ct (28)

and B, 7y be in (10)~(11), and a; (i = 1 — 4) be in (12)—(15), then Equation (4) has the following explicit periodic
wave solutions.

(D If &« < ag or @ > 1y, then the explicit periodic wave solutions are

. A1 +IX*(A1*0()C1‘1(171€, kl)

e L )
d
an ia(E) Ar+a+ (A —a)en (1 & k) (30)
2 1—en(mé k) ’
where
Ay =/(by —a)?+ a2, (31)

. Al +b—«w
kl_“T/ (32)
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24
m= 15 (33)

_ 2
g=-ta) (4)
and b+
C
ML (35)

For the graphics of 11 (&, «) and up (¢, ) with ¢ = 8 and & = 3 > wa, see Figure Ala,b.
These two solutions possess the following limits.
(1)s When o — a1 + 0, 11 (&, «) becomes the trigonometric periodic blow-up solution

R o
uj(¢) = az + — = (36)
4cos ( 130 (’,‘)
and uy (&, ) becomes the trigonometric periodic blow-up solution
. o
ui(§) = a3 + —————— 37)
4sin ( 190 C)
(2)p When o — ag — 0, 11 (&, «) becomes the smooth solitary wave solution
() = ay — Lsech? (]2
u3(¢) = ap 1 sech ( 130 C) , (38)

and u; (&, «) becomes the hyperbolic single blow-up solution

us(€) = ag + %cothz (‘/éo g) . (39)

For the varying figures of u = u1({,«) when ¢ = 8, and « — a4 — 0 where ay = —2(1 + V5),
see Figure A2a—c. For the varying figures of u = u(¢,a) when ¢ = 8, ay = —2(1 ++/5) and
a — a4 — 0, see Figure A3a—c.

(2) If o satisfies a4 < & < & and & # «ay, a3, then the explicit periodic wave solutions are

uz(&,a) = co + (bo — co) sn® (128, k2), (40)
_ by —kpagsn® (1128, k2)
ua(6,a) = 1—kosn? (172G, ko) * @
_ag—bysn® (i2.¢, ko)
us(g o) = 1 — sn2 (112 €, ko) (42)
and a0 — o
Ll6((:, oc) =g+ m, (43)
where
_ [bo—co
ko = pa—— (44)
o = Vo — Co (45)

a
o

and ao, bo, co are in (25)—(27).
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For the figures of u = u;(§,«) (i = 3,4,5,6) with c = 8 and a = 1, see Figure Ada—d.
These four solutions possess the following limits.

(1)s When &« — a7 — 0 or & — a3, the smooth periodic wave solutions u3(¢, «) and u4 (&, «)
become the trivial solution u5({) = a3, and the elliptic periodic blow-up solutions u5 (&, a) , ue(G, &)
respectively become the trigonometric periodic blow-up solution u5(¢) and ] (&) given (36) and (37).

(2)p When o — a4 + 0 or & — ap, the smooth periodic wave solution u3(¢, «) becomes the smooth
solitary wave solution u5(¢) given in (38), the smooth periodic wave solution u4(, «) and the periodic
blow-up solution u5(¢, #) become the trivial solution u3(¢) = &y, and the elliptic periodic blow-up
solution 14 (&, &) becomes the hyperbolic single blow-up solution u} () given in (39). For the varying
figures of u = u3(¢,x) whenc =8, ap = -2+ V5and @ — ap + 0, see Figure A5a-c. For the varying
figures of u = ug(& «) whenc = 8,40 = —2++v/5and a — a; + 0, see Figure A6a—c.

4. The Derivation of Main Results

In this section, we give the derivation for our main results listed in Proposition 1. First, we derive
u;(&, &) (i =1,2) and their limit forms.

(D If &« > aq or & < ay, then via Lemma 1 we know that Equation (9) has four roots ¢, « , S and 7y .
The root c is a double real root. « is a simple real root. f and <y are two complex roots. From Figure 1a
we see that on ¢ — y plane there is an open orbit Iy passing the point (ag,0). The open orbit Iy
possesses expression

2
V=159 —a)l(p b +df], for 9> (16)

where a% and b are given in (34) and (35).
Substituting (46) into Z—(g = y and integrating it along Iy, we have

(s

@ ds 2
=4/ 5= ¢l (47)
/ﬂo \/(S—ﬂo)[ _b1)2+aﬂ \/;

and

oo ds 2
=/ 7= ¢l (48)
/(P \/(s—ao) {(s—bl)z—i-aﬂ \/;

Completing the integral in (47) and (48), we get

Ar+ap—¢ 2A1

A1ﬂ0+q0_cn< 15 g/kl ’ (49)
and

@ —ap— A1 - 2A1

where A; and k; are listed in (31) and (32). Respectively solving Equation (49) and Equation (50) for ¢
and noting that u = ¢(¢), we obtain 11 (¢, ) and u, (¢, a) of forms (29) and (30).
Since the period of the function cn(t, k) is 4K, where

0 1 —k2sin?6

This completes the derivations of u; (¢, «) (i =1,2).
Now we show the limits of u;(¢,a) (i =1,2) asa — a7 +0ora — ay — 0.
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(1°) When &« — aq + 0, it follows that

3c+o
=
_3c+c7_
12

which implies that a9 — a1, by — a3 and cgp — as.

Thus, we have
A =2
1 1

k1—>0,

7 of 16

- 0‘3/

(52)

- DC3,

(53)

cn (\/@Q k1> —cn (@6, 0) = cos (@C).

Further we have

U (‘:r 0‘) =

A+ o — (A] —{X)Cl’l(ijlg, k1)

_>

1+en (116, k)
(50 — 3c) — (0 +3¢) cn (\/%g o)

12 [1+cn(\/%§, 0)}

_ (50 —3c) — (0 + 3c) cos <\/%§)

12 [1 + cos (\/gf)}

1
=——(0+3c)+

g

= ui(%),

and

4cos? ( 0 fj)

(54)

_ Ai+a+ (A —a)en (118, kq)

”2(6/ 0‘)

_>

1—cn (g, ki)
(50 —3¢) + (¢ +3c) cn (\/%g 0)

12 {1 —cn (\/%g 0)}

B 50 — 3¢ + (0 + 3c) cos Q/%C)

i (/57)]

1
=——(0+3c)+

o

12 4sin® ( 90 C)

This implies that the property (1), is true.

(55)
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(2°) When &« — ay4 — 0, it follows that

{‘B — N, (56)

Y ey,
which implies that a9 — a4, by — a3 and cgp — .

Thus, we have
k1 —1,

g
A1_>7/

4
m — \/g/ (57)
cn< zlléélg,ko>—>cn(\/g§,1>—sech< ;)C).

_Atat (A —a)en(p g k)

Further it follows that

(e ) Tren(n g k)
. 0 —3c— (50 +3c)cn (\/%C, 1)
12 {1+cn (\/%g 1)}
B o — 3¢ — (50 + 3c¢) sech (\/%é)
12 [1+sech (\/%g)]
=y — %sech2 (\/g{f)
=u(5), (58)
and
g = AT by
. o —3c+ (50 +3c) en (\/%g 1)

2[1-en(\/§81)]
o — 3¢+ (50 + 3c) sech (\/%5)
12 {1 — sech “/%C)}

1 o 5 o

T ot [ -2
a4+4coth( 120@‘)

= u3(8)- (59)

This implies that the property (1), holds.
Secondly, we derive u j(§, a) (j =3,4,5,6) and their limit forms.
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@) If o € (ng,21) and & # ap, a3, then from Lemma 1 we see that Equation (9) has four real roots
¢, a, B and 7. The root c is a double real root. The other three roots are simple real roots. From the
expressions (25)—(27) of ag, by, ¢y and Figure 1b, we can see that there exists a closed orbit I'y passing
the points (by,0), (co,0), and there is an open orbit I', passing (a9, 0) on ¢ — y plane. The closed orbit
I'; possesses expression

2
y2 — B(uo —@)(bo— ¢)(@ —cp), where ¢y < ¢ < by, (60)

and the open orbit I'; has expression

2
¥ = ﬁ(q) —a9)(¢ —by)(¢ —cp), where ¢ > ay. (61)

Substituting the above two expressions into Z—‘p = y and integrating it along the two orbits, we have

[jyﬂw—sxiiﬁxs_m>:{£iw1<MM%F1mﬂCo<¢§b0<”@' ©2
bo d
J V«%—ﬂx%iwﬂs_m>_\%iww(mmgrlmwcosw<ﬂw<awf ©3
/mzp V(s — ao)(sdi bo)(s — co) B \/\/125 ¢ (along I’ and cg < by < a9 < ¢), (64)
and V2
~00 ds 2
./(P Vs —ag)(s—bo)(s —co) V15 |&] (along Ty and by < ap < ¢ < o). (65)

Completing the above four integrals, the four equations respectively become

ml( £:2§b>= 2 lel, (66)
—1( [(ao—co)(bo — @) _[a0—co
o (\/(bo —¢o)(a0 — @) o kZ) =V a0 €7
sn”! ( Z:‘Zg g, k2> = ”03;;0 2], (68)
and
ml( $;$§b>= 25 lel, (69)

where kj is given in (44). Solving the above four equations for ¢ respectively and noting that u = ¢(¢),
we get the solutions u;(g, a) (j = 3,4,5,6) of the forms (40)—(43).
Since the period of the function sn(7, k) is 4K, it follows that the period of the function sn(#x¢, k2)
is 4K /.

Now we derive the limit forms. First, we derive the limit forms 2,. From the expressions (25)-(27),
we have the following limits.
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(i) When a — a1 — 0, it follows that

. —a—>_3c+2a—a
0 — 12 — 1,
—3c—0
b = =
0o=p— 12 &3,
o= —>_3C_(T—oc
0="7 12 — 3.
(ii) When a0 — a3 + 0, it follows that
—3c+ 20
ﬂo—ﬁ 12 — k1,
b “_>—3c—a_lx
0 — 12 - 37
o=y Ty
0o="7 12 = &3.
(iii) When a« — a3 — 0, it follows that
a =B _3C+20—rx
0 — 12 — a1,
by = —>_3c_0 o
O_’Y 12 = K3,
C “_>—3c—(7_a
0~ 2
Thus, when &« — &1 — 0 or &« — a3, we have
bo—C0—>0,

[by —
k2: 07%_)0,
a0 —Co

[
apg—cop — —,

1
_Jua [T
=\ "3 T\ 120

and further have

uz(Z,a) = co+ (bo — co) sn® (12, ka) — a,

by — kpagsn® (12 &, k)
1 —kysn? (112G, k2)

u4(‘:r D‘) =

10 of 16

(70)

(71)

(72)

(73)

(74)

(75)
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_ a0 —bosn? (112G, k2)
us (g, a) = 1—sn2(12¢, ko)

(20—36)+(U+3c)sn2( 55, 0)
1201 —sn? (/1% € 0)]
~ (20-30) + (¢ +3¢) sinz( ﬁg)
i (/)
(o

1
= —E(J—i-Sc) +

%

4cos? ( 50 @)

v
4cos? ( 0 C)
= u3(), (76)

and

ap — Co
sn? (1128, k)

1
— —E(0'+3C) +

ug(&, o) =co+
o

4sn2( 150 & 0)

~ (@), 77)

These complete the derivations for limit forms (2),.
Secondly, we derive the limit forms (2);. Similarly, from (25)-(27) we get the following limits.

(iv) When &« — a5 + 0, we have

a —a—>7_3c+a—o¢

0 — 12 - 2
—3c+o

bO ,B_> 12 Ko, ( )

c %—30—20_0(

0="7 12 = Q4.

(v) When &« — a» — 0, we have

a /3—>_3C+U—¢x

0 — 12 27
—3c+o0

= = 79

b() X — 0 xo, ( )
—3c — 20

co=7 — = 04
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(vi) When o — a4 + 0, it follows that

—3c+o0
aozﬁ_) 12 = &2,
—3c+o0
bp =7 — o =Y
—3c— 20
co=u 7 = ny.

Thus, when &« — &y or &« — a4 + 0, we have

o
bo—co — —,
0=C 3

by — ¢
kZZ uﬁll
ap —Co

[
apg—cyp — —,

1
_ o [
=\ "3 T\ 1207

uz(Z, ) = co + (bo — co) sn® (112 &, k2)

and further have

12 12

1 30 5, o
—>—(2(7+3c)—|—sn( 120@’,1)

1 o 5 o
= E(20+3c)+ztanh (1/120{5)

sn2( 155 G 1)

12 4 120
—wr— Tsecn? (]
=t = sech ( 120 C)
= u3(¢),
apgp — Cp
u6(§/ 06) =co+ Sl’lz (’72 C/ k2)
1 1
— —E(Za—i—fic) +
1 [
=——(20+3c)+ 4

12

1
= —— (20 +3¢) + Zcoth? (

12 4
—mﬁ—icothz( &)C)
=u3(¢),

by —kaagsn? (1128, k2)
M4(§/“) - 1— kz Sl’l2 (772 g’ kZ)

and
ap — bosn® (12, ko)

us(&,a) = — 9.

1—sn2 (128, k)

tanh? ( 95 (f)

— K,

12 0of 16

(80)

(81)

(82)

(83)

(84)

(85)
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Hereto we have finished the derivations for our main results.

5. Conclusions

In this paper, we have studied the explicit smooth periodic wave solutions and periodic blow-up
solutions and their asymptotic property for Equation (4). In Proposition 1, the explicit expressions
of these solutions and their limits have been shown. Based on these results, Equation (4) possesses
explicit periodic wave solutions, and solitary wave solution has been exposed. Furthermore, we have
found that the periodic blow-up solution 17 (¢, «) can converge to the smooth solitary wave solution
u3(&). On the other hand, this example shows that not only the cnoidal wave solution but also the
periodic blow-up solution can converge to the smooth solitary wave solution.

Furthermore, a new phenomenon about the periodic solution has been discovered. In [16],
the author proved that when the period tends to oo, the cnoidal waves of KdV equation, on compact
sets, converge to the limit soliton. In our paper, it has been found that when the period T; tends to

@ , the elliptic periodic blow-up solutions u1(¢, a) and u, (¢, a) become the trigonometric periodic

v

blow-up solution 1] (¢) and uj () respectively. Also, when the period T, tends to % ,us(&, o) and

ue(¢, ) become u3 (¢) and uj (&) respectively.
Finally, the correctness of all the solutions are also validated by the mathematical software.

Funding: This research was funded by the Outstanding Innovative Young Talents of Guangdong Province, China

(No. 2019KQNCX122).
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Appendix A. The Pictures of Proposition 1

U

100

S

N 5~ 10 15  -15 -10 -5 5
@u=uy(¢ n) (b) u=uy(¢,o

Figure A1. The figures of u1 (&, a) and uy (&, «) whenc = 8and « = 3 > ;.

201t TR TR
10 ¢ B
-60 40 -20 20 :
(@ a=a4 —1073 (b)ax =y —107° () =ag—1077

Figure A2. The varying figures of u = u1(, &) when ¢ = 8and « — a4 — 0.
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20\/40 ¢
-30 -20 -10 0 20 30°

(@a=ay—1073 (b)a =ag—107° () =y —107°

Figure A3. The varying figures of u = (¢, &) when ¢ = 8 and w — a4 — 0.

U
. . ‘05
@) u=us(¢, ) (b) u = uy(g, )
U 8
50
6
0
4
0 2
-30 -20 -10 10 20 30€ 30 20 10 10 20 305
(C) u= u5(§/’x) (d) u= ué(gra)

Figure A4. The figures of u = u;(¢, ) (i = 3,4,5,6) whenc =8and w = 1.

— — rur‘ — f
¢ —$0-20-10\ [/ 10 20 3 30 20

(@a=ay+1073 (b)a =a, +107° () =ap 41077
Figure A5. The varying figures of u = u3(&, «) whenc = 8,4y = —2+v/5and & — ay +0.

U U

-60 -40 20 O 20 40 60 3 -30 20 -10 O 10 20 30 ¢ 30 2 0 0 10 20 305
(@a=wap+1073 (b)a = ay +107> () a=ay+107°

Figure A6. The varying figures of u = ug(¢, ) whenc =8, ay = -2+ V5and & — ay + 0.
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