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Abstract: Building on the work of Josip Pecari¢ in 2013 and 1982 and on the work of Srivastava in 2017.
We prove some new a-conformable dynamic inequalities of Steffensen-type on time scales. In the case
when a = 1, we obtain some well-known time scale inequalities due to Steffensen inequalities. For
some specific time scales, we further show some relevant inequalities as special cases: a-conformable
integral inequalities and a-conformable discrete inequalities. Symmetry plays an essential role in
determining the correct methods to solve dynamic inequalities.

Keywords: Steffensen’s inequality; dynamic inequality; a-conformable calculus; time scale

1. Introduction

Every nonempty arbitrary closed subset of the real numbers is called time-scale T.
We suppose that T has a standard topology on real numbers R. More details about the
definitions and concepts of time-scales calculus and a-conformable calculus can be found
in [1-18]. We suppose that o : T — T, the forward jump operator, by

o(t) :==inf{s € T:s > t}, teT, 1)
and that p : T :— T, the backward jump operator, by
p(t) :=sup{s e T:s < t}, teT. ()

In(1)and (2), wesetsup T = inf @ (i.e., o' (t) = tif t is the minimum of T) and inf T = sup @
(i.e., p(t) = tif t is the maximum), where @ is the empty set.

Definition 1. Let 7 : T — R, t € T, and a € (0,1]. For t > 0, we define T2 () (t) as the
number (provided it exists) with the property that, given any € > 0, there is a 6 neighbrhood
Uy C Toft,d >0, such that

(e () = ()]~ = T () (D)o () —s]| <elo(t) — s

forall s € Uy. We call T2 (17)(t) the conformable fractional derivative of 17 of order a at t, and we
define a conformable fractional derivative on T at 0, as T2 (1) (0) = limy__o4 T2 () ().

For any time-scales T, we have
(m)®(t) = (m>(H)' s,
b b
/ n(t)Agt = / (Ot AL,
a a
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Recently, a massive range of dynamic inequalities on time scales has been investigated
by using exclusive authors who have been inspired with the aid of a few applications
(see [19-32]). Symmetry plays an essential role in determining the correct methods to solve
dynamic inequalities. Some authors created different results regarding fractional calculus
on time scales to provide associated dynamic inequalities (see [33-36]).

In [37], Pecari¢ introduced the following result.

Theorem 1. Let A, Xy, Ay : [¢1,£3] — R be integrable functions on [¢1,{2] such that A/ X, is
nonincreasing and X, is nonnegative. Furthermore, let 0 < X1(j) < 1Y) € [¢1, £3]. Then,

[7 A< [FAphoa
; 1)aj = 7)A1))aj

2-S 4

where § gives us the solution of

b b -
/Z Az(])d]:/ll A2(1)A1(p)d)-

—S

~

We obtain the reverse of (4), if f(;)/h(;) is nondecreasing.

Several inequalities such as Hardy’s inequality [38,39], Hermite-Hadamard’s inequal-
ity [40-42], Opial’s inequality [43,44], and Steffensen’s inequality [45] have been introduced.
For example, in 2016, Anderson [46] gave an a-conformable version of Steffensen inequality
as follows:

Theorem 2. [46] [Fractional Steffensen’s inequality] Suppose « € (0,1] and {1, £, € R such

that 0 < 01 < ly. Suppose that [] : [¢1,4p] — [0,00) and T : [¢1,¢3] — [0,1] are a-fractional
integrable functions on [{1, (3] with @ decreasing. We have

£2 Zz /1-"—0
[ ey < [Tomrdy < [T @),
-0 2 0

— 14
where § = Sl [2T())du € (0,6, — 1],
In 2017, Sarikaya et al. [45] gave a generalization for Theorem 2 as follows:

Theorem 3. Suppose that « € (0,1] and {1, ¢, € R such that 0 < {1 < {y. Suppose that
[LT,E:[¢1, 03] — [0,00) are a-fractional integrable functions on [{1, (] with @ decreasing and
0<T <E&. Wehave

1) 1) 0H+0
[ E0end < [ (G < [T 2@y,

where s = —2=0)_ (g e 0,0, — ¢1].
Tesipay Ji T € 10,6201

In this article, we explore new generalizations of the integral Steffensen inequality
given in [37,47,48] via a conformable integral on a general time-scale measure space. We
also retrieve some of the integral inequalities known in the literature as special cases of
our tests.

2. Main Results

Next, we enroll the accompanying suppositions for the verifications of our pri-
mary outcomes:
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(Ry) ([€1, 6], B([¢1, L2]T), f1) is a time-scale measure space with a positive o-finite mea-
sure on B([{1, L2]T).

(Rp) 3, D, F : [l1, 2] — Ris Ayj-integrable functions on [¢1, £5].
(R3) 3/F is nonincreasing, and [ is nonnegative.
(Rg) 0 < ®(;) <1forallje [¢,l].
(R5) $is a real number.
(R6) Jis nonincreasing.
(Ry) 1 < ®(j) < F(y)forallj € [¢1, l3]r.
Rg) 0 <9(7) <@(1) < F () — () forallj € [¢1, &2]7.
R9) 0 <M< P(j) <1—Mforallj e [¢1,6]r.
(R10) 0 < (1) < P(7) <1—y(j) forallj € [y, L]
S is the solution of the equations listed below:

(R11) f[gl,gl+§ F(])Atx]:f[gl O]y F(7)®()Aa)-

(R12) f _ F(])Aa] félzz] F(7)®(7)Aa)

(R13) fgl 48 FDBa) = o000 @B = Jig,- 5,000 F (1) Ba)-
R1a) Jir, 14810 F (BT = J0, 075 PG Da)-

R15) Jir,-5 0,0 F (BT = J, 005 P Da)-

Now, we are ready to state and prove our main results.

Theorem 4. Let N1, Ry, N3, Ry, and Ry be satisfied. Then,

Jo o 30emag < [ 3008 o

(61,01 +S]

We obtain the reverse of (3) if 1/ F is nondecreasing.

Proof.

J A,x — j b Aa
/[Zl,él-FCfs‘]T (]) ] /VerZ]T (]) (]) ]

= o2 Wa,, -
a (61,61 +S]7 F(])[l @(])} F(]) A“] '/[~51+§,42]T J(])(D(])AIX]
1t +9)
> - = 1-¢ Aa — J d AIX
o F(el + %) /[[1,51+§]’J1‘ F(])[ (])} J /[ElJr%,fz]'ﬂ- (]) (]) ]

3(51 + g) |: :|
= ——7= F(1)Ax) — F(1)P(1)A J1()P(7)As
F(El + S) -/[141,£1+§]T (]) J »/[1/«1,/514»@]'[ (]) (]) I /[llJr 3,0 (]) (]) 4

M[ ' ®(NA — | ®())A }f ®(1)A
e /me(]) (1)) /[Elmhfo) ()Aas /m-,«z]ﬂ(” (1)Aa)

16 + @)
= ———= F(7)D()Ax) — 1)@ (;)A
/ (Kl + %) /[£1+§,€2]’ﬂ‘ (]) (]) "‘] /[K1+§,€2]'ﬂ' (]) (]) 0(]

= M +S) 10
a /[l1+§s‘,€z]1r Fel) (F(gl + %) F() )A,X] > 0.

The proof is complete. [

Corollary 1. Putting T = R in Theorem 4, we obtain

'/[51,42} j(])CD(])d“] < A J(])da]'

[01,01+S5]
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Remark 1. In the case of &« = 1 in Corollary 1, we recollect [37] [Theorem 1].

Theorem 5. Assumptions Ry, R, N3, Ry, and N1, imply
o d()Ayg < AP () Ay 4)
S5 T80 S [ 30200

We obtain the reverse of (4) if 1/ F is nondecreasing.

Proof.

| A [ ® ()
S5 3080 = [, 3008

- '/MFMZ]T F()i1— ()] 2((]])) Buj — /MZF% 1()@() Ay

= m /wr%,em Foi _CD(])}AM—/[Mrghl(])tb(])A,x]

- ;((Z—?\‘f)) {/[sz(:?,ézhrF(])AM_./[szi%,Zz]TF(])q)(])A“]} - /Ml,kF%J(J@(J)AaJ
B ;((éfzz_—i‘)) [/[el,ezhl D)®G)Aw */[.zz_s,zzh’ (])q”(f)Afﬂ} - /Vl/éz_%l(i)d>(])/la1
= m /Ml RPRAGL I /[Mr%:gpgmw

O

Corollary 2. Putting T = R in Theorem 5,

] dy1 < J(N® dag.
/H,Ez] (7)da) /M ()®())da)

Remark 2. In Corollary 2 and « = 1, we recapture [37] [Theorem 2].

We will need the following lemma to prove the subsequent results.

Lemma 1. Let Rq, Ry, and Rs hold such that

/[él,m% F(1)Ang = /thr D())Au) = /[ bl F (1) Auj.
Then,
S A0emag = [ (30r ()= 30) -3+ 9] 0) - 20)]) Ay
i /[€1+£%,€2]T [A0) =3t + )] (1) Au, (5)
and
/[Wz] SWSUISIES /[zl,zr% [30) = 32 = )] @(1)Aw ©)

e, GO0 = 30) =30 = $)][F 1) - @()]) A

Proof. The suppositions of the Lemma imply that

L<h+8<l, and (<b-S<b,.
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Now, we prove (5), and we see that

/[41,41+S]T (30)F ) = [30) = 3 + )] [F (1) = @()] ) Aag — /[e 10)0() Ay

1l

- (300 (1) =30)2() = [30) =3 + )] [F () = ()] ) Aas

~ 048

+/[Z1,Z1+§]11- (]) (]) a /[[1’[2]1‘ (]) (]) o)

= Jonra, TS [F(J)*¢(])}A:x]*/Vﬁwzh](])q’(])%]

=16 +$ ( F(7)Axy — D(7)A ) — I()P(1)Auj- 7
( 1 ‘Y) ~/[Z1,€1 g]'[‘ (]) ] ~/[[1/1 g]T (]) af /[[1 §,€z]1r (]) (]) af ( )
Since

F (1A, = D(1)Ay1,
/[51r51+§]1r )8 /[41/152]11‘ 0)8a)

we have

S3 8 [ ey [ :<]><1><]>Aa])

(645,67 [(1+S,6]T

= Jorsn (31 + ) = 3() | D) Ay o

A combination of (7) and (8) led to the required integral identity (5) asserted by the Lemma.
The integral identity (10) can be proved similarly. The proof is completed. [

Corollary 3. Putting T = R in Lemma 1, we obtain

/[zl,zz]j(])cp(])d“] - /[gl,gﬁcg] (J(])F(]) —[30) -3+ )] [F () —q’(])])da]

[y B0 =30+ 9)]00), o
and
/[5112] j(])cb(])dzx] = /[51152*{?] [J(]) - :I(gz — @)]QJ(])dlx] (10)
* ./[Zz—ég,zﬂ (J(])F(]) o [J(]) *3(52 - §)] [F(]) - CD(])])da].
such that

F())da) = ®())da) = F(7)da).
/[41,€1+§] e /wz} g /wz—%] 1
Theorem 6. Suppose that %1, Ra, Re, Ny, and RNq3 give
] Ay < ] - [30) -3 -S —®())])A
S 5 J0FO8g < (30 0) = 30) -3 = ][ () - ()] )8
1)@ ())A
S, T2

[ o (B0F 0~ 36 30+ 9) [ 0) ~00)] )y

A F (1) Dy
S, TE )

IN

IN
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Proof. In the perspective of the considerations that the function J is nonincreasing on
[41,02) and 0 < ®(;) < F (7) forall j € [¢1, £2], we infer that

/m 68y [3() = 3(t2 = 9)] (1) Au) > 0, an

and

/[fz—%]@ (32 = S) = I][F () = @()]Aag > 0. (12)
Using (5), (11), and (12), we find that
Sy, 200F 08 < [ (A0F ) = B0) =32 = D] G) = 20)] o
/[fl,fz]qrj(])(b(])Aa]- (13)

IN

IN

®()) A ' ~ 1) - & —o())] ) A

S 30208 < [ (3005 0) = [30) 30+ ][ () - 20)])
I(G)F (7)Aay, 14

_/[Elm% DF (1) A (14)

The confirmation is finished by joining the integral inequalities (13) and (14). O

Corollary 4. Putting T = R in Theorem 6, we have

A

S s, 30F 0 < [ (308 0) = [(30) =36 = 9] [F ()~ @) )y

/erfz] )@ (7)day
/wl,ms] (J(J)F(J) —[10) = 16+ D] [F () - @()] )da]

< ] d).
S s 208 0

Remark 3. We can reclaim [48] [Theorem 1] in Corollary 4 by taking a = 1.

IN

IN

Theorem 7. Assume that %1, Ry, Re, Ng, and Rq3 are fulfilled. Then,

10)F () Aa) +
/[fz—f‘f}fzhr DF G /Vlrfz]ir

< 1P (7)As
= v (1)@(7)Any

< I F() D) —
[61,6+S]T DF ()8 /[flezh‘

Proof. Clearly, function J is nonincreasing on [¢1,{;] and 0 < ¢(7) < ®(7) < F (7)) — ¢())
for all j € [¢1, (3], and we obtain

[3() =32 = ) ]p()

AYY|

[3() = 36+ )] 9 () | Ay, (15)

[y, BO =30 O — 00+ [ 0 +9) =300

=/[€ e =3+ )| [F () - ()] A”‘”/Mw 306+ 3) = 3() @ () Ay
> /{Mlﬂ 1 +9) g A,,(]—i-/ |J G4 S) =3[9 () Dy

> ¢ Au).

>, (0 $)]9 ()| A
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Additionally,
Jopvsy, BO =G0 @]+ [ [30+8) =30)] ()
z bl [30) =36 + )] 9 () | Aay- (16)
Similarly, we find that
[, B0 -2 $000)g+ [ [ -39 6) - @]
> [ |30 36 - 9]vo) s a

By combining (5), (10), (16), and (17), we arrive at the inequality (15) asserted by
Theorem 7. O

Corollary 5. Putting T = R in Theorem 7, we have

INDF (1)dyr +
/wz_% ()F (7)da '/WZ]

< [, T

< 1) F ()duy — |
_/[él,m%} DF G /Wz}

Remark 4. If we take « = 1, in Corollary 5, we recapture [48] [Theorem 2].

[3(7) = 3(l2 = )9 ()) |day

[3() =36 +9)]p()

da].

Theorem 8. Let Rq, R, e, and Rg be satisfied, and

0< & < / () A < 82 < by — 41,
[61,02]

Then,

) JA,X—HM( @Aa—§>
/[fz*(\‘flezhr 0)8a) (&) /[flffz]w U)Aaj !

M/Vlréz]nr 0= f(gz - /[flffz]r ¢(])Aa]>
< I()P())An
_/thr (1NP(1)Ang

10)Ae) — 3(t2) (%z -

/[41,41 +$o)r (1,0]T

M /[fl,fz]w 0= f(€1 - /[flrfzhr ‘D(])Aa]>

Proof. By using straightforward calculations, we have

I()@()Aag — AJA—i—JZ((‘— <I>A>
Sy 30208 = [ 308 1) (S [ @Ay

= D(1)Ay7 — 1(71)Aw J(6y) A7 — J(6)D (1) Ay
S X208 /Wa%h () J+_/[éh[1+§2h (2)Aug ‘/M (62)D(7) A

= [, B0 =3ENR08g — [0 =)

[61,62]T [61,0+52

< [, B0 1@l - [ o aag 0 = I8 19)

Ayg

<

@), )

Ay (18)
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where we used the theorem'’s hypotheses

h<h+S$<h+ O()Ay < U1+ 32 < 0
[[1,22]11‘

and

() —3(62) >0 forall e [ty,0].

The function 1(j) — 3(¢;) is nonincreasing and integrable on [{1, (;], and by applying
Theorem 7 with F () =1, ¥(j) = M and 1(j) replaced by 1(;) — 3(¢2),

/[fl/ﬂzhr[J(D —3(2)]®(7)Auj — / [30) — 3(62)] A

(41,01 +f[[1,(2],ﬂ, (7))
<M/
Je, )T

_ (20)
0 -f(6r [ @0)ag)
From (19) and (20), we obtain

Ayj.

/[Z],ZZ]TJ(]W(])AM— /[le,m%zhj(]m“]H(M(%_ /%’gzh@(]ma]) "
30)-5(+

S _M AIX]/

<I>(J)Au>

[61,62]T [61,02]T

which is the right-hand side inequality in (18).
Similarly, one can show that

A)P()Ay — JA,X+:I£( cpAa_@\)
'/[eréz]'ﬂ‘ )®G)A /Vz—fsi,éz]qr )8y +(E2) ./[gl,gz]T (7)Aa = 32

> (7)) — ()| @) Ang + I(62) —3(7)] Aw
Joi BO -3NG4 [ ) =308

W0 -£(- [ @0)a)

which is the left-hand side inequality in (18). O

> M
[€1,6]

Ay, (22)

Corollary 6. Putting T = R in Theorem 8, we obtain

. Jda+J£< q)da—<‘>
Sy s, e+ 3@ (] @0y Sy

- (- I () )

< 1(1)®(1)d,
= o (1)@ (7)day

< Ajtu—:e(@_ ® @)
A GLNES (O] /WZ] (7)o

- f(a+ [ o)

+M du]

-M duj,

[Zl /52]

such that

&>

osls/ D())da) < S < b — 11,
[£1,05]

Remark 5. [48] [Theorem 3] can be obtained if we put « = 1 in Corollary 6.
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Theorem 9. If%l, Ry, Ko, K7, and R4 hold, then
1)®()) Ay < IDF () Ay — 1) =36+ S Aaj. (23
Jo 3008 < [ I0EOA = [ (0) =30+ )90 | @)

Proof. Follow a similar to the proof of the right-hand side inequality in Theorem 7. O

Corollary 7. T = R in Theorem, and we get

/M 1()@(7)day < /Wﬁ%] I0)F (7)dag - /WZ] 1(30) = 3062 + ) 9() |-

Remark 6. If we take & =1, in Corollary 7, we recapture [47] [Theorem 2.12].

Corollary 8. Hypotheses 1, Ry, Rz, 19, and Ry yield
) AL+
J17)D() A < 1()Ang —
S 30208 < [ 308 [

- JFO0)
Proof. Insert ®(7) — F (7)®(7),3(7) — 3(7)/F (7) and ¢(;) — F (j)¢(;) in Theorem 9. [

= Agyj. 24
FO) rn+ %) @

Corollary 9. T = R in Corollary 8, we have

1P ())dyy < 1()dyy —
/[flez] V)eh) a]_/[flrfﬁr%] 0)daj /[41/52]

Remark 7. [47] [Corollary 2.3] can be recovered with the help of x = 1, in Corollary 9.

(3(1) I +9)
FG) rn+9)

JFD()

dy].

Theorem 10. If Ry, Ry, Vg, Ry, and Rq5 hold, then

A OO IR B C RS CERGIENEY S GEDIVACS

[61,62)T [61,62]T

Proof. Carry out the same proof of the left-hand side inequality in Theorem 7. [J

Corollary 10. T = R in Theorem 10, and we have

S50 30 e+ [ 10) =3 = $)p()lder < [ 300y

[61,42] [61,¢2]
Remark 8. If we take & = 1, in Corollary 10, we recapture [47] [Theorem 2.13].

Corollary 11. Let R, Ry, N3, Ny, and R be fulfilled. Then,

) A-9)
./[zré;',zz]Tj(] Ja +-/[£1,Z2]T (

FO) F-95)
Proof. The proof can be completed by taking ®(;7) — F ())®(;), 3(j) — I(;)/F (7), and
() — F (7)¥(7) in Theorem 10. O

JEOe|a < [ IR (26)

J1,6])r

Corollary 12. T = R in Corollary 11, and we have

OEPICER)
1)) dur +
/[fz*%,fz] (]) ] ‘/[Z]/ZZ] (

- JF¥0)
Remark 9. By letting « = 1, in Corollary 12, we recapture [47] [Corollary 2.4].

O Fe—%) dy< [ I
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3. Conclusions

In this important work, we discussed some new dynamic inequalities of Steffensen-
type using delta integral on time scales. By employing the conformable fractional a-integral
on time scales, several a-conformable Steffensen-type inequalities on time scales are proved.
Our proposed results show the potential for producing some original continuous, discrete,
and quantum inequalities. We further presented some relevant inequalities as special cases:
discrete inequalities and integral inequalities. These results may be used to obtain more
generalized results of several obtained inequalities before. Symmetry plays an essential
role in determining the correct methods to solve dynamic inequalities.
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