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1. Introduction

In 1925 Hardy [1] employed the calculus of variations and proved the inequality

/0°°<119 /Oﬂh(s)ds>ydl9§ (y”ly/owhﬂ(ﬂ)dﬁ, (1)

where /1 > 0 and integrable over any finite interval (0, ¢) and /" is integrable and conver-
gent over (0,00) and p > 1. The constant (u/(u — 1)) is the best possible.

In 1928 Hardy [2] generalized the inequality (1) and proved thatif 4 > 1 and h is
non-negative for ¢ > 0, then:

~00 . 9 M i [P .,
/0 9 (/0 h(s)ds) dﬁg(r_1> /0 OFTHH (8)d8, for r > 1. @)

Moreover,

/Ooo o (/Oooh(s)ds>ydl9 < (1 "r)y /Ooo 9" TH (8)d8, for r < 1. 3)

The constants (u/(r —1))" and (u/ (1 —r))" are the best possible.

In recent years, several scholars have examined fractional inequalities by using the
fractional derivative of Caputo and Riemann-Liouville; we refer to the papers [3-7] for
these results.
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In [8,9], the authors expanded the calculus of fractional order to conformable calculus.
Lately, some scholars have expanded classical inequalities by applying conformable frac-
tional formulas such as Opial’s inequality [10-12], Hermite-Hadamard’s inequality [13-15],
Chebyshev’s inequality [16] and Steffensen’s inequality [17].

The original motivation for this paper is obtaining the fractional forms of some
extensions of Hardy’s type inequalities and their reverses using conformable fractional
calculus, and as a special case, we put & = 1 to get the generalized ones.

The paper is structured as follows: In Section 2, we will present some concepts
for the conformable fractional calculus and also the Holder’s inequality for a-fractional
differentiable functions that will represent our key outcomes. In Section 3, we shall set out
generalizations of Hardy’s type inequalities and revers relations in each case for a-fractional
differentiable functions.

2. Key Concepts and Lemmas

In this section, we present some basic definitions concerning the conformable fractional
calculus that will be used throughout the paper. For the latest findings on conformable
derivatives and integrals, we refer to [8,9].

Definition 1. Let & : [0,c0) — R. Then the conformable fractional derivative of order « of h is
defined as:

1—a) _
Dah(s) limh(s+ € s —h(s)
€e—0 S

foralls >0and 0 < a < 1.
For 0 < & <1 and h, k be a-differentiable at a point s, then:
D, (hk) = hDyk + kDyh

Further, for 0 < « <1 and &, k be a-differentiable at a point s with k(s) # 0, then:

h kDyh — hDgk
D“(k) :% 4)

Remark 1. If h is a differentiable function, then:

dh(s)
ds

Dyh(s) = '™

Definition 2. Let h : [0,s] — R. Then the conformable fractional integral order « of h is defined as
S S
Leh(s) = / h(9)dyd = / 9 1p(9)do, 5)
0 0
forallsand 0 < a < 1.

Now, we state some lemmas which play important roles in our proofs of the main
results. First, the integration by parts formula is given in the following lemma:

Lemma 1. Suppose that ¢, : [0,s] — R be two functions such that ¢y is a-differentiable and
0 < a <1 then:

| 9(@)Dap(0)d0 = p(8)9(6) 5 ~ [ 9(@)Dug(8)ds, ®)
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Next, we state Holder’s and reversed Holder’s inequality for a-conformable functions,
which will mainly be used to prove the results of this paper.

Lemma 2. Let h,k : [0,s] — R be a continuous function and 0 < a < 1. Then:

/ Ih(8)k(8)|dad < (/ Ih(8)]" du 19> ' (/Os|k(l9)|md,xl9> %, @)

where y > 1 and 1/u +1/m = 1. This inequality is reversed if 0 < y < landif u < 0or
m < 0.

3. Hardy’s Type Inequalities of a Fractional Order

In this section, we state and prove the main outcomes of this paper and we begin with
the following theorem:

Theorem 1. Let h > 0 be a non-decreasing function and A(9) = foﬂ s'7%h(s)dys. IFY > 0is
non-decreasing and 0 < b < oo, then:

b (A(9) b
When ¥ () = 0", u > 1, we have

/Ob(Ag?)ycw < /Ob 1 (8)dy 8. )

Proof. We start with the following identity:

/ ( )dw/ ))det = / ( /1“h()das)da19.

Since & is non-decreasing, then we have:
Sy ¥ (252 )da 19<f ¥ (0-1n(o f"sl "o ) dud
= fo ( 19)‘1&‘9 = fo 8))da?,

which is (8). For ¥ (&) = 8", u > 1, we have (9). The proof is complete. I

The theorem below is the generalization of Hardy’s inequality (1) on conformable
calculus.

Theorem 2. Let h be a non-negative a-integrable function on (0,00),k > 0, 8/k(9) is non-
increasing and

A(9) = /19 s1Th(s)dys,

0
where0 <« <1,0<a<land y >a/(1+4+a—w). Then

~(A®))" © [ 0h(8) "
J <£(19)> dad < (txa)”l((zxal)(ly)+yzx)/0 <k(19)> dd.  (10)

Proof. Since

© /A \H © 9 a(B=ly et M
/O (k((lg))> da0:A k—y(ﬂ) (/O Sl—zxs (#;4 >S (;# )h(S)d,XS) dmﬂ,
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applying Holder’s inequality with index y# and p/ (¢ — 1), we get

H

(fo gh(l=—a)+a(p-1)p gl) “S>%

9 T
(ﬂ‘ Su(l—a)ﬂ(u(flo)hy :‘;';?S)
= [Crr@)| VP R )d,xﬂ
X o— ﬂ)

) ( (foﬁsﬂ(l a)+a(p—1) hV S)das> )

(a—a)" T <f §le—a)+(u=1) f— P‘(ﬁ)daﬁ)

co (A(®)\H 04 _
o (39) aue < ko)

Now, since (8/k(9))" is non-increasing, we have:
© M
- " gh(1—a)+a(pu— )hu( )
f() (%) 4o < W fo o g(a—a)(p—1)—p ( ())
X (fs 9 dy ) xS
- ( I Su(lfa)ﬂ(u*l)hu(s)(ﬁ)”

((Xfa)yil 75(”*@(#*1)7.“‘“" d

(@—a)(u—1)—pta’es

) fODO gh(l—a)+a(p—1)+(a—a)(p—1)—p+a
- (a—a)" Y ((a—a)(1—p)+p—a) ( X (S:(gs)))ﬂd,xs )r

Then

o/ ABYF o/ 9h(8)\"
b (@) = e (k)

The proof is complete. I

Corollary 1. [In Theorem 2] For & = 1, then we have

./(;OO (jc‘((g)))ydl9 = a(l— a)”ll(y —1) Jo / <())>

which is [[18], Theorem 2.2].

Proof. The proof follows from Theorem 2 fora = 1. [

Corollary 2. [In Theorem 2] Fora =1, a = % and k(9) = 9, then we have the classical Hardy

inequality:
14
> foﬁh(s)ds 7
oA D 19 < _r " 19 19.
/o < Y a ( u— 1) /o W)

Proof. The proof follows from Theorem 2 fora =1, a = % and k(9) =9. O

The following finding concerns the converse of Hardy’s inequality.

Theorem 3. Let h be a non-negative a-integrable function on (0,00),k > 0, ¢/k(9) is non-
decreasing and

A(B) = / ? -t (5)dys,

0
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where 0< « <1, a >0and 0 < y < a/(a+wa —1). Then

v rAG)\ 1 v/ Oh(9)\ "
/0 (k(ﬂ)) Al = (a+a)" (e +a)(1—p) +y—oc)/0 (k(ﬁ) > Al (an

Proof. Since

%)m(;\él;?)yda&:/ow(kw))—y (/ 1-a a(ﬂ) ”(yﬂl)h(s)das)ydaﬁ,

applying reverse Holder’s inequality with index p and p/ (p — 1), we get

1 I3

. P - f Sy(l a)+a(l— ;4 ( )
J57 (565)) dut = [k 1(9) (% ) ) g
x(fo “d,xs) .
N fﬁsu(l W) +a(l=1) i (5)d,s
= fO k_ﬂ(ﬂ)( ( ’ gata p—1 ) daﬂ
X x+a

_ fo st(=a)+al=) pit (5)d,s
(ata)P1 fs ylata)(p=1)f— H(8)dyd |

Now, since (8/k(9))" is non-decreasing, we have:

fooo(w>#dal9> 1 Jo7 st +al=mpn (s )( ss))% )

(
®) = L) T\ o (f 19(1X+ﬂ (4=1)—p d“ﬁ) dys

.1 (fo sh(1=a)+a(l=p) e (s ( )”)

)
= (atay ! <+><l—1+
’ (@ )Tt s
. fo gh(l=a)+a(l—p)+
5)

>
= (o) ((ara) (=) +p—a) ( & )

(ata)(p—1)+a—pu >

then:

= (A®))" 1  ( Oh(9)\"
/0 <k(l9)) o= (D‘+a)”_1((a+a)(1—y)+y—a)/0 (k(ﬂ)) 8.

The proof is complete. []

Corollary 3. [In Theorem 3] For & = 1, then we have

/0°° (;:((g))ydﬂ - a(l+ a)"l_l(l — 1) /O°° (wydﬂ

which is [[18], Theorem 2.3].

Proof. The proof follows from Theorem 3 fora =1. [

Theorem 4. Let h be a non-negative a-integrable function on (0,00),k > 0, ¢/k(9) is non-
increasing and

A(8) = /O 1 (5)das
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where0 <« <1, 0< a< 1, m >ap —a(p —1) and p >1. Then
o AM
Md,ﬁ < I ! (12)
0o k"(8) (a—a) " ((a—a)(p—1)+m—a)

Proof. Since

© AH(9) a(l=l)y —a(it
0 ﬁdaﬂ /k'” (/ sloagt(G)gmal )()dlxs> 4.9,

applying Holder’s inequality with index y and p/(p — 1), we get

1
(1-a)+a(p-1)y, "

o AF(9 m fO st ( )
0 k”l(( ))d 8 < fO k= 19) ( -1 ) d, 9

x(fo *“d,,(s "

- fo gh(l—a)+a(p—1) hl‘
= .[O kim(ﬂ) ( ( ga—a V 1
“(

a— a
1 fO gh(l—a)+a(p—1) hy
= (a—a) T fﬂ““)(#lkm

Now, since (8/k(¢))™ is non-decreasing, we have:

o AN(O) 5 o o " fO sh—a)ra(u="1)pu g ( ('SS))
0 K@) T = gyt (f yla—a)(p—1) md“ dys
) ( Jigo = tat=D pn s
= (06—11)”’71 % S(zv a)(p—1)—m+a
zx a) 1)—m zx
. ( (Al )+a(Jprt (a—a)(p—1)—p+ua
>
- (“ﬂ)”l((ﬂw)(ﬂl)m“)( (kng(zg dys )
Then
© AK(9) 1 /°° (9h(8))"
d,0 < d, 0.
o K9 T a—a)f (a—a)(u—1)+m—a)Jo k")
The proof is complete. [
Corollary 4. [In Theorem 4] For « = 1, then we have
* A*(9) 1 © (0h(8))"
9 < / a8,
0o k™(9) A-a) Ya-1)pu-1)+m—-1)Jo k")

which is [[19], Theorem 2.1].
Proof. The proof follows from Theorem 4 fora =1. [J

Corollary 5. [In Theorem 4] For a =1, a = %, i = m and k(9) = O, then we have the classical

Hardy inequality.
K
o0 foﬂ h(s)ds u "o
< [ —— B .
/o ( 4 a9 (y—l) /0 W (8)ds
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Proof. The proof follows from Theorem 4 fora =1, a = %, u=mandk(d) =9¢.0

Theorem 5. Let h be a non-negative a-integrable function on (0,00), k > 0, 8/k(9) is non-
decreasing and:

A(8) = ./Oﬂsl_“h(s)d,xs,

where 0< a <1, a >0, m>ap+a(p—1)and0 < u < 1. Then:

s ! * (61(0))"
R el S SO R

Proof. Since

© ]4 — — M
A dl? /k’" (/ 1“5”(}?1)5”(’%1%(5)@5) 4.9,

applying reverse Holder’s inequality with index p and p/(p — 1), we get:

0

1
sh(l=a)+a(l=p)pu(\d. s ) *
OOAV( )d l9> fO k m ) <f0 ;l(l) ' ) dal9

0 *(o p1
(foﬂ s'd 5) '
o f gh(1—a)+a(1- )h}‘( )das
= fO km(ﬁ)( ( ° gota pu—1 ) d’xﬂ
<(45)
B 1 fo"" st—)+a(=m)pit (5)d,s
- (“Jra)}l—l % fs°° lg(chru)(yfl) kfm(lg) d, o .

Now, since (¢/k(9))"™ is non-decreasing, we have:
o AM(B) 4 9~ 1 fooo Sﬂl_a)ﬂ(l_y)hy(s) (ﬁ)
0 k(@) "*" = (ata)f ! « (ffx’ ylata)(p=1)—m dy0) dys

m
) (fo gh(1—a)+a(l— )hﬂ( )(k(s))

e sttty vam
(ea) (a+a)( 71)7m+acd"‘s

. f0°° gh(l=a)+a(l—p)+(a+a)(p—1)+a—p )

) ((wra)(1—p) +m—a) x G g,
Then:
© AK(9) 48> _ 1 /°° (1911(19))”‘10‘19'
0 Kk"(8) (a+a) ((a+a) 1 —p)+m—a)Jo  K"(B)
The proof is complete. [J
Corollary 6. [In Theorem 5] For o = 1, then we have:
o AM o0 p
0 ?méf;; a0 = (1+a) 1 ((1+ al)(l — ) +m—1) / (i};((l?)) 0,

which is [[19], Theorem 2.2].

Proof. The proof follows from Theorem 5 for & = 1. [
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Theorem 6. Let h be a non-negative a-integrable function on (0,00), k > 0, ¢/k(9) is non-
decreasing and
o o
O) = / sk (s)dus, A(D) = / SYTON(s)dys,
0 0

where0 < « <1, 0<a<1, m >(apy —a(p—1)/2) and u >1. Then
o AM
AM(9) ! / (9n( 1)9) 4o, (14)
0

o Q"(8)" = (« —a)" ' ((a —a)(1— p) +2m — ) a"(9)

H

Proof. Since
—1 —1
Mﬂ)su(yﬂ)h(s)d“s> d,s,

« AH 19 m gl—# a(
OQmﬁdﬁ/Q(ﬂ(/ s
applying Holder’s inequality with index p and p/ (
1
gh—a)+a(p=1)pp(\d g )"
(% y(l) ) do

—1), we get

co AH
oty dad < J37 Q7 (8) b
x( s %, s !
(f sh(1=w)+a(u=1) (5 ducs)
:f() Qim ga—a V 1 d’xﬁ
o— 11
- 1 © gu(l—a)+a(p— 1)h;4 (s)dys
T (a—a)P ! f yla—a)(p-1) (19) W0

Now, since (82/Q(8))" is non-decreasing, we have
00 _ _ 2 \™m
Ji snO-a) = pr(s) (QS(S)) )

1

© Arl:l(ﬂ) d, 9
0 ") = (a—a)' ! % (fs°° yla—a)(p—1)—2m daﬁ) dys
N —a)Fa(p— ] 2 \"
_ 1 ( o)
T (a—a)* T _gla—a)(p=1)-2m+a
(=a) X (a—a)(p—1)—2m+«a das
) O°°SH(1—0¢)+ﬂ( D+(a—a)(p—1)—p+a
T )" ((a—a) (p—1)+2m—a) x (())) dys ’
Then
o AK(9) 1 (Oh(9))*
dot < / dy.
0o Q") T - Na—-a)(u—1) +2m—a) o Q")

The proof is complete. []

Corollary 7. [In Theorem 6] For & = 1, we have

1 (O o

® (
(‘u—l)+2m—1)/0 a"(9)

= A(9)
Jo @S T ()

which is [[20], Theorem 1].

Proof. The proof follows from Theorem 6 for a = 1. [
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Corollary 8. [In Theorem 6] For« = 1,a = 1, m = 5 and Q(8) = 9, then we have the classical

Hardy inequality

1
Iz

/Ooo (W)ydﬁ < <Vyl)y/owh”(l9)dz9.

Proof. The proof follows from Theorem 6 fora = 1,a =1, m = 5 and Q(¢) = 62. O

1
]/[/
Theorem 7. Let h be a non-negative a-integrable function on (0,00), k > 0,8/k(9) is non-
decreasing and:

9 9
0(9) = [ 5 *k(s)dus, A9) = [ 5 “h(s)ds,
0 0
where 0< & <1, a >0, m > (ap+a(p—1)/2) and 0 < y < 1. Then:

= AN L = (0h(8))"
o Q"(9) o = (a4 )" H(a+a)(1—pu)+2m—a) /0 Q™ (9) ad. (15)

Proof. Since
(o] ]4 1 I3
A d 9= / Q" (/ stagt ()= )y (5)d, s) 4.9,

applying reverse Holder’s inequality with index p and p/(p — 1) we get:

0

1 M
o - 1
’ Sﬂ(l a)+a(l V)hy s)d.s ¥
0oo 32’((19) da8 > fo "(9) (fo Vgl) ' ) do?
14 N
X (fo s”d,xs)
o (foﬂS%(l—a)ﬂ(l—ﬂ)hu(s)das)
=[5 Q7"(9) guta\ A1 dy 0
X\ ara
) fo"" Sﬂ(lfw)w(lw)hu(s)das
= T\ x ( [ 9t -1 0 () )dw ‘
Now, since (8%/ Q(l?))m is non-decreasing, we have:
) 2 m
oo Av(ﬂ)d 1 o Sy(lia)ﬂ(l*y)hy(s)(Qs(s))
0 areyfed Z v % (f:o glata)(u—1)-2m d,xﬁ) dys
O pu(l—a)+a(l—p)pu 2 \™
) Jo2 sh1-w)+al-ppn (s )(QS(S))
- (tx+a)"71 glata)(u=1)+a—2m d
(a+u)(y 1)—2m+a aS
. fomsu(l a)ta(l—p)+(ata)(p—1)+a—p
(a0 (ara) (1) +2m—) x G d, s ’
Then
< A(9) 1 (8h(8))"
dod > I d, 9.
o Q)" (a+a) (a+a)(1—pu)+2m—a) o Q" (8) '

The proof is complete. [
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Corollary 9. [In Theorem 7] For & = 1, then we have

© AK(9) 1 (8h(8))"
o ()= (1+a)”‘1((1+a)(1y)+2m1)/ am(e) "

which is [[20], Theorem 2].

Proof. The proof follows from Theorem 7 fora =1. [J

4. Applications

Lyapunov’s inequality is an important result in mathematics with many different
applications see ([21,22] and the reference therein). The result, as proved by Lyapunov in
1907 [23], asserts that if q(&) is real and continuous functions on [4, b], then a necessary
condition for the boundary value problem:

x"(8) +q()x(0) =0, a< <D,
x(a) = x(b) =0,

to have nontrivial solutions is given by:
b 4
[ a@ao > =
a b—

In this section, as the application of conformable fractional calculus, we obtain a
Lyapunov-type inequality for a conformable fractional Sturm-Liouville equation subject to
Dirichlet-type boundary conditions. To this aim, we must prove the following lemma.
Lemma 3. Let yu > 1 be a given real number and Let q(9) be a non-negative and continuous

function on [a, b]. Further, Let x(8) be an absolutely continuous function on [a, bl, with x(a) =
x(b) = 0. Then, the following inequality holds:

/ﬂbq(ﬂ)x(ﬁﬂ”d b< 2 (bz_a );,1 (/abq(ﬁ)dw) /ﬂb|D,xx(z9)|”d,xl9. (16)

Proof. Since x(8) = [’ Dyx(s)des, then |x(8)] < [’|Dax(s)|dus and also |x(8)| <
f5|D,Xx(s) |dys and so

Ix(8)] %(f [Dax(s)|das + f3 | Dax(s)|das)
(O < S (J) 1Dax(s)] dut)"

Applying the Holder’s inequality with index  and it follows that:

H= 1’

p=1\ H#

[x(8)|" < 21<(f |Dyx( |”dz9>" (fdﬂ) ;z)
(9" < 5r (fbyDax( )Fda 19) (btx;a)yfl
x@F < 3(255)" (S 1Dex(@) ] dut).

Now, multiplying both sides of the above inequality by 4(¢) and integrating the
resulting inequality from a to b, we obtain the inequality (16). O
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Corollary 10. In (Lemma 3) at y = 2, then we have the inequality:

[ aoa@rae< (CL5) (o) [[0a@rae.

Theorem 8. If the following fractional boundary value problem

Dy(Dpx(8)) +g(9)x(8) =0, a <9 < b, (18)
x(a) =x(b) =0,
has a nontrivial solution x(0), where q(8) is real and continuous functions, then:

b 4a
[ oot = 0

Proof. Multiplying (18) by x(¢) and integrating by parts from a to b, where:

U(x) = x(8), DaV (x) = Du(Dux(8))
DU(x) = Dox(9), V(x) = Dux(9)

then:

J? x(8)Du(Dax(8))do® + [ 9(8) (x(8))%d o
(xw)(Daxw»)W fhwax 9)(Dax(9) dud :—f q(6 do
S (Dax (8) dat = [ 9(8)(x(8))

Applying the inequality (17)

/ " (Dux (92 < (”“ - ““) ( / *’qw)dw) | /;(D“x(ﬁ))z e

then we have

b 4o
>_ =
A q( )dﬂéﬁ— b”‘—a“
O

Corollary 11. In (Theorem 8) at &« = 1, then we obtain the classical Lyapunov-type inequality for
differential equation subject to Dirichlet-type boundary conditions.
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