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Abstract: All external electromagnetic fields in which the Klein-Gordon-Fock equation admits the
first-order symmetry operators are found, provided that in the space-time V; a group of motion
Gs acts simply transitively on a non-null subspace of transitivity V3. It is shown that in the case of
a Riemannian space Vj;, in which the group G, acts simply transitively, the algebra of symmetry
operators of the n-dimensional Klein-Gordon-Fock equation in an external admissible electromagnetic
field coincides with the algebra of operators of the group G,.

Keywords: Klein-Gordon-Fock equation; algebra of symmetry operators; theory of symmetry;
separation of variables; linear partial differential equations

check for 1. Introduction

updates The Klein-Gordon-Fock equation describes the dynamics of a charged massive scalar
Citation: Obukhov, V.V. Algebra of particle interacting with an electromagnetic field. Recently, interest in the Klein-Gordon-
Symmetry Operators for Fock equation has grown significantly due to attempts to solve the problem of dark matter
Klein-Gordon-Fock Equation. in the framework of the scalar-tensor theory. For the successful construction of a realistic
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model, it is especially important to have, if not an exact solution of the basic equation, then
at least a reliable approximate solution. This possibility was provided by the method of
complete separation of variables, which makes it possible to reduce the original equations
in partial variables to systems of ordinary differential equations. In this case, obtaining
approximate solutions is not a problem, while traditional approaches in the framework of
perturbation theory may turn out to be ineffective. We should note that when finding all
known exact solutions of the gravitational field equations (including self-consistent ones)
on certain stages, there is always a separation of variables. The symmetry of the classical
and quantum one-particle motion equations is closely related to the symmetry of the space
itself. If space admits sets of geometric objects consisting of the Killing fields, then the
motion equations also have symmetry operators defined by the same sets. From a physical
published maps and institutional affil-  POINt Of view, sets of three geometric objects are of particular interest. In the Stackel
{ations. spaces, such sets are called complete. They consist of mutually commuting Killing vector

and tensor fields. Homogeneous spaces are other interesting types of spaces with three

geometric objects. In them, the group of motion Gj acts simply transitively on a non-null
hypersurface of transitivity. The theory of complete separation of variables (or the theory
of the Stackel spaces) is a consequence of the theory of symmetry. The complete separation
of variables in the classical, and under certain conditions, in the quantum motion equations
for a test particle is possible only in the Stackel space. The Stackel spaces were named after
Paul Stackel, who gave the first example of such space [1]. Besides Stackel, useful and
conditions of the Creative Commons  applicable contributions to the construction of the theory were made by Levi-Civita [2],
Attribution (CC BY) license (https://  Yarov-Yarovoy [3], and Shapovalov [4-6]. V. V. Shapovalov proved the main theorem of the
creativecommons.org/ licenses /by / theory of Stackel spaces. The theorem makes it possible to carry out an invariant partition
40/). of the of the Stackel metrics set into equivalence classes. This made it possible to solve
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classification problems separately for each type of space (to list all nonequivalent metrics
and electromagnetic potentials).

In paper [7], the theory was generalized to the case of complex privileged coordinate
systems. A more detailed description of the theory and a fairly detailed bibliography
can be found in the works [8-10]. Shapovalov’s theorem is of great theoretical and ap-
plied relevance. In particular, the theorem made it possible to obtain and systematize
all cases of complete separation of variables in one-particle equations of classical and
quantum mechanics in flat space-time. A large number of papers have been devoted to
the theory of complete separation of variables since its inception. Nevertheless, it can be
considered complete only for the free Hamilton-Jacobi equation. After the publication
of articles [10-13] the classification problem of complete separation of variables for the
Hamilton-Jacobi equation in an external electromagnetic field has been solved. However,
even for the free Klein-Gordon-Fock equation, the problem of constructing and classifying
the Stackel spaces is still topical, since the equations that define, according to Shapovalov’s
theorem, the necessary and sufficient conditions for the complete separation of variables
have not yet been solved in a general case. Moreover, they have not been solved for the free
Dirac-Fock equation, as well as for all quantum equations of motion in the external fields
of a gauge nature. Only isolated results have been obtained. For example, the problem
of complete separation of variables in the Klein-Gordon-Fock equation has been solved
for the Einstein spaces and for vacuum solutions of the Einstein equations (see [14-17]).
In the papers [18-20] intersections of sets of homogeneous spaces and the Stackel spaces
have been considered. Due to the high level of symmetry of the Stackel spaces, they remain
interesting objects for research in various branches of theoretical and mathematical physics.
An important direction is associated with the study of geometry and physics in spaces and
fields that admit complete separation of variables in quantum equations of motion (see for,
example, [21-25]).

Solutions of scalar equations are widely used in cosmology, including in the study
of the of dark matter and dark energy problem (see, for example, [26]). Methods of
the symmetry theory of are used to justify the choice of models of the extended gravity
cosmology (see, for example, [27]), and to find realistic models [28,29], etc.

Let us note one more feature of the Stackel spaces. The presence vector and tensor
Killing fields in space-time allows separating variables in the Einstein equation, since in
a privileged coordinate system the metric contains only functions, arbitrarily depending
on one of the non-privileged variables. The fact that the metric is given with the indicated
arbitrariness makes it possible to reduce the problem of integrating field equations and
equations of motion to the problem of solving functional equations and, as a consequence,
to the problem of integrating systems of ordinary differential equations. The same arbitrary
nature is peculiar for space-time manifold V,, when a group of motions Gz acts simply
transitive on a subspace V3.

The gravitational equations for the space-time manifolds with such groups also admit
the separation of variables, and the solution of the field equations is reduced to the clas-
sification of the energy-momentum tensor of matter admitted by a given geometry. The
methods of the complete separation of variables theory in these spaces are generally inap-
plicable. For them, it is possible to use the method of linear partial differential equations
integration, developed in [30], using non-commutative algebras of symmetry operators.
The method made it possible to significantly expand the classification of external fields and
Riemannian manifolds that admit the existence of exact solutions of the Klein-Gordon-Fock
equation, and served as the foundation for the study of quantum effects in homogeneous
spaces. In particular, in [31-33], a complete classification of spaces admitting a simply tran-
sitive action of the motions groups G4 was obtained, provided that the Klein-Gordon-Fock
equation is exactly solved by non-commutative integration methods. In [34-38], a similar
problem was solved for Dirac-Fock equation.

In this article, a complete classification of admissible electromagnetic fields is carried
out for the case when the groups of motions Gz act simply transitively on the nonzero
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subspace V3 of the space-time manifold Vj. All the corresponding electromagnetic fields
for such groups are found. By admissible we mean fields for which the Klein-Gordon-Fock
equation admits symmetry operators.

Let us note the following circumstances. As it was already noted, all external elec-
tromagnetic fields in which the Hamilton-Jacobi equation admits complete separation of
variables for the test charge were found [10-13]. Thus, the problem under consideration can
be viewed as an extension of the work, the final goal of which is to classify all admissible
external electromagnetic fields, both with respect to the action of the symmetry operators
of the complete set and with respect to the action of the operators of the group G;.

2. Conditions for the Existence of Symmetry Operators

Consider a Riemannian space V;,. in which a group G; acts simply transitively on a
subspace V. Coordinate indexes of variables in the local coordinate system [u/] of the space
Vy, will be denoted as follows: 7,j,k,I = 0,1,...n — 1. The transitivity subspace where the
group G; acts is given by the system of equations:

P (u') = const, (p,g =0,...,n—r—1).

In what follows, it is assumed that ” = u”. Then the transitivity surface is given by the
condition uP = const. The local coordinate system in the subspace V, will be denoted [u*].
Indexes &, B,y, 0, T range fromn —rton — 1

There is a summation within the specified limits of index change on repeated upper
and lower indexes. The subject of our study are the conditions for the existence of the
algebra of first order symmetric operators (integrals of motion) of the classical and quantum
motion equations for a charged scalar test particle in an external electromagnetic field.

2.1. Hamilton-]Jacobi Equation

Let us consider the Hamilton-Jacobi equation for a charged test particle in an external
electromagnetic field with the potential A;:

) b
§IPP; = m, P = pi+ Ay pi = 5. M
It is commonly known that the first order integrals of motion of the free Hamilton-Jacobi
equation are given by Killing vector fields ¢}, and have the following form

Y, = ipi. ¢)

Let us show that in case if Equation (1) has r independent first-order integrals of motion,
these integrals have the form of (2). We will try to find the solution of the motion integrals
in the form '

sz = gtlxp i 3)

Equation (1) allows the motion integrals of the form (3) if H and Y, commute with respect
to the Poisson brackets:

oHdY, 0HdY,

— SRS = (gl + T — §ICL) PPy + 28 (ELF;i + (LR Ag) 1) Pr = 0. @)

- 9p; oxi  9xi op;

The functions éf,; satisfy the Killing equations:
&%+ 8" — ¢]5 =0,
and therefore they coincide with the Killing vector field:

o =¢.
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The coefficients before P;P; in Equation (4) must vanish. Therefore, from Equation (4) it
follows: ‘ '

(ELAj) ;i = TLF;j. ®)
In contrast to the free Hamilton-Jacobi equation, the Equation (1) in the general case has no
integrals of motion. The system of Equation (5) defines the set of admissible electromagnetic
fields. In these fields, Equation (1) has r first-order integrals of motion defined by the group
Gy. The transitivity subspace where the group G acts is given by the system of equations:
We consider the following subsystem of the system (5):

(xAj) p = CuFyj- ©)
Since in the chosen coordinate system gff;(,p = 0, from Equation (5) it follows:
RApp =0 Ay = Ay(u?). )

Thus, the components A, can be made zero by the gradient transformation of the potential.
Furthermore, we will select the calibration of the potential in exactly this way:

Ap=0.
Then from (5) it follows:
(EeAp)y = EhFyp ®)
We prove that (8) is compatible. Indeed the system (8) can be present in the form
YaAp = CluAq, Ap = (A, ©)

Then the compatibility conditions can be transformed as follows:
(05 [VpY5] = CGuYp + Cf Yy ) Ar = (CpClr + Ch, Cir + C14Chr ) Ag = 0.

(The Bianchi identity is used.)
In [33] it was proved that the Hamilton-Jacobi and the Klein-Gordon-Fock equations
admit a symmetry operator of the form

Yo = G (pi+ AD) + T (10)
if and only if the electromagnetic field satisfies the system of equations
Vai = EuFji (11)
By comparing Equations (5) and (6) one can show that:
Yo = —EkAp. (12)
Therefore the operator (10) takes the form (2).

2.2. Klein-Gordon-Fock Equation
Let us consider the Klein-Gordon-Fock equation:

A

He = (gijpip]-)(p =me, A]- = —1V; + A, (13)

V;—operator of the covariant derivative, with metric-compatible connectivity, correspond-
ing to the operator of the partial derivative—d; = 1p; with respect to the coordinate u;; ¢ is
a field of a scalar particle with mass m.

We denote the Laplase-Beltrami operator as Hy:
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Ho = giJV,Vj.
Then the operator H can be presented as:
A= —Hy+H,.H, =2A"p; —1(V;AD) + A;A” (14)

Let us prove the

Statement.

Algebra of symmetry operators of the Klein-Gordon-Fock equation coincides with
the Lie algebra of the group G,. That is the Klein-Gordon-Fock operator commutes with
the operators

Yo = Cupi (15)
for the admissible external electromagnetic field.
Indeed the commutator of operators F and p; has the form

[, Y;] = [Ho, V] + [He, ;] = 0.
As it is known, ‘ B o '
[Ho, V3] = 0 — [g70;0; + (g] +8"x,9i), €,91] = 0. (16)

We denoted here: 2y; = —gy gﬁ-l. Since the functions ¢ satisfy the Killing equations,
from (16) we get the condition:

88k + (81 + 8" X%l — (8] +8"x1)ik = 0. (17)
Using the consequences from the Killing equations we get
gt = 8% Chin + 8188 i
&' ek — (8" x) Gk = 8" (x18u') i
It allows reducing (17) to the form
(8 + Xii) s = 0.

Since: ‘ ' ‘ ‘
2(Zh ;i + xilh) = Ca'gugl +28 =0,

Equation (17) is reduced to an identity. Because the commutator [H,, Y;] equals to zero
we obtain necessary and sufficient conditions for the existence of the symmetry operators
algebra of Equation (13) in the form

Az — Akl =0 = (R Ap); = EhF,. (18)
& (Al =0. (19)
&FAL+ Al =0 (20)

The Equation (19) is a consequence of Equation (18) and the Killing equations, because:
Gl AL+ Cal A AL = AAVE G AT AL = (0 Ap) i+ EREg = 0.
Let us consider Equation (20). Using the condition (18) the first term can be presented as:
éc];Al,kl = (giAl,k>,l - g{;,zAl,k = (Akg,lx,kl + gﬁ,lAl,k) - ‘gl,;,lAl,k = Akg,lx,kl

The second term we transform as follows:
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(Alx)eh = AN o + Soxnw) — ANE +Ex)x =0

Thus only one condition (18) remains. The algebra exists, if and only if the admissible
electromagnetic field exists.

The Statement is proved.

The integrals of motion of the Hamilton-Jacobi and the Klein-Gordon-Fock equations
exist for the same electromagnetic fields and have the same form. To find the admissible
electromagnetic fields, it is necessary to investigate the compatibility conditions of the
system (6) with the form

Youi = Voix = Cgpm,ﬁ + Cfi,iFﬁ,x - Cg,apﬂi =0. (21)

The system (21) must be supplemented with the Bianchi identities. One can use the
solutions F, to find the potential of the admissible electromagnetic field by integrating the
compatible system of equations:

A“,’g — Aﬁ,lx = F/g,x.

We follow A. Z. Petrov [39]. This book contains all metrics of space-time manifolds in
which the groups G3(N) act. We will hold to the notation accepted in this book with one
exception—the non-ignored variables will be denoted by u°. In addition for convenience
we will use the notation u' = u;. Functions that depend only one the variables u° =
are denoted by by lowercase Greek letters with a single right subscript. Examples: a, =
wy (u0); Cg = Cg(ui). Constants are denoted by by lowercase Latin letters with the tilda
symbol. Derivatives with respect to the variables ug are denoted by dots. Example:
Ky = on/ auo.

3. Solvable Groups G3(N)

According to the Bianchi classification, depending on the set of structural constants
C;’ﬁ, there are nine types of groups G3(N). The first seven groups are solvable. Let us
list them.

Solvable groups:

(I)

Ga(II) : C% = 0,C%, = 0C%, = 0%

Gs(III) : Cf, = 0,Cf; = 8§C55 = 0;

Ga(IV) : C%, = 0,Cl = §8Ch, = 6% + 68 (22)
G3(V) : Cfp = 0,Cfy = 67C53 = 03

Go(VI) : Cfy = 0,CY, = 33, Gy = q04.(g #0,1);

G3(VII) : Cf, = 0,Cfy = 6§ C5; = 205 cosa, & = const.

The groups G3(I) — G3(VII) contain the Abelian subgroup with the Killings vectors
¢1 = 01,85 = &5. Therefore from (21) and from the Bianchi identities, it follows:

Fij1 = Fij2 = Fio3 = Fi20 = 0, Fi30 + Fo1,3 = 0, Faz o + Foz 3 = 0. (23)

For the groups G(I) — G(VI) the functions ¢4, ¢§; can be presented as the general formula:

gg‘ = (ku1 + euz)éi‘ + nuzéﬁ‘ - (Sg, Cg‘,l- = (k(Sﬂ + 8(51'2)5% + 1’1512(55. (24)

Parameters: k, ¢, n for each number N take values:
N=I—-k=n=¢=0,
N=Il -k=n=0,e=1,
N=IIl - k=1n=¢e=0,
N=IV—osk=n=¢=1,
N=V—ok=n=1,¢6=0,
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N=VlI—=k=1n=2e=0.
The equation system (21) together with the Bianchi identities has the form

Fo,3 = kFon, Foo 3 = €Fo1 + nkpp, Fz3 = 0,
Fi33 = kFi3,Fio3 = (k+n)Fip, F33 = eF3 + nkys,
Fiop = F23=0,Fn3+ F30 =0, Fpz3 + F230 = 0.

For the group G(VII) the functions ¢35, {3 ; can be presented as follows:
03 = —u20] + (2upcosa +uq)dy +0583; = —0pp8] + (202 cosa + 8;1)03.
Formula (26) differ from ones listed in the book [39] in regard to the exchange:
g =2cosuw, (x = const).
Let us consider Equation (25) for each of the groups G3(I) — G3(VI).

3.1. The Group G3(I)
In this case (;é = 55. From (25) it follows:

Fiiz =0,Fup0 =0 — Fao = Ba(up).
Potential A; is derived from the system of differential equation:

A A

ji —Aji = Fj,

and has the form
Ay = Pa+ Etxﬁuﬁ/ szﬁ = _Eﬁtx

Using Equation (9), one can show that ¢,z = 0.

3.2. Group Gs(II)
In this case k = n = 0, = 1 and the system of Equation (25) have the form

Fio3 = Fio0 = Fi33 = Fg3 = 0;

Foo3 = Fo1, Fa30 + Foo3 = 0, o33 + Fi3 = 0;

Fi30+ Foi3 = 0, Fa30 + Foz3 = 0.
From the first equations if the system (29) it follows:

Fip =, Fos = %o, Fi3 = 2b.
By placing these equations in the remaining equations of the system (30) we get
For = &, Fop = dous + Po, Fo3 = —ag + 2bus.
A particular solution of the system (28) in the selected gauge has the form
Ay = ag —2buz, Ay = agus + Bo + duy — bu, Az = yo.

Using Equation (9), one can show that @ = b = 0.

3.3. Group G3(III)
In this case k = 0,n = ¢ = 0 and the systems of Equation (25) have the form

Foz3 = Fpo3 = F233 = Fio3 = Fiog = 0;
Foiz = Fo1, Fio3 = Fio, Fi33 = Fi3;
Fy30+ Fop3 = 0,Fi30 + Fniz =0,.

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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Hence we find the functions F;;:

For = do exp us, Fp = Po, Fos = 7o,
Fip =0,Fj3 = —apexpuz, Fr3 = a.
A particular solution of the system (28) in the selected gauge has the form
A1 = apexpuz, Ay = Po, Az = 70 + duy. (33)
Using Equation (9), one can show that @ = 0.

3.4. Group G3(IV)

In this case k = n = ¢ = 1 and the systems of Equation (25) have the form

Fo13 = Fo1, Foo,3 = Fo1 + Fo2, Foz 3 = 0,
Fio3 = 2Fp, Fi133 = Fi3,F33 = F)3 + Fi3 =0, (34)
Fi30+ Foi3 =0, F30 + Foo3 =0, Fpi,3 + Fi30 = 0, Fip3 = 0.

From here it follows that
Fo1 = doexp uz, Fp = (dous + Po) exp 3, Foz = o,
Fip = 0,Fj3 = —agexpuz, F3 = —(agu® + ag + Bo) exp u3.
A particular solution of the system (28) in the selected gauge has the form
A1 = wgexp uz, Ay = (aguz + Bo) exp uz, Az = Yo. (35)

3.5. Group G3(V).
In this case k = n = 1,& = 0, and the systems of Equation (25) have the form

Fo13 = Fo1,, Fo2,3 = Foo, Fz3 = 0;
Fio3 = Fi2, F133 = Fi3, b33 = Fos; (36)
Fiz0+ Fo13 =0, Fx30 + Fop3 = 0, Fip3 = Fip0 = 0.

From here it follows:
Fo1 = doexp us, Fp = o exp us, Fos = 7o,
Fip =0,F3 = —agexpuz, F3 = —Boexp us.
A particular solution of the system (28) in the selected gauge has the form
A1 = agexpuz, Ay = Boexp uz, Az = Yo. (37)

3.6. Group G3(V1I)
In this case k = 1,n = 2, = 0 and the systems of Equation (25) have the form

Fo13 = Fo1, Fo,3 = 2F2, Fz3 = 0;
Fio3 = 3Fp, Fi33 = Fi3, 233 = 2F3; (38)
Fip0=Fip3=0,Fi30+ Fo1,3 =0, F30 + Fop3 =0,.

From here it follows:

Fo1 = doexp uz, Fpp = Bo exp 2uz, Foz = 7o,

Fip =0, Fi3 = —agexp uz, Fo3 = —2fp exp 2u3.
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A particular solution of the system (26) in the selected gauge has the form
A] = o expus, AZ = ,BO exp 2143, A3 = Yo- (39)

3.7. Group G3(V1I)

In this case the relations (25) occur, and the systems of Equation (21) can be pre-
sented as:

Fiac,S + 511'1:2“ — (51“1:21‘ + (521‘ (2132“ cosu — Fm) — (SQIX (21321‘ cosu — Fli) =0.
Hence, using the Bianchi identities as well, we obtain the following system of equations:

Foiz + Foo = 0, Fyp 3 + 2cosaFyp — Fyp = 0, Foz3 = 0;
Fip = 0,F33 + Fx3 = 0, B33 + 2cosaFy; — Fi3 =0, (40)
Fiz0+ Fo13=0,F30+ Fpz =0,.

First of all, let us find the functions F;3, Fy, :
Fi3 = (vpsin (ugsina) + pig cos (13 cosa)) exp (—uz cosa),

Fpo = (dgsin (uzsina) + Bg cos (u3 cosa)) exp (—uz cosa),

By placing them into the system’s Equation (40), we find the relation between the functions

«0, Bo, Vo, Ho :
Vo = &g, Ho = Po

following which, from the relations:
Foo = —Fo1,3,F23 = —Fi33,Fo3 = 0,
we define the functions Fy;, Fo3, Fos :
Fr3 = (agsin (—a + ugsina) + Bp cos (—a + uz cosa)) exp (—uzcosa),

Fy1 = (dgsin (& + uzsina) + Bo cos (« + uz cosa)) exp (—uz cosa), Fo3 = Yo

A particular solution of the system (28) in the selected gauge has the form
Ay = (agsin (a + uzsina) + By cos (x + uzcosw)) exp (—uzcosa),
Ay = (apsin (uzsina) + Bo cos (uzcosa)) exp (—uzcosa), Az = 7. (41)

4. Insolvable Groups G3(N)

Unsolvable groups G3(VIII) and G3(IX) do not contain the Abelian subgroups and
have more complex algebraic structures:

G3(VIII) : Cf, = 67, Cly = 205Ch3 = —45.
G3(IX) : Cfp = 65, Cl3 = —03C3 = 47
For both structures the Killing vector field ¢! has the form
&1 =0
Therefore from the system (21) when o = 1 it follows:
Fijp =0.

Taking this condition into account, we consider the remaining equations of the system.
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4.1. Group G3(VI1II)

Functions 7, ¢5 and their derivatives have the form

$5 = updy + 05,85 ; = 0nnd5; 42)
G5 = o expus + S5u3 + 2und%, 83; = 03id] expuz + 2(u205 + 65)0y;.
Because F;j» = 0, the system of Equation (21) splits into two
{ Fia3 + (03iF1a — 030 F1i) + 2(62i2F34 — 02aF3;) exp —uz = 0; (43)
Fia,S + 01iFon — 01u b + (521'(2an cosa — Fm) — o (2F21' cosn — Fli) =0.

Hence, using the Bianchi identities as well, we obtain the following system of equations:

Fioz+Fi2 =0,F33+ F3 = 0,Fpp3 + Fp = 0;
Fop +2Fzexp —uz = 0,Fp31 + For = 0;
F12,1 + 2F3 exp —uz = 0F23,1 + Fip =0;

44
Fo1,3 = Fo1p = Fi33 = Fi31 = Fo33 = 0; 44)
Fiz0 + Fo2,1 = 0, Fo1.3 = Foz1 = 0,
Foo3 + F30 = 0, Fi230 + F231 = 0.
By integrating this system we get
Foy = i, Fop = (dour® + 2Bour + Yo)exp—us, Fos = —(duq + Po),
Fip = 2(wguy + o) exp —uz, Fi3 = —ag, Fo3 = (squ1” + 2Botiy + 70) exp —u3,
A solution of the system (26) in the selected gauge has the form
Ay = ag, Ay = (aouy* + 2Bour + 70) exp —u3, Az = —(aguy + Bo).
4.2. Group G3(IX)
Functions {7, ¢5 and their derivatives have the form
G5 = dfcosuy + (65 — d5cos M1):}EET/§§‘ = %; (45)
&, =sin up(—0pdf + Shfélul (0§ — 05 cosuy)) + (0§ — d5cosuy)dp g’;;’f
Because Fjj» = 0, the system of Equation (21) splits into two subsystems:
{ Fig,1 sinuy + 0pi(Faq — Faq cos uy) — 62 (F3; — Fajcosuy) = 0; (46)
Fin3 sinuy + (8oa Fij — 6iF1a) $in® uy + 61i(Fag — Faq cOs tt1) — 614 (Fpj — Fsjcosug) = 0;

Hence, using the Bianchi identities as well, we obtain the following systems of equations:

Fo1p = Fosp = Fi31 = Fg3 =0,
Fo1,3sinuy + Fy — cosu1Fyz = 0;
Fop;3 — Fyp sinug = 0;

Fip3sinuy + F3cosuy = 0;
Fizzsinuy + F3 = 0;

F23,3 - F13 sin up = 0.

(47)

Fop,1 sinuy — cosuyFpp + Fo3 = 0;
F12,1 sin uip — Cos M1F12 + F13 = 0,' (48)
F23,1 sin uy — F23 cosuy = 0;

{ Fio3+ F31=0;F0 = Fpp1; (49)
Fo13+ Fi30 = 0; Fp3 + Fo3 0 = 0.
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From the system (47) we get
Fi3 = ay sinus + by cos ug, Fo3 = — sinuq(ay cos us — by sinug),

Fip = cosuq (611 sin uz + by cos M3) +c1,

where a1, bycq functions of variables ug, u;. Using the Bianchi identities (49) and rest equa-
tions of the system (47), (48), we get

a) = Déobl = ﬁo, 1 = 0.
Final solution can be present in the form
Fo1 = 7o + (dg cosuz — Bosinus),

Foo = (g sinug + Bocos uz) sinuy,
Fo3 =0,

Fip = (agsinug + Bo cos uz) cosuy, (50)
Fi3 = agsinuz + Bo cos us,
Fy3 = (—ag cos ug + Bo sin uz) sinug.

A particular solution of the system (28) in the selected gauge has the form

Az =0,A1 = 0+ (agcosuz — Bosinuz), Ay = (agsinug + Bocos uz) sinu. (51)

5. Conclusions

In conclusion, we note some ways for using the obtained results.

1. The considered metrics define homogeneous spaces, due to which the results are of
interest in cosmology, especially when studying the processes occurring in the early stages
of the Universe evolution.

2. The found external admissible fields, due to the special symmetry of homoge-
neous spaces, make it possible to construct interaction models of the axion field with the
electromagnetic field, which is of interest when studying the problem of dark matter.

3. The results can be used to obtain exact self-consistent solutions in the General
Theory of Relativity, in the scalar-tensor theory of gravity, in the Vaidya problem, as well
as in the integration of field equations in other gravitational theories.

4. The results can be used to construct a theory of non-commutative integration of
quantum motion equations in a strong gravitational field in the presence of fields of a
gauge nature.

For the sake of convenience, we present all the obtained results in the Appendix A.
For each group, the metric, electromagnetic potential, and integrals of motion are given.
The metrics were found in [39]. We follow the notation used in this book. All functions a,4
depend only on the variable u° :

Aup = aaﬁ(uo).

Funding: This research received by Ministry of Sceince and High Education of Russian Federation,
project FEWF-2020-0003.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A
Appendix A.1. Group G3(I)

1. Metrics: )
ds? = aaﬁdu"‘duﬁ +edu®,e? = 1.

2. Potential of the admissible electromagnetic field:

Ag=0,Ay = aqoy = oc,x(uo).
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3. Integrals of motion:

Appendix A.2. Group G3(II)
1. Metrics:

ds? = dulzan + 2du1du2(a12 + anua) + Zduldu3a13+
du22 (6122 + 26112113 + a11u32) + 2dudu’® (a23 + a13u3)+

+du32a33 + edu32,62 =1.

2. Potential:
Ag =0,A1 = g, Ay = xouz + Bo, A3 = 9.

3. Integrals of motion:

Appendix A.3. Group G3(III)
1. Metrics:

ds? = dulzan exp 2u® + 2dut du’ay, exp ud + 2du1du3a13 exp ud+
273 22 32 32 2
2ducdu’ans + du” axp + du’ azz + edu” ,e” = 1.
2. Potential of the admissible electromagnetic field:
Ag=0,A; = agexpu®, Ay = Bo, Az = 7o.

3. Integrals of motion:

Appendix A.4. Group G3(IV)
1. Metrics:

ds? = dulzan exp 2u® + 2duldu® (ajp + ayu®) exp 2u® + 2dutduda 3 exp ud+
2du?du® (ays + arzu’) exp u® + duzz(uzz + 2a10u% + apy u32) exp 2u3

+du32a33 + edu32,62 =1.

2. Potential of the admissible electromagnetic field:
Ag=0,A; = agexpu’, Ay = (aou® + Bo) exp u>, Az = 7.
3. Integrals of motion:
Vi = p1, Yo = po, V3 = (P +ul) pr + P2 — ps.

Appendix A.5. Group G3(V)
1. Metrics:

ds? = dulzan exp 2u® 4 2dutduPaq, exp 2u® + 2dutduBaqs exp w4+

2du*dudayu’ exp ud+ du22a22 exp 2u°
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—|—du32a33 + edu?’z,ez =1
2. Potential of the admissible electromagnetic field:
Ag=0,A; = apgexp ud, Ay = Boexp ud, Az = 0.
3. Integrals of motion:
Yi=p1,Yo=po, Vs =u'pr+u?po—p3

Appendix A.6. Group G3(VI)
1. Metrics:

ds? = dulzan exp 2u® 4 2dutduay, exp 3u + 2dutdula; exp u+

2duduBarsu® exp 2ud + duzzazz exp 443
—I—du32a33 + edu32,62 =1.
2. Potential of the admissible electromagnetic field:
Ag=0,A1 =apexp ud, Ay = Bo exp 2u3, Az = Yp.
3. Integrals of motion:
Vi = p1, Yo = po, Y3 = u' py + 2u”pp — ps.

Appendix A.7. Group G3(VII)
1. Metrics:

2
ds® = du'"[ay; + ayp cos (2u® sin &) + agy sin (2u® sin«)] exp (2u® cos &) + 2du'du®[ay; cos & + (a1 cos a+
+a sina) cos (2u® sin &) + (azy cos & — ayp sina) sin (2u® sina)] exp (2u® cos &)+
du? [a11 + (@12 cos 2 + ag sin 2a) cos (2u® sin &) + (axy cos 2& — ayy sin 2a) sin (2 sin &)] exp (2u> cos &)+

3sina)] exp (u® cos o)+

2dutdu®|(ay3 cosa — ap3 sina) cos (u® sina) + (aq3 sina + ag cos &) sin (u
2du?du’[ags sin (2u® sina) + a13 cos (2u® sina)] exp (u® cos &) + du32a33 +edu®’, e = 1.

2. Potential of the admissible electromagnetic field:

Ag=0,A; = (apsin (& + u®sina) + Bocos (a + u® cosa)) exp (—u’ cos &),

3 3 3

Ay = (apsin (u” sina) + Bo cos (u” cosa)) exp (—u” cosa), Az = 7.

3. Integrals of motion:
Y1 =p1, Yo = po, V3 = —1®p1 + (2u* cosa + ul) py + p3.
Appendix A.8. Group G3(VIII)
1. Metrics:
ds? = du12a11 + ZduldMZ(auulz — 2a13u! +apy) exp —u3 + 2dutdu® (a3 — ajut)+
du?* [azp — dapzu’ +2(a1p + 2a33)u1% — dau’ + a11u14] exp —2u®
+2du?du®[ay; — (arp + 2a33)u; + 3a13u12 — a11u13} exp —u®

+2du32(a11u12 — 2ay3u’ 4 asz3) + eduoz, e =1.
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2. Potential of the admissible electromagnetic field:
Ag=0,A1 =ug, Ay = (0(01/[12 + 2‘301/11 + ’)/0) exp *M?’, Az = *(0(0141 =+ ’BO)
3. Integrals of motion:

~ ~ ~ 2
Vi = po, Yo = uPpa+ p3, Vs = prexpu’ + pou®” + 2u”p3

Appendix A.9. Group G3(IX)
1. Metrics:
ds? = dulZ[all — (a13 cos 2u® + ax sin 2u®)] 4 2dutdu® ((ay3 cos u> — apz sinu®)+
+2dudu?[(a13 cos u® — ap sinu®) cos u' + (a1 cos 2u® — ag sin 2u3) sin u']
+du22 [a33c0s ut? + (a3 cos u® + a3 sin u®) sin 2u’ + (a1, sin 2u® + ayy cos 2u® + aq1)sin ulz]
2du*du® (a3 cos uq + (a3 cosu® + ayzsinu’®) sinul) + du32a33 + edu®®.
2. Potential of the admissible electromagnetic field:

Ag= A3 =0,A; = (agcosu® — Bo sinu3), Ay = (ag sin u® + Bo cosu3) sinu'.

3. Integrals of motion:

~ oS 1/12

. N . C
Y; = fﬁlsmuz + (p3 — pacos ul) S

> ~ " ~ 2 N A 1 sinu
Y1 = po, Yo = prcosu” + (p3 — pacosu’)

sinul’ nul’
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