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Abstract: This paper deals with uncertainty, asymmetric information, and risk modelling in a complex
power system. The uncertainty is managed by using probability and decision theory methods.
Multi-attribute decision-making (MADM) technique is a very effective and well-known tool to
investigate fuzzy information more effectively. However, the selection of houses cannot be carried
out by utilizing symmetry information, because enterprises does not have complete information, so
asymmetric information should be used when selecting enterprises. Hamy mean (HM) operator is a
feasible tool to handle strategic decision-making problems because it can capture the order between
the finite input terms. Additionally, the complex interval-valued g-rung orthopair fuzzy (CIVg-
ROF) setting is a broadly flexible and massively dominant technique to operate problematic and
awkward data in actual life problems. The major contribution of this analysis is how to aggregate the
collection of alternatives into a singleton set, for this we analyzed the technique of CIVqQ-ROF Hamy
mean (CIVG-ROFHM) operator and CIVg-ROF weighted Hamy mean (Cq-ROFWHM) operator
and some well-known results are deliberated. Keeping the advantages of the parameters in HM
operators, we discussed the specific cases of the invented operators. To investigate the decision-
making problems based on CIVq-ROF information, we suggested the following multi-attribute
decision-making (MADM) technique to determine the beneficial term from the finite group of
alternatives with the help of evaluating several examples. This manuscript showed how to make
decisions when there is asymmetric information about enterprises. Finally, based on the evaluating
examples, we try to discover the sensitive analysis and supremacy of the invented operators to find
the flexibility and dominancy of the diagnosed approaches.

Keywords: complex interval-valued g-rung orthopair fuzzy sets; weighted Hamy mean operators;
decision-making strategy

1. Introduction

One of the hardest problems is given in the form of ambiguity and inconsistency, which
is involved in every field of life and affects the resultant values during the decision-making
process. To reduce the affected ratio of data from ambiguity, Atanassov [1] initiated the tool
of the intuitionistic fuzzy set (IFS) by extending the tool of fuzzy set, which was familiarized
by Zadeh [2]. As a theory, the experts must consider fuzzy variables to show their reasons.
Various attempts have been made by the distinct intellectuals in managing the data values
based on distinct aggregation operators [3-5]. On the other hand, the fundamental theory
of interval-valued IFS (IVIFS) was exposed by Atanassov [6]. IVIFS indicates two terms
in the shape of interval values whose sum of upper terms lies in [0, 1]. Among all these
diverse ideas, one is to determine the beneficial optimal, several well-known implemen-
tations are discussed based on IFS and IVIFS [7-10]. After that, Garg [11] reflected the
theory of interval-valued Pythagorean fuzzy set (IVPFS) by adding the new tool, called
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the sum of the square of the duplet lying within [0, 1]. IVPFS has broadly generalized
the prevailing Pythagorean fuzzy set (IFS) [12]. Under the circumstances, many profes-
sors have diagnosed their theories and techniques [13-16]. Serious complications have
occurred when an expert suggested (]0.7,0.9], [0.6,0.8]) for truth and falsity grade, then
0.9%2 4+ 0.8%2 = 0.81 + 0.64 = 1.45 > 1. For this, Joshi et al. [17] diagnosed the interval-valued
g-rung orthopair fuzzy set (IVg-ROFS), with a tool: 0 < Mgg + NP < 1. IVq-ROFS has
broadly generalized the prevailing g-rung orthopair fuzzy set (q-ROFS) [18]. Under the
circumstances, many professors have diagnosed their theories and techniques [19-22].

The above-used analysis discovers that several decision-making tools have been
diagnosed in the availability of IVIFS, IVPFS, and IVq-ROFSs. One thing is clear, the above
tools are handled only with one-dimensional data. However, several genuine awkward life
dilemmas contain two-dimensional information, that is, data associated with the attributes
and periodicity of the parameters regarding the dilemma. To portray the above kind of
data, the expert will have to choose two or more q-ROFS/IVq-ROFS which may grow
performance time and the number of calculations needed while resolving the dilemma.
Continuously, to employ the periodic data in the truth grade (TG), Ramot et al. [23]
proposed the mathematical work of complex FS (CFS). As a theory, the experts must
consider complex fuzzy variables to show their reasons. Various attempts have been
made by distinct intellectuals in managing the data values based on distinct aggregation
operators [24,25]. Moreover, to include the hesitation term along with the periodic data
in the conception of CFS, Alkouri and Salleh [26] utilized the novel theme of complex
IFS (CIFS) and the theory of complex IVIFS (CIVIFES), diagnosed by Garg and Rani [27].
After that, Ali et al. [28] reflected the theory of complex IVPFS (CIVPES) by adding the
new tool, called the sum of the square of the real part (also for imaginary parts) of the
duplet lying within [0, 1]. CIVIFS has broadly generalized the prevailing complex PFS
(CPFS) [29]. Under the circumstances, many professors have diagnosed their theories
and techniques [30-32]. Furthermore, Garg et al. [33] diagnosed the complex IVq-ROFS
(CIVQ-ROFS), with a tool: 0 < Mf2 + NVFP < 1and 0 < ¢f, ° + ¢} © < 1. CIVg-
ROFS has broadly generalized the prevailing complex q-ROFS (Cq-ROEFS) [34]. Under the
circumstances, many professors have diagnosed their theories and techniques [35,36].

All scholars have acknowledged the existing concepts of IVIFS, IVPFES, IVq-ROEFS,
CIVIFS, CIVPES, and CIV@-ROFS for implementation in the region of similarity measures,
aggregation operators, and especially hybrid operators to enhance and improve the su-
periority of the invented approaches. In the presence of the above scenario, the theory
of Muirhead means operators for CIVq-ROFS were invented by Garg et al. [37] which
contained the truth and falsity grade in the terms of polar coordinates whose real and
imaginary parts are the shape of interval values. Further, the theory of Dombi HM opera-
tors for IFS was exposed by Li et al. [38] which can easily depict awkward and unreliable
information mentioned in genuine life dilemmas. The theory of Dombi HM operators based
on interval-valued IFS was initiated by Wu et al. [39]. The main theory of HM operators
based on IFS was also developed by Liang [40]. Similarly, the HM operators under the
consideration of PFS were developed by Li et al. [41] with a rule the sum of the square of
the duplet will be contained in the unit interval and HM operators based on q-ROFS were
exposed by Wang et al. [42].

CPFS and Cg-ROFS have a lot of application in the scenario of different fields, but due
to ambiguity of the strategic decision-making dilemmas, in optional cases, the piratical
decision-makers are not suitable to give their suggestion in the shape of one-dimension
supporting and supporting against grades. Continuously, generalization of various pre-
vailing ideas might be massively dominant and valuable to describe the awkwardness
due to his/her disinclined decision in awkward decision-making troubles. Therefore, to
give massive space to the intellectuals, it is noticeable to ask the individual to explain
their decisions through intervals. Thus, motivated by this concept, in this analysis, we
diagnose the well-known theory operators based on the CIVg-ROF information. Yet, the
theory of HM operator has not developed in the consideration of CIVq-ROF settings. In
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the presence of the CIVg-ROF setting, both grades are in the form of complex values
such as polar coordinates whose amplitude and phase terms have represented the extent
and additional data in duplet sets, usually concerned with periodicity. In the prevailing
g-ROFS/IV@-ROFS information, we observed that there is only one parameter to express
the data which results in data loss in various cases. For instance, assume a various initiative
decides to organize a biometric system (BMS) in all hostels over the university. For this, the
administration appoints some experts who provide two-dimensional data related to each
BMS, (i) classical BMS and (ii) manufacture date of the BMS. The task is very challenging for
experts to select the best BMS and the prevailing theories are unsuitable to perfectly address
it. Therefore, for managing such data, the theory of CIVq-ROF information is more reliable.
Because it contains two grades, and each grade includes two-dimensional information such
as amplitude and phase term which represented the model and production date of the
BMS. The proposed idea is also valuable for medical research, as well as the establishment
of databases for biometric and facial recognition, audio and image segmentations. The
notion of CIVq-ROF sets and Hamy mean operators are very closely related to the notion
of symmetry. Based on symmetry, we can talk about the mixture of both theories. The main
advantages of this scenario are implemented here:

1. For0 < M{2+Nf? < land 0 < ¢f, >+ ¢f. > < 1in CIVG-ROFS, then we

get CIVPFSs.
2. For0 < M+ ANt < 1land0 < ¢j '+ ¢),' < 1in CIVG-ROFS, then we
get CIVIFSs.

3. For M~ =M+, ¢ =9 N =N*tand ¢j = ¢f; with0 < MF2 + V7O <1
and 0 < (pLE’D + (pX/ED < 1in CIVg-ROFS, then we get Cq-ROFSs.

4. For M~ = M*, ¢y = ¢, N~ = NT and ¢y = ¢}, with 0 < M2+ N2 <1
and 0 < (pLE2 + (pj\rsz < 1in CIVg-ROFS, then we get CPFSs.

5. For M~ = M""/({)X/t = §0X4’N_ = N+ and QDX[ = Q)X/'Wltho < M—E"_1+NE+1 < 1
and 0 < ¢, ' + ¢} ' < 1in CIVQ-ROFS, then we get CIFSs.

Using the beneficial and important worth of CIVQ-ROEFS, the major aspects of the
presented approaches are diagnosed here:

1.  Toinvent the CIVq-ROFHM operator and Cq-ROFWHM operator with some well-
known results are deliberated.

2. To discuss the specific cases of the invented operators.

3. To expose a MADM technique under the invented operators is to determine the
beneficial term from the finite group of alternatives with the help of evaluating
several examples.

4. To discover the sensitive analysis and supremacy of the invented operators is to find
the flexibility and dominancy of the diagnosed approaches.

A major analysis of this construction is followed: In Section 2, to continuously extend
the prevailing works, some existing CIVq-ROFSs, HM operator, and several ideas such as
algebraic laws, score value (SV), accuracy value (AV), and how we investigate their relation,
are recalled. In Section 3, we invented the CIVq-ROFHM operator and Cq-ROFWHM
operator and some well-known results are deliberated. To discuss the specific cases of
the invented operators. In Section 4, we exposed a MADM technique under the invented
operators to determine the beneficial term from the finite group of alternatives with the
help of evaluating several examples. We discovered the sensitive analysis and supremacy
of the invented operators to find the flexibility and dominancy of the diagnosed approaches.
Section 5 discusses the conclusion.

2. Preliminaries

In this study, to continuously extend the prevailing works, we recall several existing
theories, called CIVq-ROFSs, HM operator, and several ideas such as algebraic laws, SV,
AV, and how we investigate their relation. These theories are massively informative for
new proposed work.
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Definition 1 ([33]). A CIVq-ROFS is particularized by:

= {(o, M(0), NE(0)) 10 € X} )

where M. LME,Mg egzn[(PME i) and NE = [Ng NET 2NN g
0< M“J 4-/\/“r <1land0 < (PM 2 +go+ 9 < 1 The CIVq-ROF number is stated by:

t = (MpNf) = ([ME,Mg].egzn[q)ME P!  [NE NE e 2PNy (PVE]> Suppose
£ = ([Mf,MJr].egz”[‘PXA’(PL],[Nf,/\/’jL].egzn[‘PX/"/’X/]),fl _ <[M1,M;r].eg2n[¢;41,€0x1]],

[Nl ,N+] 2nlgy,, 9"/\/1]) and & = ([MZIM;]'EQZH[G‘)XAQ'(/)MZ [N /\/'*] c27lpy;,, (pN—Z])
stated the CIVq-ROFNSs, we defined several algebraic laws, such that

= ([N*,N*] 2NN [ M, M .e@zﬂm%l) @)
e Ve [max(M;,M;),max(M{,M;)].egzn'[m”x(ml('7)’%2(’7))’"1”(%1('7)’%2('7))], 5
DT i N N ), min (A NG )] o2 o ()5, () minte G () () )
b [min(/\/lf,/\/l;),min(/\/lf,/\/lj)}.egzm[mm(%l(’7)’%2(’7))”1‘”(%1(’7)"’%2(”)”, A
R T (N ), i (N, )] oS3 1) () )3 () @)
(M9 M = MPMD)E, (M + MY~ MM ) 3.
hot= 2O Ry o Ry R 9 2,)7, (W%ﬁf%zw*%m*%z)%] ®)
[V N ), (NG NG 20 0 5 )
[(My M), (M M) T Paay ity Pty
b oty — [(N? NP N-DND)E, (WD +N+20—N+?N+§)ﬂ. ©)
27T, % +9 +O _ O O %
SO R AR 0T R D (0T R TR, 0T R 97RO
1 1 1
—(1- M9\ +9 e2r[(1-(1-¢2)") 9 ,(1-(1-¢}2)") O]
O e M (R e M R I
N7, N+7].e2le o ]
(M=, M+7]. g27r[¢*}4,90*}4]
e = ( _ 7% oD (1 oV (8)
[ 1- (1-N2)1) 7, (1= (1-N+2)7)" } c2nl(1-(1-p3®)") D (1-(1-g{2)") D]

It is still very awkward, how we find the relation among any two CIVq-ROF numbers,
for this, we recall two new definitions.

Definition 2 ([33]). Suppose ¢ = <[ME,M%L].€QZH[¢ME’¢LE], [,/\/E,/\/'Er].egh[(p/vg’ﬁfg}),
stated the CIVq-ROFN. The SV and AV are particularized by:

v

l — _
:7‘M ~NTE TR e R A MIE NI 9T Ry — 9" R S() € 10,1 )

4

Lo o, - .
H(E) = MR+ N2 +9 %, + 0 R + MIP + NP+ 978, + 9" %, | H() € 0,1] (10)
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Then, by using Equations (9) and (10), we obtained:
1. WhenS(t1) < 8(), then t < t;
2. WhenS(t;) = S(t,), then

1) When H(t1) < H(¥), then € < £,
2) When H(t1) = H(%), then £; = t;.

Definition 3 ([41]). A HM operator is particularized by:

==

Yi<cr<<en<p (TT_ b
HM® (8, b, ..., ) = — g*’cﬁ( 1) (11)
I3

where n = 1,2,...,14,61,62,---,Gy, stated positive integers, in the form of the parameter of
stated the binomial coefficient (BC).

{1,2,...,u} of u positive integers with Ch = U!(Fﬁ'ﬂ”

3. Hamy Mean Operators under CIVq-ROFNs

HM operator is a feasible tool to handle strategic decision-making dilemmas because
it can capture the order between the finite input terms. Additionally, the CIVq-ROF
setting is a broadly flexible and massively dominant technique to operate problematic
and awkward data in actual life dilemmas. Motivated by these tools, the technique of
CIVg-ROFHM operator and Cq-ROFWHM operator with some well-known results are
deliberated. Keeping the advantages of the parameters in HM operators, we discussed
the specific cases of the invented operators. The group of every CIVq-ROFNS, stated by

- — ot
Eg —_ ([MQ/M;»] 69271[(/’/\45(/’/\@}/ |:Ngi/./\/‘g+:| eg27‘([(PNgr‘P/\/g}), (g — 1/ 2/ B .,y)’ with Welght

> \I »

vector W= <(b1, (1)2,- . -/d)n) /d)g € [Or 1]/ 2:1 (hG =1

Definition 4. The CIVq-ROFHM operator is particularized by:

1
U 7
_ D1xai <<y < <®e:1 (EGQ))

CIVqg — ROFHM (t1,8,...,8,) = a (12)
where n = 1,2,...,14,61,62,---,Gy, stated positive integers, in the form of the parameter of
{1,2,..., 1} of u positive integers with C;) = }7!(;{}7)! , stated the BC.

Theorem 1. To obtain the mathematical form of Equation (12), we use the Def. (1), such that:

==

g "
_ ®1$§1 A (®q:l (Bg(’ ))
= 7
Ci
1 1

CIVq— ROFHM™ (t1, %y, ..., &)

[o)

1\ O o
7 il "
1( T1 (1((1‘[/\4%) ) ))
1561 =, =6y SH 0=1

1
Oy ey 1= (Tt 934,)T) )

1
cl

1\ © "
7] D 7
1-— 1— —
1<€1<Elr<§q<;4 ( <QH1< (NQQ) )) )

vl - O % %
652”[(n1<g1<,...,<g,757: (1*(1_[g:1 (1*(%\/%) N )

—

1\ O\ o
i 1 "
1561 <0 =Gy < 0=1 )

i O i
’ 1-— 1— (NF )
14‘51<H<9n<u( <QH1< ( 9@) > )

o
Cu

/(Hlx\ﬂ =Gy S (lf(HZ:] (1*(‘,0;{%0 )

-

(13)
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Proof of this Theorem 1 is given in Appendix A. Using invented works, we expose
idempotency, monotonicity, and boundedness.
Proposition 1 (Idempotency). When ¢ = ¢, then:
CIVg— ROFHM™ (t,8,,...,8,) = ¢ (14)
Proof of this Property 1 is given in Appendix B.
Proposition 2 (Monotonicity). When Mg_q = /\/l/g’g—, QDXAW = (P;/lgo' M;rg - MZQ+,
(P/J(/lgg = (pL,g,Q and N{Q < Ng”g_, QDXQ—Q < (p;/g,,Q,/\/';g < /\/'g”QJr, (pj\r/gg < gpj\rfg,,g, then:

CIVq— ROFHM™" (,%,,...,#,) = CIVq — ROFHM" (€], ¢,,... &) (15)

Proof of this Property 2 is given in Appendix C.

(M ), M ()™t i)
iti — max ’ max X Mmax ,
Proposition 3 (Boundedness). When ¢ = )

[‘/\/;;1: (U),N;:(ﬂ)]e min min

o 2rle — ()~ ()]
(c=12,...,p)and e = ( [Mmi"(”)’Mii"(ﬂ)]eghwiwmmm (P+Mnxzréq)] ’ )(G =1,2,...,u), then:
Wonax (1), Nitax (1) e

Ninax Ninax

€ < CIVqg— ROFHM™ (t;,8,,...,¢,) < ¢ (16) (16)

Proof of this Property 3 is given in Appendix D.

- +
Proposition 4 (Commutativity). Assume ¢ = <[Mg_g(ﬂ),Mgg(ﬂ)}egzn[(PMgg(W)’qoMgg(ﬂ)],

27| 7, , + " " o_ "
[Neg ), Ny ()] 2 92 ?Agg<'7>]>,(g:1,z,...,y) and €/ = ([Mo~ (1), M&™ ()]

c2nlo™ , (0ot 0 ()] q2nlo—, (n),9", (1))
e Mg Mgp NG~ (1), NG ()] e Neg ™ Neg >,

(c=12,...,u),if (¢],8,...,8,) is any permutation of (t1,&,...,¢,), then:

CIVq— ROFHM™ (#;,%,,...,&,) = CIVq — ROFHM (¢] ¢, ..., ) (17)

Proof of this Property 4 is given in Appendix E. In the presence of the 7, we diagnose
various specific cases.
Case 1: When i1 = 1 in Cq-ROFHM operator, then we get:
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CIVqg— ROFHMWY (¢1,%,,...,¢,)
1

1
1 e} 1\ ©

"
- <1<€1<}~_~I’<€u<ﬂ (1 - M_?>> At <1R<€1<,g<€77'\<ﬂ (1 N M+€D)>

1
ko) 1
)7 0= Ty ey 105 ™) 7

==

e€2ﬂ[(1*(1—[1<g1 = =Gy =P (1 7907 i%/tg ))

R e ) A T (R () b

1561 =<, =Gy S

R
R

1 1
o2 Ty ey (1= (=03 )TN ™) iy 4y 1103 )7 7) ]

_ 1
= Oc

Case 2: When 77 = u in Cq-ROFHM operator, then we get:

CIVqg— ROFHMWY (t;,8,,...,,)
1

1\ O ci’? ° 1

n il # 7 [
1— 11 1-— IT M, 11— 1 1— IT M
161 =gy s o=1 ) 1561 < <Gy <l =1 °°

1
) po , 10 a
20Ty oy 1= (T 9300 ) ) D) (=T <, gy (1= (T 9 ) ) )

1\ D Cllﬁ l] s} L
Ul O n Ul O 1
1= (11 (1= (A ) , 1- <1— N )
1<g1<,1,_.1,<g7,<y< <QH1< ( gg_) ) ) 1—\<51<F[,—<g,,<;1( <QH1 ( gg)
1
b1 (1o )TN ) MMy ey - (T (0 )TN ) )
P # ] enlr ox ) P ot
()l e
=1 =1
1\ &
= O " M O
1— 1— (NS > 1= (17 N )
(o (a0-eem) ) (- (806

1

=l

1
1
1
) =59k

1
O

H -9 %ﬁ # + 19 %
2=y A= op )" D7) (=g A= (93D ") ]

Definition 5. The CIVq-ROFWHM operator is particularized by:

~ 1
oQ U 7
By =< =<ep=n (1—Zg:1 w@q) (®g:l (Esq))

CZ 1<y =<u

CIVq — ROFWHM (¢1,8,,...,8,) = 4 (18)
1-%¢

n -1 _
CJ Y n=pu

where n = 1,2,...,14,61,62,--.,Gy, stated positive integers, in the form of the parameter of
{1,2,...,u} of u positive integers with CZ = ﬁl’?)‘ , stated the BC with weight vectors
. ,

Y w,=10,€0,1,0=123,...,n

0=1
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Theorem 2. Suggested in the occurrence of Equation (18), we get:

@Hcﬁu-ﬁgq%ﬂ(l Tot Le)(@’zzl(ega))

=

CIVqg— ROFWHM® (¢,%,,...,8,) = — g
M 1

1
M o
oy (1-Ih_ ®Og,)\

0 v
1- I 1— | | 1T M, ,
161 < =Gy <H 0=1 X

(g, @)\ <
]
1-— II 1- I1 M;v
161 =Gy S 0=1 )

1
- 1.9
1 (1*)::;:1 mgg) C77’ 1
eQZH[(lf(Hugl<,...,<g,1<;4 -, Pme)") ) ) ) (= (Mg <, =gy < (A= (TT0, ?ng)”)

=

S
~

]

~

o]

1
T
% (1- ZQ 1 gu) Cr

1=61=< =gy <p

IT
1=61< =gy <p

eg2n[(]—[1§gl{[___yﬂ_;)]#/14 ((1—(HZ:l (17((?;%0 )D» ) ) r(Hl§g1<,.../<gzl<y ((1,(HZ:1 (17(‘]’?5@) )

Proof of this Theorem 2 is given in Appendix F.

Proposition 5 (Idempotency). When ¢ = ¢, then:

CIVq — ROFWHM (¢, 8y, ...,8,) = ¢

Proof of this Property 5 is given in Appendix G.

(19)

(20)

Tlo= +
Proposition 6 (Monotonicity). Suggested ¢, = <[MEQ(;7),M;%(,7)]692 [(PMQQ('//)/q)Mgg(”)]’

canlg’ w (Mg w (M , c2rle u (1)
e Meg My [/\/GQ*(U),./\/QQ+(17)]€ Neo

[Nf(,?) ,7)] K n[rpNgQ(n),qoxng(n>1>/ (6=1,2,..., 1) and ¢,
4 X/_g/

"o — "
MQ /(pMQ (PM/// M;—Q%MQ—"_’GDM
NG ™ '(P/\/ q)N,,, then

v

CIVq— ROFWHMW) (e, %y, ..., ,) = CIVqg — ROFWHM (¢, ¢, ...

Proof of this Property 6 is given in Appendix H.

= ([M,g,97 (1), Mge+(77)}

, )] o
e ,((;:1,2,...,‘1,1),1]( Mgg?

" and./\/'_Q NQ_, (PX/gQ < QDX/Q//QINQ—E <

) (21)
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-

T
1SR
[

—
=®/

p=1
148 =

21 , + 1
2l ey (]

[Miax (1), Mid (i) e
[N (1), N (17) ] e

@nlp . ety ()]

min min

Proposition 7 (Boundedness). When ¢+ = (

Snla ,njrin7 min
(c=1,2 )and v = M= ), ME ()] ™ 0, (c=12 ), then:
et Wi (1) N e i Dk 0118 7 e
¢ < CIVqg— ROFWHMW) (g1, 8, ..., 8,) < & (22)

Proof of this Property 7 is given in Appendix L.

- +
Proposition 8 (Commutativity). Assumed ¢, = <[M o (1), M, (,7)} &7 [‘PMgg(W)'(PMgQ(W)],

27t[), ’ I 1 " o_ "
[Neg ), Ny ()] 2 92 ?Ngg<'7>]>,(g—1,z,...,y) and € = ([Mo~ (1), M&o™ ()]

27l (1),9" 0 ()] 27lo " ()9t ()]
2l (9 (1 ,[Né’g_(ﬂ),/\/g"g*(ﬂ)]eg VALVAL )

e

4

(c=12,...,u),if (¢,8,...,&,) is any permutation of (t1,&,...,¢,), then:
CIVq— ROFWHMW) (¢, 8,...,8,) = CIVqg — ROFWHM™ (¢, 8),...,€,)  (23)
Proof of this Property 8 is given in Appendix J: Yet, we find some specific cases,

using 7.

Case 1: When 1 = 1 in Cq-ROFWHM operator, then we get:
CIVqg — ROFWHM® (g1, 8,,...,8,)
N 1\ D
]7&)5 u—1 17(’1‘% u—1
I (1-m=2 A= 1 (1-mTP)
<G1<H( ) ) 1<€1'\<H( ’ )
, 1o L, LD
5 17(1) u—1 o 17(1) n—1
egzn[(l_(nlﬁglwl (1_(177/\/15) g) ) r(l_(nl<c1<;¢ (1_(P+M§) g) ) ]/
1 1
s u-1 7 p—=1
1-W, g -,
IT (N AT (N
(1<51<H( ) 1<€1<M< ° )
1
o, P o, FT
o2l (o)) Mgy (9) )]

Case 2: When 7 = p in Cq-ROFWHM operator, then we get:

CIVg— ROFWHMW (¢, %, ..., ¢,)

5 5
1-W 1-W,
n—T1

M — " + =
692”([Hg:]¢ M ,ngltp M )i

|
S
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4. Application (Brief Discussion of the MADM Technique)

MADM scenario refers to a tool considered to obtain a complete and feasible assess-
ment of decisions in the availability of many co-attributes’ alternatives. As research has
become more advanced, a various number of decision-making techniques have occurred
and are widely employed in economics, engineering, pattern recognition, and network sys-
tems. One of the most common dilemmas, given in the form of ambiguity and inconsistency,
has involved every field of life and affected the resultant values during the decision-making
process. To reduce the affected ratio of data from ambiguity, in this scenario, we deliberated
the novel procedure of the MADM tool in the occurrence of the invented approaches. The
MADM technique, obtained from the decision-making process which can help experts, is
used to determine the beneficial required optimal.

All experts have an idea about MADM, which is a beneficial and dominant procedure
for determining the optimal form of the family of alternatives. MADM tool includes
various steps, used for finding the beneficial optimal. For this, we have needed the family
of alternatives and their attributes such as X = {¢,¢,...,¢,} and C = {C1,Cy,...,Cy}.
We have also needed some weights which have been provided by an expert in the form

7 7 7 5 T T
of their opinion, stated by: ® = {wl,wz, ) ..,(Dn} ,W: € [0,1], and satisfied the tool:
n .
Y. ®. = 1. To employ the above mathematical tools in the region of MADM technique,
=1
we needed to make a matrix whose every term is in the form of CIVg-ROF numbers e.g.,

-t - ot
b = ([Mg,Mé},eQZH[‘PMs’?Mg}, [Ng,j\/’g*}egzn[(p/\/g’%\%}), (¢ =1,2,...,n). By following

the below procedure, we obtain our theme.

To resolve ambiguity and complications which are involved in every day-to-day
life, we constructed some procedures to obtain our major analysis, and the stages are
diagnosed here:

Stage 1: To evaluate the decision-making procedure, we needed to compute a new
decision-making matrix by including various alternatives and their attributes. The con-
structed matrix includes information in the form of CIVq-ROF number provided by experts
given in matrix, whose mathematical shape: M = (&;).

Stage 2: Further, to resolve the information given in stage one, we try to aggregate
it with the help of the CIVq-ROFWHM operator into a single set, called the CIVq-ROF
number. This procedure will help us find the score values of the CIVq-ROF numbers.

Stage 3: This time, we can easily determine the score value of the information obtained
from using the CIVqQ-ROFWHM operator. With the help of this technique, we can easily
rank the values for finding the beneficial optimal.

Stage 4: After following a long procedure, we can finally find the beneficial optimal.

Using the well-known procedure of the MADM technique, we suggest some practical
data and try to resolve it with the help of invented operators to enhance the quality of
the proposed work. Moreover, in the availability of the above study, we explained some
examples and tried to employ them in the region of the MADM technique.

Example 1. This study intrudes the rationality of the invented MADM tool via a case whose
important results are moreover compared with various existing drawbacks. The main aspect of the
dilemma is as follows:

The main theme of this example is to resolve some practical life issues. Here, we
have considered the problem that occurred in the State Bank of Pakistan (SBP) related to
some personal issues. The main owner of SBP wants to buy petrol and diesel industrial
cars with air conditions for the consideration of SBP local and non-local branches. For
this, the main panel of SBP gives this project to some companies for finding the best way.
SBP is a well-known and important financial procedure or way for providing for the
government, having its main office in Islamabad. SBP welcomed proposals for buying
petrol and diesel industrial cars with air conditions for the consideration of SBP local and
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non-local branches. The engineer should be recommended by the main office of Pakistan,
Government of Pakistan/state/any other public organization and must know about the
provision of vehicles for the last few years. The consideration committee members have
considered some cars based on the following data, expressing the attributes:

1.  Cj: Comfortability;

2. Cy: Maximum speed;
3. Cjs: Price;

4. C4: Maximum payload.

For this, the expert has visited different sorts of car enterprises, which stated in the
form of five alternatives £.,i = 1,2,3,4,5, whose attributes are given above. For the above
four attributes, the experts have given their decision in the form: 0.3, 0.3, 0.3, and 0.1, which
expressed the weight vector.

To resolving ambiguity and complications which are involved in every day-to-day
life, we constructed some procedures to make our major analysis, and the stages are
diagnosed here:

Stage 1: Arranging the preference to evaluate the decision-making procedure, we
needed to compute a new decision-making matrix by including various alternatives and
their attributes. The constructed matrix includes information in the form of CIVq-ROF
number provided by experts given in matrix, whose mathematical shape: M = (%),
described in Table 1.

Table 1. Complex interval-valued intuitionistic fuzzy data.

Cq (&)
t ([0:2,0:3)es2710304] [0.1,0.2] e270203]) ([021,031)e62031041] [0.11,0.21] 62710210311
& ([0:3,0.4]e2710103], [0.2,0.3] 2701021 ([0:31,0.41)es27011051] [0.21,0.31] 6270 11.021] )
€5 ([O 3,0.5]es270.106] [0.3,0.4].¢527[0-1 02]) <[0 31,0.51)ec27[011061] [0.31,0.41].¢52700- 11021]>
€ ([04 0.6]e<2710203] [0.2,0.3] €g2n0203]) <[0 41,0.61)e627[021031) [021,0.31] ean[021031]>
€5 ([05 O7]eg2n[0608] 0.1,02] ec2n0104]) ([O 51, 071]eg27r[061081 [0.11,0.21] ean[011041])
C3 Cy
¥ <[0 22,0.32]e62710320.42] 0,12, 0.22].627(022,032] > <[0 23,0.33]e62710330.43] [0.13,0.23].¢527[0- 23033])
€ <[0 32,0.42]¢5271012052] (0,22, 0.32] £627(0.12.0.22] > ([O 33,0.43]e52710.13.0.53] 10,23, 0.33].£6270 13023])
€ <[0 32,0.52]¢5270120.62] [0.32,0.42].¢527[0- 12022) <[0 33,0.53]¢52710130.63] [0.33,0.43].¢527(0- 13023])
€, <[0 42,0.62)e62710220.32] [0.22,0.32].627022.032] > <[0 43,0.63]e6271023033] [0.23,0.33].¢52710- 23033])
e <[0 52,0.72]e627[062082] [0.12,0.22].£27012.042] ) <[0 53,0.73]e627[0630.83] [0.13,0.23].¢52700- 13043])

Stage 2: Further, to resolve the information given in stage one, we try to aggregate
it with the help of the CIVq-ROFWHM operator into a single set, called the CIVq-ROF
number. This procedure will help us find the score values of the CIVq-ROF numbers, stated
in Table 2.

Stage 3: This time, we can easily determine the score value of the information obtained
from using the CIVq-ROFWHM operator. With the help of this technique, we can easily
rank the values to find the beneficial optimal, stated in Table 3.
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Table 2. Aggregated numbers from Table 1 for O = 3.

CIVq-ROFWHM Operator

31 ([0.02898, 0.04314]¢627[0-04314,0.05962] 1) 42312, 0.52179].627710-52179,0.59563] )
1) ([0.04314, 0.05962]¢6270-01648,0.07928] () 52179, 0.59563].627710-42312,052179)] )
€ ([0.04314, 0.07928)¢c27[0-01648,0.10352] [ 59563, 0.65677].52771042312,052179)] )
¥ ([0.05962, 0.10352]6277[0.02898,0.04314] 1) 52179, 0.59563].£6277[0-52179,0.59563] )
€ ([0.07928, 0.13495)¢6270-10352,0.17962] ) 42312, 0.52179].627710-42312,0.65677] )

Table 3. Score values from Table 2.

Score Values

£ 0.1427
£ 0.1426
£ 0.17768
t 0.17634
£ 0.14175

Stage 4: After following a long procedure, we can finally find the beneficial optimal.
Thus, we rank the alternatives in order to diagnose the beneficial required optimal.

B> 2>2H2>8

Clearly, that we obtain the beneficial optimal in the form of £3.

One of the most important questions is, what happens if we choose the CIVPFS? To
resolving ambiguity and complications which are involved in every day-to-day life, we
constructed some procedures to make our major analysis, and the stages are diagnosed here:

Stage 1: Arranging the preference to evaluate the decision-making procedure, we
needed to compute a new decision-making matrix by including various alternatives and
their attributes. The constructed matrix includes information in the form of CIVq-ROF
number provided by experts given in matrix, whose mathematical shape: M = (Egj),
described in Table 4.

Stage 2: Further, to resolve the information given in stage one, we try to aggregate
it with the help of the CIVq-ROFWHM operator into a single set, called the CIVq-ROF
number. This procedure will help us find the score values of the CIVq-ROF numbers, stated
in Table 5.

Stage 3: This time, we can easily determine the score value of the information obtained
from using the CIVq-ROFWHM operator. With the help of this technique, we can easily
rank the values to find the beneficial optimal, stated in Table 6.

Stage 4: After following a long procedure, we can finally find the beneficial optimal.
Thus, we rank the alternatives to diagnose the beneficial required optimal.

GBo>B2>2H2>8H >

It is clear that we obtain the beneficial optimal in the form of ;.
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Table 4. Complex interval-valued Pythagorean fuzzy data.

Cq (&)
€ ([02 Og]egzn[osoﬂ 0.1,02] eg2n0203]) (021 0.81] ¢s271[0.31,0.71) 0.11,0.21] ean[OZlOSl])
€ ([03 0.7)e 6271[0.1,0.8] ,[0.2,0.3].e g27‘(0102]) <031 0.71]e c277(0.11,0.81] ,[0.21,0.31]. g27‘r[011021]>
€5 ([03 0.6]e<2101.038] [0.3,0.4] eg27‘r0102]) (031 0.61]¢s270.11081] [0.31,0.41] eg27‘f[011021])
€, ([04 0.6]e<270203] [0.3,0.5). g27r0203]) (041 0.61]¢s271021031] 1031, 0.51). g27r[021031]>
€5 ([05 0.7]e€270:6038] [0.1,0.2] eg2n0104]) (051 0.71]¢s271061081] [0.11,0.21] eczn[onozu])
C3 Cy
€ <[0 22,0.82]e62710320.72] [0.12,0.22].627022.032] > ( [0.23,0.83]s271033073] 0,13, 0.23].¢527[0- 23033])
€ <[0 32,0.72]¢s271012082] (0,22, 0.32] ¢£27(0.12.0.22] > ( 0.33,0.73]e€2710.13.083] [0.23,0.33].e6270- 13023])
€ ([0 32,0.62]¢52710120.82] (0.3, 0.42].¢527(012,0.22] > ( [0.33,0.63]¢52710130:83] [0.33,0.43].¢527(0- 13023])
€, <[0 42,0.62)e62710220.32] 0,32, 0.52].£27022.032] > ( [0.43,0.63]es271023033] 0,33, 0.53].¢52710- 23033])
es <[0 52,0.72]e627[0620.82] [0.12,0.22].£627012.042] > ( [0.53,0.73]es27[063083] 0,13, 0.23].¢52700- 13043])

Table 5. Aggregated numbers from Table 4 for O = 2.

CIVq-ROFWHM Operator

9] ( [0.07442,0.30444]e6277[0-10099,0.243605] [ 39937, 0.49336] 627 [049336,0.56445] >
1) ({0 10099, 0.243605]¢52710.04831,030444] [0 49336, 0.56448]6277(0-39957,049336] )
12 ( [0.10099, 0.19829]e627710.04831,030444] () 56448, 0.62423] <27 [0:39937,0. 49336])
ty ( [0.12951, 0.19829] ec27[0.07442,0.1009] [0 56448, 0.67754] e[0:49336, 056448])
&5 ([0 16133, 0.24360]¢s27710-19828,0.30444] 10 39937 0.493362]¢6277[0-39937.0. 62423])

Table 6. Score values from Table 5.

Score Values

& 0.19929
193 0.20009
3 0.24167
¥y 0.31698
&5 0.18367

Again, what happens if we choose the CIVq-ROFS? To resolving ambiguity and
complications which are involved in every day-to-day life, we constructed some procedures
to make our major analysis, and the stages are diagnosed here:

Stage 1: Arranging the preference to evaluate the decision-making procedure, we
needed to compute a new decision-making matrix by including various alternatives and
their attributes. The constructed matrix includes information in the form of CIVq-ROF

number provided by experts given in matrix, whose mathematical shape: M =

described in Table 7.

(ng),
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Table 7. Complex interval-valued g-rung orthopair fuzzy data.

(& G
¥ ([02 Og]egzn[osoﬂ 0.1,0.7] eg2n0203]) (021 0.81] ¢s271[0.31,0.71) [0.11,0.71] ean[OZlOSl])
€ ([03 0.9]e 6271[0.1,0.8] ,[0.2,0.8].¢ g27‘(0102]) <031 0.91]e c277(0.11,0.81] ,[0.21,0.81]. g27‘r[011021]>
€5 ([03 0.8]e<27101.038] [0.3,0.6] eg27‘r0102]) (031 0.81]¢s270.11081] 10,31, 0.61] eg27‘f[011021])
€, ([04 0.9]e c27[0.2,0.3] ,[0.3,0.9]. g27r0203]) (041 0.91]e c27[0.21,0.31] ,[0.31,0.91]. g27r[021031]>
€5 ([05 0.7]e€270:6038] [0.1,0.7] eg2n0104]) (051 0.71]es2710.61081] [0.11,0.71] eczn[onozu])
G Cy
¥ <[0 22,0.82]e62710320.72] [0.12,0.72].£27022.032] > ( [0.23,0.83]271033073] 0,13, 0.73].¢527(0- 23033])
& (1032,092]e6271012052] [0.22, 0.82] 627012022 ) (10:33,093]c27101303] [0.23, 0.83] 6270130231
£ ([0:32,0.82)es27(012082] [0.32, 0.62]. 62710120221 ([0:33,0.83]es27(01308, [0.33, 0.63].e6271013023] )
€, <[0 42,0. 92]eg27r[0 22,0.32] ,[0.32,0.92] 627[0.22,0.32] > ( 0.43,0.93] £627(0.23,0.33] [0 33,0.93] 2o, 23033])
€ <[0 52,0.72]e6271062082] [0.12,0.72].£627012.042] > ( [0.53,0.73]es27[063083] 0,13, 0.73].¢527(0- 13043])

Stage 2: Further, to resolve the information given in stage one, we try to aggregate
it with the help of the CIVqQ-ROFWHM operator into a single set, called the CIVq-ROF
number. This procedure will help us find the score values of the CIVq-ROF numbers, stated

in Table 8.

Table 8. Aggregated values from Table 7 for O = 8.

CIVq-ROFWHM Operator

121 < [0.00126, 0.0376]¢527710.00277,0.02284] () 4556, 0.8542]¢627[05612,0.6399) )
123 ({0 00277, 0.06927]eS27[0-00039,0.0576] [0 5612, 0.8967]527710:4556,0.5612] )
€ ( 0.00277, 0.0376)52770:00039,0.0376] [0 6399, 0.8092]¢52[04556,0. 5612])
t ([O 00513, 0.06927]27[0.00126,0.00277] [0 6399, 0.9403]¢527710-5612,0.63%9] )
& < [0.00872,0.02284]£5271(00142,0.0376] 1) 4556, 0.8542]652”[0-455@07045])

Stage 3: This time, we can easily determine the score value of the information obtained
from using the CIVqQ-ROFWHM operator. With the help of this technique, we can easily
rank the values to find the beneficial optimal, stated in Table 9.

Table 9. Score values from Table 8.

Score Values

151 0.08083
9] 0.10987
1] 0.05596
¥y 0.1693
€5 0.08697
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Stage 4: After following a long procedure, we can finally find the beneficial optimal.
Thus, we rank the alternatives to diagnose the beneficial required optimal.

G>b2>2B>82>8

It is clear that we obtain the beneficial optimal in the form of £;.

The main problem with existing data is that, if experts provide data in the form of
CIVIFS, then the prevailing CIVPFS and proposed the idea of CIV@-ROF information are
easily resolved. However, if an expert gives information, for example in the shape of CIVPF
numbers, then the prevailing CIVIFS has been unsuitable, but the proposed CIVq-ROF
information can easily evaluate it. Finally, the main advantage of the proposed work is that,
if an expert gives information in the shape of CIvq-ROF information, the existing theories
such as CIVIFS and CIVPFESs have failed. Therefore, the invented work is more powerful
than the existing work. To explain how the proposed work is more powerful is briefly
discussed below.

Furthermore, in the light of expressing the efficiency and competence of the invented
approach, the discissions based on the exposed method are compared here with existing
CIVIFSs, CIVPFESs, and CIV@-ROFS studies. Before carrying out comparative analysis, we
develop the list of the existing theories and then identify the best optimal by using the
simplest ways. Some existing theories are as follows: Garg [11] invented the accuracy
value for IVPFSs, Joshi et al. [17] diagnosed the IVq-ROFSs, Garg and Rani [27] exposed
the aggregation operators for CIVIFSs, Ali et al. [28] initiated the Einstein geometric
aggregation operators for CIVPFSs, and Garg et al. [36] invented the Muirhead mean
operator for CIVq-ROFSs, and exposed operators. Table 10 includes sensitive analysis,
using data in Table 1.

Table 10. Some diagnosed existing works using data in Table 1.

Methods Score Values Ranking Values
Garg [11] Not Justified Not Justified
Joshi et al. [17] Not Justified Not Justified
Garg and Rani [27] 0.09724,0.08673,0.09081,0.09501,0.1049 t5 > ¢ > ¢4 > ¥3 > &
Ali et al. [28] 0.23056,0.2274,0.2583,0.2631,0.1837 b >t >8 >8>
Garg et al. [36] 0.3416,0.3385,0.3694, 0.3742,0.2948 1> >8 >8>
CIVq-ROFWHM operator ~ 0.1427,0.1426,0.1776,0.1763,0.1417 B3>t >80 >8>

We know that, in Table 1, we suggested information in the shape of CIVIFS and
the proposed work based on CIVq-ROF information easily resolved it. Thus, only the
information given in [11,17] are not able to cope with it, because they cannot deal with
information which contains two-dimensional information in the shape of singleton sets.
However, the theories given in [27,28,36] are easily resolved. From Table 10, we obtain the
most useful and dominant results in the form of &3, 4, and €5. Table 11 includes sensitive
analysis, using data in Table 4.

We know that, in Table 4, we suggested information in the shape of CIVPFS and the
proposed work based on CIVg-ROF information easily resolved it. So, only the information
givenin [11,17] are not able to cope with it, because they cannot deal with information which
contains two-dimensional information in the shape of singleton sets and the information
given in [27] only deal with intuitionistic types of information, so it is also neglected.
However, the theory given in [28,36] is easily resolved. From Table 11, we obtain the most
useful and dominant result in the form of £4. Table 12 includes sensitive analysis, using
data in Table 5.
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Table 11. Some diagnosed existing works using data in Table 4.

Methods Score Values Ranking Values
Garg [11] Not Justified Not Justified
Joshi et al. [17] Not Justified Not Justified
Garg and Rani [27] Not Justified Not Justified
Ali et al. [28] 0.2882,0.3001,0.3306,0.406, 0.2726  t4 > t3 > 8 > ¥ > &5
Garg et al. [36] 0.3771,0.4112,0.4315,0.5151, 0.3617 €4 >3 > & > & > &5

CIVq-ROFWHM operator 0.1993,0.2001,0.2417,0.317, 0.1837 €4 >3 >t > ¢ > &5

Table 12. Some diagnosed existing works, using data in Table 7.

Methods Score Values Ranking Values
Garg [11] Not Justified Not Justified
Joshi et al. [17] Not Justified Not Justified
Garg and Rani [27] Not Justified Not Justified
Ali et al. [28] Not Justified Not Justified
Garg et al. [36] 0.17174,0.20996, 0.14685,0.2594,0.18796 t4 > t; > t5 > & > €3

CIVQ-ROFWHM operator  0.08083,0.10987,0.05596,0.1693,0.09697 €4 > £, > &5 > £ > €3

We know that, in Table 7, we suggested information in the shape of CIVq-ROFS
and the proposed work based on CIVq-ROF information easily resolved it. So, only the
information given in [11,17] are not able to cope with it, because they cannot deal with
information which contains two-dimensional information in the shape of singleton sets
and the information given in [27,28] only deal with intuitionistic and Pythagorean types
of information, so they are also neglected. But the theory given in [36] is easily resolved.
From Table 11, we obtain the most useful and dominant result in the form of ;.

Information in Tables 11 and 12 is obtained based on the information given in Tables 1,
4 and 7. The information given in Table 1 contained CIVIFSs, Table 4 contained CIVPFSs,
and the information contained in Table 7 in the form of CIVq-ROFSs. We already explained
what the difference is between this information in the introduction section. In special cases,
we mentioned that if we choose the value of parameter # = y, then the proposed work is
converted to Ref. [36] which is the special case of the proposed work. The proposed work
is more generalized than the extending work. Therefore, in the occurrence of the works
cited above, we find that the invented work is a massive tool compared to existing works.

5. Conclusions
The major findings and objectives of this analysis are described below:

1. We know that the theory of CIVq-ROF information plays an important role in the
fields of decision-making theory. The main theme of this theory is to diagnose the
fundamental concept of the CIVqQ-ROFHM operator and Cq-ROFWHM operator and
describe their well-known results and various properties.

2. Furthermore, in the consideration of the above-cited theory, we investigated the decision-
making dilemmas based on CIVG-ROF information to determine the beneficial term
from the finite group of alternatives with the help of evaluating several examples.

3. Finally, based on the evaluating examples, we try to discover the sensitive analysis
and supremacy of the invented operators to find the flexibility and dominancy of the
diagnosed approaches.

In the future, based on the existing theories such as spherical fuzzy sets [43], complex
spherical fuzzy sets [44], and Linear Diophantine fuzzy sets [45], we aim to diagnose
various important techniques in order to evaluate/resolve genuine life troubles and also try
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to utilize various aggregation operators, new methods, and many techniques to enhance
the worth of the prevailing works.

Author Contributions: Conceptualization, Z.A. and T.M.; methodology, Z.A.; software, Z.A., TM.
and D.P; validation, TM., D.P. and C.W,; formal analysis, D.P. and C.W.; investigation, Z.A., TM.,
D.P. and C.W,; resources, D.P. and C.W.; data curation, T.M., D.P. and C.W.; writing—original draft
preparation, Z.A.; writing—review and editing, TM., D.P. and C.W,; visualization, TM. and C.W.;
supervision, T.M.; project administration, D.P. and C.W.; funding acquisition, D.P. and C.W. All
authors have read and agreed to the published version of the manuscript.

Funding: The Proposed work is supported by the Jieyang Science and Technology Plan (Grant
No. sxm026 and Grant No. sdzx016).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data used to support the findings of this study can be used by
anyone without prior permission of the authors by just citing this article.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

Proof of this Theorem 1. Using Equation (12), we have:

n — n +
‘| eGZH([ngl (PMgQ’qul (PMgg]),

i i
ln M, T M |.
Q:
Y
(1- (v2) )))

0=1
Ui
o=1
2a[(1-(IT_, (1- (g} >D)>>117<1—<H” (1-(o}; >*’>)>‘5}
e 0=1 PNgo ’ 0=1 PNgo

(-ea)) (- (8

1 1 1 1
n 1 7 U 2 qu - ﬁln’t + 7
(H Mgg> (HM> et e
1 1

- (ﬁ(l—(%)o)); i (1t

2= (T (1= (o3, )7))

=
—
>~

[

|
=
/ﬁ =
-
—

=

|
—
s
=+

1
n n
D11 <=y < (®g:1 (%))

1 O O
Ui n
1—((11/\/1;(7) ) /
0=1 i

1
, o B )
EQZTF[“*(Hl%ﬁ =Gy S (1*((1_[(,:1 @ng )

O
)N 0y <oy =TTy 0 ) D) )
1\ ©
n O [
(11 (1- (ne ) ,
( (Qljl( (=) > )

(- (f0-02))

) )t<H1<g1 =Gy S (1- (HZ:1 (1- (‘P+

II 1-

161 =0 <Gy <H

=
.

I1

1561 = <Gy <1

e
o




Symmetry 2022, 14, 592 18 of 27

Then:

ST

1
_ ’C‘“Kgﬁn--r«gﬁ;«(%:1(*9@))

CIVq— ROFHM™ (#1, %, ..., t,) a
1 1
ENEAS NENEAN
7 7 (2 7 7 H
1- I 1- || LM, 1= I 1| | I M,
1561= =Gy <H 0=1 : 161 =0 <Gy <H 0=1 )
15 1 &
27[(1 1 T o 170 C 1 1 T et %D <
- (O Ty iy (T #30g,)T) D) 0= (i ey 1= 2 ) D) 1
- 1 1
INEAYE INE-AYC
7 O\ )7 i AN
I 1- {11 1—(/\@@) , ul 1- (11 1—(/\/%)
161 =0 =0y s 0=1 1K61=m =Gy S 0=1 )
1 1
U - 9 % b o U + 9 % B c
egzn[(l—hg“{ ,,,,, =<cp<H (1_(1_[‘7:1 (1_(%\%@) N ) r<H1§g1<,.,./<g;1<y(1_(HQ:1(1_<‘{’Ngg) N )]
O
Appendix B
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Appendix C
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By using the SV, we obtained that:
(1) T£5(k) > S(e)), then:

}7 %
= [1- I 1-— [T M
1561 =<6y <p o0=1 :

CIVq— ROFHM" (#1,4,,..., %) = CIVq — ROFHM) (¢],¢,, ..., )
) T£5(k;) = S(¥,), then H(t;) = H(E]), then:

CIVg— ROFHM"™ (t;,%,,...,¢,) = CIVq — ROFHM (¢, ¢),...,€,)
O

Appendix D

Proof of this Property 3. Based on Proposition 1 and 2, then:

CIVq— ROFHM™ (ty,%,,...,,) = CIVq — RFHM{) (e;,e;,. . ,fe;) =t

CIVq— ROFHM") (t1,&, .., &) < CIVq — ROFHMU (&8, &) = ¢+
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Finally, we have:

¢~ < CIVqg— ROFHM") (b1, 8y, ..., 8,) < ¢
O

Appendix E

Proof of this Property 4. From above, we know that (€],€,...,¢,) is a permutation of
(b1, 82,...,8,), then:
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Then:

CIVq— ROFHM" (t,%,,...,¢,) = CIVqg— ROFHM™) (¢ ,&),...,¢,) .
O
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Appendix G

Proof of this Property 5. Suggested £ = £, then for 1 < 7 < u, we have:
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Appendix H
Proof of this Property 6. When M., = MIQ/Q_'QDXAW = (P;/I//’ M;—q — M’g’g—&-,
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Using the tool of SV and AV, then:
1. 1£5(k) > 5(¢!), then:

CIVq— ROFWHM (8, %,,..., ) = CIVg — ROFWHM (¢] €, ..., &)

2. IfS(k) = S(¥), then if H(t;) = H(€!), then:
CIVq— ROFWHMW) (¢,%,,..., ) = CIVqg — ROFWHM® (€], ¢;,... &)
For y§ = u, the proof is similar.

Appendix I

Proof of this Property 7. Based on Proposition 5 and 6, such that:

CIVq— ROFWHM (b1, b, .., ) = CIVg — REWHM (¥, 8, ... b ) = £
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CIVq— ROFWHM (b1, b, .., ) < CIVg — ROFWHM (¢ ¢, &) = ¢

Then:
¢ < CIVqg— ROFWHMW (g1, 8y, ..., 8,) < €

For 1 = y, the proof is similar.
Appendix ]

Proof of this Property 8. By hypothesis, we obtained:

1 1
D11, <cy=p (1 — Y1 ‘bgg) (®Z:1 (Egg)) " @1z <e<n (1 — Yo ‘be:g) (®Z:1 (qu)) !
Ci G
Therefore, CIVq — ROFWHM) (¢, 8,,...,,) = CIVq— ROFWHM) (¢], €, €,).
O
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