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Abstract: In recent decades, the hesitant fuzzy set theory has been used as a main tool to describe the
hesitant fuzzy phenomenon, which usually exists in multiple attributes of decision making. However,
in the general case concerning numerous decision-making problems, values of attributes are real
numbers, and some decision makers are hesitant about these values. Consequently, the possibility
of taking a number contains several possible values in the real number interval [0, 1]. As a result,
the hesitant possibility of hesitant fuzzy events cannot be inferred from the given hesitant fuzzy set
which only presents the hesitant membership degree with respect to an element belonging to this
one. To address this problem, this paper explores the axiomatic system of the hesitant possibility
measure from which the hesitant fuzzy theory is constructed. Firstly, a hesitant possibility measure
from the pattern space to the power set of [0, 1] is defined, and some properties of this measure
are discussed. Secondly, a hesitant fuzzy variable, which is a symmetric set-valued function on
the hesitant possibility measure space, is proposed, and the distribution of this variable and one
of its functions are studied. Finally, two examples are shown in order to explain the practical
applications of the hesitant fuzzy variable in the hesitant fuzzy graph model and decision-making
considering hesitant fuzzy attributes. The relevant research results of this paper provide an important
mathematical tool for hesitant fuzzy information processing from another new angle different from
the theory of hesitant fuzzy sets, and can be utilized to solve decision problems in light of the hesitant
fuzzy value of multiple attributes.

Keywords: hesitant possibility measure; hesitant fuzzy variable; hesitant possibility distribution;
hesitant fuzzy graph; hesitant credibility graph

1. Introduction

The hesitant fuzzy set, which is an extended version of the fuzzy set [1], is charac-
terized by hesitant membership grades that contain several possible real numbers in an
interval [0, 1] [2], and is illustrated by decomposition theorems and extension principles
concerning this concept [3]. In the 2010s, the theory and application in respect to the
hesitant fuzzy set were investigated for making a group decision. For one thing, Xia et al.
introduced some operators with respect to hesitant fuzzy sets and utilized these operators
to deal with hesitant fuzzy information [4]. For another thing, on the basis of the assump-
tion that elements of a hesitant fuzzy set are increasingly arranged and the length of two
elements is the same, Xia et al. proposed some distance measures of hesitant fuzzy sets [5].
Consequently, they considered connections of these measures and presented several kinds
of similarity measures for hesitant fuzzy sets [6]. After that, Xia et al. extended the pref-
erence relation to the hesitant fuzzy case and introduced some relevant properties [7].
Zhang et al. developed the normalization extension and group extension concerning the
hesitant fuzzy preference relation for describing the consensus process in terms of hesitant
fuzzy information [8,9]. Zhu et al. defined a consensus index for measuring the agreement
between the group and arbitrary individual hesitant fuzzy preference relation considering
hesitant fuzzy attributes [10]. Xu et al. introduced a consensus model with respect to the
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hesitant fuzzy preference relation and presented feedback mechanisms [11]. Zhang et al.
established some consistency models in order to obtain missing elements for incomplete
hesitant fuzzy preference relations. In addition, some aggregation operators have been
introduced to fuse hesitant fuzzy sets in decision making [12-16]. These operators are able
to provide powerful guarantees for decision makers to handle complex situations. In order
to determine better group decisions, some methods based on hesitant fuzzy sets or the
extended hesitant fuzzy sets have been introduced, for instance, the hesitant fuzzy TOP-
SIS [17], m-polar hesitant fuzzy TOPSIS approach [18], hesitant fuzzy PROMETHEE [19],
hesitant fuzzy ELECTRE [20], hesitant fuzzy VIKOR [21], hesitant fuzzy TODIM [22],
hesitant fuzzy QUALIFLEX [23], hesitant N-soft sets decision method [24], necessary and
possible hesitant fuzzy sets method [25], dual extended hesitant fuzzy sets method [26],
hesitant fuzzy N-soft sets method [27] and hesitant fuzzy LINMAP [28].

In recent years, the hesitant fuzzy set theory has been used as a main mathematical
tool to describe the hesitant fuzzy phenomenon in the research of multiple attributes of
decision making. However, a hesitant fuzzy set only presents several possible values on
the unit interval [0, 1], which defines the hesitant membership of an element belonging
to this hesitant fuzzy set, and the hesitant possibility of hesitant fuzzy events cannot be
inferred from the given hesitant fuzzy sets [2]. Because it is the general case that the value
of an attribute is a real number in multiple attributes of group decision making problems,
decision makers are hesitant about this real number corresponding to the attribute, that is,
the possibility of taking this real number contains several possible values in the interval
[0, 1]. In this situation, the hesitant fuzzy model is more appropriate to describe hesitant
fuzzy events. On the one hand, probability measures can explain the probability of the
occurrence of random events and a random variable is essentially a measurable function
from the probability measure space to the real value line [29]. On the other hand, as a pair of
dual measures, the possibility measure and necessity measure can show the possibility and
necessity of fuzzy events, and the basic concept of fuzzy theory is a fuzzy variable, which
is a measurable function from measure space to the real set. Similarly, a credibility measure
is the self-dual fuzzy measure, which can measure the credibility of fuzzy events [30-32].
Therefore, the axiomatic system with respect to the hesitant possibility of hesitant fuzzy
events has important theoretical significance in the study of the hesitant fuzzy phenomenon;
this axiomatic framework is based on the hesitant fuzzy variable, which is a symmetric
set-valued function with respect to the union operation of the hesitant fuzzy variable, and
can provide theoretical support for hesitant fuzzy information processing.

In this paper, the main contributions include several points: (1) Proposing a hesitant
possibility measure, a hesitant necessary measure and a hesitant credibility measure and
studying some properties with respect to these three set-valued measures. (2) Defining a
hesitant fuzzy variable on the hesitant possibility measure space, and discussing the distri-
bution of this variable and one of its functions and listing several common hesitant fuzzy
variables, including triangle, trapezoid, normal and exponential types. (3) Introducing the
concept of the hesitant fuzzy graph based on the proposed hesitant fuzzy variable. The rest
of this paper is structured as follows: In Section 2, preliminaries are illustrated. Section 3
presents the axiomatic system with respect to the hesitant possibility of hesitant fuzzy
events. Two applications are showed in Section 4. Some conclusions and future works are
stated in the final section.

2. Preliminaries

Definition 1 [33]. If T is a domain of discourse and I is any index set, an ample field A is a
collection of subsets of I' with the following conditions:
1) TedA
2 AcA=T\Ac A
B3 BieAkel= kUIBk e A.
S
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(T, A) is called an ample space. Evidently, (T, P(T)) is a special ample space in which P(T) is the
power set of T.

Definition 2 [34]. Let (T, A) be an ample space. A fuzzy measure on an ample field A is defined
by a function y from A to [0, co] with two conditions:

L) pe)=0
(2 Bi1€A,Bye A By CBy= u(B1) < u(By).

Particularly, p : A — [0, 0] is called the lower semicontinuous when:
By€ An=12,By CBy C---= limu(By) = p(U;LBn).

i A —[0,00] is called upper semicontinuous when:
B,eAn=12,---,ByDB, D = Jij&oy(Bn) = u(N5_1By).

Definition 3 [35]. Let (I, A) be an ample space T and I be an arbitrary index set. A set function
Pos : A — [0,1] is called the possibility measure on A when the following conditions hold:
(1) Pos(¢) =0,Pos(T') =1;
(2) By € A, k € I= Pos(UgeBy) = supPos(By) .
kel

The triple (T', A, Pos) is defined as a possibility measure space. Set functions Nec : A — [0,1]
and Cr : A — [0,1] are, respectively, called the necessity measure and credibility measure
on A if the following formulas hold for the arbitrary set B € A.

Nec(B) =1 — Pos(B°)

Cr(B) = = (Pos(B) + Nec(B))

N —

Definition 4 [36]. The T norm is a binary operation T from [0,1] x [0,1] to [0, 1], and it satisfies
the following formulas for three real numbers tq, tp and t3 on [0, 1].

(1) T(tl/ t2) = T(tZI tl)/

@) T(t,T(t2t3)) = T(T(t1, t2), t3);

@) h<ts=T(h t) < T(t, t3);

@) T(t,1) = t1, T(t,0) = 0.

Similarly, S:[0,1] x [0,1] — [0,1] is called the S norm if several conditions are satisfied for
arbitrary t1,tp,t3 € [0,1].

(1)  S(t,t2) = S(t2, t1);

(2) S<tl/ S<t2/ t3)) = S<S(tl/t2)/t3>/

() tra<t3=S(t,t) <S(t,t3);

4) S(tl,l) = 1,S(t1,0) = 1.

3. Hesitant Fuzzy Variable and Its Distribution

In this section, the order relation “ < ” on P([0, 1]) is introduced. Let A, B € P([0,1]),
so A < B means that:

(1) Forxg € A, yo € Bexists with xg < yo;
(2) Foryp € B, xg € A exists with xy < yp.

When A, B € T, operations A + B and A X B are presented in the following formulas.
A—I—B:{S(tl,tz)‘tlEA,szB} )

AXBI{T(tl,tz)‘ﬁEA,szB} 2)
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3.1. Hesitant Possibility Measure Space

Definition 5. Let (T, A) be an ample space, P([0,1]) be the power set of [0, 1] and I an index set.
If the following conditions are satisfied, a set-valued set function Posy : A — P([0,1]) is called
the hesitant possibility measure on A.

(1) Posu(¢) = {0}, Posu(T) = {1};

(2) By e A ke I= Posy(UgeiBy) = {sup{tk |t € POSH(Bk)}} .
kel

Any By € Aisahesitant fuzzy event, and the triple (T, A, Posyy) is a hesitant possibility
measure space. In this paper, the finite real values of [0, 1] are discussed with respect to
the hesitant possibility measure Posy, which is a symmetric mapping with respect to the
union operation of subsets in an ample A. Particularly,

(1) For two sets B; € A and B, € A, the following formulation holds, where B; and B,
are mutually independent:

POSH(Bl N Bz) = {tl Nty

t € POSH(Bl)
t) € POSH(Bz)

(2) A hesitant necessity measure Necy from A to P([0,1]) is presented for arbitrary
Be A
Necy(B) = {1 —t|t € Posy(B°)}

(3) A hesitant credibility measure Cry from A to P ([0, 1]) is defined for arbitrary B € A:

Cra(B) = { 3 +12)

t € POSH(B),fz S NECH(B)}

The triple (I, A, Cry) is a hesitant credibility measure space. By Definition 5, some
properties of hesitant possibility measure were discussed on the basis of a theorem.

Theorem 6. A hesitant possibility measure Posyy on an ample space (T, A) had the following properties:
(1) Monotonicity:

B € A B, € AB; C B,=> POSH(Bl) < POSH(Bz).

(2) Boundedness:
B € A= {0} < Posy(B) < {1}.

(3)  Lower semicontinuity on a closed interval set sequence{Posg(By) }:
B,eAn=12,---,BjCB C--,=> r}grgoposH(Bn) = Posy(U;”_1By).
(4) Strong subadditivity:

Bi€ A B e A= POSH(B1 U Bz) + POSH(Bl N Bz) < POSH(B1) + POSH(Bz).

Proof.

(1) Monotonicity.

t € Posy(By)
th) € POSH(BZ — By

) }: Posp(By U (By — By)) = Posy(By).

(2) Boundedness. According to (1), it was evident that the boundedness held.



Symmetry 2022, 14, 1184

50f17

(3) Lower semicontinuity. The following topology was introduced:

t = lim (¢
dm (tn,)

S Posy (By)

t= lim (t) }

Jgr;osupPosH(Bn) = nglkgnPOSH(Bk) = {t € [0,1]

nl1_r>ro101anosH(Bn) = nglenPosH(Bk) = {t € [0,1]

Evidently,

hmmfPosH(Bn) =0 N Posy(Bg)C N U Posy(By) = hm supPosH(B ) 3)

n=1k=n n=1lk=n

Therefore, the following aspects were discussed:

(a) U ﬂ POSH(Bk) < POSH< oleBk>.

n=1k=n
By relation B, € A,n = 1,2,---,B; C B, C ---, we had r}gl’olo(Bn) = kL:JlBk, and

according to the monotonicity of Posg(By), the following relation was true.

Posy(B1) < Pospy(Bz) < - -+ < Posp(By) <

8

Therefore, for any k € N, the inequation Posg(By) < Posy <k )

) held. Thus,

D8

k=n

Posp(Bg) < Posy <k3 Bk>,

o oo 4)
U N Posy(By) < POSH( U Bk)
n=1lk=n k=1

8»—-

(b) POSH (kBlBk) < ﬂ U POSH(Bk)

n=1k=n

By the monotonicity of Posy and the condition

Posy (kﬁlBk> = {sup{tk |t € POSH(Bk)}}
= k

we obtained y,, € Posg(By,) with relation y,,; < yp, < -+ < yp, -+, and t <y, for

k < ny. Thus, sup{ty |ty € Posy(By)} < klimynk. In other words, when Vty € Posy (ktlek)
k — 0 =

Yo € ﬁlkﬁ Posp(Bg) had to exist with tg < yp. Similarly, when Vy, € ﬁlkﬁ Posy(Bg),
n=I1Kk=n

n=1Kk=n

to € Posy <koleBk> had to exist with ty < yg. Therefore

Posy <koleBk> < A U Posyy(By) (5)

n=1k=n

() U N Posy(By) = A Posp(Bg).
n=lk=n n=lk=n

According to Equation (1), we needed to prove OLj Or% PosH(Bk) > ﬁ 8 PosH(Bk).

Lette N U Posyy(By), thatis t = 11m tnk, tn, € PosH(Bnk) k > 1. The constructive proof

n=1lk=n
was used for t € Ulkﬂ Posy(By) in the following steps, that is, we chose t, € Posy(B,) in
n=1k=n
order to obtain t = lim ¢;,.
n—oo
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Supposing |tnk — t| < efork > ko, whenn < ny,, we selected an arbitrary ¢, € Posy(By).
When n > Nkos k > ko; therefore we consider the two cases. For one thing, when tne < tugqs
tngs tng+1,tn 12, , tn,,, Was complemented by t,, and the following method.

tnt1 = irylf{tnk Vyly € Posy(By11) };
tnt2 = i?f{tnk+1 Vyly € Posy(By12) };
tnk+3 = il;f{ti’lk+2 4 y’y € POSH(Bnk+3) }/

tugy = irylf{tnkﬂ_l Vy|y € Posy(By,,) }-

Based on the conditions,

t € Posy(B
By, C By i1, Posp(By+1) = Pospy(Bu, U By, 1) = {t\/y’ H(Buw) }

y € Posy(By, 41)

The above process was possible. For another thing, when t,,, > t;,,, we could obtain
Yn, € Posg(By,) with y,, <ty based on Posg(By,) < Posg(By, +1); therefore, we let

tw, = Yn, and repeated the completion of the first case such that t,,, [REE ) NS, YECE R
From the above process of constructing {t, }, we had |t, —t| < e whenn > 1, that is,

o0 o0
t=limt, = limt, € N U Posy(B
k—o0 "k n—oo " n=1lk=n H( k)

Thus, Olekofi Posy(By) = ﬁlkﬁj Posp(Bg). According to the above, the lower semicon-
n=1lk=n n=1k=n
tinuity was true based on Equations (3)—(5).

(4) Strong subadditivity.

We let u € Posy(B1 U By),z € Posy(By N By), and from the definition of the hesitant
possibility measure, we had x1,x2 € Posy(B1), y1,¥2 € Posg(Bz) with u = x1 Vyy,
z = x3 A\ Y. By the order relation on the operation of Formula (1) and the definition of the
S norm, the following result could be obtained.

S(x1,x2 Ay2) < S(x1,42)

<S
S(uzz) = S(xl V1, x2 M/z) —{ S(y1,x2 /\]/2) < S(y1,x2) _ 5(x2,y1)

Thus, Posy(B1 U By) + Posy (B N By) < Posy(By) + Posy(B;) and the strong subad-
ditivity were proved. [

Theorem 7. A hesitant necessity measure Necy on an ample space (T', A) has the following properties.
(1) Monotonicity:

BieA B,e ABy C By= NECH(Bl) < NECH(BQ).

(2) Boundedness:
B € A= {0} < Necy(B) < {1}.

(8)  Upper semicontinuity:
B,cA n=12,---,Bi>B, D> ,= ,}i_r)r;oNecH(Bn) = Necy(N5_1Bn).
(4) Weak superadditivity:

By € A, By € A= Necy(By1 UBy) 4+ Necy(B1 N By) > Necy(By) + Necy(Bo)
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Proof.
(1) Monotonicity.
Welet B; € A, B, € Aand B; C By, which gave us

Necp(B1) = {1—t|t € Posy(BS)} = {1—t|t € Posy(BSU (B —BS))}

t; € Posy(BS)
= {l — (1 Vi) t € POSH(B% . BE) < {1 - t1’t1 € POSH(BE)} = Necy(B))

(2) Boundedness.

From the above (1), boundedness was easily proved.
(3) Upper semicontinuity.

According to B, € A,n=1,2,--- ,By DBy D> ---,wehad {B;;} CI,B{ DB D ---.
Since the hesitant possibility measure Posy satisfied the lower semicontinuity, we had

lim Posy (B) = Posy (U1 By;) = Posy ((Nf=1Bx)°)

n—oo

Thus,

Tim Necyy(B,) = lim {1~ t|t € Posy(B5) } = {1 —t‘t € lim Posy (B, }
= {1—t|t € Posys (N2 Ba)°) } = Neer(N5,By)

(4) Weak superadditivity.

We let u € Necy(By U By), z € Necy (B N By), and by the definition of the hesitant
necessity measure, u; € Posy(B{ N BS), xo € Posy(Bf) and y, € Posy(Bj5) existed, such
that u =1 — uq, z = x2 A yp. On the basis of the monotonicity hesitant possibility measure
Posy, we obtained Posy (Bf N BS) < Posy(BS) and Pos (B N BS) < Posy(Bj); therefore,
x1 € Posy(Bf) and y; € Posy(B5) existed with uy < x1, u; < yj and uy < xq Ay;. From
the order relation on P([0,1]), Formula (1) and the definition of S norm, hawse had the
following result.

S(u,z) =S(1—uy,1—xVyz) >S(1—x1 Ay, 1 —x2 Vo)
:{ S(1—x1Ay1,1—x2) >S(1—y1,1—x2) =S(1—x2,1—11)
S(l—x1 /\yl,l—yz) > S(l—xl,l—yz)

Thus, NECH(B1 U Bz) + NecH(B1 N Bz) > NecH(Bl) + NeCH(Bz). [l

Theorem 8. If (T, A, Necy) is a hesitant credibility measure space, the following results hold.
(1) Cru(¢) = {0}, Cru(I) = {1}.

(2)  Monotonicity: By € A,By € ABy C By= Cry(B1) < Cry(Ba).

(3) Boundedness: B € A= {0} < Cry(B) < {1}.

(4)  Weak duality: B € A= Cry(By) + Cry(Bf) < {1}.

5) BieA B e A= CTH(Bl U Bz) > CT’H(Bl) X CTH(Bz) .

Proof.

(1) According to the definition of the hesitant credibility measure Cry, we could easily

obtain Cry(¢) = {0}, Cry(T) = {1}.

(2) Monotonicity.

We assumed that By € A, B, € A, By C By and xg € Cry(By), by the definition of
Cry(B1),t € Posy(By), ta € Necyy (By) existed, such that xg = 4 (t + t). According to the
monotonicity of Posy and Necy, u € Posg(By) and v € Necy(By) existed with £ < u and
tr <. Thus, xg = %(tl +1) < %(u +0) € Cry(B,) and we let yy = %(u + v). Therefore,
if xo € Cr(B1), yo € Cru(Ba) existed, such that xg < yo. Similarly, if yo € Cry(Bz),
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xo € Cry(By) existed, such that xp < yo. As a result, Cry(B;) < Cry(By) by the order
relation “ < ” on power set P ([0, 1]).

(3) Boundedness.
According to the above (2), boundedness could be easily proved.
(4) Weak duality.

According to Formula (1), CT’H(B) +CVH(BC) = {S(tl,tz) | € C?’H(B), t) € CT’H(BC)}.
Therefore, for any xg € Cry(B) + Cry(B°), t1 € Cry(B)t, € Cry(B°) existed with
xg = S(t1,t2). Moreover, from the definition of the hesitant credibility measure Cry,
x € Posy(B), y € Necy(B), u € Posy(B®) and v € Necy(B¢) existed, such that t; =
Jx+y)and t, = L(u+0).

Thus, xg = S(t1,t2) = S(3(x +y), s (u+0)) <SG (x+y),1) = 1.

Therefore, Cry(B) + CrH(BC) < {1}.

(4) We proved the fifth property.
According to By € A, B, € A, Cryy(B; UBy) and Posy(B1 U By), we had

Up,uUB, € POSH(Bl UBz) }
UB,UB, € NECH(Bl U Bz)
uy € Posy(B)

up € Posy(Ba) }

Cry(B1UBy) = { 1 (ug,up, +vB,UB,)

POSH(Bl U Bz) = {MA V ug

From the monotonicity of the hesitant necessary measure Necy, we obtained
U, € NECH(Bl) and vg € NECH(Bz),

such that vp, < vp B, and vp, < vp,uB,. Thus,

3 (uB,0B, + UB,UB,) ((up, Vup,) + UBluBz) = 3 (up, +vB,uB,) V 3 (4B, + VB,UB,)
(up, +vB,) V 3 (uBz +vg,) (”31 + UBl) A5 (up, + vB,)

>
! 5 (up, + UBl), 5 (up, + s, ) ) X Cry(By).

(AVARAVARI
NI

~ NN

Therefore, the proof of property (5) was completed. [J

Example 1. Let I = {1,2,3}, By = {1}, B, = {2}, B3 = {3}, B4 = {1,2}, Bs = {1,3}, Bs =
{2,3}, A= P(F): {(P, B1, By, B3, By, Bs, Bg, F}, POSH((P) = {0}, POSH(Bl) = POSH(B4) =
{0.6,0.7} and Posy(B3) = Posy(Bs) = Posy(Bg) = Posy(T') = {1}, Posy(By) = {0.3,0.4}.
It is evident that this is a hesitant possibility measure, and has the following formulas.

o o o X € POSH(B4)
Posyy(By ﬂB5) = POSH(Bl) = {0.6,0.7} = {X/\y ye POSH(B5) },
_ _ x € Posg(By) | _
POSH(B4 N B6) = POSH(Bz) = {0.3,0.4} # {x N ye POSH(B6) = {0.6,0 7},

Posy(Bs N Bg) = Posyy(Bs) = {1} = {x/\y

VRS POSH(B6)

From the definition of independence among hesitant fuzzy events, By, Bs is mutually
independent, and Bs, Bg is the same as By, Bs. However, By, Bg is not mutually independent.
In addition, from the definition of the hesitant necessity measure and hesitant credibility
measure, we could have the following formulas:
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Necy(T') = {1}, Necy(B3) = Necy(Bg) = {0.3,0.4};

Necy(B1) = Necy(By) = Necy(Bs) = Necy(¢) = {0}, Necy(Bs) = {0.6,0.7}, Cryy(¢) = {0};
CT’H(F) = {1}, CTH(Bz) = {0.15,0.2}, CI”H(Bl) = CT’H(B4) = {0.3, 0.35};

CT’H(B3) = CFH(Bé) = {065, 07}, CT’H(B5) = {08,085}

3.2. Hesitant Fuzzy Variable

Definition 9. Suppose that (I', A, Posy) is a hesitant possibility measure space, R is the real
number set and P (R) is the power set of R. A real-valued function & : T — R is a hesitant fuzzy
variable if, and only if, {y|C(y) <t} € A forany t € R. Especially, for any B € P(R), a
set-valued mapping is defined as follows:

Posyz(B) = Posy{y € T|¢(v) € B} (6)
Therefore, we had the following theorem:

Theorem 10. The set-valued mapping based on Equation (6) is a hesitant possibility measure on

P(R).

This result was proved if Posyg(B) satisfied the conditions of the hesitant possibil-
ity measure.

Proof.

(1) The following formulas evidently held.

Pospz(¢) = Posu{y € TI5(7) € ¢} = {0},
Pospz(R) = Posy{y € T|¢(7) € R} = {1}.

(2) For arbitrary B; € P(R),i € I, we could obtain

Posyz(UierBi) = Posp{y € T[¢(7) € Uie1Bi }
= Posy(Uier{r € T|¢(7) € B; })

- spllo{xi\xi € {yeTl|¢(y) €Bi}}
IS

sup{xi|xi S POSHCBZ'}
i€l

Therefore, Posyz : P(R) — P([0,1]) is a hesitant possibility measure on P(R). When
t € R, we defined the following function on the basis of the hesitant fuzzy variable
¢ : T — R with respect to the hesitant possibility measure space (I', A, Posg;).

pe(t) = Posy{y € T|¢(y) =t} 7)

Thus, a hesitant possibility measure Posyz on P(R) was determined by Equation (7)
with the following formula:

Posyg(B) = {st:g{xt|xt € yg(t)}}VB € P(R).

Therefore, from an original hesitant possibility measure space (I', A, Posy), a new
hesitant possibility measure space (R, P(R), Posgz) was induced by using the hesitant
fuzzy variable ¢ on the space (I, A, Posy ). Moreover, the hesitant fuzzy variable could be
studied according to the induced hesitant possibility measure space (R, P(R), Posyg). As
a result, we had the definition of the hesitant possibility distribution. [J
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Definition 11. The set-valued function g (t),t € R defined by Equation (7) is called the hesitant
possibility distribution of the hesitant fuzzy variable .

eryg(t) x
Hue(t)

ous, where #}i¢(t) on behalf of the number of elements in p¢(t), and

If is a continuous real-valued function, a hesitant fuzzy variable ¢ is continu-

er Vﬁ,(t) x
g (t)
with respect to elements x in yz(t) when t real variables are determined. For instance,

is symmetric

let uz(t) = {xn,x12,--- , xm}(t € R) and {xt(l),xt(z),~ . ,xt(n)} be a permutation of
{%Xs1,Xs2, - - - , Xsn }; then, one would have the following formula.

eryg(t) X xptxptccctxm Xi(1) + Xt(2) + -+ Xt(n)

#ug(t) #ug(t) #ue(t)

¢ is discrete if X = {to,t1,t2--- } is the set of all values of the hesitant fuzzy variable ¢
on the space (T, A, Posy), and let y; = Posy{¢ =t;}(i = 0,1,2,---).Thus, the hesitant
possibility of hesitant fuzzy events related to a discrete hesitant fuzzy variable can directly
be determined by the hesitant possibility, such as

Pospg{a <& <b} = { sup  {xj|x; € Vi}}f

ie{j\a<t]-§h}

Pospe{¢ > a} = { sup {xi[x; € ﬂi}}-

iefj|t;>a}

Similarly, for a continuous hesitant fuzzy variable ¢, we could obtain the same results
by the hesitant possibility distribution ¢, for instance

Pospe{¢ > a} = {sup{xu |xu € yg(u)}}/

u>

Necye{¢ > a} = {1 —x|x € Pospe{¢ <a}} = {1 —itils{xﬂxu IS yg(u)}},

x € {stip{xu |xy € H@’(”)}}

Crug{¢ >a} = { 3(x +)
ye {1 —ili}z{xulxu € Vg(u)}}

where Posp{¢ > a}, Necyz{C > a} and Cryg{G > a} are, respectively, called the hesitant
possibility, hesitant necessity and hesitant credibility of the hesitant fuzzy event ¢ > a.

3.3. Several Common Continuous Hesitant Fuzzy Variables and Their Distribution

Example 2. The hesitant possibility distribution pg(t) of triangle hesitant fuzzy variable ¢.

h o <t<t

ery GRS tzft}
TR B <t
H#ux(t B 2= 3
#g( ) 0 else

where t1 < ty < t3, and is shorthand for (t1,tp,t3)y. For instance, the hesitant possibility
distribution of (2,6,8); is showed in Figure 1.
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Figure 1. Hesitant possibility distribution map of (2,6, 8) .
Example 3. The hesitant possibility distribution pg(t) of the trapezoidal hesitant fuzzy variable ¢.

t—t
e h<t<h

eryg(t) X o 1 ty <t<ts
#yé(ﬂ ti4:tt3 f3<t<ly
0 else

where t; < ty < t3 < ty, and is shorthand for(t1, ty, t3,ts) . For instance, the hesitant possibility
distribution of (2,4,6,8); is showed in Figure 2.

Figure 2. Hesitant possibility distribution map of (2,4, 6,8) ;.

Example 4. The hesitant possibility distribution pg(t) of the normal hesitant fuzzy variable ¢.

Y, X _(=w?
%:e{ = }:exp{_(t_lx)Z/az}tER

where & € R, o > 0, and is shorthand for (oc, (72). For instance, the hesitant possibility distribution
of (5,32) is showed in Figure 3.
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Figure 3. Hesitant possibility distribution map of (5,32).
Example 5. The hesitant possibility distribution pg(t) of the exponential hesitant fuzzy variable ¢.

ZXG]J@(t) X At
—_— = = eX —Attt e R+
g (t) pi-A)

where A > 0, and is shorthand for A. For instance, the hesitant possibility distribution of A = 2 is
showed in Figure 4.

L
05

Figure 4. Hesitant possibility distribution map of A = 2.

3.4. The Distribution of Functions of Hesitant Fuzzy Variable and the Distribution of Sum of
Hesitant Fuzzy Variables

Theorem 12. Provided that(T, A, Posy)is a hesitant possibility measure space,¢ is a hesitant fuzzy
variable, and g is a real-valued function; then, g(&) is also a hesitant fuzzy variable, and its hesitant
possibility distribution is presented as follows.

Ho(e) () —{ sup {xu}

ueg1(x)

xueww»ueg%m}

Proof. From the above conditions, we had

3(8):T =R, and {g(2) = ¥} = Uyeg 1 {E=u} C A
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Therefore, g(¢) was a hesitant fuzzy variable; thus,

He(e) (%) = Posu{g(2) = x} = Posu{ Uyegrn {6 = } }

= sup {x,}|xy € Posy{g =U},u € g '(x)
ueg1(x)

=3 sup {mu} € pplu)u e g-l<x>}

ueg=(x)
O
Theorem 13. Supposing that (I, A, Posyy) is a hesitant possibility measure space, & and 1 are

mutually independent hesitant fuzzy variables, then ¢ + 1 is also a hesitant fuzzy variable, and its
hesitant possibility distribution is presented as follows.

uy € pe(x) } }

up € py(z —x)

Proof. According to conditions, we obtained ¢ +# : I' = R and

ue {ul/\uz

peiy(z) = {sgp{u}

gHn=zt={{c+n=23nT}={{g+n=2pnU{E=x}}=U{e=xc+y=2} C A
Therefore, ¢ + 1 is a hesitant fuzzy variable; thus,

Posu{g+n =2} =Posu{{¢+n=2}NT}=Posu{{¢+y=2}NU{g=x}}
= PosH{LJ_(J{@ =x,¢+n= z}} = PosH{%cJ{gf =x1= z—C}}
= {sgp{u}u € Posy{C=xn=2z— C}}

ot fu ol LERET ) )
— {slip{u} ue {ul AU Z; E ﬁig) x) }}

0

4. Application of Hesitant Fuzzy Variables

In this section, we introduced two examples to show how hesitant fuzziness can be
used to model for hesitant fuzzy graph and hesitant fuzzy group decision making.

4.1. Hesitant Fuzzy Graph Based on Hesitant Fuzzy Variable

The complexity of thinking and the cognitive differences among people have deter-
mined that it is difficult for people to reach an agreement on the same issue, they often
have different views and, finally, they show a hesitant state. How can we more objectively
reflect people’s different preferences and hesitations, and how close can we come to the
real thinking mode of human beings. References [37-40] utilize the hesitant fuzzy set to
describe the degree of hesitation in the human thinking process, while this paper, from
another perspective, shows people’s hesitation more flexibly. This section mainly discussed
the application of the hesitant fuzzy variable in simulating human subjective thinking and
proposed a hesitant fuzzy graph according to the hesitant fuzzy variable.

Definition 14. Suppose that G = (V,E) is a graph, V. = {vq,va, - - - , v, } is a vertex set of the
graph G, E = {e;;} is an edge collection, (V x V,P(V x V), Posy) is the hesitant possibility
measure space and ;; is a hesitant fuzzy variable on (V x V, P(V x V), Posy). If edges e;; of the
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graph G = (V,E) are presented by &;j, G = (V, E)is called the hesitant fuzzy graph, which is
shorthand for G = (V, Eg, Posy).

From the above definition, the hesitant fuzzy variables show the existence and the
hesitant fuzzy degree of vertexes and, in this sense, it can more objectively simulate the
hesitant fuzzy degree in people’s thinking process. When ¢;; = 1, it explains that there is an
edge ¢;j and its hesitant possibility is Posy {&;; = 1} € P([0,1]); when ¢;; = 0, it explains
that there is no edge e;;, and its hesitant possibility is Posg {¢;; = 0} € P([0,1]).

Therefore, a hesitant fuzzy graph consists of two components, the first one being the
topological structure of the graph and the other one being the distribution table of the
hesitant fuzzy variables corresponding to edges. For instance, Figure 5 shows the topology
of a hesitant fuzzy graph, and Table 1 shows the distribution table of the related hesitation
possibility and hesitation credibility.

Sio

G4

Figure 5. A hesitant fuzzy graph containing 4 vertexes.

Table 1. The possibility and credibility distribution table of hesitant fuzzy graph.

Hesitant Fuzzy Distribution Value 12 ¢13 &oa N
. - . 1 {0.8,0.9} {0.2,0.3} {1} {0.6,0.7}
Hesitant possibility distribution 0 1) 1) 0.3,0.4,0.45} i1
. S . 1 {0.4,0.45} {0.1,0.15} {0.7,0.8,0.85} {0.3,0.35}
Hesitant credibility distribution 0 {0.55,0.6) {0.85,0.9) 0.15,0.2,0.225) (05,07}

4.2. Group Decision Making Based on Hesitant Fuzzy Variable

It could be potentially significant to describe a subjective opinion with hesitation by
using hesitant fuzzy modelling. One of the most general situations is that a clear opinion
of an individual is not necessarily on a practical question, but their hesitant feeling is
stronger than others. In this sense, an individual’s hesitant judgement about an issue may
be characterized by a hesitant fuzzy variable. As an example, a company manager may
want to determine a collective opinion of his subordinates in regards to the quantity of
allocated money, which applies to research and development activities. Let §; = {number
of money the subordinate i should be put into research and development activities}. The
hesitant possible distributions of §;(i = 1,2, 3, 4,5, 6) might be as follows.

{0.05,0.1} x < 200,000
{0.1,02} 200,000 < x < 400,000
~]{02,03,04,} 400,000 < x < 550,000
M () =\ 10.8,09,1.0} 550,000 < x < 700,000
{0.3,04} 700,000 < x < 900,000

{0.0,0.05} 900,000 < x
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{0.02,0.05} x < 150,000
{02,031 150,000 < x < 350,000
~ ]1{03,04,05,} 350,000 < x < 500,000
M) =0 107,09,1.01 500,000 < x < 650,000
{0.2,04,05} 650,000 < x < 850,000

{0.0,0.02} 850,000 < x

{0.0,0.05} x < 100,000

{0.1,0.3} 100,000 < x < 200,000
{0.3,0.5,} 200,000 < x < 400,000

He(¥) =9 708,10} 400,000 < x < 700,000
{0.1,02,0.4} 700,000 < x < 800,000

{0.0} 800,000 < x

{0.05,0.15} x < 250,000

{01,031 250,000 < x < 350,000
{0.2,04,05,} 350,000 < x < 550,000
Me(¥) = Y 70.7,08,1.0} 550,000 < x < 750,000
{04,051 750,000 < x < 850,000

{0.02} 850,000 < x

{0.05} x < 100,000
{0.2,03} 100,000 < x < 250,000
{0.3,04} 250,000 < x < 450,000

M) =0 [07,09} 450,000 < x < 650,000
{02,0.3,05} 650,000 < x < 800,000

{0.0,0.02} 800,000 < x

{0.05} x < 160,000

{0.2,0.3} 160,000 < x < 280,000
{0.3,0.4} 280,000 < x < 480,000

He(¥) = [07.09} 480,000 < x < 680,000
{0.2,0.3,05} 680,000 < x < 880,000
{0.0,0.02} 880,000 < x

Now, suppose that a manager obtained the hesitant possible distribution describing
the opinion of each subordinate, which is represented by a hesitant fuzzy variable. The
question we deal with is the following: is there a way of making an inference for the hesitant
possible distribution of a hesitant fuzzy variable associated with the group opinion from
the hesitant possible distributions of hesitant fuzzy variables corresponding to the issues of
each subordinate? Where the group opinion is only modeled except for an interactive group
decision, we could assume that there are six constants a1, ay, a3, a4, a5, g With 21-6:1 a; =1,
and a; represent the importance of the ith subordinate’s opinion about the group opinion.
For instance, when 1 = 0.15 and ap = 0.45, the opinion of the second subordinate is
three times more important than the first. We present that the hesitant fuzzy variable
7 = Y% | a;& is a reasonable explanation of the group opinion. As a result, the hesitant
possible distribution of 7 would be inferred by the following steps based on the hesitant
possible distributions of (&1, &2, &3, &4, &5, 86)-

(1) Calculate the hesitant possible distribution of #1&1, denoted as py, ¢, (X).
(2) Compute the hesitant possible distribution of a1¢1 + a»¢, by the given operation in

Theorem 13.

(8) Sequentially perform the operation in the second step for the hesitant possible distri-
bution of 4181 + a2Cs + a3ls + a4y + w585 + weCe-

(4) According to the above, Theorem 4.1 and from the hesitant possible distribution
of 7, the hesitant possibility of {r; < # < ry} can be easily inferred for any —oco <
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r1 < 400, —00 < 1y < 400. where {r; < 7 < r,} may represent the final opinion of
a manager.

Although the introduced example is only a rough description of an application of
the hesitant fuzzy variable in a group decision-making framework, it showed that the
hesitant fuzzy variable concept appears to be convenient for modelling hesitant fuzzy
decision-making problems.

5. Conclusions

This paper introduced the hesitant possibility measure, hesitant necessity measure
and hesitant credibility measure on an ample space (T, .A), and discussed some properties
concerning these three set-valued measures, which, respectively, corresponded to the hesi-
tant possibility measure space, hesitant necessity measure space and hesitant credibility
measure space. On the hesitant fuzzy possibility measure space, a hesitant fuzzy variable
was defined. Consequently, the distribution of this variable and one of its functions were
introduced, including several common hesitant fuzzy variables such as the triangle hesi-
tant fuzzy variable, trapezoid hesitant fuzzy variable, normal hesitant fuzzy variable and
exponential hesitant fuzzy variable. As a result, the axiomatic system with regard to the
hesitant possibility of hesitant fuzzy events was constructed. This axiomatic framework
was based on the hesitant fuzzy variable and could provide theoretical support for hesitant
fuzzy information processing, which was illustrated by two practical applications in the
fourth section of this paper. In the future, according to obtained results of the hesitant fuzzy
variable, the hesitant fuzzy theory could be enriched in digital numerical characteristics
of the hesitant fuzzy variable such as the mathematical expectation, variance, correlation
coefficient, covariance and all sorts of moments. Besides these notions, the multidimen-
sional hesitant fuzzy variable and its distribution are also directions of further research in
the future.
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