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Abstract: Let H be the real quaternion algebra and H™*" denote the set of all m x n matrices over H.
For A € H"™*", we denote by Ay the n x m matrix obtained by applying ¢ entrywise to the transposed
matrix AT, where ¢ is a non-standard involution of H. A € H"*" is said to be ¢-skew-Hermicity
if A = —A,. In this paper, we provide some necessary and sufficient conditions for the existence
of a ¢-skew-Hermitian solution to the system of quaternion matrix equations with four unknowns
AiXi(Ai)g + BiXiy1(Bi)p = Ci, (1=1,2,3), AsX4(Ag)p = Ca.

Keywords: quaternion algebra; matrix decompositions; matrix equations; ¢-skew-Hermicity

1. Introduction

Let R denote the field of real numbers, H be a four-dimensional vector space over R
with an ordered basis {1,1,,k}. A real quaternion, simply called quaternion, is a vector
x = ag + a1i + apj + ask € H with real coefficients ag, a1, a2, a3. Moreover, i, j, k satisfies

ij=—-ji=kjk=—-kj=1iki=—-ik =j.

Let R and H"*" stand, respectively, for the real number field and the set of all m x n
matrices over the real quaternion algebra

H = {ag + a1i + ayj + ask|i® = j? = k¥* = ijk = —1,a9, a1, ap, a3 € R}.

The definitions of ¢-skew-Hermitian quaternion matrices were first introduced by
Rodman (Definition 3.6.1in [1]). For A € H"*", we denote by A the n x m matrix obtained
by applying ¢ entrywise to the transposed matrix AT, where ¢ is a non-standard involution
of H (see Definition 1). A € H"*" is said to be ¢-skew-Hermicity if A = —A,.

The decompositions of the quaternion matrices have applications in many fields, such
as color image processing(e.g., [2,3]), quantum mechanics [4], signal processing [5], and
so on. Research on quaternion matrix theories (e.g., [6-18]) and equations (e.g., [13,19-27])
is ongoing.

The quaternion matrix equation involving Hermicity is one of the active research
topics in the matrix field and its applications. Wang and Zhang [28] provided necessary
and sufficient conditions for the existence and expression of the Re-nonnegative definite
solution to the system

AXA*+BYB*=C

over H by using the decomposition of pairwise matrices, where * stands for conjugate
transpose. Wang and Jiang [29] further studied the extreme ranks of the (skew-)Hermitian
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solutions to the quaternion matrix equation. He [30] investigated the system of coupled
real quaternion matrix equations involving #-Hermicity

AX;Al"+BX; 1B =C;, (i=1,2,3),

where A; € HPi*ti, B; € HFi*ti+1,C; € HPi*Pi, and C; are -Hermitian matrices. He gave the
solvability conditions, general solutions, and the rank bounds of the general #-Hermitian
solutions. Some researchers have considered the ¢-skew-Hermitian solution to some
quaternion matrix equations. For example, He [31] derived some necessary and sufficient
conditions for the existence of a ¢-skew-Hermitian solution to the following system of
quaternion matrix equations involving ¢-skew-Hermicity
BXBy +CYCy = A,
{ EZEI—F DYDZ —F, X=Xe Y=Y Z=2,

where A, B, C, D, E, F are the given quaternion matrices.
To our knowledge, there is little information on the system of quaternion matrix
equations involving ¢-skew-Hermicity with four unknowns

A1X1(A1)g + B1Xa(B1)p = Cy,

A2X3(A2)p + B2X3(B2)g = Ca,

A3X3(A3)p + B3X4(B3)g = C3,
AyXy(Ag)p = Cy,

Xi = —(Xi)g, @

where A; € HPi*li, B; € HPi*liv1, C; € HFi*Fi, and C; are ¢-skew-Hermitian matrices.
Using the simultaneous decomposition of a set of seven real quaternion matrices

A1 B
Ay B
Ay

we provide some necessary and sufficient conditions for the existence of a ¢-skew-Hermitian
solution to the system (1).

The remainder of this paper is organized as follows. In Section 2, we review the
definitions of the non-standard involution ¢ and the ¢-skew-Hermitian quaternion matrix;
we also provide a simultaneous decomposition for a set of eleven real quaternion matrices
involving ¢-skew-Hermicity and present a canonical form of the system of the quaternion
matrix, Equation (1). In Section 3, we provide some necessary and sufficient conditions for
the existence of a ¢-skew-Hermitian solution to the system (1).

2. A Canonical Form of the System of the Quaternion Matrix Equation

In this section, we investigate the structure of a simultaneous decomposition for the
matrix array (2) and provide a canonical form of the system of the quaternion matrix
Equations (1). First, we review the definitions of non-standard involution ¢ and ¢-skew-
Hermitian matrix.

Definition 1 (Non-standard involution [1]). Let ¢ be an anti-endomorphism of H. Assume
that ¢ does not map Hl into zero. Then, ¢ is one-to-one and onto H; thus, ¢ is an anti-automorphism.
Moreover, ¢ is real linear and can be represented as a 4 x 4 real matrix with respect to the basis
{1,i,j,k}. Then, ¢ is a non-standard involution if and only if

10
= (o 7)

where T is a 3 x 3 real orthogonal symmetric matrix with eigenvalues 1,1, —1.
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Lemma 1. Consider a set of seven matrices (2); there exists a unitary matrix T; € H

t3><t3, T4 c H

, T3 el

t) Xty

~

nonsingular matrices P; € HPi*Pi, (i =1,2,3), T, € H

The following Theorem presents the equivalence canonical form of the set of seven
HP4*P4 such that

real quaternion matrices (2).
Using the results of [31,32], we can obtain the following result.

Definition 2 (¢-skew-Hermitian [1]). A € H"*" is said to be ¢-skew-Hermitian if A

where ¢ is a non-standard involution.

where

Sis
Sa

Si,
Suy S,
Sus

Say
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It follows from Lemma 1 that the system (1) becomes

BT X (T, (g (A1) (P)g + BB BT Xa(Ta); (T2)g (Br)g(Pr)g = PiCa(Pr),

EAzﬁfz (fz 47 (f) (A2)p (Az)¢+PszT3T3 ] (fs); (ﬁ).;;(Bz)zp(ﬁz)(p:ﬁzcz(ﬁz).p

BAT Ty Xa (), (13)g (As)p(Bs)p + BiBsTaTy ' Xa(Ta), (Ta)g (Bs)p(Pa)p = PiCs(B3),
PyA, ff’l Xa(Ta); (Ta)g (Aa)g (Pr)g = PiCa(Pr)y,

Put
o 1 - 1 _ -1 _
=T XN, %=1 %), G=1 XB0),, %=1 X(T),,
1
D) = BC1(P)y, DY) = PyCa(Pa)yg, DY) = PiCa(Ps)g, DY) = PiCu(Py)y.
According to Lemma 1, the system (1) is equivalent to the following system:
5 1
Say X1(Say)g + Sy, X2 (St )p = Df{ ),
S 2
S0, X2(S0,) 9 + S5, X3(Spy)p = D;; ), @
TN 3)
50,3 52, + 50, Xa (512 )p = D},
SesXa(Sa)g = DY,
where X; = —(X;)¢. In the next section, we will consider the system (4).

3. Solvability Conditions for the Quaternion Matrix Equation to Possess a
¢-Skew-Hermitian Solution

In this section, we provide some necessary and sufficient conditions for the existence
of a ¢-skew-Hermitian solution to the system (1). In order to solve the system of quaternion
matrix Equation (1), we need to solve the system of quaternion matrix Equation (4).

First, let matrices Xl, Xz, X3, X4 have the following forms:

(1) (1) (1)
X X X
I ) b
}/(\1——()/(\1)47: —(X12)e 22 28
1 a 1
Xy~ o XF
2 2 2
O
X5 = —(?/(2)4; _ —(X13')g X2 Xo18 )
2 @ 2
(X§ 1)8)4’ - (Xé,l)S)ff’ X§8)18
3 3 3
MO B
X; = _(}/(5)47 _ —(X32)e X X500
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Then, substituting X; and Xj into the first equation in (4) yields
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Substituting X, and X3 into the second Equation in (4) yields

(6)

(0, DY, DY),

(Di(]-z))mxzo

where
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— x4+ xi 217 + X e (x8) o1a+ Xig )p *(X(é)
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~x), _(X%w o ¢ (X%i)g) . f& (3)X4,10)¢ ~ (x5
0 (X512)0 0 ~(x{De 6419)¢ —x®)
0 _(x® —(x 7,199
(X39) 111)é 0
0 3,12/¢ _(X(4)
0 112)¢ 0
0 0
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8 8% % B dd B
X29) J;)Xzs Xy 10 ;r Xés X2,311 Xy 13+ Xp7 Xé,m ; X8 X2:315
(3)X§9 W 3)’(3/10 W Xgél)l (3X3,13 . (3>)(§,1)4 W X%Q;S
00 30 S S St S - T
X69) *3)X45) X610 ;r Xie X6,3'll 6,13 ;r Xy7 Xé,m ; X8 Xséls
<3>X§9 @ w;( & ) X%’slil <3>X & @) (3>X i @ X%%lis
Bk, oo wTn o s
(X510 ;r Xsa) g Xw,lo;r Xaa) Xl%ll Xm,w;r Xg7 X1o,143+ Xeg Xlgjl5
D 53) = ;;)X s )Eﬁ) Iii(go’)n)& Xgé')n (%;(mS ) <3)X s @ Xéiw ’
SN A i DS 0
~(Xg 4+ Xss) g ~(Xqg14 +Xeg g ’(Xlé;m)(? ’(X13,143+ X78 )¢ XM']%; Xgg Xlgﬁls
’(i)x9/15)gz) ’(2(;(10,15)&) ’(Xéﬁls)rr ’(ng)m)&) ’(;))(14 15>(4:1> Xli%)lS
00 TG00 A A O I L I iy
~(Xg 18 ;XS,ID) ’(Xm,w; X5,100¢ ’(Xléjm)qb ’<X13183+ X100 Xy +Xé,10)4’ <X1§ 189
’(X%211;9)¢ ’<X§(0;>19)¢ 7(X£1/19)4’ ’(Xg(aj)lg)gb ’(X1(44)19>¢ ’<X§5,)19>¢
A Ty ° B iy °
(X5 )p (X 12)p 0 (X7 12)p ~(Xg 1) 0
0 0 0 0 0 0
) (4) (3) (4) (3) (4) (4)
W e W W
Xo17 (";)X29 X518 ‘(’;)Xz,lo X%,1)9 Xon X1 O
<3>X MW <3>X3’18 () X?’slf 21) 81) ’
0 QR 0 e N
Xe17 g)xw X8 J(E)Xuo X?,31)9 X411 X4 0
<3>X @ <3>X7’18 ©) X?’lf ?4) 81) 5
N
X10,173+ X9 X1018 :‘ X610 X}gjlg Xe11 Xe12 0
D ég) - <3>X ) (S)X“’ls (4) Xgﬁlg 21) 21) ’
ST ey he T TR
X14,17(;)L Xgo X14,1s(3+) Xs,10 X%gaw Xg11 Xg1o 0
<3>X N (3)X15’18 ©) Xgiw ?4) 2» ’
L N oy LI o S
_(Xl7,18<$ X9,10)¢ X18,18 '(’;)Xw,lo ngw X10,11 XlO,lZ 0
’(X1(74,)19)<P ’(X%i;,)w)tl’ X19,19 (2) 8) 0
_(X%l)fP _(X%g 11)¢ 0 X1(14,)11 X%}ljlz 0
_(X9,12)4> _(X10,12)<P 0 _(X11,12)4> X12,12 0
0 0 0 0 0 0
Substituting X4 into the fourth equation in (4) yields
(4) (4) (4) (4) (4) (4) (4)
SR T R T S
I S N S S S S
B0 S SR SN S/
(D(fl) )8 g = —(X7)e Xy ) —(X57)g X77 X79 X711 X713 0 (8)
D X —(X(4)) _(X(4)) _(X(4)) —(X(4)) X(4) X( ) X( ) 0
L 1 Sl I N
g "o ~eple ~U0ue Capde Tun - Hye 0
_(X1,13)<P _(X3,13)¢ _(X5,13)<P _(X7,13)4> _(X9 13)4’ _(X11,13)4> X13,13 0
0 0 0 0 0 0 0 0

Hence, the system of (1) has a ¢-skew-Hermitian solution (X1, Xp, X3, X4) if and only
if Equation (4) has a ¢-skew-Hermitian solution. Note that (5)—(8) are consistent if and
only if
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1 2 3
ANEINEINE:
D D D D
1.4,2 _ 0’ 2'0,2 _ 0/ 1.8,2 _ 0’ {32 _ 0/ (9)
1 2 3 ()
D 54?14 D 20?20 D §8?18 D 88
1 2 3
Dif}‘ D%’z%O Dislig Dg
D D D D
2,14 _ 0’ 2.,20 _ 0[ 2'18 _ 0, '28 _ 0’ (10)
1 2 3 ‘(4)
D 14?14 D éO,)ZO D §8?18 D 88
1
it
R (11)
.1
bll,
2 2 2
) () (%
D17,5 -0 D17,1O -0 D17,15 -0 (12)
o > 2
i) DLl D2,
3 3 3 3 3
o) () ) 2 ) [ %
0 Il U B Wt B (e 0 B v
D18,3 D18,6 D18,9 D18,12 D18,15

W _ @ p) _p@ 1) @ 1) 52 ) 2
D121 = Dio1r Piap = Digar D1z = Dig3r Digy = Digar Pias = Digs

1 1
), = 0@ DY, = p@ p® —p@ pl) —

2 pl _ @)
128 = Pioer Pz = Dio7r Digpo =D D109 D112 = Digor (14)

D %?1 =D g,)lf D %?2 =D S,)zf D @3 =D 53?3/ D g,)e =D 3?4/ D %)7 =D S?& D %,)8 =D 3?6'
D%,)ll = DS?W D%?lz = Dg?gf D%?le) = DS,)W
D%?m Dgz)lor D%,)w DiZ)ll’ D%w D§2)12’ (15)
éé) _ Dé? Déé) p® pl _ p@ DS)5 _ D(2) D(z)s - p®

= Y75 Pios T Mes s 10,57

1 2 1 2 1 2 1 2 1 2
Dé 1)2 Dé 1)0, Dé 1)2 D; 1)0f D§0)12 Da(; 1)0, D§1)12 = Dé 1)0, Diz,)lz = Dgo?lof (16)
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2 _pB p@ _ B 5@ _pG 52 B p@ B 52 [0
Die3 = Dioa D173 = Diis Digs = Dipsr Digg = Dioer Dizs = Diie Digs = Dizes

2 _pBd p@ _pBd @ _ O
Dis13 = Dingr D713 = D119, Digis = Dioos

2 3 2 3 2 3
D§6,)18 = Dgo?u/ D§7,)18 = D§1,)12r D§8218 = D%Z?H’ (17)
3 4 3 4 3 4 3 4 3 4 3 4
D§6,)1 = Dél)’ D§6?4 = Déz)f D§6?7 = Déa)f D§6?10 = Dé4), D§6?13 = Dé5)r D§6?16 = Dé6)’ (18)

+pY) = pP

1 3 2 1 3 2 1
D%O,)l + Dél) = Df(il)’ D§0?2 + Df(iZ) = Dt(sz)' D%o) 83

,3

1 3 2 1 3 2 1 3 2
Dgo,)g + D((>4) = De(%)r Dgo,)9 + Dé5) = Dé(37)' Dgo,)lo + Déé) = Dt(BS)' (19)

1 3 2 1 3 2 1 3 2 1 3 2
Df(sa) + Dzi3) = Dé3)f DéS) + Déa) = D;3), Da(;,1)0 + Dz(m) = Dés)f Dég)o + Déé) = D;B)' (20)

(2) 4) _ pBG  H©) 4) _ pB)
Dig1+ Dy’ = Dig1 Digs T Dap’ = Digas

2 4 3 2 4 3
D§6,)11 + Dz(m) = D%o?w Dge?w + DA(M) = Dgo,)m' (21)
o) D) =3+ 01, Y + DY = D2 + DY @)

Based on the above analysis, we have the following conclusions:

Theorem 1. The system (1) has a ¢-skew-Hermitian solution (X1, X5, X3, X4) if and only if the
Equations (9)—(22) hold.

The following theorem presents the solvability conditions to the system (1) in terms
of rank.

Theorem 2. The system (1) has a ¢-skew-Hermitian solution (X1, Xp, X3, Xy4) if and only if the

ranks satisfy:

F(Al', Ci/ BZ) = T’(Ai, Bi)r (Z = 1,2,3) (23)
r(As, C4) =1(As). (24)

A G\ ‘ N
r( 0 (Bi)¢) =r(A;) +r(B;), (i=1,2,3). (25)

A G B; 0 0
J ] J A;  B; 0 B; .

r(O (Bj)g 0 (Ajz1)p O ) —r(0] A']l B 1>+r(A.]1> (Gj=12). (26)

0 0 A1 =G B A e
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<
cococococo>

A G B 0
0 (Bjlg 0 (Aj1)e (A] B; ) ( B 0 )
. _ + -1,2). (7
0 0 A -G 0 Aj Ajy1 Bin ( ) @
0 0 0 (B
A; C3 By 0
Az B B
r[ 0 (Ba)y 0 (Ag)y|= r( 0 A3) +r(A3). (28)
0 0 Ay —C4 4 4
C, B 0 0 0 0
(Bl)(p 0 (Az)(p 0 0 0 Ay B 0 0 B 0
0 Ay -G B 0 0|l=r|{0 A By 0 |+r|A By]. (29)
0 0 (By 0 (A3)p O 0 0 A3 Bs 0 As
0 0 0 A; C3 Bs
G Bq 0 0 0
(B(l))‘i’ 12 (fzc)‘f’ ]g 8 Ay Bi 0 B 0 0
2 27 =r| 0 Ay By|+r|Ay B, 0]. (30)
0 0 (B2)</> 0 (AS)‘P 0 0 A 0 A: B
0 0 0 Az G 3 5073
0 0 0 0 (B3)y
Ay O By 0 0 0
0 (32)4; 0 (A3)4; 0 0 Ay By 0 By 0
r| O 0 A3 —C3 Bs 0 =r| 0 A3 By | +r A3 B3 |. (31)
0 0 0 (B)g 0 (Ag)g 0 0 A 0 Ay
0 0 0 0 Ay Cy
G B0 0 0 0 0
B 0 (A 0 0 0 0
( 0)47 Aj (—C)Z(P B, 0 0 0 A;)l il 1;) 8 fxl lg 8
0 0 (B)y 0 (A3)p O 0 =Tl o 02 A23 Bs +r 02 Aza Bs (32)
0 0 0 As G By 0 0 o0 0 A 0 0 A
0 0 0 0 (Bs)y 0 (As)y 4 4
0 0 0 0 0 A -G

Proof. According to the structure of the matrix, Lemma 1, Theorem 1, and the elementary
transformation of the row and column of the matrix, we have

r(A;i, Ci, Bj) =r(A;, B;)

—

& r(PAT, P.Ci(P)g, PiB;T; 1) = r(PAT, PBiTi 1)
& 1(Sa;, DY, Sy.) = 7(Sa;, Sp,)

1 . 2 . 3 ‘
& DYy =0, (j=1,-,14), DY, =0, (j=1,---,20), D), =0, (j

T(A4, C4) = 7’(A4)
& r(PyAsTy, PyCy(Py)g) = r(PyALTY)
& 7(Sq,, DW) = r(Sy,)

& Dy =0, (j ., 8).

1,--
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0 (B
PAT, PiC1(Py)y ) PN SO
~ N =r(PiA1Ty) +r(P1B1T,
( 0 (T2)p(B1)g(P1)g ( )+ )

G _ ®) _ G _
& D;3 =0,D;y =0, D;y =0,

3 3 3 .
Di(,1>2 =0, Df,l)s =0, Di(,l)s =0, (i=16,17, 18).

Ay G By 0 0
(A1 B 0 B,
1’( 0 (Bl)(,b 0 (AZ)‘P 0) = 7’( 0 A2 BZ) +7’<A2

0 0 A -G B

Sﬂl D(l) Sbl 0 0
S S 0
@r(O (Sp)g 0 (Sw)p O :r( Sl Szl 5b>+r(
2 2
2

0 0 S, —-D? g,

1 , . )
< Dh?j =0 (j=1...,14), D§2?7 =0 D§2?14 =0,

2 . 2 .
Dgo}j =0, (j=1,...,10,16,...,20), D§0?j =0, (j=16,...,20),

2
0

W _ @ p) @ ) @) 1)
D121 = Dio1r Piap = Digp D1z = Digar D1y = Dy

2) p) _ @) ) _
06’ D129 = Dio7 D110 = Pigg D1z = Doy

1
Dgz,)s = DE

Ay G B, 0 0
. Ay B, O By
1’( 0 (Bz)q) 0 (A3)¢ 0) = 7’( 0 As B3) +7‘<A3

0 0 A3 —C3 B3

)

1
?4/ Dgz?s =D

2 1 2 1
0) Dy Dy, Dgz?u:

)

Sp,
Suz

10,10°
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Sa2 D(z) sz 0 0
S 0 (Sp)p 0 (Sep)p 0 | = r<882 gbz 50 > " r<§b2>
0 0 5a3 —D(3) Sb as b3 az

3

& Dy =0, (j=1,2,3,5,6,7,8,10,11,12,13,15,16,17,18,20),

e

18 = 0,(j=1,...,12,16,17,18),

2) _ 2)  _ 2)  _ 2  _
Diss =0, Dig19 =0, Digy5 =0, Digys =0,

Dg?w =0, DS,)U =0, DS?]B =0,
Dg?1 = Dg,)l’ D%?z = Dgz' Dgg = DS?B,
D %?6 = Dg,)zy D %,)7 = DS,)S/ D %,)8 = DS,)()I
D%,)ll = DS,)W D%?lZ = DS?S' D%?m = Dg,)w
Dg?m = DS?]O’ Dg;,)w = DS?H/ Dg?w = DS,)lZ'

A
0 (Bi)g O (Ad)g| _ (Ar Bi)_  (Bi O
0 0 Az —Cz 0 A2 A2 BZ
0 0 0 (B)g
Sy DI 5, 0
0 (Sp)e O (Sue e Sy S 0
o 1 2 _ 1 1 1
o o s, DO 0 s,) s, s,
0 0 0 (Sp,)

& D, =0 (i=8,...,14), D3 =0, (i=6,...,10,16,...,20),
1 . 1 1
DY =0, (i=8,...,14), D{ys =0, D}}}, =0,

2 2 .
Di¥ =0, D7) =0, (i=1,...,20),

1) _ @ p) @ 1) @) 1) Q) ) )
Dgs' = Dgs's Dos' = D75, Dyg5 = Dgs', Dyy5 = Dos's D15 = Dygs
() _ @2 1 _ @) 1) _ @ n _p@ n  _ p@
Dg 1, = D6,1)0’ Dg 1, = D710, Dig1n = Dg 1o D§1,12 = Dg 1y, D1312 = Digo-

A, G By 0

0 (Bae O (As)g| _ (A2 B\ (B O
0 0 Ay —GC 0 As As B
0 0 0 (B3

Sy D? 5, 0

0 (ShZ)(P 0 (Sa3)¢ _ ng sz SbZ 0
“Mo 0 s, -p®| "0 s,) s, s,
0 0 0 (Shy)g

=D =0,0% =0, DA =0, DA =0, (i = 16,17,18,20),
G _ G _ G _
DY =0,D) =0, D} =0,
DB =0, (i=16,17,18), D\, =0, (i = 10,11,12,16,17,18),
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2 _pB p@ _pBd 5@ _p0)
Dis3 = Dioa D173 = Diisr Digz = D

2 3 2 3
Dge)s = Dio)ef D§7)8 = Dil)é' D%s)s = Diz)&
2 2 2 3
D§6)13 = D§0)9/ D§7)13 = D£1)9r D%s?w D§2)9r
2 3 2 3 2
D§6>18 = D%O)H' D£7,)18 = D§1?12' D§8?18 = Dgz,)u'

Ay C3 By 0
Az B B
r{ O (B3)¢ 0 (A4)¢ = 7’< 03 A3> +1’<A3>
0 0 Ay —GC ¢ ¢

Sa3 D(?’) Sb3 0
0 0 Stl4 —D(4) ay ag
& D! 6)] , (j=3,6,9,12,15,18),
Diy; =0, (j=1,3,4,6,7,9,10,12,13,15,16,18),

DY =0, (j=1,...,6,8), Diy =0,

3 4 3 4 4
D§6)1 = Dél)’ D§6)4 Déz)r D§6)7 Dé3),
3 3 3
D§6)10 = Dé4), D§6)13 = Dé5)r D£6)l6 = D( )

Sey DI 5, 0 0 0 0
0 (Sp)p 0 (Sa)p O O 0
sr| o 0 S, -D® s, 0 0
0 0 0 (Sp)g (Sa)9 O
0 0 0 0 S, DO s,

] 1
= D§4)] (] = 1/ 2/ 3/ 5/ 7/ 8/ 9I 10/ 12’ 14)’ D§0)7 - O
1 1 (1)
D127 =0, D1014 =0, D1214 =0,
p® —o0, (j=1,2,3,567810,16,17,18,20), D& =0, D =0, D2 —o,
20, = j 8,20 10,20 18,20 —
@) _ @ 7
Diy; =0, (j=16,17,18), Dyg5 =0, Digyy =0,
DI =0, (j=1,...,6,10,11,12,16,17,18),
3 . 3 ]
DY =0, (j=16,17,18), D3, =0, (j=16,17,18),

W _ @ p) _p@ 1) @ 1) @) 1) 2
D121 = Dio1r Diap = Dioa Digs = Digs Digs = Digss Digg = Diger
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1 2 1 2 1 2 1 2 1 2
D§2?9 = Dgo?w D%z)lo = Dgo)SI D%Z?H = Dgo?lor D50)5 = Dtgs)/ Dgo?lz = Dé(B,l)O’
2 3
D§8)1 = D%Z)l’ Dgs)z = D%z?zf Dgs)s = D§2)3,

Digs = Dizss Dis7 = Dizs Digs = Digg,
D%,)w = Dg?w/ D%?W = Dg?llf D%?ls = DS?H'

DE(§,21)6 = Dé,31)01 DE(§,21)7 = Dé,31)1' Df(3,21)8 = Dé,31)2'
Digy +Dg3' = D', Dig, + Dy = D), Digs + D3 = D,

3 2 3 2) (1 3 2
Dgo)s + D( )= Dé(36)’ Dgo) + D( )= Ds(s7)r D§0?10 + Dée) = Dés)'

Ay G B 0 0 0

0 (Bip 0 (Az)y 0 0 Ay By 0 B 0 0
r 0 0 4 -G By 0 =r|{ 0 A, By|+r|lA By, 0

0 0 0 (32)47 0 (A3)47 0 0 A 0 A: B

0 0 0 0 Az GCs 3 5073

0 0 0 0 0 (Bs ¢

S O O o o

& D}, =0, (i=8,...,14), D{}, =0, (j=3,57,10,12), D}}) =0, (i=8,...,10,12),

Dy =0, (i=1,2,3,5,6,7,8,10,16,17,18,20), D =0, (j = 3,5,8,10,18,20),

D! =0, (i=16,17,18), D3y =0, (i = 16,17,18), D{3),s =0,
D% =0, (i=4,56,10,11,12,16,17,18),
DY =0, D) =0, D}, =0, (i =16,17,18),
Dis = Digs Dy = Dig), Dy = D), Digls = Dig, Dy = Dig,
Dg,)lo = D%?S’ DE(E,ll)Z = Dé,21)0/ Dé 1)2 = D; 1)0' Dg(lJ?lZ = Dé(B,Zl)O’ Dg?lz = D%O,)IO’
Dézl)s = Dfl)Z’ D§21)8 = Dé31)2f Df(3,21)8 = Déi)w

2 2 3 2 3
D( )3 - D§0)3/ D§7)3 - D§1)3/ D%s)s = Dgz):a/

(2) G p@ _pB p@ _HO)
Diss = Dioer Di7s = Di1er Digs = Piaer
2 _ 2 _ pB 2 _ p®

Dig1s = D10,12r Di718 = Di1)12r Digis = Digor

1 3 2 1 3 2 1 3 2
Dy + Dy = D), DG/ + D) = Dy, Digs + D) = Dy,



Symmetry 2022, 14,1273 16 of 19

3 2 1 3 2 1 3 2
Dé 1)0 + D( )= Dés)f Dé,fo + D&(sé) = D;S)’ D§0?10 + Dé6) - Dés)'

Ay 0
0 (32)4, 0 (A3)¢ 0 0 Ay By O B, 0

rl 0 0 A; —C3 Bj 0 ZV( 0 As 33) -|—1’(A3 33)
0 0 )4; 0 0 A4 0 Ay
0 0

Sﬂz 0

0 (sz)(P 0 (Sllg,)(P 0 Sﬂz sz 0 sz 0
sr[0 0 S, -D® s, 0 |=r[0 Si Sp|+r[Se, S

0 ) 0 0 S, 0 Sg

0

& D3 =0, (i=16,18,20), Dy’ =0, (j =1,3,5,6,8,10,11,13,15,16,18),

@ _0p@ —0p® —0p® —o0p@ _op@ _
Dl 6,5 0’ D18,5 - 0’ D16,1O - O’ D18 10 — O’ Dl6,15 - 0’ D18,15 - 0’
D}y =0, (i=10,12,16,18), D}y =0, (i=1,3,4,6,7,9,10,12,16),

@ _ @ _ @ _ @ _ @ _
D12 16 — 0’ D16,3 - O’ D16,6 - 0’ D16,9 - 0’ D16,12 - 0’

DY =0, (i=4,6,8), D} =0, (j=1,2,3,4,6),

2 3
D§6)3 = D%o)af D§6)8 = Dgo)ef D§6)13 = D%o)w
2 2 2
D§6)18 = D§0)12r D( )1 = Diz)lf §8)3 = Diz)e,/
2 2
D§8)6 D§2)4, Dgs)s = Dgz)ef D§8?11 = D§2)7,
2 3)

(2) G p@ ®3) 2 _
Dis13 = D1ygr Digi6 = Dizji0r Pigis = Do

3
D50316 Dz(xe)r D§6)l Dél)' D§6)4 Déz)f
3 4 3 4
D§6?7 = Dé3)/ Dge)lo = Dé4), D§6)16 = Dé6)’
2 4 3 3
Dgé?l + Dil) = Dgo?l’ D§6)6 + D( )= D§0/)4,

(2) 4 _ pB @) 4 _ pB
Dig11 + Dag’ = Dig7 Digpe + Dag = Digio-

A G By 0 0 0 0 0
0 (Bi)g 0 (A)y O 0 0 0 A B 0 0 5 0 0
0 0 Ay -G B 0 0 0 01 A1 B 0 Al B 0

r| o 0 0 (B)y 0 (As)y O 0 =7, 02 AZ s | 7 02 A2 B
0 0 0 0 As Cs Bs 0 0 0 03 A3 0 O* A3
0 0 0 0 0 (Bs)g 0 (As)y 4 +
0 0 0 0 0 0 Ay -Gy
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S DU s 0 0 0 0 0
0 (Sp)g 0 (Sa)g O 0O 0 0
0 0 S, -D@ 5, 0 0 0
sr[ 0 0 0 (Sp)e 0 (Se)e 0O 0
0 0 0 0 S, DO 5. 0
0 0 0 0 0 (Sp)p O (Sag
0 0 0 0 0 0 S, —DW
Sey Sy, 0 0 Sp, 0 0
0 Saz sz 0 Sﬂz Sb O
= +r 2
0 0 Si Sy 0 Se Si
0 0 0 S, 0 0 S
& Dy} =0, (j=1,3,57,810,12,14), DY) =0, D{Y), =0, Dig;, =0,

D%,)M =0, DS?7 =0, DS?M =0,
Dgg?]. =0, (j=1,3,56,8,10,16,18,20), D\, =0, D\, =0, D\, =0,
Dézz)o =0, ng 2)0 0, D§6)5 =0,
Di?lo =0, D§6,)20 =0, D§8?5 =0, D%S?lo =0, D%?zo =0,

D7k =0, (i=4,6,10,12,16,18), Dj3. =0, (j =1,3,4,6,10,12,16,18),

3 3 3 3 3
D§6,)3 =0, D§6,)6 =0, D§6,)12 =0, Dé 1)6 =0, Dgz)m 0,
Dy =0, (i=2,4,6,8), DY =0, (j=1,2,4,6),

1 2 1 1 2 1 2
Dé(SS) - Dé5), Dé 1)2 - D(E 1)0, D§0?5 = Dé(SS)' D§0?12 = Dé,l)O’

Dg?1 = Dgo,)lf Dg)?) = Dg(z})?), Dﬁ?&; = D%?&
Dg,)s = D%)af Dg)lo = D%)S’ Dg)lz = D%)lof
Dézl)S = Di 1)2/ D§21)6 Dé 1)0/ Dtg21)8 = Dé 1)2/
Dga,a - D$)3, D%S - DS?@ D%)w - DS)?H'
Dg?1 = Dgz,)l’ D§§)3 = DS)B,, Dg?6 = Dg?w
Dg)s = DS)6, D%)w = Dgz)wf D%?lS = DS,)lZ’
Diey = Dgt'» Digh = D), Digng = Dey
D@w - Dé?/ Dfl)6 - Dgé), Dgg)w = Dyé),
Dl + iy = 7. D+ DY = D,
Dff + 03 = b2, Dl + Y 0.
o+ = b2, Dl + 0 = o2,
D%?l + Dﬁ) = Dg(g)?l' D§6,)6 + DA(Q) - DS/L

(2) 4) _ pB) (2) 4 _ pB
Dis16 T Daa’ = Dio10r Dejie + Doy = Dyior
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References

1 3 2 4 1 3 2 4
Dé(Bl) + D£l> = Dél) + Dél)’ Ds(ss) + D£4) = Dée) + Déz)'
O

In Theorem 2, let A3, B3, A4, and C3, Cy4 vanish, then we can obtain the necessary and
sufficient conditions for the existence of a ¢-skew-Hermitian solution in the following equation:

Corollary 1. Let C; = —(Cy)y € HP*P, Ay € HP>!, By € HPX", Ay € HT*", By € H1*, and
Cy = —(Cp)y € H7*T are given. The system

{ A1X1(A1)g + B1X2(By)p = C1, Xi= — (X)) (33)

A2X5(Az)g + BoX3(By)p = Co
has a ¢-skew-Hermitian solution (X1, X, X3) € HX! s H"™ " x K if and only if the ranks satisfy:

r(Ay, C1, By) =r(Aq, B1), r(Ay, Co, By) =1(Az, By),

r(l“l 1 >_7(A1)+7’(Bl)/ r<A2 = )—r(Az)H(Bz)/

0 (B1)g 0 (B2)g
0 (Bi)p (A2)p O O

r[By & 0 A 0 :r(‘zl il £>+r(i1>,
Ay, 0 —(G) 0 B 2 72 2

A, 0 —(G) 0
0 0 (B)y O

Remark 1. Corollary 1 is the main result of [31].

4. Conclusions

We investigated some necessary and sufficient conditions for the existence of a ¢-
skew-Hermitian solution to the system (1) by using a simultaneous decomposition for a
set of quaternion matrices. Some of the known results can be considered special cases in
this paper.
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