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Abstract: This study aims to examine the oscillatory behavior of third-order differential equations
involving various delays within the context of functional differential equations of the neutral type.
The oscillation criteria for the solutions of our equation have been obtained in this study to extend
and supplement existing findings in the literature. In this study, a technique that relies on repeatedly
improving monotonic properties was used in order to exclude positive solutions to the studied
equation. Negative solutions are excluded based on the symmetry between the positive and negative
solutions. Our results are important because they become sharper when applied to a Euler-type
equation as compared to previous studies of the same equation. The significance of the findings was
illustrated through the application of these findings to specific cases of the investigated equation.
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1. Introduction

Delay differential equations (DDEs), a subclass of functional differential equations,
take into account the system’s reliance on the past to produce predictions for the future that
are more precise and effective. One of the most important roles that the concept of delay
in systems is thought to play is modeling the length of time needed to complete certain
unseen activities. The predator—prey model demonstrates a delay when the birth rate of
the predator takes into account both present and past numbers of predators and prey. With
the rapid development of communication technologies, transmitting measured signals
to a remote control center has become much simpler. However, the biggest obstacle for
engineers is the time that it takes for the signal to reach the controller after a measurement
has been taken. In order to minimize the possibility of experimental instability and potential
harm, this lag must be considered during the planning phase. Modeling such phenomena,
as well as others, requires the use of DDEs (see [1-5]).

Neutral delay differential equations (NDDEs) are encountered in several kinds of phe-
nomena, such as electric transmission line problems, which are utilized for interconnecting
switching circuits in high-speed computers, the study of vibrating masses connected to
elastic bars, the solution of variational problems involving time delays or in the theory
of automatic control, and neuro-mechanical systems where inertia is a significant factor
(see [6-10]). The reader is directed to consult the references [11-15] for comprehensive
insights into the methodologies, techniques, and findings relating to the investigation of os-
cillatory behavior in third-order NDDEs. Furthermore, the aforementioned studies [16-20]
primarily center their attention on the examination of DDEs with odd orders.
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This study focuses on third-order NDDEs expressed in linear form with several delays

,  Q
(k20 (20 ())') + LDl = 0, M

where ¢ > (y, z(£) := y(¢) + p(¢)y(c(£)), and Q) is a positive natural number. We suppose
throughout this paper that the following hypotheses are fulfilled:

(A1) K1 € C*([o, ), (0,00)), k2 € C([£o, ), (0, 00)) and

© 1 ©° 1

o= / 2 dp = oo; 2)

/ @) Sy k@)

(A2) p,q;i € C([ly,0), [0,00)), qi(¢) > 0, q;(¢) does not vanish identically for each
i=12,...,Qand0<p({) <py<1;

(Az) 1,0 € C([€y,00),R), 7;(£) < £, 0(f) < £, limy_,o0(¢) = o0, and limy_,,, T;(¢) = o0,
foreachi=1,2,...,Q0.

A function y € C3([¢,, ), R), £, > {, is said to be a solution of (1), which has the
property z, k12, and 1 (x12')’ belong to C![£,, c0) and satisfies (1) on [¢,, o). Furthermore,
we consider only solutions y of (1) that satisfy

sup{|y(¢)|: £ =L} >0, forall L > ¢,,.

If a solution y is neither eventually positive nor eventually negative, then it is said to
be oscillatory. Otherwise, it is said to be non-oscillatory. The equation itself is termed
oscillatory if all of its solutions oscillate.

The previous studies on the oscillatory characteristics of neutral differential equations
with odd orders primarily concentrated on establishing a suitable criterion for verifying
whether the solutions exhibit oscillatory behavior or approach zero, as referenced in [21-24].
In the following, we provide some background details regarding the study of various classes
of neutral differential equations.

In 2010, Baculikova and Dzurina [11,25] investigated the asymptotic properties of the
third-order NDDE

(<O ")) +a(Ofw(x(0) = 0. ©)

They obtained conditions that test the convergence of all non-oscillatory solutions to zero.
In [11], they used comparisons with first-order equations, while in [25], they obtained Hille
and Nehari criteria. Thandapani and Li [26] found some fulfilling conditions that confirm
that every solution of (3) either converges to zero or is oscillatory by using the Riccati
transformation. In [27], Baculikovd and DZurina examined the oscillation of the NDDE

(<0 (2(0)") +a(Oy(x(e) =o0.

They obtained results based on the comparison theorems, which allowed them to reduce the
problem of the oscillation in a third-order equation coupled to a first-order equation.

As an improvement over and completion of previous studies, DZurina et al. [28]
established conditions to ensure that all solutions of linear NDDE

(20 (k1 (02 (0)') +aO(x(0)) =0,

using a comparison with first-order delay equations. Moaaz et al. [29] investigated the
oscillatory behavior of the NDDE

!/

(KO E"(0)") +a(o*(x(0) = 0.
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Utilizing the iterative technique, they established criteria of an iterative nature and found a
criterion for the nonexistence of the so-called Kneser solutions.
Recently, Jadlovska et al. [30] studied the oscillation of the NDDE

(2(0) G (0)9(2))") +q(D)y(x(8)) =0,

Their results tested the convergence of all non-oscillatory solutions to zero. Their results
are also sharp when applied to the Euler-type DDE, and they improved all previous results
with regard to the criterion that tests the convergence of all non-oscillatory solutions to zero.

Our paper investigates the oscillatory properties of a third-order NDDE with multiple
delays. The main motivation of this study is to extend the results of [28] to equations
with multiple delays with respect to the convergence of non-oscillatory solutions to zero.
Moreover, we create standards that guarantee the oscillation of all solutions of the studied
equation by establishing a standard that excludes so-called Kneser solutions. Applying our
results to a particular case of the considered equation supported the findings.

2. Preliminary Results

For convenience, we define the following;:
T(0) :=min{7;(¢); i=1,2,...,Q}, q;(¢) :== min{q;(¢),q:(c(£)},
T(¢) :==max{T;(¢); i=1,2,...,0},

!/
/ /
Joz =z, hiz=mz7, Jhz=r(112'), T3z = (K2 (k12") ) ,

_ (" dp _ [t do
(0= [ s = [ S

and

Mia(0) == /e: ]:C/Ilz(%)

Lemma 1. Ref. [28] Lemma 1—suppose that there is a constant | > 0 such that

.k (OM(6)
MO0 " @
Then, .
Myp(£) > 1+ZM1(€)M2(€)' )

eventually for all € € (0,1).

To proceed with proving our results we need to define the following limits:

lim inf 12(0) =

_Mp(f)
f—0c0 M]z(T(ﬂ)) *

[@)
lim i () Ma () Maa((0) Y i) (1 = p(a(0)) 5= B

and P -
. M) M, T (p)
lim inf -2 / 2 dp := k., for B, € (0,1).
t—c00 Myp(€) Jo,  x1(p) : pocO1)

3. Main Results

In this section, we provide sufficient conditions to ensure the oscillation of all solutions
of the studied equation. For the following results, we assume that A, B, ki € (0, 00).
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Lemma 2. Suppose that y is a positive solution of (1). Then, J3z(¢) < 0, and there are only
two categories:

Class (1) : z>0, J1z>0, Joz >0,
Class (2) : z>0, J1z<0, Joz > 0.

Proof. The proof is straightforward; hence, we omit the details. [J

Notation 1. By x € 1 we mean that solution x with corresponding function has class (1)
properties, while by x € o we mean that the solution x with corresponding function has
class (2) properties.

3.1. Class (1)

In this section, we present some characteristics of solutions that belong to class 31. We
also obtain criteria that rule out the existence of solutions with class 1 properties.

Remark 1. From the definition of M1y, B+, and k., the following can be concluded:
(R1) Forany B € (0,Bx), thereisa lg > Lo such that

0
K2 (O) Mo (0)Maa(T(€)) Y q:(0)(1 — p(7;(£)) = B, forall £ > 7 (6)
i=1

Lemma 3. Suppose that y € 31 and B« > 0. Then, eventually,

(a)  the functions Jrz (), J1z(£)/ My (¢), and z(£) / My2(£) converge to zero;
(b)  J1z/ My is decreasing;

(¢) z/M;y is decreasing.

Proof. Suppose thaty € 3. Since z(¢) > y(¢) and 2’/ (¢) > 0, wehave y(¢) > (1 — p(¢))z(¢),
and so y(7;(¢)) > (1 — p(7;(£))z(7(€)). Thus, (1) becomes

0
Jsz(€) = —;%’(f)y(ﬂ‘(f))

Q
< - ; qi(0)(1 = p(n(€))z(i(¢))

[9)

< —2(r(0)) L a1 - p(n(0)). %)

i=1

(a) Using the facts Joz(¢) > 0 and J3z(¢) < 0, it is obvious that J,z(¢) — ¢p as
¢ — oo. Assume the contrary that o9 > 0. Hence, it follows that Jz(¢) > g9 > 0.

Therefore,
V4
R0 > [

3 WJZZ (P)dP, )

and so

IV
—
— &~ =
I
_
| =~
)

( [ Jzz(”)du> dp ©)

)
> o Klim </ep Kzzwd“)dp

1
“ Ma(p)
= —d b0oMqo(0).
Qo/g1 %1 (0) p > 600Mi2(€)

V
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forall 6 € (0,1). Hence, (7) reduces to
Q
J3z(£) > goMa(7T Z (1 —p(T(L)).
Integrating this inequality from /1 > £ and using (6), we obtain for £, = max{/1, {4},

. Q
Fx0) = oo [ Mile(e) o)1 - plro))d

U 1
= P /61 Kz(P)Mz(P)dp

_ My(¢)
= ﬁQO In Mzz(gl).

Then, lim_,, J>z(¢) = oo, a contradiction. Consequently, { = 0. The rest of the properties
in (a) are proven directly by using L'Hopital’s principle.
(b) Using (8) and the fact that J3z(¢) < 0, we arrive at

Fio(t) 2 Jo2(0) [ —dp = Ma(0) ().

and thus,

(;712')' _ JzMa =iz _

M, M3k,

(c) Since J1z/ M; tend to zero and the function is decreasing, we find

¢ M(p) Fiz(p) Jrz(€) ¢ Ma(p)
20 = [ S e % W e
Tiz(0)

” Ma(¢)

My (€).

Therefore,

< 0.

( z >/ _ JizMypy —zMp
M12 M%zKl

We have reached the end of the proof. [

Remark 2. From the definition of M1y, B, and k., the following can be concluded:

(R2) Assume that B € (0,1), we can conclude that k, > 1. For any k € (1,00), there is £, > {y
such that

M5 (0) /f M, P (p)

do >k, ¢ > /. 10
My (£) x1(0) P= ¢ {10)

Lemma 4. Suppose that y € 31 and B, > 0. Then, eventually,
(Co1) jlz/Méfﬁ* () is decreasing;

(Coz2) jlz(ﬁ)/M;_’B* (£) converges to zero;

(Coz) z > k(M1a/ Mp) J1z, and z/M%z/k is decreasing.

Proof. Assume that y € 3. From Lemma 3, we have that (a), (b), and (c) hold.
(Co1) We define

w(€) = Tiz(£) — Ma(0) Tz(0). (11)
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Thus, from (b), w(¢) > 0 for all £ > ¢1. Hence, we obtain
W'(£) = (JN1z(0) = M2 (0) F22(0)) = —Ma(€) T3z (0),
which with (1) gives
[}
w'(0) = Ma(€) ) 3:(O)y(i(L))- (12)
i=1
Since z(¢) > y(¢) and 2’ (¢) > 0, we have y(¢) > (1 — p(¢))z(¢). Thus,
Q
W'(6) > Mp(€) Y qi(0)(1 = p(i(€)))z(i(£))
i=1
QO
> z(T(0)Ma(€) Y qi(0)(1 — p(7i(0)))
i=1
Using (6) and (c), we obtain
/ z(z(0)) z(¢) Jiz(f)
2P ) = PramMa®) * Pa@m@
for £ > ¢y > ¢;. Integrating this inequality from ¢, to ¢, we have
¢ Jiz(p) Jz(l) ¢ 1
“O 2 ] o 2 0 Sy e ® 1
> BJiz(¥).
From the definition of w, we obtain (1 — B)71z(¢) > M (¢) J»z(¢), and so
() gz “
M2 M3 Ko
(Coz2) From (14), we have B < 1. From (13), we find that
t o Tiz(p)
wlf)y = F 0 Kz(é)Mz(P)dp
Jiz(l) [ 1
> B—= dp
My (0) J. x2 ()M (p)
B Jz(¥) 1-B 1-8
S (M3 P (o) - My P02
> 161,35 Jz(0)
forall e; € (0,1). Then, eventually,
w(l) > (Bs +c2) J1z(¥),
for ¢, > 0, by choosing B € (B«/(1+ B«), B«)- Hence,
(1= B:)1z(0) > (1= Bx — c2) 12(£) > Ma(£) Toz(£). (15)

Thus, J1z/ M;fﬁ 72 is decreasing. Now, if we assume limy__,., J1y/ M;f’g * > 0,we find

Jiz(£) _ J1z(¢) MEZ (f) — c0as £ — oo, (16)

My Py My
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a contradiction. Therefore, limy .o, J1y/ Ml B =0.
(Co3) From the previous facts we can conclude that

‘M (0) iz(p)
6o ko) MyPe(p)

z(0) = z(lz)+ dp

> Z(£3)+M€1_Zﬁ(f()€) /4j M, (ﬁ;)(p) dp

o [0 [0
1 p.

vl

> kﬁ;((f)) Tiz(b), £ 15> 05,

Therefore, eventually,

!/
z
(Mié"> -

We have reached the end of the proof. 0O

Lemma 5. If B« > 1, then &1 = @.

Proof. Assume that y € 3. Since J1z/ M;_ﬁ *(¢) is decreasing and J»z > 0, we obtain
B« < 1,acontradiction. Thus, &1 =@. O

We can improve the previous properties by defining the following sequences:

B« forn =0
Pn = =

% forn=1,2,...,

and

Bn 1-Bn
My"(€) rt M.
k,;, = liminf (0 /e 2 (p)dp, forn=0,1,2,.... 17)

(500 Mlz(g) o xi1(p)

Remark 3. If B; < landk; € [1,00) fori =0,1,...,n, then B,1 can be clearly determined. In
this case, the following inequality holds:

Br=po 0 2Tl s p
1= Pog—p A 0-
Thus,

Mﬁo Mﬂl f/l; M1 ﬁoxl(ﬁl ﬁO)(P) dp
ki = liminf = liminf
! oo Mlz(@ iy My (0)

M,BO fg M2

> liminf "I(P — K

{—o0 Mip (f)



Symmetry 2023, 15,1920 8 of 15
Applying induction to n, it is straightforward to demonstrate that
P _ I, > 1, (18)
Bn
where
koAl 0
¢ =02 (19)
' 1= po
b= By )Ar 1
) — o= Pno1)7% ,neN,
! (1= Bu)kn—1
with
kn > kn—l'

Lemma 6. Ref. [28] Lemma 2—suppose that (4) holds, B« > 0,and B; <1,i=0,1,...,n. We
can conclude that

l
kn(f) Z,Bnm“l‘l > 1, n GN().

Lemma 7. Suppose that y € 31 and B, > 0. Then, eventually,
(Cu1) le/Méiﬁ" is decreasing;
(Cu2) élim Jrz(£) /Mé_ﬂ” (¢) converges to zero;

—00

(Cuz) z > enkn(Mip/ M) J1z and y/M}z/(E”k”) is decreasing for any e, € (0,1).

Proof. Assume thaty € 1. We will employ an induction argument on n. For n = 0, the
conclusion directly follows from Lemma 4 with ¢y = k/k,. Next, assuming that (C,1)—(C,3)
hold whenn > 1 for ¢ > /¢,, > /1, we need to demonstrate that these conditions also hold
for n 4 1.

Based on Lemma 4, the proof is exactly similar to the proof of Lemma 5 in [28];
therefore, it was omitted. [

Corollary 1. If B; <1fori=0,1,...,n—1,and B, > 1, then 31 = @.

From the previous results and taking into account (18), the sequence {8, } has the limit

1-1/k;

kg Ay
lim B, = B = Peked

m 1= B €(0,1), (20)

where

B¢ 1-B¢

M, (¢) M

k; = liminf 2 ( )/ 2 (p)dp.
1

{—o0 Mg(e) 0 Kl(p)
Theorem 1. If (20) does not possess a root on (0,1), then 31 = @.

Corollary 2. If
Bs > a, (21)
then &1 = @, where

w 1= max{ B (1 - Bk A0 < gy < 1},



Symmetry 2023, 15,1920

9of 15

3.2. Class (2)
Lemma 8. Assumey € 3o and

/5:0 Kll(s) /:o X . /p°° iql'(u)dudpds = 0. (22)

Then, limy_,, z(£) = 0.

Proof. Assume thaty € 3. Since z(¢) > 0 and z/(¢) < 0, we have z(¢) — vy as { — oo,
where vy > 0. Assume that vy > 0; then, we have forall e > 0, vp < z({) < vy +¢,
vo(1—po)

eventually. By choosing 0 < € < — 5 ltiseasy to verify that

y(&) = z(0) —p(O)y(e(£)) > vo — poz(c(£))
> vy —po(vo+e€)>h(vyg+e€) > hz(l),

where t = "=2000%€) 0 Then, (1) becomes

Jaz(l) = —2%(5)%?(5))

IN
|
=

-
—~
i)
\;/
N
—~
ﬂ
~—~
~
~—
N~—

INA
|
=
<

(=)
-
—
S
~

Integrating from ¢ to co, we obtain

o O
Toz(t) > voh /e Y gi(0)hvodp,
i=1

In other words,

o O
(720 = 295 [ Loy @)

Integration (23) from ¢ to oo gives

p voh [ 1 w0 Q
—2'(0) > m(zﬁ) / ) / ;%’(P)dpdur

¢ K2
and hence,

1

z(0) < z(f2) — voh 0, K10%)

—_ i(0)dodudx — —oco as £ — oo,
/x ) i:Zlq(p) o

which contradicts the positivity of z. Then, the proof of this lemma is complete. O

In the following theorem, we establish certain conditions that guarantee the absence of
Kneser solutions, which are solutions whose corresponding function satisfies the properties
in class (2). In the following, we need the conditions

7 (0(0)) = o(7(¢)), and ¢’ (£) > o > 0.
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Theorem 2. Suppose that there is a function {(¢) € C([€y, ), (0,00)) satisfying T(¢) < {(¥)

and ¢=1((¢)) < £. If the DDE

)
0p + po

Q
W' (£) + K((0),7(0)w (7 (@(0))) L0 =0,

is oscillatory, then Sy = @, where

s 1 s 1
K(c, ::/ —/ ——duds.
©O w6
Proof. Assume thaty € 3. This implies that
z>0, J1z <0, and Jrz > 0.

From (1), we see that

Po / n' Q2
0 > s () (e @)) + po LaleO)x(x(o(0))

(9]
> ggjgzw(@) +po Y qi(0(0))x(t(0(0)))

i=1
(@]
= B z(0(0) + po Y aie(E)x(e(w(0))
Combining (1) and (26), we obtain

0> Jz(0) + @.7 z(o(£))

+ Zqz +p02qz (U(Ti(e)))

i=1

> Jzz( )+ 732 +qu )) + pox(o(7i(£)))]-

From definition of z, we have

z(n(0) = x(u(0)) + p(w(€)x(e(w(6))) < x(w(€)) + pox( (T (£)))-

By using the latter inequality in (27), we obtain
Po >
02 Joz(0) + ~Tsz(o(0)) + ) GilB)z(w(0)).
Since z is decreasing, then
Po N~
02 Jsz(l) + o Tz(o(6) +2(T(0) Y ai(0)

That is

(24)

(25)

(26)

(27)

(28)
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On the other hand, it follows from the monotonicity of J,z that

~Re) = Fixle) ~ Fixle) = [ (Fix(e))ds = [T
< 1
> Jz(g) /Q T(s)ds (29)
Integrating (29) from ¢ to ¢, we have
s 1 (S |
z(0) > J2z(g) /Q 05 /S () duds. (30)
Thus, we have
z(T(£)) = Foz(L(6))K(Z(£), T(¢)),
which, by virtue of (28), yields that
! Q
(220 + B iz(o(e) ) + k@O FO ) La0 <0 Y
i=1
Now, set
w(t) = Tz () + Z—gjzz(a(ﬁ)) > 0.
From the fact that >z is non-increasing, we have
w(t) < Foz(o(0)) (1 + PO),
0o
or equivalently,
(o) _
T2 (§(0) 2 (@), (32)

Using (32) in (31), we see that w is a positive solution of the differential inequality

0o
0o+ po

Q
w' (6) + K@, 7O (o @e) Law <o

In view of [31] Theorem 1, we have that (24) also has a positive solution, a contradiction.
Thus, the proof is complete. I

Corollary 3. Suppose that there is a function {(¢) € C([€o, 00), (0,00)) satisfying T(¢) < {(¢) and
o) <t If

00+ Po

oo (33)

0
lim inf K(Z(s),(s)) ) qi(s)ds >
i=1

then 3o = @.
Proof. The results in [32] guarantee the oscillation of Equation (24) under condition (33). [

3.3. Oscillatory Theorems and Examples

We obtain the criteria in the following theorems by directly combining the results
in the previous two subsections. Assuming that the solution is positive means that it
belongs to one of two categories: 3y or . Therefore, when it is confirmed that categories
3y and $ are empty, this means that there are no positive solutions, and accordingly, all
solutions are oscillatory (this is based on the principle of symmetry between positive and
negative solutions).
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Theorem 3. Suppose B« > 1, and (22) holds. Then, every solution of (1) either converges to zero
or is oscillatory.

Theorem 4. Suppose (21) and (22) hold. Then, every solution of (1) either converges to zero or
is oscillatory.

Theorem 5. Suppose B, > 1, and (33) holds. Then, every solution of (1) is oscillatory.
Theorem 6. Suppose (21) and (33) hold. Then, every solution of (1) is oscillatory.
The following example demonstrates the significance of the results obtained.

Example 1. Consider

(y(0) + poy(oot))’ Z £3y (34)

where 0 < po < 1, and 1;, 09 € (0,1). Clearly:
k1(0) = x2(0) =1, 0(f) = pot, T(¢) = ¢ = min{7l, i=1,2,...,Q}, p(£) = po,
q;(0) = qo/ 03, and

M (€) ~ £, My(€) ~ £, Myp(£) ~ €%/2.

Then, we can compute the value of B as follows:

e}

B = lizgglsz(ﬁ)Kz(ﬁ)Mlz(T(f));qi(f)(l—P(Ti(ﬁ)))

QqO
- hznli?fg 2 @ R
1
= EQTg(l—PO)qof

For By > 1, we have
2

0 a2 py)

Moreover

//:Kl}v)/;mzu)/p dpdudv—/ / / 1—podpdudv—oo

Thus, the assumption of Theorem 3 is satisfied, and then, every solution of (34) either converges to
zero ot is oscillatory.

Example 2. Consider the third-order neutral delay differential equation

;Q
(e~ WO +poy(e(£)") + L qoy(mt) =0, £>1. (35)
i=1
where qo > 0. It is easy to verify that

K1(f) = 1,1(¢) = et c(l) =0pl, T(l) = 0l =min{7l, i=1,2,...,Q}, p({) = po,
q:(¢) = qo, and

Ml (6) ~ 'gl MZ(E) ~ eﬁ[ MlZ(g) ~ ef’
Then
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Mp(0) o
A = an010 inf W = hfrg glfe = 09,
and
[
By = li[nlﬂi)?sz(E) )My (T 2 p(Ti(0))) = hﬁgﬁeﬁoqo(l —po) >0, (36)

where 0 < pg < 1. Moreover,

00 1 o O 00 ) IS
Ao m/u Y qi(p)dpdu :/1 e“/u Qqodpdu :/1 Qqo(e" —e)du =
Je i1

Hence, if (36) holds, all assumptions of Theorem 3 are satisfied, and then every solution
of (35) either converges to zero or is oscillatory.

Remark 4. Consider the differential equation

(y(6)+0.5y<§>> Zg< (0.50) + x(0.6¢) + x(0.7¢)) = (37)

where ) = 3, pg = 0.5, 0(¢) = £/6 and T(¢) = min{0.5¢,0.6(,0.7¢} = 0.5(. Then, every
solution of (37) either converges to zero or is oscillatory.

qo > 2 53 (38)

3(0.5)2(1 - %)

4. Conclusions

This study focuses on the oscillatory characteristics of solutions to the third-order
neutral equation with several delays. Although there have been numerous studies related
to this subject, we have discovered enough evidence in these studies to assert that any
non-oscillatory solution will lead to zero. In this study, we introduce new standards which
guarantee that all solutions to Equation (1) are oscillatory. Our results expand and improve
upon those found in the literature [28]. For a certain type of general third-order delay
differential equation, we propose new oscillation criteria in the event that the functions x;
are of the same kind, using an iterative technique in Theorems 5 and 6. In a particular case,
a single condition ensures that Equation (1) oscillates. It is noteworthy that our criteria are
relevant even when 7(/) = /, as they do not require 7(¢) to be a non-decreasing function.

In future research endeavors within this particular domain, we are enthusiastic about
the potential to expand our investigation to include quasi-linear third-order neutral differ-
ential equations of the form:

N’ Q
(0 ((a(02()%) ) + Baow o) =0
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