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Abstract: In this study, we focused on assessing the symmetry of shapes and quantifying an index of

‘order’ in three-dimensional shapes using curvature, which is important in product design. Specifi-

cally, the target three-dimensional shape was divided into two segments, and the Jensen—Shannon
distance was calculated for the distribution of the Casorati curvatures in both segments to determine
the similarity between them. This was proposed as an indicator of the ‘order” exhibited by the shape.
To validate the effectiveness of the proposed index, sensory evaluation experiments were conducted
on three shapes: extruded, rotated, and vase. For the rotated shape, the coefficient of determination
between the proposed index and the sensory evaluation value of ‘order” on a 5-point Likert scale
was found to be less than 0.1. The reason for the poor correlation coefficient of determination may be
attributed to the bias in human perception, where individuals tend to perceive mirror symmetry with
respect to the plane that includes the vertical axis when recognizing the mirror symmetry of an object.
In contrast, for the extruded and vase shapes, the coefficients of determination were 0.36 and 0.66,
respectively, supporting the validity of the proposed index. Nonetheless, the coefficient of determina-
tion decreased slightly for familiar extruded shapes and asymmetric vase shapes. In future research,
our aim is to quantify ‘aesthetic preference’ by combining the ‘order” and ‘complexity” indexes.

Keywords: aesthetics; morphological evaluation; order; symmetry; curvature

1. Introduction

In recent years, generative design, which leverages computers for automated shape
design, has gained popularity and found practical application in the design process [1-7].
An advantage of this method is its ability to design shapes that satisfy mechanical con-
ditions such as stress and displacement [1,3]. However, the challenge lies in evaluating
aspects of design aesthetics, such as ‘beauty’ or ‘preference’ (referred to as ‘aesthetic pref-
erence’), which are crucial in product design [8]. Therefore, when using this technology,
designers, based on their experience and intuition, must evaluate and select the obtained
shapes [9]. If a computer can quantify the shape features that designers prioritize when
assessing design quality, it would be possible for a computer to conduct generative design
independently, including aesthetic evaluation. This has the potential to reduce the time and
cost of design processes, enabling the automated creation of high-quality shapes. Product
requirements perceived by people have recently started changing from largely functional
benefits (functionality and usability) to emotional benefits, including an “aesthetic liking”
of product shapes [10-12]. Therefore, the use of generative design tools and methods in
industry is expected to accelerate with the quantification of aesthetic preferences.

Designers typically focus on macroscopic shape attributes such as ‘complexity’, ‘order’,
and ‘proportion” when evaluating the aesthetic aspects of shapes [13-18]. Among these,
complexity and order are acknowledged to influence aesthetic preferences, and quantifying
these allows for the quantification of aesthetic preferences [19-24]. A summary of research
related to the quantification of complexity and order in shapes is given below.

Birkhoff [20] defined complexity as the effort required to recognize an object, and
numerous studies have attempted to quantify it. Birkhoff [20], Eysenck [25], Boselie [21],
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and Vitz [26] characterized complexity as the number of lines in two-dimensional shapes
and sought methods to quantify it. Wang et al. [27] and Saleem et al. [28] defined complexity
as the dissimilarity between contour shapes when viewed from different perspectives
in three-dimensional shapes. In this context, although there are studies that quantify
complexity based on overall shape features such as the number of lines or contours, Farin
et al. [29] suggested that designers frequently focus on subtle changes in curvature in
product shapes. Consequently, recent research has explored the integration of curvature
and entropy to quantify the complexity of three-dimensional shapes [30-36].

However, Eibl-Eibesfeld [22] contends that order is the property of reducing the infor-
mation of a cognitive object. Lugo et al. [37] quantified order by defining it as factors that
reduce the information of the perceived shape, using Gestalt principles such as “proximity”
and ‘continuity’ in two-dimensional shapes, calculated by the distance or the angle formed
by tangents at any two points on the shape. Furthermore, considering that ‘symmetry’ is
one of the Gestalt principles and a major factor in order [25] and has a significant impact on
aesthetic preferences compared to other information reduction factors [37], Kato et al. [23]
quantified order by defining symmetry as the information reduction factor of the perceived
shape and quantified it using mirror and rotational symmetries in two-dimensional shapes.
Previous research has quantified order in two-dimensional shapes by quantifying infor-
mation reduction factors related to shape, including symmetry. However, unlike studies
on complexity, there has been a lack of research on quantifying order in three-dimensional
shapes. Attempts have been made to quantify symmetry as a major factor in order [25] in
three-dimensional shapes. Among human symmetry perceptions, ‘mirror symmetry” is
more prominent and is considered more important than other symmetries such as rotational
and translational symmetries [25,38-42]. Therefore, conventional studies have focused
on the quantification of mirror symmetry. The following is a summary of studies on the
quantification of mirror symmetry in three-dimensional geometry.

Several studies have attempted to quantify it. Existing studies have quantified sym-
metry by calculating the difference in the number of voxels [43-48] when dividing three-
dimensional voxel shapes by arbitrary planes into two parts. However, as mentioned
earlier, Farin et al. [29] have emphasized the importance of curvature in design. In the field
of design, polygon shapes are frequently used as they provide more degrees of freedom
to represent diverse and smooth surfaces [49,50]. Therefore, it was challenging to apply
these methods to the design evaluation in this study. Conversely, in existing studies on
three-dimensional polygonal shapes, a plane at the center of gravity of the target shape is
defined and the mirror symmetry of the shape is quantified by comparing the difference in
distance from the plane at two points where the target shape intersects a perpendicular line
of the plane [37,51,52]. However, these methods cannot be used for shapes that lack two
intersection points with the symmetry plane, such as those with holes or only one side.

Considering this, the goal of this study is to introduce a quantifiable ‘order” index
applicable to all three-dimensional polygonal shapes. This index quantifies ‘symmetry’
using curvature, which is an important factor in design [28]. Previous studies [25,38—42]
have shown that mirror symmetry is more prominent and significant than other types
of symmetry (rotational and translational) in human symmetry perception. Therefore,
this study focuses on quantifying mirror symmetry to derive an index for quantifying the
order. This index will contribute to the development of generative design by enabling the
evaluation of previously non-assessable shapes.

The remainder of this paper is organized as follows: Section 2 outlines the method
for calculating order in three-dimensional shapes using curvature and mirror symmetry.
Section 3 illustrates the sensory evaluation experiment conducted to validate the effec-
tiveness of the calculated index of order. Section 4 presents the conclusions drawn from
this study.
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2. ‘Order’ Quantification Index for Three-Dimensional Shapes
2.1. Proposal for an Index for Quantifying ‘Order” in Three-Dimensional Shapes Using Curvature

In this study, the proposed index was computed using the Casorati curvature [53].
The rationale for this selection is rooted in the research conducted by Matsuyama et al. [33],
which revealed that the entropy of Casorati curvature exhibited a high and stable coefficient
of determination with sensory evaluations of ‘complexity” in three-dimensional shapes,
compared to other curvatures, across variations in shape and discretization parameters.
The Casorati curvature C, is calculated using the maximum principal curvature k; and the
minimum principal curvature k; as follows:

K2 + k3
_VhaTh )

CC )

Appendix A provides a detailed calculation of the Casorati curvature in three-dimensional
shapes (polygon models).

2.2. Method for Calculating the Discrete Probability Distribution of Curvature

In this study, the discrete-type probability distribution of the curvature was calculated
by distributing the continuous curvature into multiple bins using a discretization process.
The proposed index was computed using this distribution. In this study, to determine
the essential discretization parameters, namely, the maximum and minimum area values
and the number of bins, the conventional curvature discretization methods were used as
follows [30,31,33]:

1. Curvature at all vertices for all shapes under evaluation were calculated.

2. The percentile intervals [0.003%, 99.997%] of the curvatures were calculated. This
interval was determined with reference to the mean +4 (standard deviations) for a
normal distribution. This aims to ignore the curvatures as outliers resulting from the
subdivision of three-dimensional shapes into polygons, as mentioned in Section 3.1.1.

3. Curvatures within the specified percentile intervals [0.003%, 99.997%] were divided
into a number of bins (positive integers). Curvatures above the maximum and below
the minimum of the same interval were assigned to bins with the largest and smallest
curvatures, respectively.

4. Integers from 2 to 20 were used as candidates for the number of states.

2.3. Method for Calculating the Quantification Index of ‘Order’

This study quantifies mirror symmetry in shapes using curvature and computes a
quantification index of ‘order’ in three-dimensional shapes. A method for computing the
proposed index is given below:

1. Casorati curvature on the surfaces of the three-dimensional shape was calculated.

2. The centroid G of the three-dimensional shape was set to coincide with the origin of
the xyz-space.

3. The shape was divided into two parts with respect to an arbitrary plane F (Figure 1).

4. The curvature distributions (discrete probability distributions) P and Q for the two
surfaces obtained after the division (Figure 2a,b) were calculated.

5. The Jensen-Shannon distance (hereinafter referred to as the JS distance) representing
the dissimilarity of curvature distributions for the two surfaces obtained with respect
to the arbitrary plane F was calculated. This value was multiplied by —1 to obtain the
quantification index of ‘order” in the shape, denoted as Sr.

D (P Il 242) + D (Q I 242)

Sr=—y/Djs(P| Q) = — 7 2)
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where Djs(P || Q) represents the JS divergence of P and Q, while Dk (P || Q) repre-
sents the KL divergence of P and Q. Specifically, D1 (P || Q) = ¥; P (i)log%, where
P(i) and Q(i) represent the probability at event i in probability distributions P and Q,
respectively. Sp increases when the similarity between the two curvature distributions
is high (i.e., when the JS distance is small). In this context, the proposed index S can
also be calculated as the average of ‘mirror symmetry’ for multiple arbitrary planes
F;, F,, and F3, providing a measure of ‘order’ that considers multiple surfaces.

SF, B, F; = Sk, + S, + SF3 3)

Note that the index of ‘order’ that accounts for multiple surfaces arises from the human
characteristic of evaluating the mirror symmetry of shapes from multiple angles [38-40,54].
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Figure 1. Division of a three-dimensional shape into two parts by yz-plane (G is the centroid of the

shape and different colors represent divided surfaces).
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Figure 2. Curvature (a) Distribution P and (b) Distribution Q.

3. Sensory Evaluation Experiment
3.1. Experimental Method
3.1.1. Sample Shapes

In this experiment, we evaluated the following shapes: (1) extruded, (2) rotated, and
(3) vase shapes. The methods for creating the sample shapes and the reasons for selecting
each shape are described below. We divided the entire shape into polygons of equal area to
calculate the curvature (hereafter referred to as polygon equal division) for all three sample
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shapes. The two main reasons for performing polygon equal division are as follows: First,
the calculation of the Casorati curvature involves the polygon area; if the shape’s polygon
area is uneven, it may affect the curvature values. The second reason pertains to the
quantification index of order in this study, which focuses on the distribution of curvature
at the shape’s vertices and evaluates ‘mirror symmetry’. It is essential for the vertices to
be evenly distributed without bias in the upper, lower, left, and right parts of the shape to
prevent any influence on the evaluation of ‘mirror symmetry’. Therefore, in this study, we
used the advancing-front method [55] to perform equal polygon division on the sample
shapes. Although other popular methods for polygon equal division such as Delaunay
triangulation [55] exist, the advancing-front method offers the advantage of accurately
generating polygons even at the edges of the shape, making it suitable for this experiment,
which uses shapes with edges [55,56]. In other methods, polygons generated from the
centers of faces can result in irregular shapes and sizes at the edges, leading to inaccurate
polygon division [55]. Therefore, this study conducted sensory evaluation experiments
using shapes that underwent the advancing-front method for equal polygon division.
In this study, we conducted sensory evaluation experiments using the same method on
equally divided polygonal shapes. However, we excluded the meshing of shapes with
minute irregularities because the meshes were damaged in areas with significant curvature
variations. This is because the radius of curvature was too small compared to the size of
the mesh set during meshing. Although it is possible to address this by making the mesh
finer, this correspondence would lead to the evaluation of fine irregularities that humans
cannot recognize, resulting in a loss of correlation between sensory evaluation and the
index. In this study, we prioritized maintaining the mesh size equal to that used in previous
studies [33,57] that evaluated human perception of three-dimensional polygonal shapes.

1.  Extruded shape

The extruded shape is a three-dimensional surface shape created from a two-dimensional
closed curve using a fundamental three-dimensional CAD shape-creation method known as
extrusion. In this experiment, we used 50 curved shapes based on Birkhof’s shapes [20,31-33],
originally created by Ujiie [57]. Subsequently, we generated three-dimensional sample shapes
by extruding these curves in a direction perpendicular to the original shape using Autodesk
Fusion 360. The extrusion length for each shape was established by referencing previous
studies that conducted sensory evaluations with similar shapes [31-33,57]. The length is set to
twice the maximum diameter of each curved shape. In this experiment, we used 49 shapes as
samples (excluding shapes damaged during the polygon equal division process), as shown in
Figure 3.
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Figure 3. Extruded shape.

2. Rotated shape
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Rotated shapes are three-dimensional surface shapes generated from two-dimensional
closed curves using the fundamental three-dimensional CAD shape creation method,
known as rotation. In this experiment, we used the same set of 50 two-dimensional closed
curve shapes that were used for the extruded shapes. These shapes were created by rotating
the right side of each two-dimensional shape 360° around a vertical axis passing through
the centroid of the two-dimensional shape using Autodesk Fusion 360. In this experiment,
we used 46 shapes as samples (excluding shapes damaged during the polygon equal
division process), as shown in Figure 4.

Figure 4. Rotated shape.

3. Vase shape

The vase shape is a product characterized by a high degree of shape freedom, often
featuring distinctive attributes such as ‘holes” and ‘twists’. In this experiment, we used
50 three-dimensional vase shape datasets: 25 provided by free three-dimensional mod-
els [58] and 25 provided by CGTrader [59]. To exclude the inner surfaces of the vases that
were not visually perceptible, the vase openings were sealed with flat surfaces. However,
to ensure that the participants could recognize the openings when they looked at the
presented vase shape, only the edges of the openings were sealed. Shapes with fine surface
texture were excluded because evaluating surface texture added unnecessary complexity to
the evaluations of the silhouettes of the three-dimensional shapes, which were the focus of
this study. Based on the above, we used 33 shapes as samples (excluding shapes damaged
during the polygon equal division process), as shown in Figure 5.
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Figure 5. Vase shape.
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All the extruded shapes exhibited mirror symmetry for planes perpendicular to the
extrusion direction (which was set as the vertical axis in this experiment). However, for
planes parallel to the extrusion direction, some shapes exhibited mirror symmetry, whereas
others did not. All rotated shapes exhibited mirror symmetry concerning planes parallel to
the rotation axis (which was oriented vertically in this experiment). However, for planes
perpendicular to the rotation axis, some shapes exhibited mirror symmetry, whereas others
did not. Regarding vase shapes, irrespective of whether they included planes containing
the horizontal axis (set, as the bottom of the vase is parallel to it) or planes containing
the vertical axis, some shapes exhibited mirror symmetry, whereas others did not. In this
experiment, we selected three types of sample shapes, each with different orientations and
numbers of symmetrical planes to assess the effectiveness of the proposed index.

3.1.2. Experimental Conditions
This experiment was conducted under the following conditions:

1.  Presentation Method: Gray-colored sample shapes were displayed on a white back-
ground in an online survey. To assess the participants’ response accuracy, 10 shapes
were randomly selected from the sample shapes and presented without duplication.
Each shape was rotated at a consistent speed (vertical axis: 9.0 s per rotation).

2. Sensory Evaluation Method: For assessing ‘order’, a 5-point Likert scale was used,
which included the following options: ‘No order: 1’, ‘Slightly no order: 2, ‘Undecided:
3, ‘Slightly order: 4/, and ‘Order: 5’. This scale was chosen for its ease of use for
ordinary people [60] and its frequent use in previous studies [14,20,23,36,37,61], which
investigated shape-related features such as order and symmetry.

3. Participants: 110 participants (70 males and 40 females) participated in the experi-
ment. Participants whose absolute differences in sensory evaluation scores for the
10 randomly selected shapes exceeded a cumulative total of 10 were excluded from
the analysis, as were those who were assigned identical ratings for all shapes. Con-
sequently, data from 85 participants were considered for the ‘extruded shapes’, data
from 70 participants for the ‘rotated shapes’, and data from 71 participants for the
‘vase shapes’.

3.2. Experimental Results and Discussion
3.2.1. Extruded Shape

First, we present the results and discuss the variations in the coefficient of determi-
nation concerning the number of segmented surfaces. Figure 6 illustrates the relationship
between the proposed index and the sensory evaluations of the order for different numbers
of bins (integers from 2 to 20) for the extruded shapes. In this study, the center of gravity
of the shape was set at the origin of the xyz-space, and the shape was oriented such that
the extrusion direction was aligned with the z-axis. We computed seven proposed indices,
Sxys Syzs Szxs Sxyyz Syzzxs Szx,xy, and Syy 2 -x, where the subscripts xy, yz, and zx mean
xy-plane, yz-plane, and zx-plane, respectively. From Figure 6, it can be observed that
the maximum coefficient of determination with the sensory evaluation values of order is
achieved when the number of bins is 20, and the proposed index Sy -» is computed, result-
ing in a coefficient of determination of 0.36. Furthermore, Figure 6 shows that considering
the proposed indices related to symmetry in the xy-plane (Sxy,yz, Szx,xy, and Syy yzzx) and
not considering them (Sz, Szx, and Sy -x) produces similar results. The extruded shapes
exhibited complete mirror symmetry with respect to planes orthogonal to the extrusion
direction (xy-plane). Therefore, the Sy, values were nearly zero for all shapes and had little
impact on the index. Furthermore, Figure 6 shows that the coefficient of determination with
the sensory evaluation values of order is greater compared to the proposed index Sy .«
considering mirror symmetry about the yz-plane and zx-planes compared to the proposed
index Sy, or Szy considering mirror symmetry about the yz-plane or zx-planes. This could
be because humans evaluate the mirror symmetry of shapes from multiple angles and
not just from a single perspective [38-40,54]. Therefore, considering mirror symmetry
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from multiple facets during segmentation likely contributed to the increased coefficient of
determination between the proposed indices and the sensory evaluation values of the order.
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Figure 6. Relationship between the number of bins and coefficient of determination in ex-
truded shapes.

Next, we examined the proposed index S, .x, which exhibited the highest coefficient
of determination among the seven proposed indices. We examined the reasons for the
coefficient of determination’s variations with bin count, particularly for different bin counts.
Figure 6 indicates that the coefficient of determination for S, .y is the smallest when the
number of bins is four. Figure 7 shows a scatter plot of the proposed index and sensory
evaluation values of the order for this case. The red-colored plots (Shapes A, B, and C) are
discussed below. This figure shows that the proposed index takes values close to zero for
almost all the shapes, indicating that the index values vary little between the shapes. To
investigate further, we consider multiple shapes (A, B, and C) as examples and provide
contour plots of their curvature as well as histograms of the curvature of each segment
when the shape is divided into two, as shown in Figures 8-10. These figures include contour
plots of curvature from four viewpoints (top-down perspective and perspectives along
the x-axis, y-axis, and z-axis) and histograms of curvature for each part when segmented
along the yz-plane and zx-plane. These figures show that in bin 4, all curvatures of the
side portions, except the curvature of the edges, are assigned to the same bins, and there
is almost no difference in the curvature distribution in each part of the divided geometry.
Consequently, the values of the proposed index increased (became closer to 0) for almost all
shapes, and the differences in index values between shapes diminished, leading to a smaller
coefficient of determination between the proposed index and the sensory evaluation values
of order. Furthermore, we examined the contour plots and histograms of curvature for bins
2, 3, and 5, which showed similar behavior to that observed for bin 4. When the number
of bins is small, the curvatures assigned to them become biased, causing the correlation
coefficient of determination to become unstable and fluctuate significantly. In contrast,
for bin numbers 6 and above, the coefficient of determination remained consistently high,
suggesting that six or more bins were necessary in this experiment. Even with six or more
bins, there is still a slight variation in the correlation coefficient of determination between
even and odd numbers of bins. This may be because when the number of bins is even, the
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values around the most common curvature of 0 are divided into two bins, leading to an
overestimation of the index and a decrease in the correlation coefficient of determination.
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Figure 7. Relationship between the proposed index Sy -y and sensory evaluation values of ‘order” in
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Figure 8. Contour plots and curvature distributions in Shape A: (a) contour plots from different

perspectives; (b) curvature distribution of each part (blue and orange) obtained for the yz-plane;

(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.



Symmetry 2024, 16, 381

10 of 32

z
y
X
(a)
E,O.S
..30.6
£
S 0.4
&
0.2
0.0 0750 02 04 06 08 10 12 14
00 02 04 06 08 1.0 12 L4 0 02 04 06 08 10 12 L
Curvature Curvature
(b) (c)

Figure 9. Contour plots and curvature distributions in Shape B: (a) contour plots from different
perspectives; (b) curvature distribution of each part (blue and orange) obtained for the yz-plane;
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 10. Contour plots and curvature distributions in Shape C: (a) contour plots from different
perspectives; (b) curvature distribution of each part (blue and orange) obtained for the yz-plane;
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.

Figure 11a,b shows the scatter plots of the proposed index and sensory evaluation
values for the cases with the lowest coefficient of determination at bin number 15 and the
highest coefficient of determination at bin number 20. The blue-colored plots (Shapes B
and D) are discussed below. The two scatter plots show that as the bin number changed
from 15 to 20, the values of the proposed index for Shapes B and D became smaller
than those of the other shapes, approaching the regression line. This suggests that the
coefficient of determination increases significantly at bin number 20. The contour plots of



Symmetry 2024, 16, 381

11 0f 32

the curvature and histograms of the curvature distributions for Shapes B and D are shown
in Figures 12-15. Figures 12 and 14 show contour plots and histograms in bin 15 for Shapes
B and D, respectively. In addition, Figures 13 and 15 show contour plots and histograms
at bin 20 for Shapes B and D, respectively. These figures reveal that at bin 20, the large
curvature values (red regions in the contour plots) found in the side cavities, which were
indistinguishable at bin 15, could now be distinguished from the other side curvatures.
This is confirmed by the fact that in the histograms of Figures 12 and 13, when the number
of bins changes from 15 to 20, a new distribution appears in the fourth bin from the left,
and in the histograms of Figures 14 and 15, when the number of bins changes from 15 to
20, a new distribution appears in the third bin from the left. Consequently, the differences
in the curvature distributions for each part of the shapes divided on the zx-plane become
significant in bin 20, causing the proposed index values to become smaller than those at
bin 15 (i.e., the proposed index values become closer to the sensory evaluation values);
therefore, the coefficient of determination increases at bin 20.
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Figure 11. Relationship between the proposed index S, .x and sensory evaluation values of ‘order’
in (a) bin number 15 and (b) bin number 20.
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from different perspectives; (b) curvature distribution of each part (blue and orange) obtained for the
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Figure 13. Contour plots and curvature distributions in Shape B in bin number 20: (a) contour plots
from different perspectives; (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane; (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 14. Contour plots and curvature distributions in Shape D in bin number 15: (a) contour plots
from different perspectives; (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane; (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 15. Contour plots and curvature distributions in Shape D in bin number 20: (a) contour plots
from different perspectives; (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane; (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.

Finally, we discuss the proposed index S, .x (bin number 20), which exhibited the
highest coefficient of determination with the order sensory evaluation value. Figure 16
shows a scatter plot of Sy, .y (bin number 20) and the order of the sensory evaluation
value. The yellow-colored plots (Shapes B, C, D, E, F, G, and H) are discussed below.
Figure 16 shows that the coefficient of determination was 0.36, indicating a moderate level
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of correlation between Syz,zx (bin number 20) and the order of sensory evaluation values in
the case of extruded shapes. Now, we examine shapes for which the proposed index and
sensory evaluation values differ significantly.
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Figure 16. Relationship between the proposed index Sy, »x and sensory evaluation values of ‘order
in bin number 20.

B Shapes for which the proposed index overestimates order

In Figure 16, it is evident that the proposed index tends to overestimate the order
for shapes resembling Shapes B and D. Figure 17 displays the histogram of the shape’s
curvature of each part for Shape B as well as the contour plots of the shape’s curvature.
Similarly, for Shapes E and D, the contour plots of the shape’s curvature and the histogram
of the shape’s curvature are shown in Figures 18 and 19. The shape is viewed from multiple
angles, as shown in Figure 20.

First, we consider Shape B. Figure 17 shows that Shape B is the only sample shape
that lacks mirror symmetry in the plane parallel to the extrusion direction. Figure 16
shows that it received the lowest-order sensory evaluation values. However, as observed
from the contour maps and histograms in Figure 17, irrespective of whether the shape is
divided along the zx-plane or yz-plane, there is little difference in the curvature distribution.
Therefore, the value of the proposed index is probably close to the average (rather than
the minimum). For comparison, Figure 18 displays the contour maps and histograms
of the curvature for Shape E, where the index value is at its lowest. It is evident from
Figures 17 and 18 that there is no discernible difference between the curvature distribution
of each part in Shape B when we compare the histogram of Shape E with that of Shape B,
where the difference in curvature distribution is noticeably larger and the index value is
the smallest when divided in the yz-plane. Furthermore, Figure 17 shows that although
Shape B does not have mirror symmetry with respect to the plane parallel to the extrusion
direction, it does not have sharp convex areas, and almost all the existing convex areas
have moderately large curvatures (pink areas in the contour plots) that are distributed in
the same area. Therefore, when the shape is divided into the yz- and zx-planes, the large
curvature (the red portion in the contour plots) that is present in the concave portion on
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the side appears only on one side, but the magnitude of the curvature in the other portions
is not significantly different. This led us to believe that the shape did not exhibit a large
difference in curvature distribution. Therefore, the proposed index overestimates the order.

Shape D, shown in Figure 19, has sharp convexity in only one part of the shape,
and it has the second-lowest sensory evaluation value of order, as shown in Figure 16.
However, as can be seen from the contour plots and histograms in Figure 19, there is no
significant difference in the distribution of the curvature in each of the divided sections,
suggesting that the value of the proposed index is close to the average (rather than close
to the minimum). Figure 21 shows how the shape is viewed from multiple angles for
Shape F, which has the same level of value for the proposed index as Shape D and is on
the regression line as a comparison object to illustrate why the sensory evaluation value
of the order for Shape D is low. In Figures 20 and 21, the two shapes are similar in that
only one part of the shape has a sharp convexity. However, when Shape D was presented
to the subject in the experiment, it was challenging for the subject to recognize the mirror
symmetry of the shape when the shape was viewed from the angle shown in Figure 22.
The subject judged the shape to have no mirror symmetry about the plane parallel to the
extrusion direction and evaluated the order instead. The reason why Shape F does not
exhibit this phenomenon is that Shapes D and F have similar shapes, but Shape F has a
sharper and more pointed shape. When the shape is presented in the experiment, the
subject may judge it to have a shape that does not have mirror symmetry with respect to a
plane parallel to the extrusion direction. This may have facilitated the recognition of the
mirror symmetry with respect to the plane parallel to the extrusion direction when the
shapes were presented in the experiment (Figure 21). Therefore, we believe that the subjects
underestimated the order of Shape D and overestimated the order of the proposed index.
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Figure 17. Contour plots and curvature distributions in Shape B: (a) contour plots from different
perspectives; (b) curvature distribution of each part (blue and orange) obtained for the yz-plane;
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 18. Contour plots and curvature distributions in Shape E: (a) contour plots from different
perspectives; (b) curvature distribution of each part (blue and orange) obtained for the yz-plane;
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 19. Contour plots and curvature distributions in Shape D: (a) contour plots from different
perspectives; (b) curvature distribution of each part (blue and orange) obtained for the yz-plane;
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 20. Appearance of Shape D when viewed from multiple perspectives.
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Figure 21. Appearance of Shape F when viewed from multiple perspectives.

Figure 22. Perspective from which Shape D appears irregular.

B Shapes for which the proposed index underestimates order

Figure 16 shows that the proposed index underestimated the order of Shapes C, E, G,
and H. Figure 23 shows that these shapes share common characteristics, such as familiar
shapes and mirror asymmetry in the yz-plane. Shapes such as Shapes G and H, which are
basic geometric shapes such as equilateral triangles, and shapes such as Shape C, which
has star-like configurations, are probably familiar and recognizable by the participants.
Furthermore, Shape E, with its regular protrusions and a shape reminiscent of the letter ‘W,
is probably a familiar shape to the participants. Therefore, even if these shapes had mirror
asymmetry in the yz-plane, the order of the sensory evaluation values was considered
to be high. Consequently, it is suggested that the difference between the proposed index

and sensory evaluation values is significant for these shapes and that the proposed index
underestimates their order.
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(b) Shape E

(c) Shape G
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Figure 23. Shapes for which order is underestimated by the proposed index.

3.2.2. Rotated Shape

Figure 24 illustrates the relationship between the proposed index and the sensory
evaluation of the order for various numbers of bins (integers ranging from 2 to 20) in
rotated shapes. In this study, we set the center of mass of the shapes at the origin in
xyz-space, and the shapes were oriented such that the rotation axis was aligned with the
z-axis; we calculated seven proposed indices, such as the extruded shapes. Figure 24 shows
that for all combinations of bin numbers, the coefficients of determination between the
proposed indices and the sensory evaluation of order in rotated shapes are consistently
below 0.1, indicating no correlation between the two. We now discuss the possible reasons
for this observation.
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Figure 24. Relationship between the number of bins and coefficient of determination in rotated shapes.

The rotated shapes exhibited nearly perfect mirror symmetry with respect to the planes
parallel to the rotation axis (yz-plane and zx-plane), resulting in the values of Syz, Szx, and
Syz,2x being close to zero for all shapes. The slight deviations from zero are attributed to
the noise introduced by the polygon equal-division process. Therefore, the coefficients of
determination between the proposed indices for these planes and the sensory evaluation
of the order are believed to be small. In contrast, planes perpendicular to the rotation
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axis (xy-plane) have inherent mirror asymmetry, leading to variations in the values of Sy,
depending on the shape. Consequently, a stronger correlation with the sensory evaluation
of the order was expected. However, Figure 24 shows that the coefficient of determination
remained small. The human perception of mirror symmetry of objects can explain this.
Humans tend to detect and emphasize mirror symmetry with planes containing the vertical
axis (planes parallel to the rotation axis in the case of rotated shapes) when perceiving
mirror symmetry in things [44,46,56,57]. Therefore, it is likely that the participants did
not consider mirror symmetry with planes perpendicular to the rotation axis (xy-plane)
when evaluating the order of the rotated shapes. Therefore, the correlation between Sy,
and the sensory evaluation values of the order is expected to be small. Furthermore, the
high sensory evaluation values of order for all rotated shapes were considered to contribute
to the overall lower coefficient of determination between the proposed indices and the
sensory evaluation values of order. This may be explained by the fact that many items
used in our daily lives have been made using a rotation process, originally with lathes and
more recently with turning machining. Consequently, it is likely that the participants were
familiar with and accustomed to rotated shapes. Additionally, the fact that the rotation axis
used to create the rotated shapes was the same as that used to present the shapes in the
experiment may be one of the reasons for these results. Because of the abovementioned
characteristics of human symmetry perception, it is believed that the fact that all rotational
shapes were perfectly mirror-symmetrical with respect to the plane containing the axis of
rotation at the time of presentation made it difficult for variations in the sensory evaluation
values to emerge among the shapes [38,40,62,63].

3.2.3. Vase Shape

First, we detail the results, and then we discuss our analysis of how the coefficient
of determination vary with the number of segmented surfaces. Figure 25 illustrates the
relationship between the proposed index and the sensory evaluation of the order in vase
shapes for varying numbers of bins (integers ranging from 2 to 20). In this study, we set the
center of mass of the shapes at the origin in xyz-space and oriented the shape such that the
bottom of the vase lies parallel to the xy-plane, and we computed seven proposed indices,
such as the extruded shapes. Figure 25 shows that the maximum coefficient of determina-
tion with the sensory evaluation values of order was achieved when the proposed index
Syz,zx was calculated for bin number 14, resulting in a coefficient of determination of 0.66.
Additionally, Figure 25 shows that the proposed indices considering mirror symmetry in
the xy-plane (Sxy,yz, Szx,xy, and Syyyz 2x) have a lower coefficient of determination with the
sensory evaluation values of the order. This is because humans perceive mirror symmetry
in objects. Humans are more likely to perceive and prioritize mirror symmetry in planes
that include a vertical axis among all symmetrical planes [38,40,62,63]. Therefore, when
evaluating the order of the vase shapes, the participants largely ignored mirror symmetry
concerning the planes parallel to the bottom of the vase. Consequently, disregarding mirror
symmetry in the xy-plane led to higher coefficient of determination with the order sensory
evaluation scores. Furthermore, compared with the proposed indices considering mirror
symmetry in the yz-plane or zx-plane (Sy; or S:y), those considering mirror symmetry
in both the yz- and zx-planes (Sy;,.x) achieved a larger coefficient of determination with
sensory evaluation values of order. This is likely because humans evaluate the mirror sym-
metry of shapes from multiple angles, not just one [38-40,54]. Therefore, calculating the
proposed indices by dividing the shapes into multiple planes resulted in a larger coefficient
of determination with the sensory evaluation values of the order.

Next, we considered the index Sy .x, which exhibited the highest coefficient of de-
termination among the seven proposed indices. We examined why the coefficient of
determination varied with bin count, specifically for larger and smaller numbers of bins.
In Figure 25, it is evident that the proposed index S ; . exhibits the smallest coefficient of
determination when two bins are used. This decline shares the same causes as the proposed
Syz,zx indices for the extruded shapes. Figure 25 also reveals that, similar to extruded
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shapes, the coefficient of determination for vase shapes gets consistently larger for bin
numbers greater than or equal to 6. Therefore, it can be inferred that six or more bins are
necessary in this experiment.

09 r

08

0.7 +

A
_-a S
g 06| B AN e
b= . / ~ - N S
£ / B Jug =N A
g ~
~ - S~ g -
305 ¢ o Ll ' . H —+Sxy
< Pl
< . R ‘ - Syz
e 04 ¢ b3 . / N . i ’
‘g // \\ ,O—~~<;/ \\ \Y
= P / N ” e OEx
g2 03 |/ T v’ k“e“’v”{
&) / -o0-Sxy,yz
i ) -
0.2 & . > > -a-Syz,zx
\ ,
o1 N \ . ) . Szx,xy
\ P P P
N ~_ - ~ + -
H—— A — ¥ e S~ —--Sx),yz,2x
0 ! I I L I L ]
2 6 8 10 12 14 16 18 20

Number of bins

Figure 25. Relationship between the number of bins and coefficient of determination in vase shapes.

Therefore, from bin numbers 6-20, Figure 26a,b presents scatter plots of the proposed
index and sensory evaluation values for the cases with the minimum coefficient of deter-
mination in bin number 9 and maximum coefficient of determination in bin number 14,
respectively. It is evident from the two scatter plots that as the bin number changes from
9 to 14, the proposed index values for Shapes I and ] become smaller compared to other
shapes, approaching the regression line. This suggests that the coefficient of determination
increased significantly for bin 14. The contour plots of the curvature and histograms of the
curvature distributions for Shapes I and J are shown in Figures 27-32. Figures 27 and 30
show contour plots and histograms in bin 9 for Shapes I and J, respectively. In addition,
Figures 28 and 31 show contour plots and histograms at bin 14 for Shapes I and J, respec-
tively. In Figures 27 and 28, as well as Figures 30 and 31, it can be observed that for bin 14,
there is a significant curvature (highlighted in red in the contour plots) in the part of the
shape corresponding to the handle, which is not distinguishable at bin 9. This observation
is further supported by the histograms in Figures 27 and 28, as well as Figures 30 and 31,
where for both shapes, a new distribution appears in the second bin from the left when
the bin number changes from 9 to 14. This suggests that for bin 14, there is a significant
difference in the curvature distribution across various parts of the shape when compared
to bin 9, resulting in the proposed index values becoming smaller (i.e., closer to the sensory
evaluation values). Therefore, it is believed that the coefficient of determination is larger
for bin 14.

Furthermore, scatter plots of the sensory evaluation values of the proposed index
and order for the number of bins with the largest coefficient of determination (14) and the
number of bins with the largest coefficient of determination (20) in the extruded shape are
shown in Figures 26b and 26c, respectively. The blue-colored plots (Shapes I and J) are
discussed below. The two scatter plots show that as the bin number changes from 14 to 20,
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the values of the proposed index for Shapes I and ] become smaller compared with the other
shapes and move farther away from the regression line. Therefore, it is believed that the
coefficient of determination decreases in the case of 20 bins. Contour plots of the curvature
in shape and histograms for each part are shown in Figures 27-32 for each number of
bins. Figures 28 and 31 show contour plots and histograms at bin 14 for Shapes I and J,
respectively. In addition, Figures 29 and 32 show contour plots and histograms at bin 20 for
Shapes I and J, respectively. These figures indicate that for 14 bins, the curvature around
the handle area is not distinguishable from the curvature of the other surfaces, whereas for
20 bins, the curvatures of the other surfaces become more distinguishable. Consequently,
for 20 bins, there is a larger difference in the curvature distribution across various parts of
the shape, leading to higher values for the proposed index. However, Shapes I and ] are
asymmetric shapes with a ‘handle’ on one side, which can be recognized as a single function
in a vase. Therefore, the subjects did not significantly reflect the asymmetry of the shape
due to the presence of the ‘handle’ in the evaluation of the order. This resulted in the order
of sensory evaluation values of these shapes being moderate. When the number of bins
was increased to 20, the correlation between the proposed index and the sensory evaluation
values of the order weakened, leading to a smaller overall coefficient of determination for
the vase shape.

Finally, we discuss the proposed index Sy .y (bin number 14), which exhibits the
highest coefficient of determination with the order of sensory evaluation values. Figure 33
shows the scatter plot of Sy, .x (bin number 14) and the order of the sensory evaluation
values. The yellow-colored plots (Shapes J, K, L, M and N) are discussed below. Figure 33
shows a strong correlation, with a coefficient of determination of 0.66 for the vase shape,
indicating a robust relationship between S, ; . (bin number 14) and the sensory evaluation
values of the order. We consider shapes for which there is a significant difference between
the proposed index and the sensory evaluation values.
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Figure 27. Contour plots and curvature distributions in Shape I in bin number 9: (a) contour plots
from different perspectives, (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane, and (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 28. Contour plots and curvature distributions in Shape I in bin number 14: (a) contour plots
from different perspectives, (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane, and (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 29. Contour plots and curvature distributions in Shape I in bin number 20: (a) contour plots
from different perspectives, (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane, and (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 30. Contour plots and curvature distributions in Shape J in bin number 9: (a) contour plots
from different perspectives, (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane, and (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 31. Contour plots and curvature distributions in Shape J in bin number 14: (a) contour plots
from different perspectives, (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane, and (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 32. Contour plots and curvature distributions in Shape J in bin number 20: (a) contour plots
from different perspectives, (b) curvature distribution of each part (blue and orange) obtained for the
yz-plane, and (c) curvature distribution of each part (blue and orange) obtained for the zx-plane.

B Shapes for which the proposed index overestimates order

Figure 33 shows that the proposed index overestimates the order for Shapes K, L,
and M. Figures 34-36 depict the contour plots and histograms of the curvature for each
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shape. Among these, Shape K exhibits irregular “‘undulations’ on its surface, while both
Shapes L and M have left-right asymmetric ‘openings’. Figure 33 indicates that the sensory
evaluation values for the order of these shapes were low. However, as is evident from
the contour plots and histograms in Figures 34-36, when the shapes were divided in the
zx-plane, the curvature distributions in each divided part were nearly identical. Similarly,
when divided in the yz-plane, there was little variation in the curvature distribution among
the divided parts. Consequently, it is safe to conclude that the proposed index values are
approximately the average (rather than near the minimum) in these cases. Therefore, we
suggest that the proposed index overestimates order.
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Figure 33. Relationship between the proposed index Sy .x and sensory evaluation values of ‘order
in bin number 14.
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Figure 34. Contour plots and curvature distributions in Shape K: (a) contour plots from different
perspectives, (b) curvature distribution of each part (blue and orange) obtained for the yz-plane, and
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 35. Contour plots and curvature distributions in Shape L: (a) contour plots from different
perspectives, (b) curvature distribution of each part (blue and orange) obtained for the yz-plane, and
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 36. Contour plots and curvature distributions in Shape M: (a) contour plots from different
perspectives, (b) curvature distribution of each part (blue and orange) obtained for the yz-plane, and
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.

B Shapes for which the proposed index underestimates order

Figure 33 shows that the proposed index underestimates the order for Shapes N and J.
For each shape, the contour plots of the shape curvature and histograms of the curvature
for each part are shown in Figures 37 and 38. Shape N is a shape where the’ openings’
part functions convincingly as a “pouring spout’. For Shape J, the presence of a ‘handle’
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was functionally acceptable for a vase. However, these shapes exhibit significant changes
in curvature distribution among the divided parts due to the asymmetry caused by the
‘mouth’ and ‘handle’ when divided in the yz-plane, as evident from the contour plots and
histograms in Figures 37 and 38. Consequently, the proposed index values for the same
shapes increase. Therefore, we suggest that the proposed index underestimates the order.
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Figure 37. Contour plots and curvature distributions in Shape N: (a) contour plots from different
perspectives, (b) curvature distribution of each part (blue and orange) obtained for the yz-plane, and
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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Figure 38. Contour plots and curvature distributions in Shape J: (a) contour plots from different
perspectives, (b) curvature distribution of each part (blue and orange) obtained for the yz-plane, and
(c) curvature distribution of each part (blue and orange) obtained for the zx-plane.
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4. Conclusions

In this study, we initially computed the Casorati curvature of three-dimensional shapes
and used it to quantify the degree of ‘mirror symmetry” in these shapes. We derived a
quantification index for order in three-dimensional shapes. The proposed index allows
for the assessment with traditional mirror symmetry in different shapes, even those with
holes, which was challenging. Sensory evaluation experiments were performed to confirm
the effectiveness of the proposed index. Specifically, these experiments were performed
on three distinct shapes: extruded, rotated, and vase shaped. For the rotation shapes,
the coefficient of determination between the proposed index and the sensory evaluation
values was 0.1 or lower. However, for both the extrusion and vase shapes, the coefficient
of determination between the proposed index and the sensory evaluation values were
higher at 0.36 and 0.66, respectively, supporting the effectiveness of our proposed index.
The application of this index to the aesthetic evaluation of shapes in generative design is
expected to streamline product design processes, leading to time and cost savings.

For future tasks, there are several approaches to consider. First, it may be beneficial to
re-evaluate the method of presenting shapes in experiments, considering the nuances of
human symmetry perception, particularly for rotational shapes that did not yield significant
results in this study. Specifically, the shapes can be presented by rotating them around an
axis other than the vertical axis. Second, conducting sensory evaluation experiments with
additional sample shapes to validate the utility of the proposed index is another avenue of
exploration. The sample shapes that could be used include a 2D triangular shape [54], a
three-dimensional humidifier [23], a jawbone [44], and a bottle shape [37], which have been
used in some previous studies on order and symmetry of three-dimensional shapes. Lastly,
combining the quantification index for ‘order” proposed in this study with quantification
indices for ‘complexity’ could lead to the quantification of ‘aesthetic preferences’ in three-
dimensional shapes.
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Appendix A

The following describes the calculation of the Casorati curvature in a polygon model.
The curvature calculation method is described for the polygonal mesh in Figure A1l. Where
v; is the vertex whose curvature is to be calculated, v (k = 1,2,... ,n;) are vertices adjacent
to vertex v;, fix(k =1,2,... ,n;) are polygons with v; as a vertex, and a=2 (vi, v;, Vi(k41))
is the angle of fj; at vertex v;.
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First, we calculate the Gaussian curvature directly from the polygon model. Using
Gauss-Bonnet’s law [64], the Gaussian curvature K; at ith vertice v; can be expressed
as follows, where A is the sum of the areas of the polygons around the vertex v;.
2 — Y, a
K; = 27 L %k (A1)
3A

Second, the mean curvature is obtained directly from the polygon model. Using
Gauss-Bonnet’s law and paraboid fitting [64], the mean curvature H; at ith vertice v;

is calculated as follows, where ¢; is the distance between vertex v; and its neighbor
vertices v (k =1,2,... ,n;) and Bj is the angle between adjacent polygons.

101 lleill By

H; = -
1A

(A2)

Third, using the results of 1 and 2, the principal curvatures k; and k; are calculated.
The mean curvature H is defined as the mean value of the principal curvatures,
and the Gaussian curvature K is defined as the product of the principal curvatures.
Therefore, the principal curvatures k1 and k; can be calculated by combining the two
equations. When the maximum principal curvature is k1 and the minimum principal
curvature is kp, both are expressed by the following equations:

ky =H+vH2—K (A3)

ky=H-+VH2—K (A4)

Finally, the Casorati curvature was calculated using k; and k;. The Casorati curvature
is calculated as follows:

Vi + ka?
c.o— Vvt T (A5)

Figure Al. Polygons around vertex v;.
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