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Abstract: The concept of symmetry has played a major role in Hilbert space setting owing to the
structure of a complete inner product space. Subsequently, different studies pertaining to symmetry,
including symmetric operators, have investigated real Hilbert spaces. In this paper, we study the
solutions to multiple-set split feasibility problems for a pair of finite families of B-enriched, strictly
pseudocontractive mappings in the setup of a real Hilbert space. In view of this, we constructed an
iterative scheme that properly included these two mappings into the formula. Under this iterative
scheme, an appropriate condition for the existence of solutions and strong and weak convergent
results are presented. No sum condition is imposed on the countably finite family of the iteration
parameters in obtaining our results unlike for several other results in this direction. In addition, we
prove that a slight modification of our iterative scheme could be applied in studying hierarchical
variational inequality problems in a real Hilbert space. Our results improve, extend and generalize
several results currently existing in the literature.

Keywords: strong convergence; variational inequality; enriched nonlinear mapping; split feasibility
problem; multiple-set split feasibility problem; fixed point; iterative scheme; hierarchical problem;
Hilbert space

1. Introduction

Fixed point theory has no doubt proven to be a rich and complex field, always giving
rise to several extensions and applicable results. Nowadays, it has become incredibly
convincing that this domain of study is far from reaching its end as regards procreating
new ideas or connecting existing ones.

Let H be a real Hilbert space with the inner product (.) and the induced norm ||.||. Let
@ # K C H be closed and convex.

Definition 1 ([1]). A nonlinear mapping I : K — K is called B-enriched Lipschitzian if
there exist B € [0,00) and L > 0 such that the following inequality

[Ble —w) +To—Tw| < (B+1)L|l¢ —w|, Vowe€K. 1)
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It is worthy to mention that every Lipschitz mapping is 0-enriched Lipschitzian with = 0.
1
However, if B # 0 p € (0,1) are chosen such that p = 0 1, then inequality (1) becomes

1-p L
Py _ < Zllp—
|55 (e-w) +re-Te| < Zlo-«l
< [1-p)(e-w)+plo—pluwl| < Lljo—w]|
< [(1=p)e+plo—[1-p)w+plw]]| < Llle—wl. 2)
Set Ty = (1 — p)I + pI'. Then, the last inequality becomes
IToe — Towl| < flo — wll. 3)

Here, the average operator T is L-Lipschitzian.

Remark 1. The class of B-enriched Lipschitz mappings is between the class of Lipschitz mappings
and the class of (B, ®r)-enriched Lipschitz mappings studied in [1]. (Recall that a nonlinear
mapping T’ : K — Kiis called a (B, Or)-enriched Lipschitz mapping (or ®r-enriched Lipschitzian)
ifforall 9,w € K, there exist B € [0, +00) and a continuous nondecreasing function &r : Rt —
R*, with ®(0) = 0, such that ||f(0 — w) + To —Tw|| < (B+1)®r(|lo — w||).) If or(r) =7,
then we recover inequality (1); if L € (0,1), then inequality (1) reduces to an important class of
nonlinear mappings called enriched contraction mappings, and if L = 1 in inequality (1), we obtain
the class of B-enriched nonexpansive mappings. (Recall that a nonlinear mapping I' : K — K
is called a B-enriched nonexpansive mapping if for all o, w € K, there exists p € [0,+o0) such
that ||B(e —w) +To —Tw| < (B+1)|l0 — w|. Every nonexpansive mapping is 0-enriched
nonexpansive).

These two classes of mappings were introduced in [2,3] by Berinde. He proved that if K is a nonempty,
bounded, closed and convex subset of a real Hilbert space H and I : K — K is a B-enriched
nonexpansive and demicompact mapping, then I has a fixed point in K.

Example 1. Consider R? denote the 2-dimensional Euclidean plane. Define T : R> — R? by

To=T((01,02)) = (01,02) + (02, —01) = (01 + 02,00 — ¢1), Vo= (01,02) € R%.

Then, for all 0 = (01,02),w = (w1, wz) € R? and B = 1, we have

IBle—w)+To—Tw|* = [B((01,02) — (w1,@2)) + (01 + 02,02 — 1)

—(wq + wy, wy — wr)|?
= [IB((e1 — w1), (02 = w2)) + (01 + 02,02 — €1)

— (w1 + wy, wy — w1)]?
= [[(2(e1 —w1) + (02 — w2)),2(02 — w2 — (01 — w1))
= (2001 —w1) + (@2 — w2))* + (2(02 — w2 — (01 — w1))?
= 401 —w1)’ + (02— @2)® +4(2 — @2)* + (@1 — w1)?
= 5[(01 —w1)* + (02 — w2)?]
= Slle—wl?

(B+1)[le—wl

I”?

. . 5 . . .
Hence, T is a 1-enriched % Lipschitz mapping.

If a mapping is (B, k)-enriched, strictly pseudocontractive (for short, (B, k)-ESPCM), then
for all o,w € K, there exist f € [0,00) and k € [0, 1) such that the following inequality holds:

IBe +To — (pw +Tw) > < (B+1)*[lo - w|* +K[(I -T)e — (I-Tw|? @
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For some special cases in which = 0 in one part and k = 0 in another part, inequality (4)
reduces to two classes of mappings known as strictly pseudocontractive mappings (recall
that a nonlinear mapping I' : K — Kis called a strictly pseudocontractive mapping if
for all 9,w € K, there existsk € [0,1) such that ||To — Tw||*> < |jo — wl||?> +k||(I —=T)o —
(I = T)w||?) and B-enriched nonexpansive mappings, respectively. Hence, the class of
(B, k)-ESPCM is larger than the class of p-enriched nonexpansive mappings and the class
of k-strictly pseudocontractive mappings; see [1,4—15] for more details.

Now, by substituting 8 = 0 1 into inequality (4) and simplifying, we obtain

IToe = Towl|* < llo = | +KI[(I = Tp)e — (I - Tp)w]?, )

where p € (0,1], and T, is as defined in inequality (3). Note that the average operator I’y is
k-strictly pseudocontractive.

In [10], Berinde introduced the concept of (B, k)-ESPCM and showed that this class of
mappings is more general than the class of k-strictly pseudocontractive mappings studied
in [12,16]. It is of interest to note that the Lipschitz properties enjoyed by the class of strictly
pseudocontractive mappings (due to the structure of their definition) are far from the reach
of Lipschitz pseudocontractive mappings.

Example 2. Let X = R? be equipped with the Euclidean norm, and we have the following:

C=1{(01,02) € R% 01,00 > 0,07 + 03 < 1}.

Define the mapping I : C — C by

o= (49

It is not difficult to see that X is a uniformly convex Banach space and that C is a bounded,
closed and convex subset of X. Let B € [0,00) and a € [0,1). It is shown in [1] that T is a
(B, a)-enriched strictly pseudocontractive mapping and F(I') = (0,0).

Remark 2. If, we take k = 1 in inequality (4), then we obtain a class of nonlinear mappings called
B-enriched pseudocontraction mappings. Thus, the class of (B, k)-ESPCM is smaller than the class
of B-enriched pseudocontractive mappings.

Let H, and Hj be two Hilbert spaces and W and V be nonempty, closed and convex
subsets of H, and H, respectively. Consider two nonlinear mappings: I' : H;, — Hj, and
Y : H, — Hj. The split feasibility problem (for short, SFP) is given as follows: find a point
g € H, such that

geWandBgeV, (6)

where B : H, — Hj is a bounded operator. If the solution of (6) exists, then it can be
shown that ¢ € W solves (6) if and only if it solves the following fixed point equation:

¢ =Pw((I-AB*(I-Py)B)o), ecW, @)

where Py and Py are projections of W and V, respectively, A is a positive constant, and B*
represents the adjoint of B. When W and V in (6) (Where @ # W C Hyand @ # V C H,
are closed and convex) are sets of fixed points of nonlinear mappings I and Y, then the
split feasibility problem is also called the common fixed point problem (for short, SCFPP)
(see, [17,18]); that is, given m nonlinear operators {1"[ ", Hy — H,; and n nonlinear
operators {Y/ };7:1 : H, — Hy, the SCFPP for finitely many operators, which is desirable
in practical situations, is to find a point

0 € NI F(T") such that Bo € ﬂ?le(Yf). 8)
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In a special case for which I'' = Py, and Y/ = Py, the SCFPP reduces to the multiple-
set split feasibility problem (for short, MSSFP): that is, to find ¢ € N'W; such that
Bg € Ni'Vi, where {W;}r, and {‘/]}7:1 are nonempty, closed and convex subsets of H,
and Hj, respectively. We shall denote the solution to problem (8) in this special case by
D= {0 nN"W;:Boc ﬂ?Vi}.

In the setup of a real Hilbert space, problems (6) and (8) have been studied extensively
by different authors; see, for example, [17-28].

In [22], Censor and Segal introduced the following algorithm:

on+1 = Y(I = AB*)(I —T)Boy, ©)

which solves problem (6) for directed operators.
Recently, Chang et al. [28] introduced and studied the following fixed point algorithm:
for an arbitrary oy € Hj, let {0,,}°_; be a sequence generated iteratively as follows:

0o € Hy chosen arbitrarily ;

Ont1 = OnowWn + X521 6p ) pwn; (10)

Wp = Qn + /\B*(Sn(modl\]) - I)BQHI
where {J,,;}7_; is a countably infinite family of real sequences in [0, 1}; 121 0, = 1, Tj 5 =
B+ (1— )T}, p € (0,1)isaconstant; {I';}%2, : H; — Hj is an infinite family of a;-strictly
pseudononspreading mappings; {S; } ]I\i 1 is a finite family of +y;-strictly pseudononspreading
mappings; and A > 0. Using (10), they proved weak and strong convergence theorems.

Subsequently, different researchers have extended and generalized (9) in different
directions. Alsulami et al. [19] proved some strong convergence theorems for finding a
solution of problem (6) in Banach spaces; in [23], (9) was extended to the case of quasi-
nonexpansive mappings, which was later extended to the case of demicontractive mappings
in [24,25]; Takahashi generalized the results in [22] to Banach spaces. For more works
relating to split feasibility problems, the interested reader is referred to [20,25-27] and the
references therein.

Symmetry is an important concept used in Hilbert spaces and plays a crucial role in
the structure of a complete inner product space. Also, the concept of symmetry, which
includes symmetric operators, has been investigated in real Hilbert spaces. In this paper,
inspired and motivated by the results in [29,30], we propose a horizontal iteration technique
for solving the multiple-set split feasibility problem in the more general cases of a pair of
finite families of B-enriched strictly pseudocontractive mappings in an infinite-dimensional
Hilbert space and establish strong and weak convergence theorems for approximating
a common solution for the aforementioned problem. From recent studies, it has been
observed (see, for instance, [31]) that iteration techniques involving more than one auxiliary
mapping are more robust against certain numerical errors than the ones in which only one
auxiliary mapping is used. Consequently, our method is more efficient in application than
some of the methods in related works. Finally, it is worth mentioning that the technique
presented in this paper does not require a 'sum condition’, which has been the case for most
of the iterative methods in this direction. Concerning application, we consider the algorithm
for hierarchical variational inequality problems through slightly modifying our iterative
scheme. Our results improve and generalize several results in the current literature.

The rest of the manuscript is organized as follows: Section 2 is devoted to some
preliminary results that will be required to establish our main results; Theorems 1 and 2
will be the subjects of Sections 3-5 and will conclude the paper.

2. Preliminary

In the following, we first recall some notations, definitions and known results that
are currently in the literature, which will be required to prove the main results of this
present paper.
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Assumption 1. Throughout the remaining sections, H, K, NR,—,—~and B : H — H
shall represent a real Hilbert space, a nonempty closed and convex subset of H, the set of natural
numbers, the set of real numbers, strong convergence, weak convergence and a bounded linear
operator, respectively.

Also, for the sake of convenience, we restate the following concepts and results.
Let H and K be defined as in Assumption 1. For every ¢ € H, there exists a unique
nearest point in K, represented as Pk, such that

llo— Pxo|l < |lo — w|,Vw € K
and it has been established that for every ¢ € H,
(0 — Pxo,w — Pxo) <0,Vw € K. (11)

Definition 2 ([32]). Let Z be a real Banach space and I : Z — Z be a self-mapping on Z. Then,

the following is considered:

(i) I —T is said to be demiclosed at zero if for any sequence {0n}n,>1 C Z with 0, —
0* and ||op —Ton|| — 0as n — oo, we obtain ¢* = T'o*;

(ii) T is called semicompact if for any bounded sequence {0, },>1 C Z with |0y — Ton|| —
0 as n — oo, there exists a subsequence {n; }>1 of {0n }n>1 such that gn, — 0* € Z.

Definition 3 ([32]). Let Z be a uniformly convex Banach space and K a closed and convex subset
of Z. Amapping I' : K — K is called asymptotically regular on K if for each x € K,

[T 1x —T"x|| -0 as 1 — co.

Definition 4 ([32]). Let Z be a uniformly convex Banach space and C a closed and convex subset
of E. A mapping T : K — Z is called demicompact if it has the property that if {wn},>1 is a
bounded sequence in Z and {Twy, — wy, },>1 is strongly convergent, then there exists a subsequence
{Wn }i>1 of {wn }n>1 that is strongly convergent.

Lemmal. Let @ # K C H, where H is a real Hilbert space, closed and convex, and letT : K — K
be an a-strictly pseudocontractive mapping. Then, the following applies:

(i) IfF(T) #Q, then f(T) is closed and convex;

(ii) I —T is demiclosed at zero.

Lemma 2 ([12]). Let {6y }n>1, {Tu}nu>1, {An}n>1 C [0, 00), satisfying the inequality
Suir = (1= Ap)on + Tyt > 1, (12)
IfFY 2 Ay < o0and Y 321 Ty < oo, then the limy, o 0, exists.

Lemma 3 ([7,26]). Let H be as in Assumption 1; then, for all o, w € H, the following inequal-
ity holds:

lo+wl? < ol* +2(w, 0 + w). (13)

Proposition 1 ([30]). Let {9;}$2, C N be a countable subset of the set of real numbers R, where
k is a fixed non-negative integer and N is any integer with k +1 < N. Then, the following
identity holds:

=1 N

5k+§; s[[1-d)+]J1—8) =1 (14)

j=k+1 =k i=k
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Proposition 2 ([30]). Let t,u and v be arbitrary elements of a real Hilbert space H. Let k be
any fixed non-negative integer and N € N be such that k+1 < N. Let {v; }N ''C Hand
{6}, C [0,1] be countable finite subsets of H and R, respectively. Define

N i— N
y =0t + ' Z o; | (1 - (5]'>Ul'_1 +H(1 - (5]>Z)

Juy

Then,

ly —ull® = &llt —ull* + Z ,Hl— Iv]1—u||2+]_[1— o — ull?

j=k+1 i=k
N j-1
—&| ¥ 4TI =)t o 1||2+H1— )it o]
j=k+1  i=k
N j—1
~(=00[ ¥ T~ = (Ge1 +wja)I?
j=k+1  i=k
j—1
+on [T = &) o = ona ],
i=k

where wy = Z].Zikﬂ 5 Hf;;(l —0i)vj1 —i—HiI\Lk(l —aj)u,k=1,2,--+ ,Nand w, = (1 —cy)v.

Lemma 4 ([2]). Let K be a nonempty, bounded, closed and convex subset of a real Banach space
Z,T : K — K a nonexpansive mapping and F(I') # @; then, for any given p € (0,1), the
mapping Tg = (1 — B)I + BT, where I is the identity operator, has the same fixed point as T and is
asymptotically reqular.

Remark 3. When I is nonexpansive, so is I'g, and both have the same fixed point; however, Ig has
more felicitous asymptotic behavior than the original mapping (see [2] for details).
3. Main Results

First, we provide an iterative scheme as well as a convergence study regarding this
scheme with respect to the solutions to the split feasibility problem for a pair of finite
families of B-enriched strictly pseudocontractive mappings.

Assumption 2. Consider the following:

a) Let Hy and Hj be two real Hilbert spaces: B : Hy — Hj, a bounded linear operator; and
P P
B* : Hy — H;, the adjoint of B;

(b) Let {T;}N, : Hl — Hy be a finite family of («;, B)-enriched strictly pseudocontractive and
demicompact mappings with o = max{tx } € (0,1);

(¢) Let{S;}N,:Hy — Hybea ﬁmte famlly of (v, B)-enriched strictly pseudocontractive and
demzcompact mappings with y = max{’y,} € (0,1);

(d) Let W=nN,F(T;) #@andV—ﬂlzl (S)) #@;
(e) Let D be aset of solutions of (MSSFP); that is, D = {¢* € W : Bo* € V'}.

Now, we present our iteration scheme as follows.

Let Hy, Hp, B, B* {T;}32 1, {Si}$21, W, V, a and 7y be as in Assumption 2. For an arbitrary
point 01 € Hj, construct the sequence {0y },,>1 iteratively as follows:
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01 € Hj chosen arbitrarily ;
01 = Gnacon + TN o G TIL (1~ 6Ty + T, (1 - 6)TVwy,  n>1 (15)
Wy = 0n + AB*(‘Sn(modN) - I)BQH/

where {{6,,j}71 }]I\L 1 is a countably finite family of real sequences in [0, 1].

Theorem 1. Let Hy, Hp, B, B*, {T';}3° 1, {Si}32 1, W, V, a and «y be as stated in Assumption 2. Let
{0n}n>1 be a sequence given by (15). If {{d,, }y ]I\L 1 € [0,1] satisfies the following conditions:

(1) 6,1 > a > max{a;}N ;0,1 <6 <1, foreachi;
(2) minf[T2) (1= 6)(nn — 1) > 0,j =2, N;
(3)  HminfTT_ (1 - 8)(dn1 — an) > 0;

1—7
(4) Ae |0, —=|.
( ||B|2>

then both {0y }n>1 and {wy },>1 converge strongly and weakly to some ¢o* € D.

1
Proof. Since {I;}N, is (B, ;)-ESPCM for each j, by setting p = i 1 for B > 0 and
p € (0,1], we obtain from (5) that

1— . . 1 . ,
||Tp(e—w)+T]Q—TJW|IZSpi\lg—w\IZerj\IQ—w—(T]Q—T]w)l\zf
which upon simplifying yields
IThe —Tpw[? < fle—w[*+ajlle — w— (Tpe = Tpw)%, (16)

where F]p = (1 —p)I + pI’, and I denotes the identity mapping on H. It is clear that the
finite family of the average operator {T;}_, is an a;-strictly pseudocontractive mapping.

Again, since {S;}N, is (B, vj)-ESPCM for each j, by following a similar approach as in
(16), we obtain

ISho = Shwll* <l —w|* +7jlle — w — (She — Spw) ||, (17)

where S, = S” = (1 —p)I + pS, and I denotes the identity mapping on H. It is obvious that
the finite family of the average operator {S;}}; is again an v;-strictly pseudocontractive

mapping.
Recall that for each j € N,

ITho — Thw[?> = llo—w—[o—Tho— (w—Thw)]|?
= Jo—w|?—2{e—w,0—Tho— (w - Thw))
+llo = Tho — (w — Thaw)|| (18)
Inequality (16) and Equation (18) imply that for each j € N,

171)6]'
2

{0~ w,Plg—Plw) > IPlo — Plw]?, (19)

where P/ = [ — F{).
Let Q be a convex subset of a linear space Z and {F]p ]Ii 1+ Q — Qbe a given map.
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Then, for any 6 € [pj—l' 1) with p > 0 and for each j € N, the mapping Pg :Q— Qis
defined by

Pé:g—&PjQ:(l—é)Q—HSF{,Q:(1—T)Q+TFjQ, (20)

where T = dp €

(1-19)o.
Now, since

1
T+ op’ 1) for 5p > 0 denotes a translation of 6I'y¢ through the vector

|Plo— Plw|* = |[lo—w—3d(Plg—Puw)|?
= |lo—w|*—26(Plo— Plw, 0 — w+*|Plg— Plwl|?,

it follows from inequality (19) that
IPle—Pjw|® < llo—wl?~5(1 —a;)|[Plg — Pla|* + 8| Pl — Plao],

so that for any 6 with 0 < J <1 — aj, for each j € N, we obtain

|‘P£Q_P§W||2§ lo—w|? Yo,weW. (21)
Using the above information, we restate the iterative scheme defined by (15) as follows:

01 € Hj chosen arbitrarily ;

i—1 i—1
Qui1 = Onawn + L, G T (1= 6) Py wu + T (1= 6)PNws,  n>1  (22)
Wy = 0y + AB*(sg(mo an) — DBon,

with the conditions on the iteration parameters still as in (15).

Now, we show that the sequences {0y }>1, {wn }n>1 and {nglwn}nzl are bounded.
By the definition of D, for a given q € D, we obtain

qgeW = mjlill:(rj) = 0]1\1:11:(13(]5)
and ‘
g€V =nk,F(S) =N, F(S)).
Thus, Bq‘: Sn(modN)Bq'
Since {Pg } ]I\i 1 is a finite family of an a;-strictly pseudocontractive mapping for each j,
it follows from Lemma 1 that W = ﬂ]-]\i F (Pé) is closed and convex. Consequently, using

Proposition 2 with y = 0,41, = Wn, Vj—1 = P‘];lwn,v = Pg\]wn,k = 1l and u = g, for each
n > 1and q € D, we obtain from (22) that
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N j-1 , N
lonir —qll* = 8pawn+ Y 51 =)0 wn+ (1= 6)TNws — q|?
j=2 " i=1 i=1

< nplleon —ql* + 25 H 51) 1Py e = q||2+H (1= )|IB wn —ql?

j=2 i=1 i=1

-1 N
< (nl_qH +Z5H 5i)+H(1—5i)>||wn—11|2
i=1 i=1
= wn —q|% (by Proposition 1) (23)
Also, from (22), we have
lon =gl =" llon —q+AB*(Sh,,un) — D)Benll?
= |lcwn —qlI* +2A(wn — 4, B (S}, 4n) — 1)Bon)
A2 B* (S} oany — DBenl. (24)
Since
A?||B* (S} oy — DBOnll> = /\2<B*(Sp(modN)—I)Bqn,B*(Sp(modN)—I)Bgn)

_ 2 P

= A <BB*(Sn(modN) )BQ”’( n(modN) ~— )BQ”>

< A2BIPIISS oy — DBoxl (25)

and since using inequality (17)
(n 0B (S oy~ DBn) = (Blen — ), (8 noany — 1)Bon)

= (B(wn =) + (S} (uoany — 1) Bn
_(Sﬁ(modN) - I>BQ"’ (Sfl(modN) - I)BQn>
= <(Sfl(m0dN) - I)BQ” — Bq, (Sfl(modN) - I)BQH>

S TEAm—-

- {n( ® modny — 1)Ban = BalP + (S5 oqn) — DBl

~||Box Bq||2} S T &

IN

1
2{IIBQanII2 + YIS oy — I)Benllz}

1
+2{|<s¢;(mm ~ DBoulP — |Box — BqF} (S i) — DBen?

= 7H( b moany) — 1)Benll?,
it follows from Equation (24) that

lon =gl = llon —q+AB* (S}, pun) — D)Benll?
= llen =gl = A1 =7 = AIBIP)IB* (S oqn) — DBenl®. (26)
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Based on condition 4 from the statement, it is clear that (1 — 7y — A||B||?) > 0, and as a
consequence, Equation (26) reduces to

lwn—qll < llon—gll, Vn>1 (27)

Inequalities (23) and (27) imply that

lons1—qll < lloen—gql, Vn>1 (28)

The last inequality implies that the nlgn llon — q|| exists; from (27), it again follows that

the 1211 llwn — g]| exists. Thus, the sequences {0y },>1 and {wy },>1 are bounded. Since for
n—oo - -
eachj>1,{P] }]I\L 1 is nonexpansive, we have
1Pjon = qll < llwn — qll-

Therefore, {P(JS}]’\L 1 is also bounded for each j € N.

Foreachj=1,2,---,N, denote 17{4 =1-ul+ ypg. Since Pg is nonexpansive for
eachj=1,2,---,N, it follows from Lemma 4 that 7, is asymptotically regular. That is,

llon _WLQnH —0asn — co. (29)
Also, for each j € N, we have
e — @ = p(Pjo— @) = pu(TVg — q). (30)
Hence, for eachj € N,
||Qn—P£QnH — 0asn — oo. (31)
Next, we show that foreachj=1,2,--- ,N,
Tim ||, — Plw,|| = 0and ,}E&HSZ(madN) —I)Boy| = 0. (32)

Now, for any given g € D, we obtain, using (22) and Proposition 2 with y = 0,41,
t=cwn,vj 1= Pf;lwn,v = wan,k =1 and u = g, that

j—1
||Qn+1_‘7||2 = ||5nlwn+25]1—[ (1-9¢ T] 1wn+H 1-6 Fan_qHZ
i=1 i=1
N j-1 1 ) )
< nallon —ql?+ Y & T =8P} won — gl +H (1= 6)||PYewn — |
j=2 i=1 i=1
j— 1

31 25] 1 Dllwn — P~ wn||2+1—{ (1 —6;)|Jwn — PNewyl*]. (33)
i= 1
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Using a strict pseudocontraction condition on each {P}} ;V 1, We obtain

i—1
lowss =42 < dulleon — gl +25H 1) [lon = qll? + aglleon — P} on?]
=1

+H<1 =)l = qlI? + llan llon — PNwul?]

1

i

N
2]
=2 i
N
= <n1+2

i

’:1

1
5l — B} wnH2+H 1= 6;)|ewn = P(stnHz]

i=

Il
| =

:1

1 N
)+10a- 51')) leon — g1

i=1
1

j N
5 T1( = 8)llewn — P} ol + (81 — an) TT(1 = 8))llon — Pganllzlr
2

le

- l(é 1 _9‘])

I
—

j i i=1

which by Proposition 1 and Equation (26) yields

lowsr —qlP < llow—qlP = A1~ = AIBIP)B*(S5 ogn) — DBanll?

j— 1

ul j—1 2
25] 6i)|lwn — P} wy|

j=2 171

N
(01 —an) [ [(1=6;)[lewn — ngwnﬁl,
i=1

N j-1
1
M = (Z‘sj (1=01) (61 — aj)|lwn — P] wnl* + (1 — an) [T(1 = 6)llwn — pg\]“’n|2>
= =

i=1
FA =7 = MBIP)IB*(S] gy — DBanll®

U
N
Z

Then, we obtain from the last inequality that

M < on

= ql* = llows1 — gl (34)

Applying conditions 2 and 3 from the statement and the fact that A(1 — — A|| B||?)
in inequality (34), we obtain

: j _ : I _
nlgr.}oﬂwn — Pjwy|| = 0 and nlgr(}oH(Sn(modN) —I)Boy|| = 0. (35)
Furthermore, we show that

Jim [l — | = 0 and fim w1 — | = 0.

Using (22) and Proposition 2 with y = ¢,41,t = Wn,Vj1 = Pj_lwn,v = Pg‘]wn,
k =1and u = 0,, we have
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N j-1
lont1 = anll® = lldnacon+ Y- & [T =) wn FTT0 - 00w, — a2
=2 i=1 i=1
o i—1 2 ~ N 2
< Suillwn —enl* + 25 H 51‘)HP(/5 wWn — 0| +H(1 — ;) ||P5 wn — 0n|
i=1 i=
j—1 - 5
< 5ulBH S gy — DBanlP + 6, TT(1 8)[IP} ™ wu = wnll + leon — eull]
=2 i=1
N N 2
+ 110 = &) [P wn — wnll + llwneall] (36)
i=1
Since
lwn — oull = /\HB*(SZ(modN) —I)Bou|| = 0asn — oo (by (32)), (37)
it follows from Equation (35), inequality (36) and Equation (37) that
lim [|on41 — nll = 0. (38)
Also, observe from (22) that
lwns1 = wnll < ot = onll + AUB(Sy pqn) = DBeu+1l
+A||B*(SZ(mOdN) — I)Bou|| — 0as n — oo. (39)

Considering the above information, we are ready to present our strong and weak conver-
gent results. '
Now, since {I” }]]\i 1 is demicompact (by hypothesis) for each j, it follows from (30)

that {77{4 }N 1 is demicompact for each j. Therefore, using (29), we can find a subsequence
{on bi>1 of {@n}n>1 such that ¢,; — g as j — oo. Further, by the continuity of {P }] 1/
each j, it follows that {17], * ; is also continuous for each j, and hence,

ﬂ;{lan — 11;417 as k — oo.

Thus, {0n, — iﬂ,gnk} — 0’as’k — oo. Using the above information, we have n{lq =q
forallj=1,2,---,N. To be precise,

genk VL E()) = N VL F(P)) = N VL E(Th) = NI F(T) = W, (40)

Using (28), we obtain that {0, }{* ; converges strongly to g € D.
Again, from (36), we obtain

nlgr.}OH( ny(modN)

I)Bow, || = 0. (41)
Thus, for any T € N, there exists a subsequence 1;, € n; with nj, (modN) = T such that
Tim [[5%Bon, — Bow, || = 0. (42)

Obviously, from the boundedness of B and decompactness and continuity property of
S, it is easy to see from (42), by following the same reasoning as in (40), that

Bge NN_ F(S%) =nN_ F(S;) = V. (43)
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holds.
Finally, we show that every cluster point ¢* of the sequence {0, },,>1 is a member of D.
Now, since {wy },>1 is a bounded sequence in Hj, this means that we can find a
subsequence {wy, }r>1 of the sequence {wy },>1 such that w,, — o* € Hj.
Using (35), we have

lim ||y, — Plwy || =0 (44)
for each j € N. Observe from (20) that for each j € N,

(I—-Pl)=6(1-T}), (45)

which immediately guarantees that (I — Pg) is also demiclosed at zero by the demiclosed-

ness of I’ (see Lemma 1). Consequently, ¢* € F(P}) for each j € N. Since j is arbitrary, it
follows that ‘ ' ‘
0" € NI F(P)) = NI F(T)) = NI F(TT) = W,

Conversely, from (22) and (35), we obtain
On = Wny — )‘B*(Sflk(modN) — I)Bon, — ¢”. (46)
In view of the boundedness of the linear operator B, we obtain
Bo,, — Bo™. 47)
Again, from (35), we have
klngLH(Sﬁk(mOdN) —I)Bay, || = 0.

Thus, for any T € N, there exists a subsequence Mg, € 1y with Mg, (modeN) = T such
that
lim ||S7Boy, — B =0.
kj%oo” T Qﬂkj anj H

Following the demiclosedness of ' = S (see Lemma 1), we are guaranteed that
(I —S%) = p(I — S) is also demiclosed at zero. From the above information and (47), we
obtain that Bo* € F(S%). By the arbitrariness of T € N, we have

Bo* € NN F(SY) = NN F(S;) = V.

This completes the proof.
O

If A = 0 in Theorem 1, then the following corollary emerges.

Corollary 1. Let Hy, {T;}?°,, W and a be as in Assumption 2. Let {0y } n>1 be a sequence given by

{Ql € Hj chosen arbitrarily ; (48)

i—1 -
i1 = Ona0n + Lo 6T (1= 6) o + TN (1= 6)TNgw,  n21
If{{0nj}nq }]N: 1 € [0,1] satisfies following the conditions:
(1) yq >a> max{rxi}llil;én,l < 6 < 1, for each i;
o i—1 .
(2) hggloglfnf:l(l —=6j)(0p1 —@i1) >0,j=2,--- ,N;
o i—1
(3) hgglfn;:l(l —3:)(6p1 —an) >0,

then {0y }n>1 converges strongly and weakly to some 0* € W.
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4. Application

In this section, following the same approach as in [33,34], we shall make use of the
results of Section 3 to study the hierarchical variational inequality problem.

Let H and {Fj}jlil be as in Assumption Q with F ﬂjlil F(T/) # @.LetS: H — Hbe
a nonexpansive mapping. The well-known hierarchical variational inequality problem for
the countably finite family of the mappings {I/} ]I\i 1 with respect to the mapping S is to
find a point ¢* € F such that

(0" —S0*, 0" —0) <0, VoeF. (49)

It is not difficult to see that (49) is equivalent to the fixed point problem below:
find ¢* € F such that
0" = PrSo”, (50)

where Pr is the metric projectiom of H onto F. In setting W = F and V = F(P£S) (the
set of fixed point of PrS) and B = I (the identity mapping on H), then the problem (50)
is equivalent to the multiple-set split feasibility problem defined as follows: find ¢* € W
such that

0" eV. (51)

Consequently, Theorem 2 below follows immediately from Theorem 1.

Theorem 2. Let Hy, Hy, B, B*, {T';}°,,{Si}21, W, V,a and <y be as stated in Theorem 1. Let
{0n}n>1 and {wn },>1 be the sequences are given by

01 € Hj chosen arbitrarily ;
0ns1 = dp1wn + LN T (1= o) M wy + T, (1= 6)TNwy, 021 (52)
wy = 0n+A(S—1)on,

where {{0,,;}7_1 }]I\il is a countably finite family of real sequences in [0,1], and A > 0, satisfying
the following conditions:
(1) 6,1 > a > max{a;}N ;6,1 <6 <1, foreach i;

o i—1 .
(2) hrllgglfl—[f:l(l —6))(0ng —ai1) >0,j=2,--- ,N;

o i1
(3) h}gg}fn;:lu —6;)(0y1 —an) > 0;
4 A€ (0,1).

IfWNV # @, then {on }u>1 converges weakly to a solution of the hierarchical variational

inequality problem (49). Further, if one of the mappings {I7} ]N: 1 is demicompact, then both {0y }n>1
and {wy },,>1 converge strongly to a solution of the hierarchical variational inequality problem (49).

Proof. Based on the fact that S is nonexpansive, by Remark 1, S is a 0-enriched nonexpan-
sive mapping (and, by extension, a 0-enriched pseudocontracive mapping with ¢y = 0). In
taking N = 1 and B = I (where I is the identity mapping on H) in Theorem 1, then all the
conditions of Theorem 1 are satisfied. Hence, the conclusion of Theorem 2 immediately
follows from that of Theorem 1. [J

5. Numerical Example

In this section, we illustrate the convergence result of Theorem 1.
The following are examples of (0, «;)-enriched strictly pseudocontractive mappings
and (0, 7;)-enriched strictly pseudocontractive mappings.

Example 3. Let Hy = ¢ = Hy. Foreachi € {1,2,--- N}, let T;,S; : by — £ be defined by

Ii=—(+1)e
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and

D = (1 F(T)) N (1F(S)) = {0}, 3)

Further, for each i € {1,2,--- ,N}, {I;}N is (0,a;)-enriched strictly pseudocontractive
mappings. Indeed, for any o, w € lp and B = 0, we have

(0-Ti—(w-Tiw), (f+1)(e-w)) = (¢e-Ti—(w-Tiw)e-w)
= {((+1)(e-w),0—w) = (i+2)]o~wl|

Now, since
lo—Ti — (w —Tw)|* = (i+2)*le — w|?,

it follows that

(0-Ti— (w—-Tw),(B+D(e-w)) > aifle—T;— (w—Tiw)|?

where a; = #
L(i+2)
Similarly,
(0—Si—(w—Siw),(B+1)(e—w)) > 7ille—Ti— (w—-Tiw)]?
1
where y; = 3

Thus, {T;}N, and {S;}X, are (0, a;)-enriched strictly pseudocontractive mappings and
(0, v;)-enriched strictly pseudocontractive mappings.

Example 4. Let Hy = ¢, = H;,C C Hyand Q C Hp. Foreachi € {1,2,---,N}, let
I';,S; : by — {5 be defined by

Ii=—(+1)oVoeC
and

S, = —2Q,VQ € Q.

Let A = 411' Bo=0,0,1 = i,én,g =0y3 = % and {0, }%2 1 be a sequence defined by

01 € Hj chosen arbitrarily ;
i—1 i

Ont1 = Sn1wn + LN, G T (1= 6) T wu + TI, (1= 6)TNws,  n>1;  (54)

Wy = 0n+ )\B*<Sn(m0dl\]) - I)BQ”'
where {{0,;}4 }]N: 1 is a countably finite family of real sequences in [0,1]. Then, {0, }$>, con-
verges to an element of D.
Proof. By Example 3, {I';}¥, and {S;}Y, are (0, a;)-enriched strictly pseudocontractive

N

mappings and (0, y;)-enriched strictly pseudocontractive mappings with 1911-" (I;))=0=
N
1Q1F (S;), respectively. Clearly, B is a bounded linear operator on ¢, and B = B* = 1.

Hence,
D=1{0c ﬁlF(Fi) . B(0) = 1ﬂp(si)} — {0}. (55)

After simplifying (54) for N = 3 with S,,(,,04n) = Si, we have
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01 € Hj chosen arbitrarily ;

Ont1 = Op1wn + Vi (56)
o= &
n 4 7
where V,, = (1 — 3,1)0u20 wn + (1 — 6,,1) (1 — 642)03T%wn + (1 = 6,1) (1 — 6,2) (1 —
1 1
5n3)Pwy. Set a = é,ém = 1,5,1,2 = Su3 = E,Fla)n = —2w,, Tw, = —3w, and
IPBw, = —4w,. Then, (56) reduces to

01 € Hj chosen arbitrarily ;

1 n(4n—-1)+1 (57)
Q?l+1 - 4(1_ w)gn,n € N

Now, all the assumptions of Theorem 1 are satisfied. Thus, by Theorem 1, the sequence
{on}$2, defined by (57) converges to a unique element of D.
O

6. Conclusions

Finding the fixed points of nonlinear mappings (especially nonexpansive mappings)
has received unprecedented attention due to its numerous applications in a variety of
inverse problems, partial differential equations, image recovery, hierarchical variational
inequality problems and signal processing. Interestingly, strictly pseudocontractive map-
pings (a subclass of the class of (B, a)-enriched strictly pseudocontractive mappings, which
we considered in this paper) have more powerful applications (see [29]) than nonexpansive
mappings. Also, Theorem 3.1 complements and improves the corresponding results in [28]
in the following ways:

(1) For the mapping, we replaced the mapping from a strictly pseudononspreading
mapping to a (B, «)-enriched strictly pseudocontractive mapping.

(2) For the fixed point iterative scheme, we propose a new horizontal iterative scheme for
which the sum condition required for the main results in [28] is not needed. Under
appropriate conditions, strong and weak convergent results are proven.

As an application, a slight modification of our iterative method was shown to be
suitable for the approximation of hierarchical variational inequality problems.
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