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Abstract

:

A review of the theory describing the coexistence between d-wave superconductivity and s-wave charge-density-waves (CDWs) is presented. The CDW gapping is identified with pseudogapping observed in high-Tc oxides. According to the cuprate specificity, the analysis is carried out for the two-dimensional geometry of the Fermi surface (FS). Phase diagrams on the σ0−α plane—here, σ0 is the ratio between the energy gaps in the parent pure CDW and superconducting states, and the quantity 2α is connected with the degree of dielectric (CDW) FS gapping—were obtained for various possible configurations of the order parameters in the momentum space. Relevant tunnel and photoemission experimental data for high-Tc oxides are compared with theoretical predictions. A brief review of the results obtained earlier for the coexistence between s-wave superconductivity and CDWs is also given.
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1. Introduction


Superconductivity in high-Tc oxides has been for a long time suspected to exhibit non-conventional order parameter symmetry [1]. Nevertheless, there is no consensus that it is really the case. Indeed, some phase-sensitive experiments show isotropic s-wave superconductivity (SC) [2,3,4,5], whereas the majority of measurements reveal dx2−y2-wave Cooper pairing [6,7,8,9,10,11,12,13,14,15] or, may be, an extended d-wave gap with higher angle harmonics [16]. Moreover, a lot of phase-insensitive evidence can be regarded as a manifestation of the extended s-wave pairing [17,18,19,20,21,22]. (To reconcile the latter interpretation with the observed d-wave-like data [6,7,8,11,13], the author of Reference [17] supposed that the d-wave symmetry is inherent to “the degraded surfaces” rather than to the samples’ bulk.) It should also be emphasized that various power-law bulk temperature, T, dependences cannot be regarded as a ponderable argument for the existence of nodes on the Fermi surface (FS), which are appropriate to non-conventional superconducting order parameters [23,24]. Namely, a disordered multidomain structure of high-Tc oxides might be the origin of the transformation of Bardeen–Copper–Schrieffer (BCS) exponential dependences for a number of gap-related properties into power-law ones due to the averaging over those domains with varying Tc’s and corresponding energy gaps [25,26,27,28,29]. The treatment of high-Tc superconductors as spatially inhomogeneous percolating conglomerates was earlier suggested in Reference [30] from other considerations (see also References [31,32,33,34]).



Note, that for thermodynamic properties, governed by energy gaps, the sign, as well as the phase, of superconducting order parameter is irrelevant, at least in the standard situation, when the actual order parameter is not a superposition of terms with different symmetries, the possibility, which can not been ruled out [35,36]. On the other hand, the existence and character of nodes matter (see a thorough account in References [23,24]), making the electron spectrum gapless and the T-dependences power-law ones, as was indicated above.



The picture becomes richer, if superconductivity coexists with another long-range order, e.g., ferromagnetism or antiferromagnetism [37,38,39,40,41,42,43,44,45,46,47,48], spin-density waves (SDWs) [49,50,51,52,53,54,55,56] or charge-density waves (CDWs) [46,50,51,52,53,56,57,58,59,60]. In particular, following the seminal work [61] (see also Reference [62] based on the specific two-dimensional tight-binding model with first- and second-neighbor couplings taken into consideration), we have developed a theory of CDW superconductors for the s-wave superconducting order parameter [63,64,65,66,67,68,69,70,71,72,73]. In agreement with the statement made above, the thermodynamics does not depend on the phases of both order parameters, whereas quasiparticle and Josephson currents do [74,75,76,77,78,79,80,81,82,83,84,85,86]. There are a good many CDW superconductors, for which the model [61,71] is suitable (see, e.g., References [46,52,60,87,88,89,90,91,92]).



Therefore, we suggested a model of CDW superconductors with dx2−y2-symmetry on the basis of the electron spectrum peculiarities found in numerous experiments for high-Tc oxides [93,94,95,96,97,98,99,100,101]. Their enigmatic properties are treated below in the framework of this model. Most likely, the actual truth for the materials concerned lies in between the ultimate cases of s-wave and d-wave CDW superconductors (see, e.g., Reference [102]). The main problem of our approach justification is to prove the CDW existence in cuprates, which, fortunately, has already been done by scanning tunnel microscopy (STM), photoemission (ARPES) and other studies. Talking about the “ultimate proof”, a concept not directly applicable to the extremely involved phenomena in solid state physics [103], one should not expect [104] for a simple model to be verified or falsified in the Popper’s spirit [105]. We can yet show the soundness of our scenario and its fruitful corollaries. By doing this we rely not only on direct observations of CDWs in the real r-space but also on the identification of mysterious pseudogaps (the energy gaps of a still ambiguous nature both below and above the critical temperature, Tc) often observed in high-Tc ceramics [100,101,106,107,108,109,110,111,112] with the CDW gaps. We emphasize that the observed coherent long-range phenomena occur against a non-homogeneous background of the intrinsically non-stoichiometric materials [113,114,115,116,117,118].



This review of our theory, partially published elsewhere [60,119,120,121], and related problems deals with cuprates but it can also be applied to other superconductors with unstable electron spectrum and non-conventional order parameter symmetry. Hereafter, we adopt the already expressed viewpoint that pseudogaps in cuprates are CDW gaps, although other interpretations are respected and mentioned in some places. Anyway, experimental data are presented without prejudices.



The outline of the article is as follows. The evidence about CDW and pseudogap manifestations in cuprates is presented in Section 2. The theoretical formulation is given in Section 3, Section 4 and Section 5. Section 6, Section 7, Section 8, Section 9, Section 10 and Section 11 contains analytical and numerical results of calculations, as well as the detailed discussion. Conclusions are made in Section 12.




2. CDW and Pseudogap Evidence in Cuprates


Ion displacements—called periodic lattice distortions (PLDs)—accompanied by electron density modulations (CDWs) [122,123] were observed in almost all high-Tc oxides using various direct techniques [50,51,52,56,60,124,125,126]. Among them one should differentiate between checkerboard superstructures [127,128,129,130,131,132] (these are quite natural for the electron distribution with four-fold rotational symmetry inherent to cuprates with their quasi-two-dimensional CuO2 planes [93,133,134,135,136]) and distorted states with broken rotational symmetry, e.g., unidirectional CDWs [129,130,137,138,139,140] or more disordered nematic configurations [56,124,141,142,143,144]. If thin static or fluctuating charged domains alternate with spin-ordered ones, i.e., a peculiar unidirectional phase separation occurs (more general phase separation scenarios were proposed long ago for versatile objects [145,146,147]), the electronic state of a crystal is frequently called a stripe phase [56,137,148,149,150]. One should also bear in mind the possibility of loop-current electron ordering [56,124,151], going back to states predicted for the excitonic insulator [152].



Checkerboard-like 4a0×4a0 (a0 is a lattice constant) CDW states were found in Ca2−xNaxCuO2Cl2 by STM [153] and photoemission measurements [154]. Similar periodic patterns were observed in tunnel studies of Bi2Sr2CaCu2O8+δ(BSCCO) [128,155,156,157,158,159], Bi2Sr2−xLaxCuO6+δ [117], and Bi2−yPbySr2−zLazCuO6+x [97]. In Bi2Sr2−xLaxCuO6+δ the existence of checkerboard structures was also shown in combined STM-ARPES investigations [160].



Unidirectional PLDs were observed in La1.875Ba0.125CuO4 and La1.875Ba0.075Sr0.05CuO4 by neutron scattering [94], La1.8−xEu0.2SrxCuO4 by X-ray diffraction [161,162], Ca1.88Na0.12CuO2Cl2 and Bi2Sr2Dy0.2Ca0.8Cu2O8+δ by STM [140], Bi2+xSr2−xCuO6+δ by electron diffraction and high-resolution electron microscopy [163], Bi2−xPbxSr2CaCu2O8+y by STM [164], and Bi2Sr2CaCu2O8+δ by X-ray diffraction [165,166]. It is crucial that CDWs were shown to exist both below and above Tc. We also emphasize that various kinds of modulations were found for the same material, BSCCO [128,155,156,157,158,159,165,166]. A transition from unidirectional to checkerboard CDWs may be stimulated, e.g., by doping, as in the case of YBa2Cu3O7−δ, where a Lifshits topological transition occurs at a hole concentration of 0.08 [167,168].



One should note that in the presence of impurities (for instance, an inevitably non-homogeneous distribution of oxygen atoms) the attribution of the observed charge order (if any) to unidirectional versus checkerboard type might be ambiguous [129]. Another remark must be made concerning commensurability of PLDs-CDWs. Namely, their wave vectors Q are, in general, incommensurate and doping-dependent [97,117], so that the expressions like 4a0×4a0 are always approximate, although correctly reflecting the four-fold symmetry of the distortions concerned.



Measurements of transport and photoemission properties in non-superconducting layered nickelates R2−xSrxNiO4 (R=Nd, Eu), which are structurally similar to cuprates, revealed a correlation between the pseudogap emergence and charge ordering [169]. Pseudogaps appeared on the same Fermi surface (FS) sections as in cuprates, thus testifying the similarity between two classes of materials. Layered dichalcogenides constitute another group of materials with CDWs [122,123,170] similar to those in cuprates, as has been recently shown [171,172,173,174] (see also Reference [175]). In particular, a true pseudogap—a non-mean-field fluctuation precursor phenomenon [176,177,178]—is observed in 2H-TaSe2 above the normal metal-incommensurate CDW transition temperature TN−IC≈122K [171]. Such a behavior comprises a strong argument in favor of the CDW nature of pseudogapping in cuprates as well.



As for pseudogaps, they were found in cuprates both above and below Tc, which is one of their most important features. The pseudogap is a depletion of the electron densities of states (DOS). It is natural that tunnel and ARPES experiments, which are very sensitive to DOS variations, made the largest contribution to the cuprate pseudogap data bank (see also references in our works [50,51,52,84,85,86]). Recent results show that the concept of two gaps (superconducting gap and pseudogap, the latter considered here as a CDW gap) [79,80,85,96,179,180,181,182,183,184,185,186,187,188,189,190] begins to dominate in the literature over the one-gap concept [191,192,193,194,195,196,197,198,199,200,201], according to which the pseudogap phenomenon is most frequently treated as a precursor of superconductivity (for instance, as properties of bipolaron gas above Tc that Bose-condenses below Tc [200]). The main arguments, which show that superconducting and pseudo- gaps are not identical, are the coexistence of both features below Tc [106,202], their different position in the momentum space of the two-dimensional Brillouin zone [187,203,204,205,206], and their differing behavior in the external magnetic fields H [207], for various dopings [202], and under the effects of disorder [206].



Sometimes, evidence for CDW ordering may be rather indirect, although the very appearance of the phase transition is beyond any doubt. In cuprates, T-anomalies in the nuclear quadrupole resonance transverse relaxation rate in YBa2Cu3O7−δ are the best example of such a behavior [208,209].



Whatever the pseudogap nature, some unusual properties still remain puzzling in the pseudogap physics. For instance, it was found [188] that the pseudogap in Bi(Pb)2Sr2Ca(Tb)Cu2O8+δ revealed by ARPES is nonmonotonic in T. Such a behavior, as they indicated, might be related to the existence of commensurate and incommensurate CDW gaps in a close analogy with the case of dichalcogenides [210]. Moreover, photoemission studies of La1.875Ba0.125CuO4 have shown [211] that there seems to be two different pseudogaps: (i) a d-wave-like pseudogap, which is a precursor to superconductivity, near the node of the truly superconducting gap; and (ii) a pseudogap, which became more or less familiar to the community during last years [96,107,187,203,204,205,206] and is identified by us as the CDW gap, in the antinodal momentum region. In Reference [212], it was found by ARPES that actually it may be three distinct energy scales, corresponding to pseudogap, fluctuating superconductivity onset and coherence onset temperatures. The authors of Reference [212] also demonstrated that pseudogap competes with d-wave superconductivity in Bi2Sr2−xRxCuOy (R = La and Eu).



Despite existing ambiguities, the most probable description of the competition between CDW gaps (pseudogaps) and superconducting gaps in high-Tc oxides, implies the former emerging at antinodal (nested) sections of the FS, whereas the latter dominating over the nodal sections (See Figure 1, reproduced from Reference [96], where BSCCO was investigated, and results for (Bi,Pb)2(Sr,La)2CuO6+δ [205]). Since CDW gaps are much larger than their superconducting counterparts, the coexistence of both kinds of gaps in the same, antinodal, region might be overlooked in the experiments. This picture means that the theoretical model of partial dielectric gapping (of the CDW origin or caused by the related phenomenon—SDWs) [50,51,52,61,64,66,68,69,70,71,213,214,215,216]) is adequate for cuprates.



It is remarkable that similar pseudogaps were also observed in oxypnictides LaFeAsO1−xFx and LaFePO1−xFx by ARPES [217] and SmFeAsO0.8F0.2 by femtosecond spectroscopy [218], where SDWs might play the same role as CDWs in cuprates. At the same time, in the iron arsenide Ba1−xKxFe2As2, photoemission studies detected a peculiar electronic ordering with a (π/a0, π/a0) wave vector [219], a true nature of which is still not known, but which might be related either to the magnetic reconstruction of the electron sub-system (SDWs) or/and to structural transitions (when CDWs in the itinerant electron liquid accompanied by periodic crystal lattice distortions emerge near the structural transition temperature Td [122,220]). The interplay between structural and magnetic instabilities is important for pnictides [221], since, e.g., structural and SDW anomalies appear jointly at 140 K in BaFe2As2 [222]. We note that, although CDWs and SDWs are similar phenomena in many respects, their interplay with superconductivity is quite different in what concerns the electron spectrum per se, because, instead of a single combined gap at the nested sections. one should deal with two combined gaps corresponding to different spin sublattices [68,213,214].




3. Hamiltonian


Our models for the s-wave CDWs + s-wave [60,71,73] or dx2−y2-wave superconductivity [119,120,121] are a generalization of earlier theories [50,51,52,61,64,66,68,69] dealing with the interplay between the isotropic s-wave Cooper pairing and CDWs. Hereafter, we restrict ourselves to the “pure” s- or dx2−y2-superconductivity bearing in mind that orthorhombic distortions—in particular, for YBa2Cu3O7−δ [223]—allow the appearance of a state with a combined s+d order parameter [23,24]. The coexistence of such a state with CDWs should be rather involved, since, as is shown below, the phase diagrams are quite different in the mentioned two “pure” cases. Below, we shall refer to them as to the s- and d-cases.



In essence, the CDW superconductor is a combination of two “parent” states: the CDW metal and the BCS superconductor. The corresponding pairing interactions interfere with each other, because of the struggle for the same states on the same FS, ungapped at high enough T (above all relevant critical points). Of course, it might happen, in principle, that the dielectric gap exists up to the highest critical T, when the underlying crystal lattice is stable. Such a situation is suggested, e.g., for narrow-gap AIVBVI semiconductors considered as excitonic phases, with the parent phase existing only as a virtual possibility [224]. This is not the case for cuprates, where the interplay takes place between pairings of approximately equal strength with interesting consequences (see below).



Anyway, the metal FS is partially gapped by CDWs for T<Td (Td is the critical CDW-PLD temperature) at the sections (in pairs, j1 and j2), which are congruent to each other (nested, d) and where the quasiparticle spectrum ξ(p) is degenerate,


ξj1(p)=−ξj2(p+Qj)



(1)




Here, Qj are vectors connecting the j-th couple of FS sections. The remaining FS part is non-dielectrized (nd, non-gapped by electron-hole pairing), and its quasiparticle spectrum ξnd(p) is non-degenerate. The mean-field electron-hole pairing Hamiltonian responsible for CDWs has the form


HCDW=−12∑j=(j1,j2)ΣjT∑p;α=↑,↓aj1pα†aj2p+Qjα+c.c.



(2)




Here, the Planck’s constant ℏ=1, ajpα†(ajpα) is the creation (annihilation) operator of a quasiparticle with the momentum p in the j-th branch of the electron spectrum and with the spin projection α=±12. The quantity ΣjT is a T-dependent order parameter of the j-th CDW existing below the relevant critical temperature Td. We consider it uniform within the corresponding nested FS sections (j1 and j2). Summation in Equation (2) is carried out over the dielectrically gapped FS sections only, i.e., over the pairs of sections j=(j1,j2) connected by the wave vectors Qj. In our phenomenological approach, the mechanism of CDW generation [52,122,171,172,173,174,220,225,226] is not specified, and any information concerning the strength of dielectric pairing is implicitly contained in the relevant constants Σj0=Σj(T=0). In practice, it may be impossible to distinguish between electron-phonon and Coulomb (excitonic) contributions to pairing interactions in Cooper or electron-hole channels. Such a situation has been recently analyzed [227] using the intercalated CDW superconductor CuxTiSe2 [228] and pure TiSe2, which becomes a superconductor under pressure [229], as examples. In what follows, we suggest the simplest case that all quantities ΣjT are equal to one another, Σj(T)=Σ(T), and Σ(T=0)=Σ0.



As for the parent superconductor, we treat it as a weak-coupling one [230,231] and suggest a strong mixing of states from different FS sections leading to a unique superconducting order parameter ΔT [61,63],


HBCS=−∑pΔTfp∑j=(j1,j2)aj1p↑†aj2−p↓†+and,p↑†and,−p↓†+c.c.



(3)




The angular factor fp depends on the order parameter symmetry. Summation in Equation (3) is executed over the whole FS. The Cooper pairing strength is determined by the parameter Δ0=ΔT=0.



The kinetic energy term in the Hamiltonian is conventional, making allowance for all FS sections,


H0=∑i=j1,,j2,nd∑p;α=↑,↓ξi(p)aipα†aipα



(4)







The total Hamiltonian of the electron subsystem is a sum of three terms Equations (2)–(4). Further consideration is convenient to be carried out separately for each pairing symmetry.



To make subsequent expressions more compact, let us introduce the following notations: Rs=Δ0/Tc0s−wave=πγ≈1.764, where γ≈1.781 is the Euler constant, for the ratio between the zero-T gap value and the critical temperature for the BCS s-wave superconductor (it is also appropriate to the ratio Σ0/Td0 between the relevant parameters Σ0 and Td0 of the CDW metal); Rd=Δ0/Tc0d−wave=2eπγ≈2.140, where e is the base of natural logarithms, for the analogous ratio for the BCS d-wave superconductor; and the ratio between those two quantities σ¯0=Rs/Rd=e2≈0.824. The usage of functions Mu¨s(T) and Mu¨d(T)—they describe the T-behavior of the energy gap in s- and d-wave, respectively, superconductors normalized by the gap value at zero temperature—means that they vanish above the corresponding critical temperatures: Mu¨s(T≥Rs−1≈0.567)=0 and Mu¨d(T≥Rd−1≈0.467)=0 (see Figure 2).




4. s-Wave CDW Superconductor


In this case, fp=1 in Equation (3), and the problem is invariant with respect to rotations in the p-space. Below, we shall analyze the application of the CDW+superconductivity concept to high-Tc oxides, the Brillouin zone of which is two-dimensional. However, owing to the rotational invariance, the dimensionality is irrelevant in the formulation for the s-case, so that Figure 3 can be considered as a 2D-illustration of both 2D and 3D possible geometries.



The superconducting gap Δ of the parent s-wave superconductor isotropically spans the whole FS (see curve Δs in Figure 3). At the same time, the dielectric gap Σ in the parent CDW metal appears at the nested FS sections separated by the CDW vector Q1 (the hatched sectors in Figure 3). Owing to the assumption that the quantity Σ(T) is identical for all CDW-dielectrized FS sections, there is no matter how many Q-vectors exist in this case and how the corresponding nonoverlapping FS sections are arranged over the FS. The cumulative effect of all nested sections is described by introducing the parameter


μ=Nd(0)Nd(0)+Nnd(0)



(5)




which corresponds to the degree of the FS dielectric gapping (here, Nd,nd(0) are the electron densities of states at the dielectrized and non-dielectrized FS, respectively). The quantities Δ0, Σ0, and μ compose the full set of initial parameters for the problem in its s-version, i.e., for the CDW s-wave superconductor.



The many-body correlation effects different from those described by the pairing terms (Equations (2) and (3)) in the Hamiltonian are incorporated into μ, since the very form of the FS calculated in microscopic and semi-microscopic models depends on the many-body electron-electron correlations [93,232,233].



In a standard way [52,71,234], from Dyson–Gor’kov equations, we obtain the Green’s functions describing the electron component of our CDW superconductor and insert them into self-consistency equations for the self-energy parts Σ(T) and Δ(T). The formulated problem has the following self-consistent solution [71]. A gap Δ(T) appears on the non-nested and a gap


D(T)=Δ2(T)+Σ2(T)



(6)




on the nested FS sections. Hence, the superconducting order parameter Δ defines the gap Δ on the nd-section, whereas both order parameters are responsible for the gap D on the d-sections. Since the system of coupled equations can be formulated in terms of the gaps (Δ,D) rather than the order parameters (Δ,Σ), it can be decoupled into separate equations: for the gap Δ,


IM(Δ,T,Δ(0))=0



(7)




and the combined gap D,


IM(D,T,Σ0)=0



(8)




Here, the Boltzmann constant kB=1,


Δ(0)=Δ0Σ0−μ11−μ



(9)




the quantity


IM(Δ,T,Δ0)=∫0∞1ξ2+Δ2tanhξ2+Δ22T−1ξ2+Δ02dξ



(10)




is the so-called Mühlschlegel integral [235], and the solution Δ(T)=Δ0Mu¨s(T/Δ0) of the equation IM(Δ,T,Δ0)=0 is the well-known T-function for the gap in the conventional BCS s-wave theory (see Figure 2).



Equations (7) and (8) evidence that both self-consistent gaps behave as if they were independent, possessing the T-dependence of the s-wave BCS theory. Nevertheless, the mutual interdependence between the order parameters Δ and Σ is preserved. First, Equation (6) demonstrates that superconductivity inhibits CDWs in the range of their coexistence by reducing the value of the dielectric order parameter Σ in comparison with its pristine value Σ=Σ0Mu¨s(T/Td) in the parent CDW metal. Second, the CDW actively participate in the formation of the Δ(T)-dependence by forming its maximum value at T=0 (see Equation (9)). Both phenomena are illustrated in Figure 4.



The phase diagram for the s-wave CDW superconductor in the σ0−μ plane is rather simple (Figure 5). It is clear that the maximal—between Tc0 and Td0—parent temperature remains the actual one. However, in the framework of our model, due to the strong mixing of the electron states between different FS sections [61], the superconducting gap Δ occupies the whole FS. Therefore, if Tc0>Td0, which means that Δ0>Σ0, i.e., σ0<1, the superconductivity is “stronger” than the electron-hole pairing at any T<Tc0, i.e., Δ(T) for a parent superconductor is larger than Σ(T) for a parent CDW metal, and it gives no chance for the latter to develop. Hence, the portion of the phase diagram to the left from the line σ0=1 is an area, where CDWs are totally suppressed, the same being true for the whole x-axis (μ=0). On the other hand, it is also clear that a configuration of partial dielectric gapping implies the existence of an nd-section (an “open back door”) on the FS, through which superconductivity could always “find its way”. Therefore, the partially gapped CDW s-superconductor preserves superconductivity at almost every point of the presented phase diagram. The only exception is case of full FS dielectrization, μ=1, together with the condition σ0>1, when the emerging CDWs results in the metal-insulator transition.



Since


TdTc0=TdΣ0Σ0Δ0Δ0Tc0=γπΣ0Δ0πγ=σ0



(11)




it is clear that Td-isotherms on the phase diagram are parallel σ0=const-lines. On the other hand, using Equation (9), one obtains


TcTc0=TcΔ(0)Δ(0)Δ0Δ0Tc0=γπΔ0Σ0−μ11−μΔ0πγ=σ0−μ1−μ



(12)




The corresponding normalized Tc and Td isotherms are depicted in Figure 5.



Taking into account our further presentation, it is worth noting two circumstances. First, according to Equation (7), the ratio Δ(0)/Tc preserves its s-BCS value Rs=πγ. Second, in the range of CDW + s-BCS coexistence (σ0>0) and according to Equation (9), we have 0<Δ(0)<Δ0<Σ0. Together with Equation (6), it leads to Σ(T=0)>0, so that the dielectric order parameter Σ is always nonzero within the whole temperature interval 0≤T<Td=Td0.




5. d-Wave CDW Superconductor. Formulation


In this case, taking into account that we intend to analyze high-Tc oxides, the consideration may be carried out in the 2D p-space. Since the problem becomes anisotropic from the very beginning, its further specifications are needed.



Experimentally, two CDW configurations are observed in high-Tc oxides. In the unidirectional one, there exists a single CDW described by a single wave vector Q1. In the checkerboard configuration, there are two CDWs described by two mutually orthogonal vectors Q1 and Q2 with equal magnitudes. Both geometries are depicted in Figure 3. We adopt that the CDW vector Q1, which connects two dielectrically gapped FS sections in the unidirectional geometry (this case is marked by hatched lobes) is parallel to the px-axis. Each section has the angular width 2α, independent of the temperature T. Two more gapped sections are added about the py-axis in the case of checkerboard geometry, characterized by two mutually perpendicular CDW vectors Q1 and Q2 (four lobes with a solid boundary in Figure 3). We adopt that, except the orientation, the nested FS section are identical, being measured by the same angle 2α and dielectrically gapped to the same uniform amplitude Σ(T). The sections are located symmetrically with respect to the corresponding axes, so that the bisectrices of dielectrically gapped sectors—in such a way, we fix the positions of the nested FS sections—coincide with the axes. Here, we may also introduce the parameter μ, which describes the degree of FS gapping. But, as it will be seen, another choice turns out to be more convenient.



Note that CDWs in the Hamiltonian term Equation (2) are assumed thereafter to have s-wave symmetry, although their testing ground is restricted to the hot spots (4 or 2 sectors with 2α openings as is clear from Figure 3). On the other hand, certain experimental data were suggested to testify the validity of the d-wave scenario for CDWs [236,237,238], emphasizing, in their opinion, an underlying kinship between superconductivity and charge ordering. Since measurements indicating d- rather than s-wave symmetry of pseudogaps (CDW gaps) in cuprates are rare and inconclusive from the viewpoint of the symmetry identification (see, e.g., References [96,134,239] containing contradicting experimental evidence), we consider Σ(T) angle-independent (s-wave like) inside the corresponding sectors in the p-space. Nevertheless, a d-wave dielectric order parameter can happen in other materials, so that theoretical efforts in this direction [240,241,242,243,244,245,246,247,248] are justified.



As for the distribution of the superconducting gap Δ over the FS of the parent d-superconductor in the 2D geometry, the corresponding angular factor in Equation (3) has the form fp=cos2θ, where the angle θ is reckoned from a certain direction in the 2D momentum space denoted by the angle β. In the dx2−y2-state, the Δ-lobes are directed along the px- and py-axes [249,250], so that the mismatch angle β between the “superconducting” and “dielectric” lobes in the parent metal is zero (β=0). Moreover, according to the experiment, the sectors with non-zero pseudogap (in our interpretation, the CDW gap, Σ) are competing with superconductivity exactly in those, the most vulnerable to the obstacle, antinodal regions [96,112,185,205,239]. (It is those FS sections in high-Tc cuprates that are sometimes coined “hot spots” [93,125,126,251,252]). Nevertheless, we would like to extend the range of system parameters and consider also the case with a loss of symmetry β≠0, a more general model than that describing actual hole-doped cuprates. Thus, we assume that the CDW directions remain fixed with respect to the background crystal lattice. At the same time, the superconducting lobes can be rotated by the angle β around the 2D Brillouin zone axis. Note that if β=π4, the superconducting state becomes the hypothetical dxy one with an underlying symmetry restored [5,23,24,133,250,253]. In all the intermediate states with β≠0 or π4, the conventional angular symmetry is broken, but such so far hypothetical states might exist in real distorted crystals, as well as under an applied non-hydrostatic external pressure. This picture is appropriate to the checkerboard situation, while for the unidirectional configuration we actually deal with stripe patterns [254] with a certain loss of symmetry, although without any antiferromagnetic domains (stripes) appropriate to the original stripe scenario [141,149]. It turned out to be instructive to compare both cases.



It is evident that the problem is invariant with respect to the system rotation in the momentum space by the angle Ω=π in the unidirectional case with the number of CDW sectors N=2, and Ω=π2 in the checkerboard one with the number N=4. It is easy to see that the parameters μ, α, N, and Ω are linked by the relations


μΩ=2α



(13)






NΩ=2π



(14)




Those formulas demonstrate that the parameter α can vary from 0 (μ=0, the absence of FS dielectric gapping) to π2 in the unidirectional CDW configuration (the case of full FS gapping, μ=1, and N=2) and to π4 in the checkerboard one (μ=1, N=4). As we shall see below, the gapping degree parameter α is more demonstrative here than μ, contrary to the case of isotropic CDW superconductors [71].



The total Hamiltonian of the electron subsystem is a sum of three terms Equations (2)–(4). The quantities Σ0, Δ0, μ (or α), Ω (or N), and the mismatch angle β between the bisectrices of CDW sectors and superconducting lobes constitute the full set of the problem input parameters. They are phenomenological constants that can be, in principle, reconstructed from the experimental data. For instance, such a possibility exists for the ratio μ between the dielectrized portion of the FS and the total length of the FS in the 2D Brillouin zone.



The technique of derivation of relevant Green’s functions and the self-consistency equations for the self-energy parts Σ(T) and Δ(T) is the same as was used in the s-case. However, now we can obtain separate equations neither for the order parameters (Δ,Σ) nor for their certain combinations like Equation (6). It is convenient to introduce the dimensionless temperature t=T/Δ0 and order parameters σ(t)=Σ(T)/Δ0 (σ0=Σ0/Δ0) and δ(t)=Δ(T)/Δ0 (δ0≡1). Then, the relevant equations look like


∫−ααIM(σ2+δ2cos22(β+θ),t,σ0)dθ=0



(15)






8N∫0π/4IM(δcos2θ,t,cos2θ)cos22θdθ+∫β−αβ+αIM(σ2+δ2cos22θ,t,cos2θ)−IM(δcos2θ,t,cos2θ)cos22θdθ=0



(16)




If superconductivity is absent (δ=0), Equation (15) is reduced to the gap equation for the parent CDW metal [77]


IM(σ,t,σ0)=0



(17)




and its solution is σ(t)=σ0Mu¨s(t). At the same time, when the dielectrization is absent (σ=0 or α=0), Equation (16) becomes the equation for a d-wave BCS weak-coupling superconductor


∫0π/4IM(δcos2θ,t,cos2θ)cos22θdθ=0



(18)




and its solution is δ(t)=Mu¨d(t). (See the corresponding curves in Figure 2, as well as References [230,231,234,255].)



Below we are going to construct the overall phase diagram of the CDW d-superconductor on the σ0−α plane. The mismatch angle β describes a possible symmetry breaking, if β≠0 or π4 (checkerboard case), or β≠0 or π2 (unidirectional case). For cuprates, experimental data demonstrate that β=0 [96,185,205,239].




6. d-Wave Superconductor. Phase Diagram Boundaries


Let us construct specific phase diagrams for CDW d-superconductors on the σ0−α plane. It is clear that this situation should differ from the s-wave one, owing to two circumstances. First, the dependence Mu¨d(t) is steeper than the Mu¨s(t) one (see Figure 2). Within the interval σ¯0<t<1, the parent dielectric order parameter Σ0 is larger than Δ0, although Td0<Tc0. Therefore, d-wave superconductivity, being more vigorous, may dominate at low temperatures, which is really the case. At the same time, the presence of superconducting gap nodes on the FS makes d-superconductivity less “resistive” against the penetration of CDW gaps onto FS in the areas of the phase diagrams, where Tc0>Td0. It is precisely the region to the left from the line σ0=σ¯0. It is clear that this effect must be more pronounced for β≠0, especially at β→π4.



As has been indicated above, the mismatch angle β describes a possible symmetry breaking in the cases β≠0 or π4 (checkerboard case), or β≠0 or π2 (unidirectional case). For cuprates, experimental data demonstrate that β=0 [96,185,205,239]. A pattern with a broken symmetry might be due to internal residual strains in the sample, a non-homogeneous distribution of the dopant atoms, an influence of out-of-plane structural elements (such as chains in YBa2Cu3O7−δ [124,142]) or the deliberate switching on of external factors, e.g., uniaxial pressure.



It is worth mentioning that the choice of the dimensionless parameter σ0=Σ0/Δ0—i.e., the normalization by Δ0≠0—implies the obligatory existence of Cooper pairing in the system concerned, irrespective of whether the mechanism of dielectric pairing is engaged or not. Thus, all possible (σ0,α)-combinations at a fixed β fill the whole semi-infinite (σ0≥0) strip on the σ0−α plane between the ordinates α=0 and π4, in the case of the checkerboard CDW configuration, and between α=0 and π2, in the case of the unidirectional one. Since the former case is observed much more frequently, we shall analyze it first.



Two loci in the α−σ0 phase diagram are trivial, both corresponding to the total absence of CDWs. These are (see Figure 6) the case α=0 (the positive abscissa semi-axis) and the case σ0=0 (the whole sector 0≤α≤π4 in the checkerboard configuration), corresponding to the ordinate axis (α-axis). Both lines represent the parent d-BCS superconductor. It is also clear that, as it was in the s-case, except for the limiting case of complete FS dielectrization, superconductivity could always penetrate onto the FS owing to the availability of nd-section. Again, the partially gapped CDW d-superconductor preserves superconductivity at almost every point of its phase diagram, the value of Tc being another matter. In any case, two main questions are to be answered: (i) To what extent can CDWs suppress superconductivity? and (ii) Can superconductivity completely destroy CDW-PLD?



The third border-line of the phase diagram (part of the straight segment α=π4 in the checkerboard case and α=π2 in the unidirectional one), which corresponds to the case of complete FS dielectrization, will be considered in Section 9 in more detail.




7. Checkerboard CDW Configuration. dx2−y2-Symmetry of the Superconducting linebreak Order Parameter


Due to different T-behavior of the parent order parameters (see Figure 2) the CDW d-wave superconductor demonstrates a new type of T-dependence, namely, the T-reentrance. In particular, when T decreases, Δ(T) can grow so sharply in comparison with the CDW competitor Σ(T) that the latter becomes totally suppressed at low T, manifesting itself only within a certain “reentrance” interval located in between two nonzero temperatures, Tr and Td, which depend on the problem parameters. For illustration, consider a scan of the σ0−α phase plane along a definite path, e.g., α=13.5∘, moving from large σ0-values (see Figure 7). First, when σ0 is large, Δ(T)- and Σ(T)-profiles are similar to those obtained in the s-wave case (see Figure 4). Then, for a certain σ0** (σ0**≈0.9628 at α=13.5∘), Σ(T)-dependence acquires a dome shape. The further reduction of σ0 results in a shrinkage of this dome followed by its collapse (the temperatures Tr and Td converge to T*=Tc0) at σ0*=σ¯0. At σ0<σ¯0, d-superconductivity totally inhibits CDWs and we obtain a pristine d-BCS phase.



If we scan the whole phase plane in such a manner, we obtain the phase diagram of the partially gapped CDW dx2−y2-superconductor depicted in Figure 6. The difference between this phase diagram and that for the partially gapped CDW s-superconductor is obvious. As was mentioned above, the dissimilarity stems from different temperature and angular dependences of the parent superconducting gaps Δ in those two cases.



It should be noted that the Σ(T)-dome collapses to T*=Tc0 only within the α-range from 0 to approximately 27.1∘. At larger α, the collapse point shifts towards smaller σ0, which is illustrated in Figure 8 Accordingly, the collapse temperature T* also decreases.



Our calculations testify that the CDW-reentrance region crosses the whole phase plane, although its width becomes very narrow at large α (α≳30∘).



Figure 9 demonstrates the pattern of Tc- and Td-isotherms in the most interesting region of the phase diagram. One sees that CDWs suppress superconductivity by lowering Tc-values.



The phase diagram obtained here and displayed in Figure 6 enables us to obtain a certain insight into the mechanism of the Σ(T)-reentrance governed by the FS dielectric gapping parameter μ. For this purpose, we advanced the representing point along the line σ0=0.9 on the phase diagram (see Figure 10). A detailed analysis on the basis of Figure 6 shows that while moving along this line from large μ≈1 (α≈π4) we meet the same sequence of phases (SC+CDW → CDW-reentrance) as if moving along the path α=const from larger to smaller σ0 values.



In other words, the calculations demonstrate that an appearance and subsequent gradual destruction of the Σ(T) dome, existing for σ0 both above and below the value σ¯0, may be carried out by decreasing α. In the CDW-reentrance region to the right from σ0=σ¯0, the pure superconducting phase is reached only at α=0.



The analysis of the phase diagram would have been incomplete, if one had not paid attention to the behavior of the resulting energy gaps being observable both in tunnel and photoemission spectroscopies. Indeed, even the reentrance of Σ(T) does not mean that the overall gap on the FS disappears with lowering T. Examples of the T-evolution of the gaps on non-dielectrized and dielectrized FS sections are shown in Figure 11(a) and Figure 12(a) for two distinctive regimes (with and without the reentrance) realized for different σ0. The diagrams, which we call hereafter the “gap rose”, indicate how complicate may be the pattern probed by cuts from ARPES measurements. On the other hand, the full set of photoemission studies of a certain CDW superconducting sample should reveal bands of gaps of a complicated shape if an angular sweep is made, as is displayed in the corresponding panels (b). As is readily seen, the bands are strongly T-dependent.



It comes about from Figure 10 (a) that one can control the reentrance by changing the parameter μ (i.e., the dielectric sector opening 2α). In its turn μ can be modified by doping [96,205] or applied external pressure, which was demonstrated for other classes of CDW superconductors [256,257,258,259]. In the case of cuprates a strong influence on Tc of the uniaxial pressure was disclosed for the oxide La1.64Eu0.2Sr0.16CuO4 near the threshold of the CDW- (stripe-) instability [260].




8. Checkerboard CDW Configuration. Deviations from dx2−y2-Symmetry


Although this case (β≠0) may seem to some extent academic, we would like to briefly present the corresponding results.



Figure 13(a) demonstrates the evolution of the phase diagram with varying β. One can see that the reentrance region gets narrowed and does not span anymore the whole phase plane. If we present the reentrance regions as triangles with strongly distorted lateral sides, the β-induced changes can be traced as the variation of the height (the ordinate of the phase diagram point, where the boundaries of the reentrance region converge) and the base (the difference σ0**−σ0* between the reentrance-start and reentrance-collapse σ0-values at α→0) of those triangles (Figure 13(b)).



Now, paths along α=const appear, which do not cross the reentrance region, passing over the boundary-convergence point. The corresponding example (Figure 14) shows that CDWs do not disappear within the whole temperature interval below Td, and the Σ-dome uniformly collapses to the coordinate origin as σ0 decreases.



The analysis of Figure 13 shows that, at relatively large β, another kind of Σ-reentrance can take place (reentrance of kind II). Specifically, at a fixed σ0—e.g., σ0=0.4—an initial modest increase of the opening angle α from zero does not move the phase point out of the pure SC region. A further increase of α forces the system to become a CDW superconductor, which persists within a certain α-interval. A subsequent growth of α restores the BCS superconducting state.



The most interesting here is the angle β=π4, which corresponds to the hypothetical case of dxy-pairing. Figure 13 shows that the reentrance region is absent in this case. The corresponding Tc and Td isotherms are shown in Figure 15. Two examples of gap roses are depicted in Figure 16.




9. Complete FS Dielectrization


In this case, the picture turns out degenerate with respect to the parameter β, the latter becoming irrelevant. Hence, σ0 remains the only problem parameter.



For completely gapped CDW s-superconductors, only one order parameter survives the competition (see Figure 5, μ=1). For its dx2−y2-counterpart (Figure 6, α=π4), as a consequence of their different symmetries, Δ and Σ may coexist within the interval


12<σ0<σ¯0



(19)




It is remarkable that the zero-temperature values Δ0 and Σ(0) can be obtained analytically [121]:


δ(0)=2σ01−2ln(2σ0)σ(0)=2σ0ln(2σ0)



(20)







The dependences Σ(T) and Δ(T) for d-wave superconductors completely gapped by CDWs are depicted in Figure 17. Notice an unexpected reverse analogy to the previous results for the coexistence of isotropic pairings. Namely, T-dependences of CDW (superconducting) order parameters are qualitatively similar to those for their superconducting (CDW) counterparts, respectively, inherent to partially gapped CDW s-superconductors [71]. The T-evolution of gap roses for certain σ0’s is depicted in Figure 18. Figure 17 and Figure 18 illustrate how the parameter σ0 controls the process of transformation between a BCS superconductor with d-wave Cooper pairing and a CDW metal with s-wave electron-hole pairing. If σ0 goes close to the limit 12 (Figure 18(a)), the gap configuration has a well pronounced lobe structure, whereas at σ0→σ¯0 (Figure 18(c)) it tends to the isotropic pattern. Besides, Figure 18(b) demonstrates that the combined gap (at μ=1, the area available to both order parameters extends over the whole FS) can also reveal a nonmonotonic dependence on T (see gap roses at t=0 and 0.2 in the vicinity of their maxima).



As was indicated in Section 3, each pairing is characterized by the ratio between the zero-temperature order-parameter value and the critical temperature: Rs for s-pairing and Rd for d-one. Those ratios are notably different in partially gapped d-wave superconductors (see below and References [119,120,121]). The effect is even stronger for the complete dielectrization. Indeed, Figure 19 clearly demonstrates the effect in the whole range of σ0. The calculated dependences can be explained by the examination of Σ(T) and Δ(T) curves shown in Figure 17. Patterns for both order parameters differ substantially. Since Tc0>Td0 in the whole relevant interval Equation (19), the critical temperature Tc=Tc0 is not affected by the dielectric gapping. The parameter Δ(0) rapidly decreases with σ0, since the upper part of the Δ(T)-dependence in Figure 17(b) is effectively cut away in comparison with typical theoretical or observed BCS-like curves, so that a conventional increase of Δ(T) at low T is arrested for this set of problem parameters. At the same time, Σ(T)-dependence “collapses” with decreasing σ0 almost uniformly and similarly to Td. As a result (see Figure 19), the ratio Δ(0)/Tc changes drastically with σ0, whereas the ratio Σ(0)/Td varies insignificantly.



It is remarkable that in the degenerate case of complete dielectric gapping the ratio Δ(0)/Tc is always smaller than the weak-coupling d-wave BCS value Rd, whereas for the partial CDW gapping this ratio can be both larger than this weak-coupling limit, according to our theory [119] and the experiment for high-Tc oxides [134], and smaller than this limit [121]. The observed deviations in cuprates from the BCS value were interpreted earlier either as the superconductivity-driven feedback suppression of the depairing by real thermal phonons [261] or as the specific manifestation of the spin-fluctuation mechanism of Cooper pairing [262].




10. Unidirectional CDW Configuration


Let us consider now another kind of observed CDW patterns in high-Tc superconductors, with only one CDW family (stripe-like configuration) [129,130,137,138,139,140]. This configuration corresponds to the existence of dielectric gaps only in the hatched sectors on the FS (see Figure 3). In terms of the relevant problem parameters, such a unidirectional CDW is described by the value N=2 in Equation (16) and allowing α to vary from 0 to π2. The range [0,π4] for the parameter β remains the same.



It is worth noting that the phase-diagram characteristic features (phase boundaries) in the checkerboard case were obtained making use of only Equation (15), which does not include N. Therefore, they remain the same at α≤π4. This circumstance is illustrated in Figure 20. In particular, the lower (0≤α≤π4) part of the phase diagram for every β in the unidirectional case reproduces the phase diagram for the checkerboard CDWs (Figure 13(a)); the upper plane (π4≤α≤π2) is new. The figure demonstrates that no regions with T-driven CDW-reentrance exist at α≥π4, since superconductivity becomes too weakened to suppress CDW gapping at low T there. On the contrary, Σ-reentrance of kind II turns more pronounced, because for any β (including the most important “cuprate” value β=0), we can select such σ0 that the variation of α would reveal the reentrance effect.



At the same time, the specific nonzero Σ- and Δ-values do differ for checkerboard and unidirectional CDW superconductors, because the N-dependent Equation (16) is to be used for their calculation. The influence of the number N of Σ-sectors on the magnitude of order parameters is illustrated in Figure 21. Here, three scenarios of the order parameter behavior are presented: one (panel a) without any reentrance, i.e., the phase point is in the SC+CDW region, and other two with the reentrance in the cases σ0>σ¯0 (panel b) and σ0<σ¯0 (panel c). We can see that the value of Tc changes with N in (a) and (b) panels. It is not at all strange. Indeed, more Σ-sectors with identical opening angles correspond to a higher degree of effective FS dielectric gapping, which suppresses Tc [119]. Mathematically, it follows from the fact that Tc is determined from Equation (16), which includes the parameter N. The reciprocally detrimental effect of superconductivity and CDWs is also confirmed by the relationships between the order parameter magnitudes: in the checkerboard configuration, when the role of CDWs is higher, Σ-values are larger and Δ- values smaller than their counterparts in the unidirectional case. Additionally, the figure indicates that the phase diagram (σ0,α)—to be more accurate, the separatrices in the (σ0,α)-plane dividing pure-SC, SC+CDW, and CDW-reentrance phases—are independent of the Σ-sector number N at α≤π4.



Of course, gap roses do change, sometimes drastically. In Figure 22, the temperature evolution of gap roses is exhibited for each set of problem parameters illustrated in Figure 21. The figures demonstrate that the change of Σ-sector geometry results in visibly non-similar angular gap patterns only when magnitudes of Σ and Δ are comparable. Otherwise, both roses are indistinguishable. For instance, diagrams at t=0.1 and 0.45 in the checkerboard geometry are identical to their counterparts in the unidirectional one, because Σ(t=0.1)=Σ(t=0.45)=0. At t=0.3, as stems from Figure 21(c), Σ(t)≠0. But even in this case the difference between order parameter magnitudes in different geometries and the loss of 90∘-rotation symmetry for the gap pattern are insufficient to discriminate between the checkerboard and unidirectional Σ-configurations. In particular, the gap maximum in Figure 21(a) equals 0.844, whereas two maxima in Figure 21(b) are 0.852 and 0.847 for 0∘- and 90∘-directions, respectively.




11. Ratio of the Superconducting Gap at Zero Temperature Δ(0) to the Critical Temperature Tc as an Indicator of the CDW Presence


It is well known that in the weak-coupling limit (i.e., when the emergence of superconductivity does not significantly alter the underlying electron-ion background) the ratio Δ(0)/Tc is a universal constant for every specific type of the BCS-type (Cooper) pairing [24,230,231,263]. For instance, as has been mentioned above, Δ(0)/Tc equals Rs≈1.764 for the isotropic s-wave superconductor and Rd≈2.140 for the d-wave one. This remarkable universality means that the original BCS theory as well as its possible more sophisticated extensions [264] are in essence theories of corresponding states similar to the famous van der Waals theory of gases and liquids, the first of this kind [265]. In strong-coupling superconductors the universality is lost and the ratio concerned goes to depend on the gluing-boson frequency spectrum, i.e., become material-specific [266].



The presented theory is a weak-coupling one for both pairings involved. Nevertheless, their interplay should change the ratios for superconducting as well as electron-hole order parameters. We are interested in the CDW influence on Δ(0)/Tc, since this important quantity indicating the appearance of something unusual is often the subject of studies as well as speculations.



In Figure 23, surfaces of Δ(0)/Tc over the phase plane σ0−α are shown for the checkerboard CDW geometry (N=4) and the distinctive cases β=0 and β=π4. As one can readily notice, the indicative ratio may be either larger than its inherent value Rd or smaller depending on the input parameters. It will be shown below that the larger is the increase of Δ(0)/Tc, the stronger is the Tc drop under the influence of CDWs. Therefore, big experimental values of Δ(0)/Tc=2.7÷6.5 observed in cuprates [134,267,268,269] signify that their Tc may be substantially increased if one gets rid of CDWs by a due treatment of samples. Of course, this conclusion is based on the validity of our interpretation of high-Tc-oxide properties as consequences of the very CDW existence in those materials.



To make the results more clear we extracted some characteristic profiles from the data presented in Figure 23. In Figure 24(a), the dependences of 2Δ(0)/Tc and Tc/Δ0 ratios on Σ0 are shown. One sees that 2Δ(0)/Tc for β=0 (cuprates!) sharply increases with Σ0 for Σ0≤1 and swiftly saturates for larger Σ0, whereas Tc/Δ0 decreases almost evenly. The saturation value proves to be 5.2 for μ=0.3. Such a large enhancement of Δ(0)/Tc consistent with experiment cannot be achieved taking into account strong-coupling electron-boson interaction effects for reasonable relationships between Tc and effective boson frequencies ωE[270,271] (one can hardly accept, e.g., the value Tc/ωE≈0.3 [271] as practically meaningful). Therefore, our weak-coupling model is sufficient to explain large Δ(0)/Tc in cuprates, possible strong-coupling effects resulting in at most minor corrections. On the other hand, with growing mismatch β between CDW-sector and superconducting lobe maxima, the ratio falls rapidly becoming not only smaller than Rd but even smaller than Rs in a certain region of the σ0−α phase plane (see Figure 23(b)).



The μ-dependences of 2Δ(0)/Tc and Tc/Δ0 are shown in Figure 24(b). They confirm that 2Δ(0)/Tc can reach rather large values, if the dielectric gapping sector is wide enough. This growth is however practically limited by a drastic drop of Tc leading to a quick disappearance of superconductivity. We think that it is exactly the case of underdoped cuprates, when a decrease of Tc is accompanied by a conspicuous widening of the superconducting gap. For instance, such a scenario was clearly observed in break-junction experiments for Bi2Sr2CaCu2O8+δ samples with a large doping range [272].



As was pointed out in Reference [134], various photoemission and tunneling measurements for different cuprate families show a typical average value 2Δ(0)/Tc≈5.5 (larger values are inherent to Hg-containing high-Tc oxides [268]). From our Figure 24(b), we see that this ratio corresponds to μ≈0.35 at Σ0=1. The other curve readily gives Tc/Δ0≈0.35. Since Δ0/Tc0≈Rd for a d-wave superconductor (see above), we obtain Tc/Tc0≈0.75, being quite a reasonable estimation of Tc-reduction by CDWs. This justifies our conclusion made above (and many-many years ago concerning another superconducting oxide BaPb1−xBixO3 [216]) that CDWs might be the main obstacle on the road to higher (room?) Tc’s.



One can qualitatively explain the results on Δ(0)/Tc looking attentively at order parameter momentum-space configurations (Figure 3). First, consider the cuprate-related case β=0 and the checkerboard CDW structure. The rapid increase of the ratio Δ(0)/Tc occurs at σ0≥1 (Figure 24(a)), whereas Δ(0)/Tc>Rd for any reasonable μ (α) (Figure 24(b)). The indicated conditions correspond to a situation when Td>Tc, so that CDWs suppress Tc stronger than Δ(0), when this d-wave Δ(T) grows substantially due to its steeper character in comparison with the s-wave Σ(T) (see Figure 2).



Second, let us look at the another extreme β=π4 with the same checkerboard-like CDWs (Figure 23(b)). Here, in a wide range of openings α and growing σ0 (see Figure 24(a)) we arrive at the configuration when Δ(T→0) is more affected than Tc, the latter determined mostly by the lobe maxima. Since the node regions are effectively switched out by CDWs, superconductivity becomes almost angle-independent (momentum-independent), so that the actual Δ(0)/Tc tends to Rs, although the parent superconductivity has the d-wave symmetry!



An abyss that takes place in the vicinity of σ0=σ¯0 and at α→π2 draws attention. In the whole phase diagram plane, the CDW suppress superconductivity by lowering both the Δ(0) and Tc values. But it does it nonuniformly with respect to those quantities, reducing the Tc value more effectively (see Figure 7(b) and Figure 8(b)), so that the ratio Δ(0)/Tc grows. At the same time, in the region concerned, the CDW cannot change Tc=Tc0, but can reduce Δ(0), even down to zero, as Figure 25 demonstrates. Panel (a) of this figure testify once more that Σ has a reentrant behavior for rather large α-values in the case N=4 and β=0.



The interplay between one-dimensional stripe-like CDWs (N=2) and d-wave superconductivity is quite another story (see Figure 26). In the β=0 configuration, CDWs cannot suppress Tc stronger than Δ(0), because two superconducting lobes are CDW-free (Figure 3). Hence, typical ratios Δ(0)/Tc on the phase plane are smaller than Rd, as is shown in panel (a). On the other hand, for N=2 and β=π4 the ratios Δ(0)/Tc do not exceed Rd for small enough α, since in actual fact all lobes are equivalent and CDW-free. For α≳π4, the mechanism of Δ(0)/Tc-increase, discussed for the configuration N=4 and β=0, starts to work (see panel (b)).




12. Conclusions


We built a self-consistent theory of coexistence between states with different order parameter symmetry. CDWs have an s-wave symmetry, while Cooper pairing is a d-wave one. The constructed phase diagrams and various dependences of relevant quantities describing d-wave superconducting, CDW + d-wave superconducting, and reentrant CDW + d-wave superconducting phases reveal a diverse picture, being much richer than its counterpart for CDW s-wave superconductors [71]. In particular, we can draw a conclusion that the pseudogap (which we consider to be a CDW gap) in cuprates may be sometimes difficult to detect and reproduce due to its reentrant character. Hence, the calculated phase diagrams would be of help giving an important overall insight and even quantitative benchmarks. The latter is no surprise, since the control parameter α (or μ) is a measurable property [96,185,205,239], independent of fine details of the electron spectrum and being a cornerstone of the adopted phenomenological scenario.



We demonstrated that the ratio Δ(0)/Tc in CDW superconductors may differ substantially from its weak-coupling value for the parent d-wave superconductor [230,231] even if the Cooper pairing is assumed to be a weak-coupling one. This ratio may be either larger or smaller than the d-wave value Rd depending on the system parameters. For cuprates one should expect Δ(0)/Tc>Rd in agreement with the experiment [134,268].



Note, that strong Coulomb correlations between quasiparticles (Mott–Hubbard picture) [136,262,273,274,275] are also taken into account here although implicitly by formation of the FS with its nested and non-nested sections (hot and cold spots, respectively). Moreover, this speculative splitting is supported by the experiment [96,125,126,185,188,205,239]. We guess that the interplay between order parameters of other nature but also possessing different symmetries may lead to reentrant phenomena for the weaker order parameter, similar to that found here for Σ(T) and Σ(α). Perhaps, some hidden interplay of this kind taking place in Bi(Pb)2Sr2Ca(Tb)Cu2O8+δ results in the nonmonotonic T-behavior of the pseudogap there [188].



As for strong many-body correlations between quasiparticles, it is worthwhile to mention the alternative point of view [276] attributing spatial patterns (CDWs) in various cuprates to the strong-coupling phenomena (whatever the specific scenario) rather than the nesting-driven dielectric gapping of the electron spectrum. The authors of Reference [276] found some inconsistencies in the picture supported by our analysis. For instance, they indicate that the CDW wave vectors conspicuously differ from the values dictated by the FS flat-section separation. This disagreement might be explained by Coulomb correlations (in this sense, the above-mentioned viewpoint is quite reasonable) or the actual three-dimensionality of the FS in high-Tc oxides [60]. The distinctions concerned become larger for overdoped samples, as was observed, e.g., in Ca2−xNaxCuO2Cl2. In the framework of the scenario adopted here, this is no surprise as well, since charged dopants gradually destroy both Peierls [277] and excitonic [278] insulators, leading to the CDW (and pseudogap!) disappearance in overdoped samples. At the same time, the nesting character of the FS preserves, thus reflecting the incipient instability overcome by Coulomb scatterers. Nevertheless, to be sincere, it should be indicated that nesting is only a necessary condition (the so-called “hidden nesting” [279] may be considered as a property closely resembling the true nesting) of the CDW ordering to take place rather than the sufficient one. Certain relevant speculations describing opposite views can be found in References [280,281,282].



The depicted “gap roses” show that ARPES angular diagrams represent peculiar combinations of order parameters as angle-dependent combined gaps rather than each order parameter separately (see also recent experimental data in References [100,101], as well as the analysis of photoexcited quasiparticle relaxation dynamics in Reference [98]). The same is true for tunnel and point-contact measurements, where certain tricks are used to single out each order parameter contribution [115,182,239,283]. Therefore, proportionality found between the apparent gap and temperature Tpg, below which the pseudogap starts to manifests itself [284], does not mean that the observed gap is the superconducting one Δ.



Unidirectional CDWs interact with d-wave superconductivity similarly to checkerboard ones, although externally driven switch between the patterns may lead to conspicuous differences between resulting ARPES or tunnel spectra. As for a mismatch (β≠0) between Δ(θ) and Σ(θ) maxima, it substantially changes phase diagrams. The effect would have strongly manifested itself especially for dxy superconductivity if a corresponding material had been found.



Configurations with β≠0 and π4 correspond to states that might appear in internally strained or non-hydrostatically externally pressed samples. The existence of such sample patches may explain bad reproducibility of normal-state and/or superconducting properties of high-Tc oxides.



Going beyond the specific topic of this Review, we ought to emphasize that nowadays, when the whole community celebrates the 100 anniversary of the Kamerlingh Onnes’s discovery of superconductivity, one should admit that (i) “the theory of superconductivity” (various versions of which being depicted, e.g., in References [285,286,287]) does not yet exist (see discussion in References [125,126,288,289,290,291,292,293,294,295]); (ii) old failed microscopic theories of superconductivity turned out to be important steps on the long way to higher Tc’s providing us with useful ingredients of the future more successful approaches [296,297,298]. We hope that the presented study of the role played by CDWs in high-Tc superconductors would be important for the improved understanding of the state of the art.
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Figure 1. Schematic illustrations of the gap function evolution for three different doping levels of Bi2Sr2CaCu2O8+δ. (a) Underdoped sample with Tc=75K; (b) underdoped sample with Tc=92K, and (c) overdoped sample with Tc=86K. At 10K above Tc, there exists a gapless Fermi arc region near the node; a pseudogap has already fully developed near the antinodal region (red curves). With increasing doping, this gapless Fermi arc elongates (thick red curve on the Fermi surface (FS)), as the pseudogap effect weakens. At T<Tc a d-wave like superconducting gap begins to open near the nodal region (green curves); however, the gap profile in the antinodal region deviates from the simple dx2−y2 form. At T≪Tc, the superconducting gap with the simple dx2−y2 form eventually extends across the entire FS (blue curves) in (b) and (c), but not in (a). (Taken from Reference [96]). 
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Figure 2. Dependences of the normalized order parameters in s- and d-wave Bardeen–Cooper–Schrieffer superconductors (SCs) on the normalized temperature. See explanations in the text. 
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Figure 3. Superconducting s-wave (Δs, dotted curve) and d-wave (Δd, dashed curve), and charge-density wave (CDW, Σ, solid curve) order parameter profiles on the FS in two-dimensional momentum space for the parent phases of the s- or d-wave SC and the CDW metal, respectively, i.e., when the competitive pairing channel is switched off. Q1 and Q2 are the CDW vectors, 2α is the opening of each CDW-gapped sectors, β is the mismatch angle between the superconducting lobes and CDW sectors. The checkerboard CDW configuration is described by both wave vectors Q1 and Q2, and it includes all four CDW sectors; the unidirectional one is described by one wave vector Q1, and it includes two hatched CDW sectors. 
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Figure 4. Normalized-temperature, t, dependences of the normalized s-wave SC and CDW order parameters as functions of (a) the dielectric gapping degree μ; and (b) the ratio σ0=Σ0/Δ0 between the parent pairing parameters. 
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Figure 5. Phase diagram of the CDW s-superconductor on the μ−σ0 plane. The grey region corresponds to the pure SC phase, where CDWs are absent at any T. The bold line denotes the pure CDW phase. The rest of the plane corresponds to the combined SC + CDW phase. Critical CDW isotherms are shown by solid and SC ones by dashed curves. See explanations in the text. 
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Figure 6. Phase diagram of the CDW dx2−y2-superconductor (β=0∘) in the checkerboard configuration on the α−σ0 plane. The grey region corresponds to the pure SC phase, where CDWs are absent at any T, the hatched one to the combined SC+CDW phase, and the CDW-reentrance (cross-hatched) one to the phase, where the superconductivity and CDWs coexist in a certain T-interval 0K<Tr<T<min(Td,Tc). Here, Tr and Td are the lower and upper CDW critical temperatures, respectively, and Tc is the SC critical temperature. The bold black line along the upper phase diagram boundary denotes the range of pure CDW phase existence. The scaled-up fragment of the phase diagram is shown in the inset. 
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Figure 7. Normalized temperature dependences of the CDW, Σ, (a) and superconducting, Δ; (b) order parameters for various σ0 in the checkerboard configuration. t* is the normalized reentrance-collapse temperature. See explanations in the text. 
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Figure 8. The same as in Figure 7, but for α=28.5∘. 
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Figure 9. Normalized Td- and Tc-isotherms on the phase plane in the checkerboard CDW configuration for β=0∘. 
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Figure 10. The same as in Figure 7 but for σ0=0.9 and μ=0.1 (1), 0.3 (2), 0.5 (3), 0.6 (4). 
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Figure 11. (a) “Gap rose” in the momentum space at normalized temperatures t=0.15 (solid), 0.3 (short-dashed), 0.4 (long-dashed), 0.5 (dash-dotted curve); (b) T-dependences of CDW (solid curve) and SC (dashed curve) order parameters and gap bands (obtained at the angular scanning in the momentum space) on dielectrized (right hatch) and non-dielectrized (left hatch) Fermi surface (FS) sections. In both panels μ=0.3, β=0∘, anf σ0=0.95. 
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Figure 12. The same as in Figure 11, but for σ0=1.2. Gap roses in panel (a) are drawn for t=0 (solid), 0.25 (short-dashed), 0.6 (long-dashed), and 0.65 (dash-dotted curve). 
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Figure 13. (a) Phase diagrams for the checkerboard CDW configuration and various mismatch angles β. The dashed curve is the locus of the reentrance-collapse points. See explanations in the text; (b) β-dependences of the base (solid curve) and the “height” α (dashed curve) of the reentrance-collapse region. 
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Figure 14. The same as in Figure 7 but for α=30∘ and β=20∘. 






Figure 14. The same as in Figure 7 but for α=30∘ and β=20∘.



[image: Symmetry 03 00699 g014]







[image: Symmetry 03 00699 g015 550]





Figure 15. The same as in Figure 9, but for β=45∘. 
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Figure 16. Gap roses at various temperatures and α=20∘ for CDW dxy-wave superconductor (β=π4) with σ0=0.5 (a) and 1.2 (b). 
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Figure 17. The same as in Figure 7, but for the complete FS dielectric gapping. 
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Figure 18. Temperature evolution of gap roses at various σ0 in the case of complete FS dielectric gapping. 
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Figure 19. σ0-dependences of the ratios between the order parameters at T=0 and the relevant critical temperatures for complete CDW gapping. 
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Figure 20. The same as in Figure 13(a), but for the unidirectional CDW configuration. 
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Figure 21. Comparison of the normalized Σ(T)- and Δ(T)-dependences in the unidirectional and checkerboard configurations for various sets of system parameters. 
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Figure 22. Comparison of gap-rose temperature evolution in the unidirectional and checkerboard configurations for various sets of system parameters. 
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Figure 23. 3D-plots of the ratio R=Δ(0)/Tc on the phase plane α−σ0 for CDW (a) dx2−y2-; and (b) dxy-wave superconductors in the checkerboard CDW configuration. 
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Figure 24. (a) Dependences of the ratio 2Δ(0)/Tc on σ0 at μ=0.3 for various β; (b) dependences of 2Δ(0)/Tc and Tc/Δ0 on μ at σ0=1 for various β. 
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Figure 25. The same as in Figure 7, but for α=35∘. 
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Figure 26. The same as in Figure 23, but for the unidirectional CDWs (N=2). 
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