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Abstract:  We construct, for any given ¢ = % + Ny, second-order nonlinear partial
differential equations (PDEs) which are invariant under the transformations generated by
the centrally extended conformal Galilei algebras. This is done for a particular realization of
the algebras obtained by coset construction and we employ the standard Lie point symmetry
technique for the construction of PDEs. Itis observed that the invariant PDEs have significant
difference for ¢ > 2.

Keywords: nonlinear PDEs; lie symmetry; conformal Galilei algebras

1. Introduction

The purpose of the present work is to construct partial differential equations (PDEs) which are
invariant under the transformations generated by the conformal Galilei algebra (CGA). We consider
a particular realization, which is given in [1], of CGAs with the central extension for the parameters
(d,0) = (1, % + Np), where Ny denotes the set of non-negative integers. We also restrict ourselves to the
second-order PDEs for computational simplicity. Our main focus is on nonlinear PDEs since linear ones
have already been discussed in the literatures [1-4]. CGA is a Lie algebra which generates conformal
transformations in d 4+ 1 dimensional nonrelativistic spacetime [5—8]. Even in the fixed dimension of
spacetime one has infinite number of inequivalent conformal algebras. For a fixed value of d each

inequivalent CGA is labelled by a parameter ¢ taking the spin value, i.e., { = %, 1, %, 2,.... Each CGA
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has an Abelian ideal (namely, CGA is a non-semisimple Lie algebra) so that it would be deformed.
Indeed, it has a central extension depending the value of the parameters. More precisely, there exist two
different types of central extensions. One of them exists for any values of d and half-integer ¢, another
type of extension exists for d = 2 and integer ¢. Simple explanation of this fact is found in [9].

It has been observed that CGAs for ¢ = % and ¢ = 1 play important roles in various kind of problems
in physics and mathematics. The simplest { = % member of CGAs is called the Schrodinger algebra
which was originally discussed by Sophus Lie and Jacobi in 19th century [10,11] and reintroduced
later by many physicists [12-17]. Recent renewed interest in CGAs is mainly due to the AdS/CFT
correspondence. The Schrodinger algebra and ¢ = 1 member of CGA were used to formulate
nonrelativistic analogues of AdS/CFT correspondence [9,18,19]. One may find a nice review of various
applications of the Schrodinger algebras in [20] and see [21] for more references on the Schrodinger
algebras and ¢ = 1 CGAs. Physical applications of £ = 2 CGA is found in [22].

Now one may ask a question whether the CGAs with ¢ > 1 are relevant structures to physical
or mathematical problems. To answer this question one should find classical or quantum dynamical
systems relating to CGAs and develop representation theory of CGAs (see [21,23,24] for classification
of irreducible modules over d = 1,2 CGAs ). This is the motivation of the present work. We choose
a particular differential realization of CGAs then look for PDEs invariant under the transformation
generated by the realization. Investigation along this line for the Schrodinger algebras is found
in [2,3,25-27] and for / = 1 CGAs in [28] and for related algebraic structure in [29,30]. For higher
values of ¢ use of the representation theory such as Verma modules, singular vectors allows us to derive
linear PDEs invariant under CGAs [1,4]. More physical applications of CGAs with higher value ¢ are
found in the literatures [31-45].

The paper is organized as follows. In the next section the definition of CGA for (d, ) = (1, 5 + No)
and its differential realization are given. Then symmetry of PDEs under a subset of the generators is

considered. It is shown that there is a significant distinction of the form of invariant PDEs for ¢ > 2.

2
Invariant PDEs for ¢ = % CGA are obtained in Section 3 For ¢ > g we first derive PDEs invariant

under a subalgebra of the CGA in Section 4, then derive invariant PDEs under full CGA in Section 5.

Section 6 is devoted to concluding remarks.

2. CGAs and Preliminary Consideration

The CGA for d = 1 and any half-integer ¢ consists of s{(2,R) ~ so(2,1) = (H,D,C") and ¢ + 1/2

copies of the Heisenberg algebra (P(”), M ),—12. 20+1. Their nonvanishing commutators are given by
|D,H|=—-2H, [D,C]=2C, [H,C|=D,

[H,P™] = (n—1)P" Y [D,P™]=2(n—1-{)P™, (1)
[C,P™] = (n—1-20)P"t) [PV PO = 5 ool 1 M

where the structure constant I,,, is taken to be I,, = (—1)™"+2(2¢ — m)lm! and M is the centre of the

.....

and we denote it by h,.
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We employ the following realization of g, on the space of functions of the variables

t=x0,T1,... ( Tyt and U [1]:
+3
M=Udy, D=2t0,+» 2({+1-kxd,, H=0,
k=1
+1 -1 ] 1 \2
C =80+ Y 20 +1 = Witzds, + (20 +1 = K)ade,, — 5 ((0+3)!) 72,3 U00,
k=1 k=1
P<"):zn: n= ) kg 1<n<£+1 )
kE—1 o - 2’
k=1
A R " 1 3
(n) _ n-—= n—k i n— n—k 2
P = (k‘—l)t 6xk Z (k—l)lk_lt x2g+2_kUaU7 64—2 §n§2€+1
k=1 k=043
where (Z) is the binomial coefficient and [;_; is the structure constant appearing in Equation (1).

This is in fact a realization of g, on the Borel subgroup of the conformal Galilei group generated by

g¢ (we made some slight changes from [1]). Let us introduce the sets of indices for later convenience:

g:{uw+Luwe+%} nw=0,1,2, ... (3)

Now we take z,, u € Z as independent variables and U as dependent variable: U = U(x,).

Our aim is to find second order PDEs which are invariant under the point transformations generated
by Equation (2) for ¢ > 1/2 (¢ = 1/2 corresponds to Schrodinger algebra). Such a PDE is denoted by

ou 0*U

ge U= 5y @)

We use the shorthand notation throughout this article. The left hand side of Equation (4) means that F'

is a function of all independent variables z,, u € Z,, dependent variable U and all first and second order

F(ZEW Ua U;u U,uu) - 0, UH =

derivatives of U. As found in the standard textbooks (e.g., [46—48]) the symmetry condition is expressed

in terms of the prolonged generators:

XF =0 (modF = 0) (5)
where X is the prolongation of the symmetry generator X up to second order:
e+ 5
. 0 0 0 0
X =X w_ = Nz X — B_Z I 6
2 G 2 28G5 5p ©
pn=0 p<v pn=0
The quantities p*, o* are defined by
t+3
pro= e+ oUn =Y U(E+ UL, (7)
v=0
O-'uy - nuu + TMUUV + nuUUu + T’UU[,LV + nUUUuUu
+3 +3 +1
— ZS = (GUr + §U) =Y (U U + UuUsr + UUyr)
7=0 T7=0
z+5
= D (& U+ EpUu+ & U U (8)

7=0
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In this section we consider the symmetry condition Equation (5) for M, H and P with
n=12...,20+1.

Lemma 1. (i) Equation (4) is invariant under H, P and M if it has the form

U, Uw
F(xa,ﬁ,g)zo, a €Iy, pveil 9)

(ii) For { > %, a necessary condition for the symmetry of the Equation (9) under P™ with n € T, is
that the function F' is independent of Uy,,, m € Z;.

Proof of Lemma 1. (i) It is obvious from that the generators H and P") have no prolongation, while
the prolongation of M is given by

43
M =Udy+ Y Udy, + > Undu,, (10)
pu=0 u<v

(ii) The lemma is proved by the formula of the prolongation of P™). For n € T, the generator P is

given by

and its prolongation yields

5(n g n—1 n—a | D(a .
P( ) — Z (n B a) t P( ) Z (a — 1)Ua_1k6UOk] (11)
a=2 k=a+1
where
ﬁ(N) — p(n) - — axn _ (n — 1) {Un—lan + ((n — Q)Un_g + 2U0n_1>8U00 + Z Un_lkayw} (12)
_ k=1

and the terms containing 0., are omitted. We give the explicit expressions for small values of n which
will be helpful to see the structure of Equation (11):

P = pO),
PO = PO 4 2P — Uysdy,),
p(4) — 15(4) + Bt(p(g) - 2U248U04> + 3t2(P(2) o U138U03 B UM@UM)

Since P is independent of ¢, each symmetry condition PMWE =0 decouples into some independent

equations. For example, PWFE =0 decouples into the following equations:
PWF =0, (P® — 2Uy0y,,)F = 0, (P® — U130y, — U140y, )F =0

The condition P& F = 0 is equivalent to the condition P@F = 0. It follows that the condition
P®F = 0 yields two independent conditions P®F = 0 and Uy39y,,F = 0. The second condition
means that /' is independent of Ujs. Repeating this for PMWFE =0forn=4,5,... 0+ % one may prove
the lemma.
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—1
Now we show the Equation (11). Set £¥(n) = Z 1) t"=* then P Z ¢ (n)0,, (recall that
we omit J,,). By the Equations (6)—(8) we have
P = Z{fo VU0, + (&5 () Uy, + 285 () Uok) Ou, + Zfo VUnnkOu, . } (13)

m=1

Thus the maximal degree of ¢ in P™ isn — 2. The following relation is easily verified:

Dl¢kin—qa), (1<k<n-—a)

(n—a—1)!

0, (n—a<k)

2 en) = (14

Using this one may calculate the higher order derivatives of Equation (13):

8“ (n_1>‘ n—a
R ey G PGS

k=n—a+1m=1

It follows that

n—2 a
P _ N L (P pm) e
al \ Ote 0

_ (n_1> [P = DT (== DU 1]

k=n—a+1

By replacing n — a with a we obtain the Equation (11). The Equation (12) is readily obtained by
setting ¢ = 0 in the Equation (13). [

Remark 1. By Lemma 1 the symmetry condition for M, H, P"™ with n € T, is summarized as

N U, U Un Usy Upm
PWF(;U —p 200 0L 02 Zkm ):0, a €Ly, p €Ly, k,m eI (15)

where P™ s given by Equation (12).

The condition Equation (15) implies that F' is independent of Uy, if ¢ > 7/2, since P has the term
UokOuy, With & > 3. In fact one can make a stronger statement by looking at the symmetry conditions
for P with £ + 3 <n <20+1.

Lemma 2. F given in Equation (15) is independent of Uy if ¢ > 5/2.

Proof of Lemma 2. We calculate the prolongation of P™ for ¢ + % < n < 2¢ + 1. The derivatives
O, Oy, , Oy, (K € I3) are ignored in the computation. Then

t+3
P™ = 3 &M ()0, + n(n)dy, (16)
m=2
—1
{"(n) = (:; B 1) e, % §"(n) Im-172012-mU (17)
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One may calculate derivatives of n(n) easily

on(n) —&2 ) LU 2042 —n <k <Ll+5

nk(n) = 02 =

0 k<204+2—n
First and second order derivatives need some care:

—IQgU n=20 +1

m(n) =
0 otherwise
—2615[25,1[] n=2/0 +1
ma(n) = —Iy U n=2(

0 otherwise

Then a lengthy but straightforward computation gives the following expression for the prolongation
of P up to second order:

b3 e+3 +3
P = nUM+Zé )0y, + (mo(n Zéo YU, + D> mk(n)au,
k=20+2—n
+3
+ (moo(n) + 2nou (n)Uo — > (& (n) Uk + 265 (n) Uok)) Do
h=1
+1
+ Y (o (Ui — ng )Ukm ) Dy, — On 20 T20-1U00u,
k=1,2
— Opaet1 (12U, + 201501 (U + tUs) sy, )
+3 043 t+3
+ Z ZﬁkUUmﬁUkm + Z Mo UrOu, (18)
k=20+2—n m=1 k=20+2-n

We have already taken into account the invariance under M so that the first term of Equation (18) is
omitted in the following computations. It is an easy exercise to verify that

aa (n—l)! 0 n—é—%ga
8t“n(n): (n—a—1)! x
: n(n —a) Ogagn—é—%
and
(0 n<a
8‘1“7 b (n=1) ng(n—a) n—ﬁ—%gagn—l
8tazf (n) = (n—a—1)! ) =
+3
ka(n—a) O<a§n—f—%
\ k=1
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It follows that for 0 <a <n— (¢ — 32

8t“P (n—a—1)

0" P(n) (n — ]')' p(nfa) (19)

Forn—0—3 <a<n-—2(e,2<n—a< {+3) all the derivatives of 7(n) vanishes and

Equation (13) is recovered. Therefore for all values of a from 0 to n — 2 the relation Equation (19) holds

true. Thus we have

n721 aa n—2 n 1
p(n) _ - p(n) a _ B D(n—a)4a
B W C D I o G

a a=0

. This means that the symmetry condition under P® is reduced to
t=0

where P = p()

3
PME =, €—|—§§n§2€+1 (20)

Now we look at the part containing Jy,, in Equation (18), namely, the second line of the equation.

The contribution to P from the term Zé’g(n)UOk@Uoo is Uy 1100y, Since € + i >3forl > 2

k
the condition Equation (20) gives Oy, = 0 for this range of ¢. Thus F' has Uy, dependence only for
(=3 0

2

Lemma 2 requires a separate treatment of the case ¢ = % In the following sections we solve

the symmetry conditions Equations (15) and (20) explicitly for £ = 2 and for ¢ > 2 separately.

Before proceeding further we here present the formulae of prolongation of D which is not difficult

to verify:
0+
D = > 200+1—k)agds, — 2Usdu, — 6,3 40000ty —2 Y (€ +2 = k)UoOu,,
k=2 k=1,2
3 o+3
— 2> [+ 1= k)Udy, + > (20 +2 =k — m)UpmOy,,] 1)
k=1 m=k

The prolongation of C' is more involved so we present it in the subsequent sections separately for

¢ = 2 and for other values of /.

3. The Case of ¢ = g

The goal of this section is to derive the PDEs invariant under the group generated by g 3. First we
solve the conditions Equations (15) and (20). We have from Equation (12)

P® =0, — (U8, + 20100 + > Uiy, (22)
k=1,2

and collecting the ¢ = 0 terms of Equation (18)

P® = 2[00y, + Udy, + (Ur + 2Up2) 0y + Ur20u, + (Uo + Usa) iy, + Uiy + 2Us01s, ]
P(4) = —6[1’2(](9[]0 — UaU1 + (Uz + ZIQUQ)aUOO + (J?QUl — Uo)aUm + (IQUQ + U)8U02
_(2U18U11 + U28U12>] (23)
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The symmetry conditions Equations (15) and (20) are the system of first order PDEs so that it can be
solved by the standard method of characteristic equation (e.g., [49]). It is not difficult to verify that the

following functions are the solutions to Equations (15) and (20).

. U11 U1 2 U22 U2 ?
o= 7—(7)7 v = 7—(7)’

. Uso Ul B Up | xUp U
¢3 - U U2 ) ¢4 - U + U 2U7
Ui UoU U.
o5 = % - (0]21 + @201 — 72@37
Ui Uu, UlUy U
Bo = —o ot — 2 — 20y + T2,

U U T
C Un  (U0\® (U 20\ U2 (200  Ux\ (U2)
¢7_U_<U)_U+U v \T "7 )\T

0\,
-\ — z501 + 22205 (24)

Thus we have proved the following lemma:
Lemma 3. Equation (4) is invariant under f]% = ( M,H,P™ ), _, 53,4 if it has the form

F(¢17¢27"'7¢7):O (25)

Next we consider the further invariance under D and C. The computation of the second order

prolongation of C' for ¢ = % is straightforward based on Equations (6)—(8). It has the form

o)
I

—Qx% M + tD + 3x1f’(2) — C~’,
$2U28U0 + 3U28U1 + 4$2U8U2 + 2(Uo + ngog)é?Uoo + (3U1 + 3U02 + :nglg)@Um
+ (UQ + 4x5Uy + 332U22)8U02 + 6U128U11 + (4ZEQU1 + 3U22)8U12 + 4(U + 2$2U2)8U22 (26)

@Y
I

It is an easy exercise to see the action of C on O

Coy = 203, Chs

é¢6 = 07 é¢7 -

4 ~ ~ 2
=3 Coz = o, C¢4=—§, Cos = s,
1 2
§¢2+§¢4

It follows that the following combinations of ¢, are invariant of C :

1 3 3 1
wy = §¢2 + 04, wy = 2¢3 — Z¢§’ w3 = \/—¢6, Wy = P — §<w2¢2 + gﬁbg),
1 3 1
5 = E% - \/— w3Pa, W = Py — §w1¢2 (27)

On the other hand D generates the scaling of wy, :

wy — e*w, wy — e*ws,, w3 — ews,

wy — €%wy, ws — eXws, we — e*wg

(28)
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With these observations one may construct all invariants of the group which is generated by gs

_U)g_\lll _wg_\llg _w4_\113
¢1_w%_®27 1/}2_10;17)_@37 w3_w?2)_\:[]%7
2 2
w; Uy weg Vs

® = 2(Uy+ 22Uy)U — U3,
U, = 8(UpU — UUy)U? — 3(UpU — U3)?,

\112 = (U1 + []02)(]2 — U2((U0 + UQQ)U — U22) + Z'Q(UlgU — UlUg)U,
Uy = SULU? —8UU* — 12(UpU — U2)(UU — U Uy)U? 4 3(UpU — U3)3,
Uy = 4UnU* = 4UUU? = 3((Ur 4 Up2)U — UgUs) (UnoU — UF)U + 3Us(UpU — U3)?

+ I <4U11U3 — 4U12U2 — 3(U22U — U22)(U12U - UlUQ))U,
AUooU? = 2(2U§ + UgUsz + 2(Uy + 2Up2)Us) U? + 5(2Uy + Usz)U3U — 5U;
225 (40U U? — (4UUy + 4UsUsa + Uy Uso)U + 5U, U3 U + 423 (U U — UD)U?  (30)

£
[

Thus we obtain the PDEs with the desired symmetry.

Theorem 4. The PDE invariant under the Lie group generated by the realization Equation (2) of g 3 is
given by
F (1,2, 93, 04,15) = 0 (€29)

where I is an arbitrary differentiable function and 1); is given in Equation (29). Explicit form of the

symmetry generators are as follows:
M =U0y, D = 2t0; + 3210,, + ©20,,, H =0,
C = t(t0; + 3210y, + 290,,) + 3210,, — 223Uy,
PY=9,,  P®=t3, +0,,
P® =129, + 2t0,, — 22,Udy,
PW =39, + 3t%0,, — 6(tzy — 21)Udy (32)

4. The Case of £ > 2 : h,-Symmetry

As shown in Lemma 2 the function F' is independent of Uy, so that the PDE which we have at this

stage is of the form

Up Uot U2 Upm
F aa_u7 ) ; )
(x U'U U U

We wants to make the PDE Equation (33) invariant under all the generators of fj,. Invariance under M

)ZO, (ZGIQ,[LEIQ, k,m€I1 (33)

and P has been completed. We need to consider the invariance under P for n € Z,. The symmetry
conditions are Equations (15) and (20). We give P™ more explicitly. From Equation (12) we have

_ 1
P =9, — (n—1)(Un-10u, + Urn-10uy, + Usp10,), 2<n <L+ 3 (34)
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Forn > (¢ + % the generator P™ is obtained by collecting ¢ = 0 terms of Equation (18). It has a
slightly different form depending on the value of n. For n = ¢ + % it is given by

+1
B = (04 L [UHlan—l— 3 Uk€+1aU0k+a@(UaU . +Z Undo,,,; + Ui, . )} (35)
k=1,2
where
(=3
( 2 '
For other values of n they are given by
ﬁ(n) = —I,4 [—(2@ + 2 — n)x25+3_n (U@UO + Z Uk8U0k> + U@UM_,_Q_”
k=1,2
o+ 5
-+ Z Ukaymu%n -+ U2£+27n8U2g+2,n2@+2,n:|7 f + 5 S n S 2£ —1
k=1
t+3
PO = Iy [=225(Udy, + Ui0uy,) + Udu, + (Us — 22:3U2) 00, + > Uk, + Ui,
k=1
and
+3
ﬁ(2£+1) — —Igg [—ngan + []aU1 + (Uo — ngl)(?Um — (U + x2U2>aU02 + Z UkaUlk + U18U11:|
k=1

The best way to solve the symmetry condition is to start from the larger values of n. We first
investigate the symmetry conditions for P(?**1) to P“+3) in this order. They are separated in three

cases (two cases for / = g).
Lemma 5. (i) Equation (33) is invariant under P+ and P if it has the form

Uy ~ U,
F <xa, 707 ¢7 Uka ¢017 d)OZu ¢1b7¢267 Ukm) - 07 a < 127 k7m € I37 b S Il (36)

where
P = %—U;}gl’ ¢02:%+%—U5(2]27
Dok = %—%, a=1,2 (37)

(ii) Equation (36) is invariant under P { + g < n < 20— 1ifit has the form

U,
F (maa ¢7 £+2 7¢017¢027¢km> = 07 ac IZ: kam € Il (38)

where ¢g1, o2 are given in Equation (37) and

1
Uy <. U Ue Ui
=T + jzljmjﬂﬁy Pkm = NI (39)
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(iii) Equation (38) is invariant under P+3) if it has the form
F(Iaawaw01aw027¢km) =0, a 6127 kam €1 (40)

where @, is given in Equation (39) and

U? 1 ¢ 1 U, 1

443 alt+y T3
= U o — Poa U’ = 17 2 1
w TR Woa = P " o 41)

The constant ay is defined below the Equation (35).

For ( = g we have the cases (i) and (iii).

Proof of Lemma 5. (i) The symmetry conditions PG4 DVF = PCOF = ( is a system of first order
PDEs. They are solved by the standard technique and it is not difficult to see that the ¢ and ¢’s given
in Equation (37) are solutions to the system of PDEs; (ii) It is immediate to verify that ¢g;, ¢g2 solve
the symmetry conditions P F = 0 for ¢ + g < n < 2¢ — 1. Rewriting the symmetry conditions
in terms of the variables given in Equation (37) it is not difficult to solve them and find ¢ and ¢y, in
Equation (39) are the solutions; (iii) It is immediate to see that all ¢y,,, k, m € Z; solves the symmetry
condition P+ F = 0, however, ¢, ¢9; and ¢g2 do not. Rewriting the symmetry condition in terms
of ¢’s then solving the condition is an easy task. One may see that the variables in Equation (41) are
solution of it. [

Theorem 6. The PDE invariant under the group generated by b, with { > g is given by
F(w7an75n7¢km) :07 n 61-27 k7m E:Z’-I (42)
where F'is an arbitrary differentiable function and

a, = wor+ (n—1)Tpd1n-1

_ % _ UOUl B Ue"'% Ul[""% . UIUZ""% + (n o 1)1: Uln—l . UlUn—l
U Uz aqU \ U U? "\ U uz o)’

Bn = wo2+ (n—1)Tnd2n1
_ Un U Uy Uiy <U2e+; UQUH;) +(n—1Da, (UM1 UZU“) @)

U U U? a,U

U U?

U U?

Proof of Theorem 6. Theorem is proved by making the Equation (40) invariant under P™ with
2<n< 1+ % It is easy to see that w and all ¢y, solve the symmetry conditions PMWFE = ( with

P™ given by Equation (34). Thus the symmetry conditions are written in terms of only z,, and wo, :

(axn —(n = 1)(¢1n-10wy, + ¢2n—1aw02)>F =0, nel

It is easily verified that the solutions of this system of equations are given by «,, and 3,. Thus we
have proved the theorem. [
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5. The Case of £ > 2 : g,-Symmetry
Our next task is to make the Equation (42) invariant under D and C'. From the Equation (21) one may
see that D generates the following scaling:
w e Mw, ay = e Wy B o e TPy, G > e PG, (44)

Now we need the prolongation of C' up to second order. After lengthy but straightforward computation
one may obtain the formula:

A b
C = —ap M +tD+2, PP - C,
-1 e+
C = —Z)\k.ﬂﬁkakarl—FZ g—i—l— ):z:kUkan
k=2 k=2
-1 —1
+ [AkUkH@Uk + Z(AkUkz—Hm + AUk ms1)0u,,,, + ()‘kUk+1£+% + bMH%U’f)aUkH%]
k=1 m=k
+3
+ [2@ 1=k + > 200+ 1 = m)nUim + Mok | O,
k=1,2 m=2
+ befrey U, + U+ 203U )00, | (45)
where

by = <(€+%)!)2, Ae=2041—k

One may ignore M and P® since we have already taken them into account. C' is independent of ¢ so
that the invariance under D and C'is reduced to the one under D and C. An immediate consequence of
the Equation (45) of C is that F may not depend on «,, and (3, :

Lemma 7. A necessary condition for the invariance of the Equation (42) under C' is that the function F’
is independent of o, and [3,,.

Proof of Lemma 7. C has the term Uo30u,, and this is the only term having Ups. On the other hand F' is
independent of Uys so that we have the condition Jy,, F' = 0. This means that F’ is independent of Ups,
i.e., independent of 3,. C' also has the term Up20y,, and this is the only term having Upye. Thus by the
same argument F is not able to depend on Uy, i.e., o,,. Ul

Now we turn to the variables w and ¢y,,,. It is immediate to see that w is an invariant of C , however,
Orm’S are not:

Cw = 0,
Chrm = MOrrim + AnBrmi1, é¢k€+% = Me@pyrert, 1<km<l— %
Corror = b (46)
Thus the generator C has the simpler form in terms of ¢y, (we omit Jy,, ):
-1 01 -1
C= Z Z Ak@Pr+1m + Am@Prm+1)0py,, + Z Ae@rirort O, 1t beOs, Leid 47)

k=1 m=k k=1
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The characteristic equation of the symmetry condition CF =0isa system of the first order PDEs

given by
d ddpp1ppa 1
Otm — Aty 1<k<m</{-—= (48)
AePrt1m + AmPrma1 be 2
d 1 dpp, 1.1
¢k£+2 _ ¢€+2£+2’ 1<k Sg_l (49)
Ak@ri101 1 be 2

One may solve it recursively by starting with Equation (49) for k = ( — % :

Urgery My _
o " h ¢ 0= Dpiiard

This gives the invariant of C:

Ay e

Wy 14l = d)eﬁwé b, 2 (50)

Next we rewrite the Equation (49) for k = ¢ — % in the following way:

dp, 3,1 A3 A3 A1 A2
l—50+3 — ¢ 2¢£7 - :h<w€§6+;+ £ 2¢_>

do be by 2

Then we find an another invariant:

)\573 )\67%)\57% ¢3

_ ) _ 2 _ -2 27
We-ery = Pr-jery T = Weyery 9 TR D

The complete list of invariants of C'is given as follows:

Lemma 8. Solutions of the Equations (48) and (49) are given by

Z—Hl)g ) ¢?£+12£_k1_m
Z +30+3 +30+1

a+b>1

1 1
L<k<l-Z h<m<i+

where a, b run over nonnegative integers such that a < { — % —k, b</l+ % —mandk +a <m+b.

The coefficient ~y(k, m) depends on cq,(k, m) with the maximal value of a and b :

Af*% _ 1 1
bZ ) (k7m)_(€_§7€+§)
v(k,m) = ) (53)
_1
% Cmax(a) max(v) (K, m),  otherwise

The coefficients cq,(k, m) are calculated by the algorithm given below.

Algorithm. We borrow the terminology of graph theory.
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(1

2)

3)

4)

For a given wy,,, draw a rooted tree according to the branching rules given in Figure 1.
Each vetex and each edge of this tree are labelled. The root is labelled by wy,,. Other vertices
and edges are labelled as indicaed in Figure 1. Each vertex has at most two children according to
its label. The vertex has no children if its label is Wy 1gq1. Thus the hight of the tree is 2/ — k —m.
An example for ¢ = % is indicated in Figure 2.

Take a directed path from the root to one of the verticies with label w4 4, and multiply all
the edge labels on this path. For instance, take the path (w3, w4, wo4) in Figure 2. Then the
multiplication of the labels is Ay A3b- /22.

If there exit other vertices whose label is also w4 m+» (same label as (2)), then repeat the same
computation as (2) for the direct paths to such vertices. In Figure 2 there is one more vertex whose
label is wy, and the path is (w3, wag, wes). We have A Asb. /22 for this path, too.

Take summation of all such multiplication for the paths to the vertices whose label iS Wy ¢ m b,
then this summation gives the coefficient c¢,;(k, m). For the tree in Figure 2 the coefficient of woy

is obtained by adding the quantities calculated in (2) and (3): ¢;1(1,3) = 2A; A3b; /22.

1
Wkm (l{? <m</l+ i) Wik wk(—i—%
bg bg b[ bZ
Wk+1m Wkm+1 Wi k+1 Wktlt+5 6pt

Figure 1. Vertices and edges.

w13

w33

2y
b7 /2

W34 W34 W34 6pt

Figure 2. Example of rooted tree: ¢ = %
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Proof of Lemma 8. The lemma is proved by induction on height of the trees. We have a tree of height
zero only when label of the root is Wy 141 In this case no ¢, appears so that Equation (52) yields

2

1 1 ¢£+l +3

W 1p4l = (bz-%u% - 7<£ - 575 + 5)%

This coincide with Equation (50). To verify the legitimacy of the algorithm calculating ¢, (k, m) we

need to start with a tree of height one. There are two possible labels of the root to obtain a tree of height
one. They are Wy_3 441 and wy_1, 1. Letus start with the label Wy 3441

It is not difficult to verify, by employing the algorithm, that we obtain the Equation (51) for this case.

For the label w,_ 1ol the algorithm gives the following result:

2)\€_ 1

(54)

2 43
QA 1 1 1
-1 0+l ol
Wy 11 =Qp 1, 1 — ——>Wy_ 1, 1¢Pp 1,1 — 2 2 2 "2
Lo —1¢ b 0~ 1041 Ppylpy ] by 31

23 23 , 2
It is easy to see that C' annihilates Equation (54). Thus the lemma is true for trees of height one.
Now we consider trees of height & > 1. If label of the root is wy,, (k < m < {+ %), then the tree has

two rooted subtrees (height 2~ — 1) such that one of then has the root whose label is w1, and another

has the root whose label is wy,,+1. On the other hand, if label of the root is wyy, or wy, 1 then the tree
has only one rooted subtree (height 1 — 1) such that the subtree has the root whose label is wy ;11 or

(NI By the algorithm one may find relations between the coefficients c,;,, «y for the tree of height

h and the subtrees of height h — 1 :

A Am
Cab(k'a m) = b_kcaflb(k' =+ 17m) + b_cab71<k7m + 1)7
l (4
)\k )\m
2\ 2\
calkk) = JEcaa(kk+ 1), Ak k) = 5k k1) (55)

We understand that c,;, and ~y are zero if their indices or arguments have a impossible value.

Assumption of the induction is that the lemma is true for any rooted subtrees whose height is
smaller than h. Namely, we assume that C’wk+am+b = 0 for a + b > 1 and what we need to show
is that Cwy,, = 0. We separate out ¢ + b = 1 terms from the summation in Equation (52) and use
Equation (46) to calculate the action of C on wyy,. For k < m < ( + % we have

C’wkm — é¢km - Akwk—s—lm - Amwk m+1
gba—l—ll)—l ) ¢2€+11—k1—m
l+5 b+5 l+5 b+5
- b a k; am —2 2 b k7 2 2
e D cal MWktamsv gy 1y~ bR M) G

a+b>2

= C¢km - )\kwk+1m - )\mwk m-+1

a+b
+3e+3
- Z ()\kCab(k + 1, m)Wrs 1 4am+b + AmCap(k, m + 1>wkm+1)m
a+b>1 a ’
20+1—k—m
¢e+§ +3

— ()\;ﬁ(k: +1,m) + \py(k,m + 1))

20+1—k—m)
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The second equality is due to the relations Equation (55) and the replacement a — 1 (resp. b — 1) with
a (resp. b). By the assumption of the induction one may use Equation (52) to obtain:

C~1U}km = é¢km - </\k:¢k+lm + )\mqbkm—l-l) =0

The second equality is due to Equation (46).
The proof of Cwp, = (jw,C ol = 0 is done in a similar way. This completes the proof of
Lemma38. [J

Corollary 9. The variables wy,,, 1 (1 <k < (- 3) are easily calculated by this method.

-5 e+3k
V4 3 k n ¢ 2
26+1—k Gord gyt 20 +1—k 1 4L oyl
Wrpypl = ¢k£+f - E Weypeyl — - i —
2 2 n " by (+3 b?i"“@—i-% —k

Proof of Corollary 9. The rooted tree used for this computation is indicated in Figure 3. It follows that
the coefficient of w; ., , +1 is given by

. _ 204+1—k !
ool 1) = AeAki1 - ka1 ( + ) Z_a
i

bz‘ a

By Equation (53) the coefficient y(k, £ + ) is calculated as y(k, { + 3) = )\g_%bzlcg_%_ko(k:, (+1).
Thus we obtain the expression of wy, ,, 1 given in the corollary. [

Wiyl Wrt1e+]  Wrioe4]l W5 b+
° =0 =0 B — o
Ak Akt1 k42 Mg
by by by by

Figure 3. Rooted tree for the computation of w, ,, 1.

Our final task is to consider the invariance under D. It is immediate to see that D scales Wy, S

—2(204+2—k—m)e

Wkm — € Whm

Together with the scaling law Equation (44) we arrive at the final theorem.

Theorem 10. The PDE invariant under the group generated by g, with { > g is given by

where F' is an arbitrary differentiable function. The variables w and wy,, are given in Equations (41)

and (52), respectively. This is the PDE with { —i—% independent and one dependent variables. The function
F has %(ﬁ — %) <€ + g) arguments.
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Example 1. Invariant PDE for { = g

where

Wo3 = ¢23— 1—8¢32,37

2 2
Wy = (g — §¢23¢33 + —¢§3a

D
w3 = Q13— %@3%3 + 2235 5 Dt
1
w2 = Q12— §¢13¢33 - —¢22¢33 + 2333 s Pa3P3s — 2535 <Z5337
D
wy = ¢n— 1—8¢12¢33 + 2234 — 2 P13033 — 2434¢22¢33 2436 ¢23¢33 2438%3

The symmetry generators are given by

M =UO0y, D = 2t0; + 5210,, + 3220,, + 130,,, H =0,

C = t(t0; + 5310y, + 31904, + 1304;) + 510, + 4790,, — 1873Udy,
PO =9,  P®=td, +0,,  P® =1, +20,, + 0,
PW =39, + 3t20,, + 3t0,, — 1223U0y,

PO =10, + 4130, + 4t20,, — 24(2txs + 22)Udy,

PO =59, + 5t49,, + 10630, — 120(t*z3 — tzy + 1)Uy

6. Concluding Remarks

We have constructed nonlinear PDEs invariant under the transformations generated by the realization
of CGA given in Equation (2). This was done by obtaining the general solution of the symmetry
conditions so that the PDEs constructed in this work are the most general ones invariant under
Equation (2). A remarkable property of the PDEs is that they do not contain the second order derivative
intif ¢ > % It means that there exist no invariant PDEs of wave or Klein—Gordon type for ¢ > %
This type of /-dependence does not appear in the linear PDEs constructed in [1,4] based on the
representation theory of g,. This will be changed if one start with a realization of CGA which is different
from Equation (2).

The CGAs considered in this work are only d = 1 members. Extending the present computation to
higher values of d would be an interesting future work. Because the d = 2 CGA has a distinct central
extension so that we will have different types of invariant PDEs. For d > 3 CGAs have so(d) as a

subalgebra. This will also cause a significant change in invariant PDEs.
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