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Abstract: There is much uncertainty and fuzziness in product quality attributes or quality parameters
of a manufacturing process, so the traditional quality control chart can be difficult to apply. This paper
proposes a fuzzy control chart. The plotted data was obtained by transforming expert scores into
fuzzy numbers. Two types of nonconformity judgment rules—necessity and possibility measurement
rules—are proposed. Through graphical analysis, the nonconformity judging method (i.e., assessing
directly based on the shape feature of a fuzzy control chart) is proposed. For four different widely
used membership functions, control levels were analyzed and compared by observing gaps between
the upper and lower control limits. The result of the case study validates the feasibility and reliability
of the proposed approach.
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1. Introduction

International quality management expert Dr. Juran pointed out that, for users, quality is the
fitness for use, and not conformance to specification. End users rarely know what the specifications
are—they evaluate the product mostly based on the applicability and the durability of its applicability.
From the quality viewpoint of fitness for use, the conformance to specifications is downplayed and the
users’ evaluation is strengthened. Due to the emphasis on the user’s feelings and psychological factors,
there are many fuzzy attributes of quality from the fitness-for-use viewpoint. As a result, there are not
only two distinct judgments (applicative or inapplicable) when evaluating the quality from a fitness
point of view. In this sense, considering the fuzzy property of fitness-for-use quality is more practical.

As one of the main tools of SPC (statistical process control), the control chart is widely used for
monitoring the state of a process. However, for the aforementioned fitness quality, the conventional
continuous control chart or attributes control charts cannot be applied directly.

In recent years, many researchers have applied fuzzy set theory to solve the problems that arise
during the construction of uncertain quality control charts. Gülbay and Kahraman put forward a direct
fuzzy approach in [1–3]. They represented the linguistic variables and control limits of sample quality
evaluation with a fuzzy set, without any defuzzification operation, and judged the process control
state by the degree of overlap of α-cut set of sample fuzzy set and the control limits’ fuzzy set. In their
approach, the control level can be adjusted by the parameter α. Taleb and Sorooshian used fuzzy
set to depict linguistic data, defuzzified the fuzzy set to crisp values by use of the weighted average
method, and then built the control chart in [4,5]. By describing the magnitude of the process shift and
the occurrence rate of an assignable cause as fuzzy numbers, the fuzziness was modeled using both
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minimax and maximin approaches, and a control chart suitable for processes with fuzzy parameters
was presented by Morabi et al. in [6]. Grzegorzewski et al. [7] proposed a fuzzy control chart based
on a necessity coefficient. Hsieh et al. constructed a c-chart of wafer defects in an integrated circuit
manufacturing process by using fuzzy theory in [8]. Tannock [9] proposed an approach to construct a
fuzzy individual control chart.

Some indirect approaches were also proposed to build different types of control charts,
for example, Shu et al. [10] constructed fuzzy and R control charts based on the fuzzy dominance
between the fuzzy averages and variances, and Gildeh et al. [11] used Dp,q-distance between fuzzy
numbers to calculate their variance, covariance, and autocorrelation coefficient, and then used the
autocorrelation coefficient to modify the limits of the control chart. Zarandi et al. [12] constructed
a fuzzy control chart for different process shifts by adjusting the membership function parameters.
In order to detect small shifts represented by fuzzy numbers, fuzzy exponentially weighted moving
average (EWMA) control charts for univariate variable was developed by Sentürk et al. in [13].
Faraz et al. [14] constructed a fuzzy control chart to treat two uncertainties of fuzziness and randomness
in data.

Product quality is often measured by various characteristics that are generally correlated.
Multivariate control charts are necessary for quality control in such situations. Attribute quality
characteristics are sometimes defined by linguistic variables, or product units are classified into several
categories with linguistic forms. Fernandez et al. developed a method to control these fuzzy quality
evaluations with fuzzy multivariate control charts in [15]. In order to simultaneously monitor the
quality characteristics of a product or process measured by linguistic or fuzzy data, Ghobadi et al. [16]
developed a fuzzy multivariate cumulative sum (F-MCUSUM) control chart by means of fuzzy set
theory. In [17], Alipour et al. combined multivariate statistical quality control with fuzzy set theory to
develop a fuzzy multivariate exponentially weighted moving average (F-MEWMA) control chart.

The aforementioned literatures have provided good ideas to deal with the fitness quality attributes.
However, their common feature is that they constructed fuzzy control charts by fuzzy operation and
defuzzification based on fuzzy set membership functions given in advance. When there is some
deviation of a priori information, the control chart based on such a priori information can produce
distorted signals, and the application effect can be discounted greatly. Literature that describes the
construction of the fuzzy membership functions by use of rating scores, and subsequent creation of a
corresponding fuzzy-number-based control chart, is still rare.

This paper proposes a method to build a control chart based on fuzzy score number, and describes
the design of nonconformity judging criteria and analysis of the type selection of fuzzy numbers.
The rest of this paper is organized as follows. Section 2 analyzes the data acquisition and transformation
method. Possibility and necessity rules for nonconformity judgment are presented in Section 3.
The basic form of a control chart based on fuzzy score number is described in Section 4, and an
application case study is given in Section 5. Section 6 quantitatively analyzes the influence of different
types of fuzzy numbers to the control chart. Section 7 ends the paper with a summary and conclusions.

2. The Plotted Data of a Control Chart Based on Fuzzy Number

Fuzzy number-based control chart has a similar working principle of Shewhart control chart.
It plots the fuzzy number data of sample mean, and takes fuzzy number data of process mean to
construct the control limits, including central line and upper and lower limit. The state of the control
chart is judged according the relationship between the fuzzy number characteristic value of sample
mean and control limits.
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In order to acquire the process information used to construct a fuzzy control chart, this paper
adopted sample mean to evaluate the process mean when the process was in steady state. Suppose
a triangular fuzzy number sample, whose size is n, S1(L1, m1, R1), S2(L2, m2, R2), . . . ,Sn(Ln, mn, Rn),
and the fuzzy number estimator of process mean S(L, m, R) is as follows:

∧
S =

∑n
i=1 Si

n
(1)

The parameters of process fuzzy number take the mean of corresponding parameters of sample

fuzzy number (i.e.,
∧
S(
∧
L,
∧
m,
∧
R)):

∧
L =

∑n
i=1 Li

n
,
∧
m =

∑n
i=1 mi

n
,
∧
R =

∑n
i=1 Ri

n
(2)

After determining the fuzzy number of process mean, plotted data of the control chart is obtained
by transforming the expert score of sample evaluation into a fuzzy number.

3. Control Limits of a Fuzzy Number-Based Control Chart and Its Nonconformity Judgment

3.1. Possibility and Necessity Measures

A fuzzy score number-based control chart indicates the status of a process according to the
matching degree between the fuzzy number of sample mean and the fuzzy number of process mean.
A degree of matching higher than a predefined value between the two means indicates that the process
is in a better control state. This is on the basis of two measures of fuzzy events: possibility (Pos) and
necessity (Nec) measures,.

Suppose fuzzy set A, B∈F(X), then we have the following definition (as mentioned by Jamison et al.
in [18] and Zadeh in [19]):

Pos(B|A) = sup
x∈X

min {µA(x), µB(x)} (3)

Nec(B|A) = inf
x∈X

max {1− µA(x), µB(x)} (4)

The above two formulas will be called possibility measure and necessity measure of fuzzy set B
under the given fuzzy set A, respectively, where x∈A, B, and µA and µB are the membership functions
of fuzzy sets A and B, respectively. The former is an optimistic estimation of the possibility of fuzzy
events, and the latter is a conservative estimation of the possibility of fuzzy event, satisfying the
following relations:

Nec(B|A) = 1− Pos(B|A)

= 1− Pos(B|A) = 1− sup
x∈X

min {µA(x), 1− µB(x)} = inf
x∈X

max {1− µA(x), µB(x)} (5)

Formula (5) shows that the necessity measure of some fuzzy event is the possibility measure of its
opposite event.

Taking triangular fuzzy number as an example, the possibility measure is shown in Figure 1a;
its value is the highest point of the shadowed area and denotes the matching degree of possibility
between fuzzy numbers A and B. However, for a given Pos, there are no constraints on the vertex of B,
and in Figure 1a, a and a′ all satisfy the given Pos.
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Figure  1.  Schematic  diagram  of  two  fuzzy measures.  (a)  Possibility measure  (Pos);  (b)  necessity 

measure (Nec). 
Figure 1. Schematic diagram of two fuzzy measures. (a) Possibility measure (Pos); (b) necessity
measure (Nec).

The necessity measure is shown in Figure 1b, whose value is the lowest point of the shadowed
area, and denotes the matching degree of necessity between fuzzy numbers A and B. The given Nec can
limit the value range of elements in B for known A. As shown by the symbol 4© in Figure 1b, when the
vertex of B moves from a to a′, the value of Nec decease from b to b′, although the value of Pos remains
the same, shown by the symbol 2© in Figure 1a. So, the matching degree between fuzzy numbers A and
B can be judged synthetically by selecting the appropriate combination of Pos values and Nec values.

Let fuzzy number S be the estimation of current process level. For known fuzzy number of sample

mean
∼
S and its possibility distribution, the matching degree between

∼
S and S can be decided by the

possibility measure and necessity measure as follows:

Pos(S|
∼
S) = sup

z∈U
[min{µS(z), µ∼

S
(z)}] (6)

Nec(S|
∼
S) = inf

z∈U
[max{µS(z), 1− µ∼

S
(z)}] (7)

The above two formulas can be used to judge the abnormal status of control chart.

3.2. Control Chart Nonconformity Judgment Rules

Suppose S(L, m, R) and
∼
S(
∼
L,
∼
m,
∼
R) are the triangular fuzzy numbers of process mean and sample

mean, respectively. The in-control fuzzy control chart must satisfy the following two conditions:

(1) The possibility measure of
∼
S under known S must be no less than the preset α(0 < α ≤ 1)

(i.e., Pos(S|
∼
S) ≥ α (See [20]));

(2) The necessity measure of
∼
S under known S must be no less than the preset β(0 < β ≤ 1)

(i.e., Nec(S|
∼
S) ≥ β).

By analyzing the graphical characteristics of these two measures, it was found that the fuzzy set S

and
∼
S, meeting conditions of Pos(S|

∼
S) ≥ α and Nec(S|

∼
S) ≥ β, has the following features, as shown in

Figures 2 and 3:

If Pos(S|
∼
S) ≥ α, then Sα ∩

∼
Sα 6= ∅; (8)

If Nec(S|
∼
S) ≥ β, then Sβ ⊃

∼
S1−β (9)

For trapezoidal fuzzy numbers, graphical analysis results show that the above two features are
still true (as shown in Figures 4 and 5). So, the above two features regarding probability measure and
necessity measure can be used as the criteria for judging the fuzzy control chart’s abnormal state.
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3.3. Parameters of Threshold for Nonconformity Judgment

In the aforementioned two rules, the value of parameters α and β are not uniformly set and
depend on the specific process mean fuzzy number and sample mean fuzzy number.

For example, let
∧
S(
∧
L,
∧
m,
∧
R) and S̃i(Li, mi, Ri) be the fuzzy numbers of process mean and sample

mean, respectively. If there is no abnormity in the control chart during a certain sampling period,

the values of parameters α and β can be taken as the minimum of Pos and Nec of
∧
S under different S̃

as follows:
α = min(Pos(Ŝ|

∼
Si)) = minsup

z∈U
[min{µ

Ŝ
(z), µ∼

Si
(z)}] (10)

β = min(Nec(Ŝ|
∼
Si)) = min inf

z∈U
[max{µ

Ŝ
(z), 1− µ∼

Si
(z)}] (11)

Figure 6 illustrates the above process.
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Figure 8. Basic form of a fuzzy score number-based fuzzy control chart.

5. Case Study

5.1. Construction of a Fuzzy Control Chart Based on Triangular Fuzzy Number

In the outer packaging inspection station of a certain workshop, the outer packaging quality was
evaluated by a professional quality inspector. The process of monitoring packaging quality using a
fuzzy control chart was as follows.

Step 1: Obtain the statistics of process mean. When process was in steady status, the quality inspector
evaluated the cases by random sampling, and the triangular fuzzy number of the process mean was
calculated as S (5, 6, 7).

Step 2: Determine the parameters of nonconformity judgment. In this case study, the parameters were
set as α = 0.8 and β = 0.3 in terms of Formulas (10) and (11). The upper and lower control limits, 6.2,
5.8 and 6.7, 5.3, were the right and left endpoints of α-cut and β-cut of process mean fuzzy number
S (5, 6, 7), respectively, according to Formulas (12) and (13).

Step 3: Prepare the plotted data. A sample size of 5 was taken randomly and the scoring triangular
fuzzy numbers were S̃1(5.5, 6.3, 6.8), S̃2 (4.6, 5.6, 6.6), S̃3 (3, 6, 9), S̃4 (3, 7, 8.5), and S̃5 (6.5, 7.5, 8.5).
According to Formulas (6), (7), (11), and (12), we obtain the results shown in Table 1.

Table 1. The calculation results of sample fuzzy number parameters.

Sample No. Pos Sup(S̃i)ff Inf(S̃i)ff Nec Sup(S̃i)1−fi Inf(S̃i)1−fi

1 0.83 6.4 6.14 0.47 6.45 6.06
2 0.8 5.8 5.4 0.3 5.9 5.3
3 1 6.6 5.4 0.25 6.9 5.1
4 0.8 7.3 6.2 0 7.45 5.8
5 0.25 7.7 7.3 0 7.8 7.2

Step 4: Build a fuzzy control chart for control. A fuzzy control chart can be built by using the data in
Table 1. In Figures 9 and 10, the vertical segments were drawn in the chart by connecting the left and
right endpoints of a complementary set of sample fuzzy number α-cut S̃α, and the control chart state
can be determined by the cross-relationship between the limit lines and vertical segments according to
Formulas (8) and (9).
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Figure 10. Necessity measure of control chart.

5.2. Analysis of Control Chart

For the fifth sample in Figure 9, the intersection of S̃α and Sα was empty. It did not satisfy the
criterion of possibility measure, thus the process was judged as abnormal. For the second, third, fourth,
and fifth samples in Figure 10, S̃β did not include S1−β. This did not satisfy the criterion of necessity
measure, and the process was judged as abnormal. So, the process was in control only for Sample 1.
The control level can be adjusted by parameters α and β.

For the same sample data, the following control chart (Figure 11) can be built by the commonly
used method. The plotted data was the α-level fuzzy median of fuzzy number of each sample.

The α-level fuzzy median of ith sample was obtained by Sup(S̃i)α+In f (S̃i)α
2 . If the fuzzy median is

between the upper limit Sup(Sα) and the lower limit In f (Sα), the process can be judged as being in a
controlled state. We can see from Figure 11 that, except for the third sample, the other four samples
were all nonconformities. This method has higher sensitivity than the control chart proposed by this
paper, but this also limits actual application for its excessive alarms. In contrast, the proposed control
chart is more suitable for practical application.
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6. Influence of the of Membership Function Type on a Fuzzy Control Chart

The membership function of a fuzzy number plotted in a control chart can be any curve with a
domain of [0,1]. In addition to the triangular membership function, trapezoidal-type, Gauss-type, and
π-type functions are also used in fuzzy system.

In order to compare the impact of different types of membership functions on a fuzzy control
chart, we designed the corresponding algorithm to calculate the parameters of other membership
function by use of the parameters R, L, and m of the triangular membership function.

Suppose a triangular membership function Tri (x, L, m, R) is:

Tri (x, L, m, R) =


0 x ≤ L
x−L
m−L L < x ≤ m
R−x
R−m m < x ≤ c
0 x > cc

(1) For π-type membership function,

Pi (x, a, b, c, d) =



0, x ≤ a

2
(

x−a
b−a

)2
, a ≤ x ≤ a+b

2

1− 2
(

x−a
b−a

)2
, a+b

2 ≤ x ≤ b

1 b ≤ x ≤ c

1− 2
(

x−c
d−c

)2
, c ≤ x ≤ c+d

2

2
(

d− x
d−c

)2
, c+d

2 ≤ x ≤ d

0, d ≤ x

, (14)

and trapezoidal-type membership function,

Trap (x, a, b, c, d) =



0 x ≤ a
x−a
b−a a ≤ x ≤ b

1 b ≤ x ≤ c
d−x
d−c c ≤ x ≤ d

0 x ≥ d

, (15)



Symmetry 2016, 8, 139 10 of 13

then the parameters a, b, c, and d can be obtained by the following formulas:

a = 2× [k× (m− L) + L]− [p× (m− L) + L] (16)

b = p× (m− L) + L (17)

c = (1− p)× (R−m) + m (18)

d = 2× [(1− k)× (R−m) + m]− [(1− p)× (R−m) + m] (19)

where k, p are shape parameters valued between 0 and 1.

(2) For a Gauss-type membership function,

G(x, σ, n) = e
−(x−n)2

2σ2 , (20)

where the parameters n and σ can be obtained by the following formulas:

n = k×m +
1
2
× p× (L + R) (21)

σ = [p× (R−m) + (m− c)]/
√

2ln2 (22)

Taking the triangular fuzzy number data set shown in Table 1 as an example, the respective
parameters of a fuzzy control chart for trapezoidal-type, Gauss-type, and π-type functions are shown
in Table 2.

Table 2. Calculated results of fuzzy number parameters for different membership functions.

Type Sample Fuzzy Number Pos Sup(S̃i)a Inf(S̃i)ff Nec Sup(S̃i)1−fi Inf(S̃i)1−fi

T

S̃1 (5.58, 6.22, 6.35, 6.75) 0.9162 6.43 6.092 0.4588 6.47 6.03
S̃2 (4.70, 5.50, 5.70, 6.50) 0.8750 5.86 5.34 0.2500 5.94 5.26
S̃3 (3.30, 5.70, 6.30, 8.70) 1.0000 6.78 5.22 0.1875 7.02 4.98
S̃4 (3.40, 6.60, 7.15, 8.35) 0.8750 7.39 5.96 0 7.51 5.64

S̃5 (6.6, 7.4, 7.6, 8.4) 0.1875 7.76 7.24 0 7.84 7.16
S (5.10, 5.90, 6.10, 6.90) - 6.26 5.74 - 6.66 5.34

G

S̃1 (0.2251, 6.285) 0.9078 6.44 6.13 0.4550 6.48 6.09
S̃2 (0.4247, 5.6) 0.895 5.88 5.32 0.2418 5.96 5.24

S̃3 (1.274, 6) 1 6.85 5.15 0.1757 7.08 4.93
S̃4 (0.7432, 6.875) 0.7551 7.37 6.38 0.0387 7.50 6.25
S̃5 (0.4247, 7.5) 0.2103 7.78 7.22 0.0016 7.86 7.14

S (5.10, 5.90, 6.10, 6.90) - 6.28 5.72 - 6.66 5.34

P

S̃1 (5.58, 6.22, 6.35, 6.75) 0.986 6.47 6.02 0.4209 6.51 5.97
S̃2 (4.7, 5.5, 5.7, 6.5) 0.9687 5.96 5.25 0.1250 6.01 5.19
S̃3 (3.3, 5.7, 6.3, 8.7) 1 7.05 4.94 0.0703 7.23 4.77

S̃4 (3.4, 6.6, 7.15, 8.35) 0.9688 7.53 5.59 0 7.62 5.36
S̃5 (6.6, 7.4, 7.6, 8.4) 0.0703 7.85 7.15 0 7.91 7.09

S (5.10, 5.90, 6.10, 6.90) - 6.36 5.65 - 6.59 5.41

Note: T—trapezoidal, G—Gauss, P—π.

Figures 12 and 13 show the difference between possibility and necessity measures of a fuzzy
control chart constructed by four types of fuzzy numbers.
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The following conclusions can be drawn:

(1) As for the possibility measure, triangular membership function has the narrowest control limit
(i.e., the highest control level), trapezoid type takes second place, and π-type function is last.

(2) As for the necessity measure, π-type function has the narrowest control limit (i.e., the highest
control level), trapezoid type takes second place, and triangular-type function is last; there is no
distinct difference between the trapezoid-type and Gauss-type function, and their control limits
are almost overlapping. Furthermore, the control interval of each sample has little difference.

Considering the product features and quality control level, we can adopt different membership
functions to construct the fuzzy number and build the control chart. Correspondingly, different
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combinations of functions can be used to carry out the possibility and necessity measures in order to
satisfy the quality control requirement of given applications.

7. Conclusions

Focusing on the fuzzy uncertain and immeasurable product attributes, this paper proposed an
approach to construct a control chart based on fuzzy score number obtained from experts’ quality
scores. This approach uses actual score values to calculate the statistical parameters of a fuzzy number,
and can effectively avoid the influence of a prior distortion of a predefined membership function.

Two kinds of nonconformity judging rules were proposed, and their mathematical and graphical
features were also analyzed. By use of the graphical features, the process state can be judged by the
distribution of the plotted data in the control chart directly, and this facilitates the popularization and
application of the proposed control chart.

The influence of membership function on the control chart was analyzed. According to the results
of this analysis, for quality attributes needing strict control, the triangular membership function should
be selected; however, for quality attributes more loosely controlled, π-type function should be selected.

The parameters have a great influence on the effectiveness of proposed control chart. Therefore,
determining the appropriate values of these two parameters for different process conditions is worth
studying further.
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