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Abstract: A graph is chordal if every induced cycle has exactly three edges. A vertex separator
set in a graph is a set of vertices that disconnects two vertices. A graph is é-hyperbolic if every
geodesic triangle is é-thin. In this paper, we study the relation between vertex separator sets, certain
chordality properties that generalize being chordal and the hyperbolicity of the graph. We also give a
characterization of being quasi-isometric to a tree in terms of chordality and prove that this condition
also characterizes being hyperbolic, when restricted to triangles, and having stable geodesics, when
restricted to bigons.
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1. Introduction

M. Gromov defined in [1] his notion of hyperbolicity for the study of finitely-generated groups.
Since then, Gromov hyperbolic spaces have been studied from a geometric point of view providing a
wide variety of results and making them an important subclass of metric spaces [2-6]. In particular,
Gromov hyperbolicity is an important property to be studied in graphs [7-25]. Gromov hyperbolicity
has found also interesting applications in phylogenetics [26,27], complex networks [28-31], virus
propagation and secure transmission of information [32,33] and congestion in hyperbolic networks [34].

Given a metric space (X,d) and two points x,y € X, a geodesic from x to y is an isometry,
7 :10,1] = X, from a closed interval [0, ] of the real line to X such that y(0) = x and y(I) = y. We will
make no distinction between the geodesic and its image. X is a geodesic metric space if for every pair
of points x,y € X, there is some geodesic joining x to y. Although geodesics need not be unique, for
convenience, [xy] will denote any such geodesic.

Herein, we consider the graphs always endowed with the usual length metric where every edge
has length one. Thus, for any pair of points in G, the distance between them will be the length of the
shortest path in G joining them. Notice that we are considering also the interior points of the edges as
points in G. Therefore, G with the length metric is a geodesic metric space. Let us also assume that the
graphs are connected.

Gromov hyperbolicity, in the context of geodesic metric spaces, can be characterized by the Rips
condition as follows. If X is a geodesic metric space and x1, x2, x3 € X, the union of three geodesics
[x1x2], [x2x3] and [x3x1] is called a geodesic triangle and will be denoted by T = {x1, xp, x3}. If two
vertices are identical then it is called a bigon. A triangle T is /-thin if any side of T is contained in
the é-neighborhood of the union of the two other sides. A geodesic metric space X is é-hyperbolic if
every geodesic triangle is J-thin. By (X)), we denote the sharp hyperbolicity constant of X, this is,
0(X) := inf{d | every triangle in X is -thin}. A metric space X is hyperbolic if it is J-hyperbolic for
some 0 > 0. There exist other equivalent definitions of Gromov hyperbolicity. See [4].

A graph G is said to be chordal if every induced cycle has exactly three edges. Chordal graphs
form an important subclass of perfect graphs, and as is pointed out in [35] (see the further references
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therein), they have applications in scheduling, Gaussian elimination on sparse matrices and relational
database systems. Furthermore, chordal graphs have applications in computer science; see [36]. In
[37], it is proved that chordal graphs are hyperbolic. Wu and Zhang extended this result in [38]
proving that k-chordal graphs are hyperbolic where a graph is k-chordal if induced cycles have at
most k edges. In [39], the authors defined some more natural generalizations of being chordal as being
(k, m)-edge-chordal and (k, §)-path-chordal proving that (k, m)-edge-chordal graphs are hyperbolic
and that hyperbolic graphs are (k, %)-path—chordal. In [40], we continue this work and define being
e-densely (k, m)-path-chordal and e-densely k-path-chordal. In [39,40], edges were allowed to have
any finite length, but in this work, we assume that all edges have length one. Therefore, the distinction
between edge and path is unnecessary, and these properties are referred as (k, m)-chordal and e-densely
k-chordal. The main results in [40] (with this simplified notation) state that:

(k,1)-chordal = e-densely (k, m)-chordal = J-hyperbolic

and:
é-hyperbolic = e-densely k-chordal = k-chordal.

We also proved that the converse is false for all these implications, giving counterexamples, and
that a graph is hyperbolic if and only if certain chordality property is satisfied on the triangles.

Herein, we continue this study analyzing some relations between these properties and vertex
separators. There are some well-known relations between chordality and vertex separators.
For example, Dirac proved in [41] that a graph is chordal if and only if every minimal vertex separator
is complete. Furthermore, the set of minimal vertex separators of a chordal graph allows one to
decompose the graph into subgraphs that are again chordal, and the process can be continued until
the subgraphs are cliques [35]. Generalized versions of chordality are also related to minimal vertex
separator [42]. For further results about chordality and vertex separators, see also [36] and the
references therein. For an important application of minimal vertex separators in machine learning,
see [43]. Our main results are the following.

In Section 2, we prove that being (k, 1)-chordal implies that every minimal vertex separator
has a uniformly-bounded diameter. We also obtain that, for uniform graphs, if every minimal
vertex separator has a uniformly-bounded diameter, then the graph is e-densely (k, m)-chordal
and therefore hyperbolic.

Section 3 studies the relation between generalized chordality and the bottleneck property, which
is an important property on hyperbolic geodesic spaces. J. Manning defined it in [44] and proved that
a geodesic metric space satisfies bottleneck property, (BP), if and only if it is quasi-isometric to a tree.
This characterization has proven to be very useful; see for example [45]. For some other relations with
(BP), see [46,47] and the references therein.

Here, we prove that a graph satisfies (BP) if and only if it is e-densely (k, m)-chordal, providing
a characterization of being quasi-isometric to a tree in terms of chordality. Furthermore, the
characterization of hyperbolicity from [40] is re-written obtaining that a graph is hyperbolic if and only
if it is e-densely (k, m)-chordal on the cycles that are geodesic triangles.

Furthermore, we prove that if G is a uniform graph and every minimal vertex separator has a
uniformly-bounded diameter, then the graph satisfies (BP), and therefore, it is quasi-isometric to a tree.
Finally, we prove directly that being (k, 1)-chordal implies (BP) .

In Section 4, we generalize the concept of vertex separators defining vertex r-separators. It is
proven that if, in a uniform graph, all minimal vertex r-separators have a uniformly-bounded diameter,
then the graph is e-densely (k, m)-chordal and, therefore, quasi-isometric to a tree.

Section 5 introduces neighbor separators, generalizing also vertex separators. This concept allows
one to characterize (BP) in terms of having a neighbor-separator vertex.

In Section 6, we define neighbor obstructors. We use them to characterize the graphs where
geodesics between vertices are stable and to prove that geodesics between vertices are stable if and
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only if the graph is e-densely (k, m)-chordal on the bigons defined by two vertices. We also prove that,
in general, geodesics are stable if and only if the graph is e-densely (k, m)-chordal on the bigons.

2. Generalized Chordality and Minimal Vertex Separators

We are assuming that every path is finite and simple, that is, it has finite length and distinct
vertices. By a cycle, we mean a simple closed curve, that is, a path where all the vertices are different
except from the first one and the last one, which are the same.

Let v be a path or a cycle. A shortcut in v is a path ¢ joining two vertices p, g in  such that
L(c) < d,(p,q) where L(c) denotes the length of the path ¢ and d, denotes the length metric on 1.
A shortcut ¢ in 7 is strict if c Ny = {p,q}. In this case, we say that p, g are shortcut vertices in y
associated with o. A shortcut with length k is called a k-shortcut.

Remark 1. Suppose o is a k-shortcut in a cycle C joining two vertices, p,q. Then, o contains a strict shortcut,
and there are two shortcut vertices p', q' such that dc(p,p’),dc(q,q") < k.

Definition 1. A metric graph G is k-chordal if for any cycle C in G with L(C) > k, there exists a shortcut
oof C.

Definition 2. A metric graph G is (k, m)-chordal if for any cycle C in G with L(C) > k, there exists a shortcut
o of C such that L(c) < m. Notice that being chordal is equivalent to being (4,1)-chordal.

Remark 2. Notice that in the definitions of k-chordal and (k, m)-chordal, it makes no sense to consider k < 3
nor k < 2m. Therefore, let us assume always that k > 4 and k > 2m.

Definition 3. A subset S C V(G) is a separator if G \ S has at least two connected components. Two vertices
a and b are separated by S if they are in different connected components of G\ S. If a and b are two vertices
separated by S, then S is said to be an ab-separator.

Let us call a path joining the vertices 4, b an ab-path.
Definition 4. S is a minimal separator if no proper subset of S is a separator. Similarly, S is a minimal
ab-separator if no proper subset of S separates a and b. Finally, S is a minimal vertex separator if it is a minimal

separator for some pair of vertices.

Note that being a minimal vertex separator does not imply being a minimal separator. See Figure 1.

©
@
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®

Figure 1. The set {d, e} is a minimal ab-separator, but it is not a minimal separator.

Remark 3. Let S be a minimal ab-separator, and let G,, Gy, be the connected components of G \ S containing a
and b, respectively. Then, notice that every vertex v in S is adjacent to both G, and Gy,. Otherwise, S \ {v} is
an ab-separator.
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Proposition 1. If G is (k, 1)-chordal, then every minimal vertex separator has a diameter less than %

Proof. Let S be a minimal ab-separator, and suppose that diam(S) > % Let x,y € S such that
d(x,y) > % Then, there are vertices 41,4, in G, adjacent to x and y respectively, and since G, is
connected, there is a path v; = {x,4a1,...,a,,y} witha; € G, V1 <i < n. Similarly, there exist vertices
by, by in G, adjacent to y and x respectively and a path 7y, = {y, by, ..., by, x} with b; € G, V1 < i < m.
Moreover, let us assume that 71, y2 have minimal length. Then, C = 71 U 73 defines a cycle in G, and
since d(x,y) > %, L(C) > k. Then, since G is (k, 1)-chordal, there is a shortcut ¢ in C with L(c) = 1.
However, since S is an ab-separator, vertices in G, and G, cannot be adjacent, and since -1, ¥, are
supposed minimal, there is no possible one-shortcut on ; for i = 1,2. Thus, x, y need to be adjacent,
leading to a contradiction. [

The converse is not true.
Example 1. Consider the graph Gy whose vertices are V(Go) = {n € N|n > 3} and edges joining consecutive

numbers. Now, let us define the graph G such that for every n > 3, there is cycle C,, whose vertices are all
adjacent to the vertex n in Go. See Figure 2.

3 4 5 6
Figure 2. Every minimal vertex separator has diameter at most two, but the graph is not (k, 1)-chordal

for any k > 0.

It is trivial to check that G is not (k,1)-chordal for any k > 0 since the cycles C,, have no one-shortcut
in G.

Let us see that every minimal vertex separator has diameter at most two. Consider any pair of non-adjacent
vertices a,b in G.

Ifa,b € Cy for some n, then every vertex separator S must contain the vertex n and at least two vertices
x1, X3 in Cp. If S is minimal, then S = {n, x1, x, } and diam(S) = 2.

Ifa,b ¢ C, for any n, then the geodesic [ab] is contained in Go. Therefore, any ab-separator must contain
some vertex m € [ab] and m separates a and b. Thus, if S is minimal, then S is just a vertex and diam(S) = 0.

Remark 4. Given two vertices a, b, a path -y joining them and a vertex v € -y distinct from a, b, there may not
exist a minimal ab-separator containing {v}. Consider, for example four vertices xo, x1, X2, X3 with edges x;_1x;
forevery 1 <i < 3 and an edge xoxp. Then, there is no minimal xox3-separator containing x1.

Given a graph G and a subgraph, A C G, let us denote V(A) the vertices in A.
Definition 5. A graph I is said to be y-uniform if each vertex p of V has at most y neighbors, i.e.,
sup {IN(p)|| p € V(T)} < .
If a graph T is y-uniform for some constant y, we say that I' is uniform.
For any vertex v € V(G) and any constant ¢ > 0, let us denote:
Se(v) :=={w € V(G) |d(v,w) = ¢},

Be(v) :=={w € V(G) |d(v,w) < &},
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Ne(v) :={w € V(G) |d(v,w) < ¢}.

Lemma 1. Let G be a uniform graph. Given two vertices a,b, a geodesic [ab] joining them and a vertex
vo € [ab] distinct from a, b, then there is a minimal ab-separator containing {vg }.

Proof. Suppose any geodesic [ab] and vy € [ab] with 0 < d(a,v0) < d(a,b), and define € = d(a, vp).
Since G is uniform, for every vertex v € G, the set Sp : = S(v, ¢) is finite for every ¢ € N. It is immediate
to check that Sy is an ab-separator and [ab] NSy = {vp}. Since Sy is finite, then there is a minimal
subset S C S that is also an ab-separator. Finally, since [ab] NSy = {vp}, vo € S. O

Let us recall that a graph T is countable if |V (T')| < 8y, i.e., if it has a countable number of vertices.

Remark 5. In the case of countable graphs and using the axiom of choice, Lemma 1 can be slightly improved.
See Lemma 2 below.

Lemma 2. Let G be a uniform countable graph. Given two vertices a,b, a path g joining them and a
vertex vy € 7y distinct from a, b, then either there is a one-shortcut in vy or there is a minimal ab-separator
containing {v}.

Proof. If there is no ab-path in G \ {v}, it suffices to consider S : = {vg}. If there is an ab-path v,
in G\ {vp} such that V(1) C V(79), then there is a one-shortcut in 7. Thus, let us suppose that
every ab-path ¢ in G \ {vy} contains a vertex, which is not in 7, and that there is at least one of these
ab-paths.

Since |V(G)| is countable and G is uniform, there exist at most N’é ab-paths of length k.
Then, there exists at most a countable number (a countable union of countable sets) of ab-paths,
{7iticrenin G\ {vo} where I = {1, ..., m} if there exist exactly m such paths or I = N if the number
of those paths is not finite.

For every i € I, consider some vertex x; in V(;) \ V(70), and let X = {x;};c;. Now, let Sp : = X,
and for every 0 < i € I, define:

sia\{xi} #V(3)N (Sia\ {x}) # Oforevery j <i,
Si 1 if V(vj) N (Si,l \ {xi}) = @ for some j < i.

Notice that for every i, S; C S;_1, and let S : = N;¢;S;.

Claim: S is a minimal ab-separator containing vy.

First, let us see that S is an ab-separator. Consider any ab-path, 7;. Suppose V(y;) N X =
{xh, Xjysweer Xjy }, and assume j; < ji for every I < k. Then, it is trivial to check that there exist some
vertex xj, € Sj, N V('y]-) and, by construction, x;, € S.

To check that S is minimal, first notice that, since x; ¢ V() foreveryi € I, V(o) N (S\{vo}) = @
and S\{vp} is not an ab-separator. Now, suppose that there is some vertex x; € S with j € I
such that S\ {x;} is also an ab-separator. Since x; € S C §;, there is some k < j such that
V()N (S]-,l \ {x]-}) = @ and, in particular, V() N (S \ {x]-}) = @, leading to a contradiction.
Thus, S is a minimal ab-separator containing vy. [

Given a metric space (X,d) and any € > 0, a subset A C X is e-dense if for every x € X, there
exists some a € A such thatd(a, x) < e.

Definition 6. A metric graph (G, d) is e-densely k-chordal if for every cycle C with length L(C) > k, there exist
strict shortcuts oy, ..., 0y such that their associated shortcut vertices define an e-dense subset in (C,dc).
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Definition 7. A graph (G,d) is e-densely (k, m)-chordal if for every cycle C with length L(C) > k, there exist
strict shortcuts oy, ..., 0y with L(0;) < m ¥i and such that their associated shortcut vertices define an e-dense
subset in (C,d¢).

Theorem 1. Let G be a uniform graph. If every minimal vertex separator in G has diameter at most m, then G
is (m + €)-densely (4m,2m — 1)-chordal for any € > 3.

Proof. Let C be any cycle with L(C) > 4m. Let v be any vertex in C, and let a, b be the two vertices
in C such that dc(a,v) = m = dc(v,b). Let g be the ab-path in C containing v. Then, by Lemma 1,
either there is a shortcut in 7y or there is a minimal ab-separator containing v.

If there is a shortcut in 7y, then it has length at most 2m — 1. Therefore, it defines a shortcut in C
with an associated shortcut vertex v’ such that dc(v,0') < m. Suppose, otherwise, that S is a minimal
ab-separator containing v. By hypothesis, diam(S) < m. Let 71 be the ab-path in C not containing v.
Since S is an ab-separator, there is some vertex w € SN V(1) and d(v,w) < m < dc(v, w). Hence,
there is an m-shortcut in C joining v to w and, by Remark 1, an associated shortcut vertex v’ such that
dc(v,v') < m.

Thus, for every vertex v, there is a shortcut vertex v’ such that d¢(v,v") < m, and therefore,
shortcut vertices define a (m + €)-dense subset in C for any ¢ > % O

If the graph is countable, then we can improve quantitatively this result.

Theorem 2. Let G be a uniform countable graph. If every minimal vertex separator in G has diameter at
most m, then G is (m + €)-densely (2m + 2, m)-chordal for any € > .

Proof. Let C be any cycle with L(C) > 2m + 2. Let v be any vertex in C, and let 4, b be the two vertices
in C such that dc(a,v) = m = dc(v,b). Let g be the ab-path in C containing v. Then, by Lemma 2,
either there is a one-shortcut in g or there is a minimal ab-separator containing v.

If there is a one-shortcut in 7y, then, in particular, there is an associated shortcut vertex v’ such
that dc(v,v') < m. Suppose, otherwise, that S is a minimal ab-separator containing v. By hypothesis,
diam(S) < m. Let 1 be the ab-path in C not containing v. Since S is an ab-separator, there is some
vertexw € SNV (vyy) and d(v,w) < m < dc(v, w). Hence, there is an m-shortcut in C joining v to w
and, by Remark 1, an associated shortcut vertex v’ such that dc(v,v') < m.

Thus, for every vertex v, there is a shortcut vertex v’ such that dc(v,v") < m, and therefore,
shortcut vertices define a (m + €)-dense subset in C for any ¢ > % O

Let us recall the following result:

Theorem 3. (Theorem 4 [40]). If G is e-densely (k,m)-chordal, then G is hyperbolic. ~Moreover,
6(G) < max{&,e+m}.

Therefore, from Theorems 1-3, we obtain:

Corollary 1. Let G be a uniform graph. If every minimal vertex separator in G has diameter at most m, then G
is hyperbolic. Moreover, 5(G) < 3m — 3.

Corollary 2. Let G be a uniform countable graph. If every minimal vertex separator in G has diameter at
most m, then G is hyperbolic. Moreover, §(G) < 2m + %

3. Bottleneck Property

Let us recall the following definition from [44]:
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Definition 8. A geodesic metric space (X, d) satisfies the bottleneck property (BP) if there exists some constant
A > 0 so that given any two distinct points x,y € X and a midpoint z such that d(x,z) = d(z,y) = d(x,y),
then every xy-path intersects N (z).

Remark 6. This definition, although not being exactly the same, is equivalent to Manning’s. In the original
definition, |. Manning asked only for the existence of such a midpoint for any pair of points x,y. However,
by Theorem 4 below, (BP) implies that the space is quasi-isometric to a tree and therefore 6-hyperbolic. Hence,
it is an easy exercise in hyperbolic spaces to prove that if there is always a midpoint z such that every xy-path
intersects Np(z), then this condition holds in general for any midpoint, possibly with a different constant
depending only on A and d. See, for example, Chapter 2, Proposition 25 in [5].

Definition 9. A graph G satisfies (BP) on the vertices if there exists some constant A’ > 0 so that given
any two distinct vertices v, w € V(G) and a midpoint ¢ such that d(v,c) = d(c,w) = 3d(v,w), then every
vw-path intersects N (c).

Proposition 2. A graph G satisfies (BP) if and only if it satisfies (BP) on the vertices. Moreover, if G satisfies
(BP) on the vertices with constant A, it satisfies (BP) with A = N + %

Proof. The only if condition is trivial. Let us see that it suffices to check the property on the pairs
of vertices.

Consider any pair of points x,y € G, and let z be a midpoint of a geodesic [xy]. If d(x,y) < 2,
then (BP) is trivial with A = 1. Suppose d(x,y) > 2. Then, the geodesic [xy| is a path
xv1 Uoop U -+ Urgy with vq,...,0¢ € V(G) and k > 2. Let v = x if x is a vertex and v = v;
otherwise, and let w = y if y is a vertex and w = vy otherwise. Then, there is a geodesic [vw] C [xy]
(possibly equal), and its midpoint, ¢, satisfies that d(c,z) < %

Consider any xy-path 7, and let us define a vw-path 7 as follows: First, if v € «y, let 7o := 7\ [x7]
andifv & 7y, let vy : = [vx] U 7.

Then, if y # wand w € 7, lety := 79\ [yw] and if y # wand w ¢ 7, let 7/ := [wy] U 7.
By hypothesis, 7' passes through Ny/(c). Since d(a,v),d(b,w) < 1and d(c,z) < 1, it is immediate to
check that 7y passes through N ,, 3 (z). O

A map between metric spaces, f : (X,dx) — (Y,dy), is said to be a quasi-isometric embedding if
there are constants A > 1 and C > 0 such that Vx,x’ € X,

Tdx(x,) ~ C < dy(f(x), f(¥)) < Adx(x, ) + C.
If there is a constant D > 0 such that Vy € Y, d(y, f(X)) < D, then f is a quasi-isometry, and X, Y
are quasi-isometric.

Theorem 4. (Theorem 4.6 [44]). A geodesic metric space (X, d) is quasi-isometric to a tree if and only if it
satisfies (BP).

Theorem 5. A graph G satisfies (BP) if and only if it is e-densely (k, m)-chordal.

Proof. Suppose that G satisfies (BP) with parameter A and consider any cycle C with L(C) > 2A + 4.
Consider any vertex x € C and the two vertices 4,b such that dc(a,x) = dc(x,b) = A+ 1.
Thus, C defines two ab-paths, 7y1, ¥2. Let us assume that x € 4. If 77 is not geodesic, then there is
a shortcut with length at most 2A + 1 and a shortcut vertex in N ;1 (x). Otherwise, since G satisfies
(BP) with parameter A, there is a vertex y in 7, such that d(x,y) < A. Since dc(x,y) > A and by
Remark 1, there is a shortcut vertex z such that dc(x,z) < A. Therefore, G is (A + 1 + ¢)-densely
(4A +4,2A + 1)-chordal for any € > 1.
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Suppose that G is e-densely (k,m)-chordal and it does not satisfy (BP) with parameter
A = max{%, e+ m}. Then, there are two points, a,b, a geodesic [ab] with midpoint ¢ and a path
such that v N Nj(c) = @. Then, it is immediate to check that there exist two points a’, b’ € N [ab]
such that the restriction of [ab], [a'V’], and the restriction of 7y, 7/, joining 4’ to b’ define a cycle C
with L(C) > k. Since G is e-densely (k, m)-chordal, there is a strict shortcut ¢ with L(c) < m with
an associated shortcut vertex w such that dc(c, w) < ¢ < A. Therefore, w € [a’'V’], and since [a'V'] is
geodesic, the shortcut must join w to a vertex z in 9/ C vy. Hence, d(z,¢) < e +mand vy N Nu(c) # O,
leading to a contradiction. [

Corollary 3. A graph G is quasi-isometric to a tree if and only if it is e-densely (k, m)-chordal.

Definition 10. Given any family F of cycles, a metric graph (G, d) is e-densely (k, m)-chordal on F if for
every C € F with length L(C) > k, there exist strict shortcuts oy, ..., 0y with L(0;) < m Vi and such that their
associated shortcut vertices define an e-dense subset in (C,dc).

Let us recall the following:

Lemma 3. (Lemma 2.1 [48]). Let X be a geodesic metric space. If every geodesic triangle in X which is a cycle
is 0-thin, then X is 6-hyperbolic.

Let 7 be the family of cycles that are geodesic triangles. It is immediate to check that, using
Lemma 3, the proof of Theorem 13 in [40] can be trivially re-written (we include it for completeness) to
obtain the following;:

Theorem 6. G is 5-hyperbolic if and only if G is e-densely (k, m)-chordal on T .

Proof. Suppose that G is e-densely (k, m)-path-chordal on 7. Let us see that 5(G) < max{%, e+ m}.
Consider any cycle that is a geodesic triangle T = {x,y,z}. If L(T) < k, it follows that every side of
the triangle has length at most % Therefore, the hyperbolic constant is at most %. Then, let L(T) > k,
and let us prove that T is (¢ + m)-thin. Consider any point p € T, and let us assume that p € [xy].
Ifd(p,x) <e+mord(p,y) < e+ m, we are done. Otherwise, there is a shortcut vertex x; such that
d(x;, p) < e and a shortcut 0, with x; € 0; and L(0;) < m. Since [xy] is a geodesic, 0; does not connect
two points in [xy] and d(p, [xz] U [yz]) < € + m. Then, by Lemma 3, §(G) < max{%,s +m}.

Suppose that G is d-hyperbolic, and consider any cycle that is a geodesic triangle T = {x,y, z}
with L(T) > 96. Let p € T, and let us assume, with no loss of generality, that p € [xy]. Since G is
d-hyperbolic, d(p, [xz] U [yz]) < 6. If d(p,x),d(p,y) > I, then there is a path v with L(vy) < J joining
p to [xz] U [yz]. In particular, there is a shortcut o C 7 with L(c) < L(7) < J joining some shortcut
vertex p’ € [xy] with d(p, p’) < 6 to [xz] U [yz]. Therefore, if L([xy]) > 26, for every point q € [xy],
there is a shortcut vertex g € [xy] such that dr(q,q") < 26 + 1 associated with a shortcut with length at
most d. Since L(T) > 94, by triangle inequality, there is at most one side of the triangle with length at
most 26. Then, for every point p in the triangle, there is a shortcut vertex p’ such that d(p, p’) < 36 + 1
associated with a shortcut with length at most é. Thus, it suffices to consider ¢ = 36 + 1, k = 99
andm=94. O

Remark 7. Notice that in Corollary 3, we obtain that a graph G is quasi-isometric to a tree if and only if all the
cycles satisfy a certain property, and Theorem 6 states that the same property, restricted to the cycles that are
geodesic triangles, characterizes being hyperbolic.

The following theorem can be also obtained as a corollary of Theorems 1 and 5. However,
the direct proof provides a better bound for the parameter A.
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Theorem 7. Given a uniform graph G, if every minimal vertex separator has diameter at most m, then G
satisfies (BP) (i.e., G is quasi-isometric to a tree). Moreover, it suffices to take A = m + 2.

Proof. If m = 0, it is trivial to see that G is a tree, and it satisfies (BP) with A = 0. Assume m > 1.
By Proposition 2, it suffices to check the property for pairs of vertices. Thus, consider any pair of
vertices a,b € V(G), and let ¢ be a midpoint of a geodesic [ab].

If d(a,b) < 2, then (BP) is trivial with A’ = 1. Suppose d(a,b) > 3. Then, there is some vertex vy
in the interior of [ab] with d(vg,c) < . By Lemma 1, since [ab] is a geodesic, there exists a minimal

ab-separator S containing vg. Thus, every ab-path contains a vertex in S, and since diam(S) < m,
every ab-path passes through Ny, (vg) C N, +1 (c). Hence, (BP) is satisfied on the vertices with

A’ = m+ 1, and by Proposition 2, G satisfies (BP) with A = m +2. [

The following example shows that the converse is not true.

Example 2. Let G be the graph whose vertices are all the pairs (a,b) with either a € N and b = 0 or
dn+1<a<4n+3and1 <b <nforeveryn € N, and such that (a,b) is adjacent to (a’, V') if and only if
either b =b"and |a’" —a| = 1ora = a’ and |b’ — b| = 1. See Figure 3.

Now, notice that Sy = {4n + 2,j}o<j<n defines a minimal (4n,0)(4n + 4,0)-separator with diameter
n for every n € N. Therefore, G has minimal ab-separators arbitrarily big. However, to see that G satisfies
(BP), consider the map f : V(G) — V(G) such that f(i,j) = (4n+2,j) for every 4n+1 < i < 4n + 3 and
1 < j < nand the identity on the rest of the vertices. It is trivial to check that f extends to a (1,2)-quasi-isometry
on G where the image is a tree. Therefore, G is quasi-isometric to a tree and satisfies (BP) (and it is e-densely
(k, m)-chordal).

Sn+1
(4n+5,n+1) (4n+7,n+1)

E)

(4n+1,n) ] (4n+3,n)

(4n,0) - (4n+4,0) (4n+8,0)

Figure 3. Satisfying the bottleneck property does not imply the existence of minimal vertex separators
with uniformly-bounded diameters.

Remark 8. In the case of uniform graphs, the following theorem can also be obtained as a corollary of
Proposition 1 and Theorem 7. Furthermore, it follows from Theorem 3 in [40] and Theorem 5. Howeuver,
the direct proof provides a better bound for the parameter.

Theorem 8. If G is (k,1)-chordal, then G satisfies (BP). Moreover, it suffices to take A = % + %

Proof. Consider any pair of vertices a,b, any geodesic [ab] in G and the midpoint ¢ in [ab].
If d(a,b) < % + 2, then (BP) is trivially satisfied for A’ = % + 1. Suppose d(a,b) > % +2 and
that there is an ab-path v not intersecting Ny, 4.1(c). Let a’ € [ac] C [ab] and V' € [cb] C [ab] such
thatd(a’,c) =d(c, V') = %. Then, since 7 does not intersect Ny 4.1 (c), there is a cycle C contained in
[ab] Uy such that [a'b'] € Cand L(C) > k.

Claim: there is a one-shortcut in C joining a vertex in the interior of [4'b’] to a vertex in 1y. Since G
is (k, 1)-chordal, there is a one-shortcut, 01, in C. If 07 joins a vertex in the interior of [a'b] to a vertex in
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7, we are done. Otherwise, we obtain a new cycle, Cy, such that [a'b’] C C; and, therefore, L(Cy) > k.
Repeating the process, we finally obtain a one-shortcut joining a vertex z; in the interior of [a'b’] to a
vertex zp in 7.

Therefore, d(c,zp) < d(c,z1)+1< % +1and z € Ni/441(c), leading to a contradiction.

Thus, G satisfies (BP) on the vertices with A = % + 1, and by Proposition 2, G satisfies (BP) with
A=%+3 O

Corollary 4. If G is (k,1)-chordal, then G is quasi-isometric to a tree.
Remark 9. Corollary 4 follows also from Proposition 1 and Corollary 1 in the case of uniform graphs.

Remark 10. The converse to Theorem 8 or Corollary 4 is not true. It is immediate to check that the graph from
Example 1 is quasi-isometric to a tree through the map sending every cycle Cy, to the vertex n.

Remark 11. Herein, the gap between being hyperbolic and being quasi-isometric to a tree is shown to depend
on which cycles are e-densely (k, m)-chordal, only geodesic triangles or all of them. Furthermore, we have seen
that (BP) characterizes geodesic spaces quasi-isometric to trees. There exist also properties that characterize
when a hyperbolic space is quasi-isometric to a tree. Corollary 1.9 in [49] states that two visual hyperbolic
geodesic spaces X, Y are quasi-isometric if and only if there is a PQ-symmetric homeomorphism f (where "PQ’
stands for ‘power quasi’) with respect to any visual metrics between their boundaries (The property of being
visual has different names in the literature. For example, it is called “having a pole” in [50,51] or being “almost
geodesically complete” in [52].).

Furthermore, there is a one-to-one correspondence between rooted trees and bounded ultrametric spaces
where every tree induces a bounded ultrametric space, and for every bounded ultrametric space X there is a tree
whose boundary is X. See [53] or [54].

Thus, a visual hyperbolic space is quasi-isometric to a tree if and only if its boundary is PQ-symmetric
homeomorphic to an ultrametric space.

Furthermore, Theorem 1 in [47] states that given a complete geodesic space X with Hy(X) uniformly
generated, then X is quasi-isometric to a tree if and only if there is a function f : X — R such that f is
bornologous and metrically proper on the connected components.

Since any hyperbolic space has uniformly generated Hy, then it follows that for any hyperbolic graph G, G
is quasi-isometric to a tree if and only if there is a function f : G — R such that f is bornologous and metrically
proper on the connected components.

4. Minimal Vertex r-Separators

Definition 11. Given r € N, two vertices a and b are r-separated by a subset S C V(G) if considering the
connected components of G\ S, G, and Gy, containing a and b respectively, for every pair of vertices v € G, and
w € Gy, d(v,w) > r. If aand b are two vertices r-separated by S, then S is said to be an ab-r-separator.

Remark 12. Notice that separated means one-separated.

Definition 12. S is a minimal ab-r-separator if no proper subset of S r-separates a and b. Finally, S is a
minimal vertex r-separator if it is a minimal r-separator for some pair of vertices.

Remark 13. Given any minimal ab-r-separator S, every vertex in S is either adjacent to G, or Gy,. Moreovet,
ifr > 2, then there are two disjoint subsets S, and Sy, such that S = S, U Sy, where the vertices in S, are adjacent
to G, and the vertices in Sy, are adjacent to Gy,. Furthermore, for every vertex v in Sa, d(v,Sp) =r — 1.

Lemma 4. Let G be a uniform graph and r > 2. Given any geodesic [ab] with d(a,b) > r and two
vertices v1,vy € [ab] distinct from a,b with d(vy,vy) = r — 1, then there is a minimal ab-r-separator
containing {vq, vy }.
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Proof. Suppose [ab] is a geodesic with d(a,b) > r. Let us assume that d(a,v1) < d(a,v;), and define
g1 = d(a,v1) and &3 = d(vp,b). Since G is uniform, for every vertex v € G the set S(v,¢) is finite
for every ¢ € N. Let Sp : = S(a,e1) U S(b, 7). It is immediate to check that Sy is an ab-r-separator
and [ab] NSy = {v1,va}. Since Sy is finite, then there is a minimal subset S C Sy which is also an
ab-r-separator. Finally, since [ab] N Sy = {vy, 02}, v; € Sfori=1,2. O

Theorem 9. Let G be a uniform graph and r > 2. If every minimal vertex r-separator has diameter at most m
with m < r, then G is (r + %)-densely (2r + 2,r)-chordal.

Proof. Let C be any cycle with L(C) > 2r + 2, and let x1 be any vertex in C. Then, consider two
vertices a,b in C such that dc(a,b) = r+1, dc(a,x1) = 1 and dc(x1,b) = r. Let 1 and 7, be the
two independent paths joining a and b defined by C, and assume x; € 1. Consider x; € 71 with x,
between x1 and b such that dc(x1, %) = r — 1 (and dc(xp,b) = 1).

If 71 is not a geodesic, then there is a shortcut with length at most » and a shortcut vertex v such
that dc(x1,0) <.

If 71 is a geodesic, by Lemma 4, there exists a minimal ab-r-separator S containing xq, x5.
Then, there exist y1, 2 € 72 NS, with y; between a and y», such that dc(y1,y2) > r—1,dc(a,y1) > 1
and dc(y2,b) > 1. Since diam(S) < m, then d(x1,y2) < m. Since dc(x1,y2) > r+1>m+1, thereis a
shortcut ¢ in C joining x7 and y, with L(c) < m < r and with an associated shortcut vertex v such that
de(x1,0) <m <r.

Thus, for every vertex xp, there is a shortcut vertex v such that dc(x1,v) < r, and therefore,
shortcut vertices define a (r + 3 )-dense subsetin C. [

Theorem 10. Let G be a uniform graph and r > 2. If for every minimal ab-r-separator S either S, or Sy, has
diameter at most m, then G is e-densely (k, %)—chordal with k = 2m + 2r + 2 and e = max{ "L +r,m + 1}.

Proof. Let C be any cycle with L(C) > 2m + 2r + 2 and x; be any vertex in C. Then, consider two
vertices a,b in C such that dc(a,b) = m+r+1,dc(a,x1) = " and dc(x1,b) = "L +rif mis odd,
and dc(a,x1) = % +1and dc(xq,b) = % +rif mis even. Let v and 7, be the two independent paths
joining a and b defined by C, and assume x; € 7. Consider xp € 71 with x; between x; and b such
that dc(x1, x2) = r — 1 (and therefore, dc(xp,b) > % +1 > %).

If 1 is not a geodesic, then there is a shortcut with length at most m +r + 1 and a shortcut vertex v
such that dc(xq,v) < % +71.

If 71 is a geodesic, consider S the minimal ab-r-separator containing x1, xp built in the proof
of Lemma 4, and let us assume, without loss of generality, that S, has diameter at most m.
Then, by construction, there exists y; € 72 N S such that d-,(a,y1) > d(a,y1) = d(a,x;) > “FL
Since diam(S,) < m, then d(x1,y1) < m. However, dc(xq,y1) > min{m +1,d,, (x1,b) +d(b,y1)} =
m + 1, and therefore, there is a shortcut ¢ in C joining x; and y; with L(¢) < m. Moreover, there is a
shortcut vertex v such that dc(xq,v) < m.

Thus, for every vertex xq, there is a shortcut vertex v with dc(x1,v) < min{% +r,m}, and
therefore, shortcut vertices define an e-dense subset in C with ¢ = max{mTJrl +r,m+ %} O

Then, from Theorems 5 and 10, we can obtain immediately the following;:

Corollary 5. Let G be a uniform graph and v > 2. If for every minimal ab-r-separator S either S, or Sy, has
diameter at most m, then G satisfies (BP), i.e.,, G is quasi-isometric to a tree.

Furthermore, from Theorems 3, 9 and 10, we obtain:

Corollary 6. Let G be a uniform graph and r > 2. If every minimal vertex r-separator has diameter at most m
with m < r, then G is 6-hyperbolic. Moreover, §(G) < 2r + %
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Corollary 7. Let G be a uniform graph and v > 2. If for every minimal ab-r-separator S either S, or Sy, has
diameter at most m, then G is 6-hyperbolic. Moreover, 6(G) < max{ 3’"243 +2r,2m+r+ %}}

5. Neighbor Separators
Given a set S in a graph G, let N.(S) : = {x € G|d(x,S) <r}.

Definition 13. Given two vertices a,b in a graph G = (V,E) and some r € N, aset S C V is an
ab-N,-separator if a and b are in different components of G \ N,(S). S is an ab-neighbor separator if it is
an ab-N,-separator for some r.

Notice that an ab-separator is just an ab-Ny-separator.

Theorem 11. G satisfies (BP) if and only if there is a constant A" > 0 such that for every pair of vertices a,b
with d(a,b) > 2A" 4 2 and any geodesic [ab], there exists a vertex ¢ € [ab] that is an ab-Nyu-separator.

Proof. The only if part follows trivially from Proposition 2.

Suppose that for every pair of vertices a, b with d(a, b) > 2A” +2 and any geodesic [ab], there exists
a point ¢ € [ab] that is an ab-Nr-separator. Consider any pair of vertices x,y in G, any geodesic [xy]
and the midpoint z in [xy].

If d(x,y) < 2A” +1, then (BP) is trivially satisfied on x,y for any A’ > A" + %

If d(x,y) > 2A" + 2, by hypothesis, there is some vertex z; € [xy] such that Nav(z71) is an
xy-Npn-separator. If d(z,z1) < A”, then it follows that every xy-path intersects Npr(z1) C Nppr(z) and
G satisfies (BP) on the vertices for A" = 2A”. If d(z,z1) > A”, then we repeat the process with the part
of the geodesic, [xz1] or [z1y], containing z. Let us assume, without loss of generality, that z € [xz].
Since d(z,z1) > A” and d(x,z) > A", there is some point z; € [xz;] that is an xz1-Njs-separator.
Since there is a z;y-path in G \ N (22), z; is also an xy-Ny-separator. If d(z,z;) < A”, we are done.
Otherwise, we repeat the process until we obtain some point z; € [xy] that is an xy-N,»-separator and
such that d(z,z;) < A”. Therefore, G satisfies (BP) on the vertices for A" = 2A”.

Thus, by Proposition 2, G satisfies (BP) with A = 2A" + 3. O

Corollary 8. G is quasi-isometric to a tree if and only if there is a constant A" > 0 such that for every pair of
vertices a,b with d(a,b) > A" and any geodesic [ab], there exists a vertex ¢ € [ab] that is an ab-N yn-separator.

Proposition 3. If G is (k, 1)-chordal, then for every pair of vertices a, b, any geodesic [ab) with d(a,b) > & +2
and every pair of vertices a’, b’ € [ab] withd({a’,b'}, {a,b}) > 2and such thatd(a’,b') > & —2, [a'V'] C [ab]
is an ab-Ny-separator. In particular, for every pair of vertices a, b in G with d(a,b) > % + 2, there is a geodesic
o of length % —2or ]‘%3 such that o is an ab-Ny-separator.

Proof. Consider any geodesic [ab] in G with d(a,b) > & +2 and any pair of vertices a’,b’ € [ab] with
d({a’,b'},{a,b}) > 2 such that d(a’,b’) > & —2. Let a” be the vertex in [aa'] C [ab] adjacent to a’
and b” be the vertex in [b'b] C [ab] adjacent to b'. Therefore, d(a”,b") > k. Suppose that a and b are
in the same connected component, A, of G\ Ny ([a'V']). Clearly, a” and b” are adjacent to A. Let vy
be a path of minimal length joining a” and b” in the subgraph induced by A U {a”,b"}. Therefore,
[a"b"] Uy defines a cycle, C, of length at least k. Since G is (k, 1)-chordal, then there is an edge joining
two non-adjacent vertices in C. Since [a”'b"] is geodesic and +y has minimal length, the edge must join a
vertex, v € v to a vertex in [a'b’]. Therefore, v € Ny ([a’'b’']) N A leading to a contradiction. [

Definition 14. A path <y in a graph G is chordal if it has no one-shortcuts in G.

Proposition 4. If G is (k, 1)-chordal, then for every chordal ab-path o with L(c) > k and every pair of vertices
a v € owithd,({a’,b'},{a,b}) > 2 and such that d,(a’,b") > k — 4, then the restriction of ¢ joining a'
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and V', o', is an ab-Ny-separator. In particular, for every pair of vertices a, b in G joined by a chordal path with
length at least k there is a chordal path «' of length k — 4 such that «' is an ab-Ny-separator.

Proof. Consider any chordal path ¢ in G with endpoints 4,b and L(c) > k. Consider any pair of
vertices a’,b" € [ab] with dy({a’,b'},{a,b}) > 2 such thatd,(a’,b') > k — 4, and let o’ = [a'V'] C [ab].
Let a” be the vertex in o adjacent to a’ closer in ¢ to a and b” be the vertex in ¢ adjacent to b’ closer in o
to b. Therefore, if 0 is the restriction of ¢ joining a” and b”, then L(¢0”’) > k — 2. Suppose that a and
b are in the same connected component, A, of G\ Ny (¢”). Clearly, a” and b are adjacent to A. Let vy
be a path of minimal length joining 4 and b” in the subgraph induced by AU {a”,b"}. Therefore,
o’ Uy defines a cycle, C, of length at least k. Since G is (k, 1)-chordal, then there is an edge joining two
non-adjacent vertices in C. Since ¢’ is chordal and 7 has minimal length, the edge must join a vertex
v € 7y to a vertex in ¢’. Therefore, v € Ny (¢’) N A, leading to a contradiction. [

Proposition 5. If a graph G satisfies that for some k,m € N with k > 4m, for every geodesic [ab] with
d(a,b) > k+ 2 and for every pair of vertices a’,b’ € [ab] with d({a’,V'},{a,b}) > m + 1 and such that
d(a',b') >k —2m, [a'V'] C [ab] is an ab-Ny,-separator, then G is (§ + 2)-densely (2k + 4,k + 1)-chordal.

Proof. Let C be any cycle with L(C) > 2k + 4. Let v by any vertex in C and 4, b two vertices in C such
that dc(a,v) = {%J +1and dc(v,b) = %—‘ + 1, and therefore, dc(a,b) = k + 2. Let 7y, 72 be the two
ab-paths defined by the cycle, and let us assume that v € 7; (and therefore, L(7y1) < L(72)). If there
is a shortcut in 1, then there is a shortcut in C with length at most k + 1 and with a shortcut vertex
z such that dc(v,z) < § + 2. If there is no shortcut in 73, then 1 is a geodesic with d(a, b) = k + 2.
Thus, leta’, b’ € y; withd(a,a’) =m+1=d(V/,b) and d(a’,b") = k — 2m. Therefore, [a'b’] C 7y, is an
ab-Ny-separator. In particular, there is some vertex w in 1y, \ {4, b} such that w € Ny, ([a’'V’]), defining
a shortcut in C with length at most m and with a shortcut vertex z such that d¢(v,z) < % +1. O

Corollary 9. If a graph G satisfies that for some k,m € N with k > 4m, for every geodesic [ab] with
d(a,b) > k + 2 and for every pair of vertices a’,b’ € [ab] with d({a’,V'},{a,b}) > m + 1 and such that
d(a’,b') >k —2m, [a'V'] C [ab] is an ab-Ny,-separator, then G is quasi-isometric to a tree.

6. Neighbor Obstructors

Definition 15. Given two vertices a,b in a graph G = (V,E) and some r € N, a set S C V is
ab-N,-obstructing if for every geodesic -y joining a and b, y N N,(S) # @.

Given any metric space (X, d) and any pair of subsets A, B C X, let us recall that the Hausdorff
metric, dy, induced by d is:

dp (A1, Ay) := max{sup{d(x, A2)}, sup{d(y, A1)}},
XEA; YyEAy

or equivalently,
dH(Al, Az) = il‘lf{E >0 | A C B(Az,e) y Ay C B(Al,E)}.

Definition 16. In a geodesic metric space (X, d), we say that geodesics are stable if and only if there is a
constant R > 0 such that given two points x,y € X and any geodesic [xy|, then every geodesic o joining x to y
satisfies that dg (o, [xy]) < R.

It is well known that if X is a hyperbolic space, then quasi-geodesics are stable. See, for example,
Theorem III.1.7 in [2]. In particular, geodesics are stable in hyperbolic geodesic spaces.

Let B be the family of cycles that are bigons.
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Theorem 12. Given a graph G, geodesics are stable if and only if there exist constants ¢ > 0 and k,m € N such
that G is e-densely (k, m)-chordal on .

Proof. Suppose that G is e-densely (k, m)-chordal on B. Consider any pair of points x, y and any pair
of geodesics, 01, 0, joining them. Then, for any point z € 3, either z € 0y N o or there is a cycle
CCrnUmwithz € C. If L(C) < k, then d(z,07) < % If L(C) > k, then either d¢(z,02) < € or
there is an m-shortcut in C with a shortcut vertex v such that d¢(z,v) < ¢, and since oy is geodesic,
d(v,07) < m. Thus, if R = max{%,e +m},d(z,02) < Rin any case. Hence, 07 C Ng(072). The same
argument proves that 0o C Ng(07), and therefore, dpy(0q,02) < R.

Suppose that geodesics are stable with constant R. Consider any pair of points x,y with
d(x,y) > 2R + 2 and two xy-geodesics 07, 03 such that 07 U 0, defines a cycle C. Then, for any point
z € oy (respectively with 03) such that dc(z,02) > R (resp. dc(z,01) > R), since dy(0q,02) < R,
d(z,07) < R (resp. d(z,01) < R), and there is a strict R-shortcut in C with a shortcut vertex v
such that d¢(v,z) < R. Thus, shortcut vertices are (2R + 1)-dense in C and G is (2R + 1)-densely
(4R +4,R)-chordalon B. [

Definition 17. In a graph G, we say that geodesics between vertices are stable if and only if there is a constant
R > 0 such that given two vertices a,b € G and any geodesic [ab], then every geodesic o joining a to b satisfies
that dy (o, [ab]) < R.

Proposition 6. Given a graph G, geodesics between vertices are stable if and only if there is some constant
k € N so that for every pair of vertices a, b with d(a,b) > 2k + 2, every geodesic [ab] and every vertex v € [ab]
such that d(v,{a,b}) > k, then v is an ab-Ny-obstructing vertex.

Proof. Suppose that geodesics between vertices are stable with constant R. Then, given any two
vertices a,b € G with d(a,b) > 2R + 2 and any geodesic [ab], every geodesic ¢ joining a to b satisfies
that dy (o, [ab]) < R. Thus, for every vertex v € [ab] there is some vertex w € ¢ such that d(v,w) < R.
Suppose v € [ab] with d(v,{a,b}) > R. Hence, v is an ab-Ng-obstructing vertex.

Now, suppose that for every pair of vertices a, b with d(a,b) > 2k + 2, every geodesic [ab] and
every vertex v € [ab] with d(v,{a,b}) > k, then v is an ab-Nj-obstructing vertex. Consider any pair of
vertices a,b € G and any pair of ab-geodesics 01, 0,. If d(a,b) < 2k + 2, then it is trivial to check that
dp(oq,02) < k+1. Suppose d(x,y) > 2k + 2. Then, for every vertex v € oy such thatd(v, {a,b}) >k,
02 N Ni(v) # @. Therefore, it follows immediately that o7 C Ny 1/2(02). The same argument proves
that 0o C Niy1/2(01), and therefore, dg (o, 00) < k+1. O

Let By be the family of cycles that are bigons defined by two geodesics between vertices.

Proposition 7. If G is &-densely (k, m)-chordal on By, then for every pair of vertices a, b with d(a,b) > & +4,
every geodesic [ab] and every vertex vy such that d(vg, {a,b}) > % + 1, vy is an ab-Ny-obstructing vertex.
In particular, [ab] contains an ab-Ny-obstructing vertex.

Proof. Consider any pair of vertices 4, b with d(a, b) > % +4, any geodesic [ab] and any vertex vy € [ab]
with d(vg, {a,b}) > & + 1. Let a’ be the vertex in [avg] C [ab] with d(a’,vg) = [ﬂ and b’ be the vertex
in [vob] C [ab] with d(v, b') = M—‘ Therefore, d(a’,b') > X, a’ # aand b’ # b.

If there is no geodesic joining a to b disjoint from Ny ,4(vg), we are done.

Suppose there is some geodesic g joining a to b such that 9 N Ni,/4(v9) = @. Then, [ab] U o
contains a cycle C (with possibly C = [ab] U 7¢) composed by two geodesics y; = [a”b"] with
[@'V'] C [a"b"] C [ab] and 72 C 7 joining also a” to b”. Clearly, L(C) > k. Since G is £-densely
(k, m)-chordal on By, then there is a strict shortcut o with L(¢) < m joining two vertices in C with a
shortcut vertex vy in Ny 4(vp). Furthermore, since v and -, are geodesics, then ¢ joins v; to a vertex
vy in 7yp C 7¢. Therefore, d(vy,vy) < m + % < k (see Remark 2) and v N Ni(vg) # @. O
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Theorem 13. Given a graph G, geodesics between vertices are stable if and only if there exist constants ¢ > 0
and k,m € N such that G is e-densely (k, m)-chordal on By.

Proof. Suppose that G is e-densely (k, m)-chordal on By. By Proposition 7, if k' = max{4e, k}, then for
every pair of vertices a,b with d(a,b) > ’% + 4, every geodesic [ab] and every vertex vy such that
d(vg,{a,b}) > kZ/ + 1, vg is an ab-Ny-obstructing vertex. Thus, by Proposition 6, geodesics are stable
with constant R = kZ/ +2.

Let us suppose that geodesics between vertices are stable with constant R. Let a,b be two
vertices with d(a,b) > 2R + 2 and C be a cycle that is a bigon defined by two ab-geodesics, 01, 0».
Therefore, L(C) > 4R + 4. Consider any vertex v € oy (respectively, 07) such that d(v, {a,b}) > R.
Then, since geodesics between vertices are stable with parameter R, v € Nr(0,) (respectively, o) and
there is a strict R-shortcut in C with an associated shortcut vertex w such that dc (v, w) < R, therefore
shortcut vertices are (2R 4 1)-dense in C, and G is (2R + 1)-densely (4R + 4, R)-chordal on By. O

The following example shows that having stable geodesics between vertices does not imply that
geodesics are stable.

Example 3. Consider the family of odd cycles {Cpry1 : k € N}, and suppose we fix a vertex vy in each
cycle; we define a connected graph G identifying the family {vy : k € N} as a single vertex v. Notice that in
G geodesics between vertices are unique. If two vertices belong to the same cycle Cyy.y 1, then the geodesic is
contained in the cycle, and it is clearly unique. Otherwise, the geodesic is the union of the two (unique) shortest
paths joining the vertices to v. Thus, geodesics between vertices are stable with constant zero.

Let my, be the midpoint of an edge in Cy,q such that d(my,v) = k + % Then, Cyyy1 is a bigon in G
defined by two geodesics, 01,0 joining my to v and dy (o, ) = % + % with k arbitrarily large.

Remark 14. Notice that the same property that characterizes being quasi-isometric to a tree (Corollary 3)
also characterizes being hyperbolic, when restricted to triangles (Theorem 6), having stable geodesics,
when restricted to bigons (Theorem 12), and having stable geodesics between vertices, when restricted to
bigons between vertices (Theorem 13).

Remark 15. In the context of multi-path routing, (BP) implies that given any nominal path (with minimum
cost) joining x and y, then any other path would remain close (at least at some point) to the nominal one.
Furthermore, if we consider all paths with minimum cost, the stability of geodesics characterized above implies
that every point of any minimal path is close to the nominal one.

The proof of Proposition 7 can be adapted to prove also the following:

Proposition 8. If G is ( % — m)-densely (k, m)-chordal on By with k > 4m, then for every geodesic [ab]
with d(a,b) > & + 2 and every pair of vertices a', b’ € [ab] with d({a’,b'},{a,b}) > m + 1 and such that
d(a',b') > 5 —2m, [a'V'] C [ab] is an ab-N,-obstructing set. In particular, for every pair of vertices a,b in G
with d(a,b) > % + 2, there is a geodesic o of length g — 2m or kJFTl — 2m such that o is ab-Ny,-obstructing.
Proof. Consider any geodesic [ab] with d(a,b) > % + 2 and any pair of vertices a’,b’ € [ab] with
d({a’,t'},{a,b}) > m+1andd(a’,b') > & —2m. Let a” be the vertex in [aa’] C [ab] withd(a',a") = m
and b” be the vertex in [b'b] C [ab] with d(V,b") = m. Therefore, d(a”,b") > &.

Suppose that there is some geodesic 7 joining a and b such that v N Ny, ([a'b']) = @. Then,
[ab] U o contains a cycle C composed by two geodesics: 1 with [a”b”] C v C [ab] and 72 C 7.
Clearly, L(C) > k. Consider the midpoint c in [a'd’]. Since G is (& — m)-densely (k, m)-chordal on
By, then there is a strict shortcut o with L(c) < m joining two vertices in C with a shortcut vertex v;
such that d¢(vq,¢) < § — m, and hence, v; € [a'b']. Furthermore, since y; and 7, are geodesics, then
0 joins vy to a vertex, vy, in 2 C 7yg. Therefore, d(vy, [a'b']) < m and yo N Ny, ([a'V]) # @, leading to
a contradiction. O
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