E symmetry MBPY

Article
Probabilistic Linguistic Power Aggregation Operators
for Multi-Criteria Group Decision Making

Agbodah Kobina 2, Decui Liang “** and Xin He !

1 School of Management and Economics, University of Electronic Science and Technology of China,

Chengdu 610054, China; kobinaagbodah@yahoo.com (A.K.); iamhexin@163.com (X.H.)
Center for West African Studies, University of Electronic Science and Technology of China,
Chengdu 610054, China

*  Correspondence: decuiliang@126.com

Received: 4 November 2017; Accepted: 13 December 2017; Published: 19 December 2017

Abstract: As an effective aggregation tool, power average (PA) allows the input arguments being
aggregated to support and reinforce each other, which provides more versatility in the information
aggregation process. Under the probabilistic linguistic term environment, we deeply investigate the
new power aggregation (PA) operators for fusing the probabilistic linguistic term sets (PLTSs). In this
paper, we firstly develop the probabilistic linguistic power average (PLPA), the weighted probabilistic
linguistic power average (WPLPA) operators, the probabilistic linguistic power geometric (PLPG)
and the weighted probabilistic linguistic power geometric (WPLPG) operators. At the same time,
we carefully analyze the properties of these new aggregation operators. With the aid of the WPLPA
and WPLPG operators, we further design the approaches for the application of multi-criteria group
decision-making (MCGDM) with PLTSs. Finally, we use an illustrated example to expound our
proposed methods and verify their performances.

Keywords: power average operator; probabilistic linguistic term sets; multi-criteria decision making;
group decision making

1. Introduction

Yager [1] introduced an operator of power average (PA) to provide more versatility in the
information aggregation process. PA is a nonlinear weighted average aggregation tool for which
the weight vector depends on the input arguments and that allows the values being aggregated to
support and reinforce each other [2]. It has received a large amount of attention in the literature.
For instance, Xu and Yager [2] developed power geometric operator on the basis of a geometric
mean (GM) and power average (PA). Under the linguistic environment, Xu et al. [3] developed new
linguistic aggregation operators based on the power average (PA) to address the relationship of input
arguments. Zhou and Chen [4] discussed a generalization of the power aggregation operators for
linguistic environment and its application in group decision making (GDM). By extending the PA to
the linguistic hesitant fuzzy environment, Zhu et al. [5] established a series of linguistic hesitant fuzzy
power aggregation operators. With the above-mentioned literature, PA has successfully been extended
to many complex and real situations.

One of the useful theories in dealing with the multi-criteria decision making (MCDM) problems
is the theory of probabilistic linguistic term sets (PLTSs). This theory proposed by Pang et al. [6]
plays a key role in the decision process where experts express their preferences [7-9]. Nowadays,
PLTSs have become a hot topic in the area of hesitant fuzzy linguistic term sets (HFLTSs) [10-12] and
hesitant fuzzy sets (HFSs) [13,14]. For example, Pang et al. [6] established a framework for ranking
PLTSs and they conducted a comparison method via the score or deviation degree of each PLTS.
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Bai et al. [7] stated that the existing approaches associated with PLTSs are limited or highly complex
in real applications. Thus they established more appropriate comparison method and developed
a more efficient way to handle PLTSs. Gou and Xu [15] defined novel operational laws for the
probability information. He et al. [16] proposed an algorithm for multi-criteria group decision making
(MCGDM) with probabilistic interval preference orderings. Wu and Xu [17] defined the concept of
possibility distribution and presented a new framework model to address MCDM. Zhang et al. [18]
introduced the concept of probabilistic linguistic preference relations to present the DMs preferences.
Under the hesitant probabilistic fuzzy environment, Zhou and Xu [19] studied the consensus building
with a group of decision makers. PLTSs generalize the existing models of HFLTSs and HFSs so as
to contain hesitations and probabilities. Compared with HFLTSs, the PLTSs have strong ability to
express the information vagueness and uncertainty in the hesitant situations under qualitative setting.
With respect to the PLTSs, the decision makers (DMs) can not only provide several possible linguistic
values over an object (alternative or attribute), but also reflect the probabilistic information of the set of
values [6]. In the existing literature, most aggregation operators developed for PLTSs are based on
the independence assumption and do not take into account information about the interrelationship
between PLTSs being aggregated.

For the PLTSs, it also can encounter the relationship phenomenon between the input arguments.
Meanwhile, PA provides a versatility in the aggregation process and has the ability to depict the
interrelationship of input arguments, i.e., it allows the input argument being aggregated to support and
reinforce each other. However, it rarely discusses in the research works of PLTSs. Hence, we introduce
PA into PLTSs and come out with new operators that will improved upon the existing aggregation
operators of PLTSs. In this paper, we firstly develop four new aggregation operators based on the
Power Average (PA) and the Power Geometric (PG), i.e., probabilistic linguistic power average (PLPA),
weighted probabilistic linguistic power average (WPLPA), probabilistic linguistic power geometric
(PLPG) and weighted probabilistic linguistic power geometric (WPLPG). These operators take into
account all the decision arguments and their relationships. On the basis of probabilistic linguistic GDM,
we utilize the WPLPA or WPLPG operator to aggregate the information and design the corresponding
approach. In a word, the desirable advantages of our research work are summarized as follows:
(1) We involve the probabilistic information. Our proposed methods can allow the collection of a few
different linguistic terms evaluated by the DMs and the opinions of the DMs will still remain the same.
(2) Our proposed methods also consider the interrelationship of the individual evaluation.

The rest of the paper is structured as follows: Some basic concepts and operations in relation to
PLTSs and PA are introduced in Section 2. In Section 3, we develop the PLPA operator, PLPG operator
and their own corresponding weighted forms. Meanwhile, we also study several desired properties of
these operators. In Section 4, we design the approaches for the application of MCGDM utilizing the
WPLPG and WPLPA operators. In Section 5, we give an illustrative example to elaborate and verify
our proposed methods. Section 6 concludes the paper and elaborates on future studies.

2. Preliminaries

In this section, we mainly review some basic concepts and operations in relation to PLTSs and PA.

2.1. Probabilistic Linguistic Term Sets (PLTSs)

The concept of PLTSs [6] is an extension of the concepts of HFLTSs. In the following, we review
some basic concepts of PLTSs and the corresponding operations.

Definition 1. [6] Let S = {s¢|t =0,1,-- -, T} be a linguistic term set. Then a probabilistic linguistic term set
(PLTS) is defined as:

#L(p)
L(p) = {LO (W) LO e 5,70 e t,p® >0,k =1,2,-- #L(p), Y p¥ <1}, 1)
k=1
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where L&) (p®)) is the linguistic term LX) associated with the probability p'®), ¥*) is the subscript of L*) and
#L(p) is the number of all linguistic terms in L(p).

Since the positions of elements in a set can be swapped arbitrarily, Pang et al. [6] proposed the
ordered PLTSs to ensure that the operational results among PLTSs can be straightforwardly determined.
It is described as:

Definition 2. Givena PLTS L(p) = {L®0) (p®))|k =1,2,--- ,#L(p)}, and r*) is the subscript of linguistic
term LK), L(p) is called an ordered PLTS, if the linguistic terms L%) (p(X)) are arranged according to the values

of 10 pk) in descending order.

Definition 3. Let S = {s¢|t = 0,1,---, T} be a linguistic term set. Given three PLTSs L(p), L1(p) and
Ly (p), their basic operations are summarized as follows [6]:

k k
(1) Ll(P) ® Lz(P) - UL§k>eL1(p),L;k>eL (p) {Pg ) 5 ) ® Pg )Lgk)}}
k) (k)
@ Lip)@La(p) = Uy, ) iensn {(L%”)m ® (L) };
(3 ML) =Upoergy) {Ap( 0} and > 0

(4) (L(p)))L = UL(k)EL(p) {(L( ))Ap } and A > 0.
To compare the PLTSs, Pang et al. [6] defined the score and the deviation degree of a PLTS:

Definition 4. Let L(p) = {L®) (p®))|k =1,2,--- ,#L(p)} be a PLTS, and r') is the subscript of linguistic
term LK), Then, the score of L(p) is defined as follows:

E<L(P)) = Sa, (2)
where & = Zti(lp Ky Zk ). The deviation degree of L(p) is
#L(P) (. (k) (k) _ 71)2)0.5
o(L(p)) = Bt (;#L((pr @))% 3

Based on the score and the deviation degree of a PLTS, Pang et al. [6] further proposed the
following laws to compare them.

Definition 5. Given two PLTSs L1(p) and Ly(p). E(L1(p)) and E(Ly(p)) are the scores of L1(p) and Ly(p),
respectively. o(L1(p)) and o(Ly(p)) denote the deviation degrees of L1(p) and Ly(p). Then, we have:

(1) IfE(L1(p)) > E(La(p)), then Li(p) is bigger than Ly (p), denoted by L1(p) > La(p);
(2) IfE(L1(p)) < E(La(p)), then L1(p) is smaller than Ly (p), denoted by L1(p) < Lp(p);
(3) IfE(L1(p)) = E(La(p)), then we need to compare their deviation degrees:

(@) Ifo(L = 0(Ly(p)), then L1(p) is equal to Ly(p), denoted by L, (p) ~ La(p);
(b) Ifo(L > o(La(p)), then L1 (p) is smaller than Ly(p), denoted by L, (p) < La(p);
(c) Ifa( ) < o(La(p)), then Li(p) is bigger than Ly(p), denoted by L1(p) > La(p).

When we analyze and discuss the comparison of PLTSs, we may realise that the number of their
corresponding number of the linguistic terms may not be equal. To solve this problem, Pang et al. [6]
normalized the PLTSs by increasing the numbers of linguistic terms for PLTSs. The normalized
Definition of PLTSs is the following.
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Definition 6. Let L1(p) = (L) k = 1,2, #L1(p)} and Lo(p) = (PP =
1,2,--- ,#Ly(p)} be any two PLTSs. #L1(p) and #L,(p) are the numbers of the linguistic terms in L1 (p) and
Ly(p). If #L1(p) > #Lo(p), then we will add #L1(p) — #Ly(p) linguistic terms to Ly(p) so that the numbers
of linguistic terms in Ly (p) and Ly (p) are identical. The added linguistic terms are the smallest ones in Ly(p)
and the probabilities of all the linguistic terms are zero. Analogously, if #L1(p) < #Ly(p), we can use the
similar method.

Based on the normalized PLTSs, Pang et al. [6] further defined the deviation degree between
PLTSs. The result is shown as follows.

Definition 7. [6] Let Ly(p) = {LF(p )k = 1,2, #Li(p)} and Lo(p) = {LP )k =
1,2,--- ,#Ly(p)} be any two PLTSs, if #L1(p) = #La(p), then the deviation degree between PLTSs is
defined as:

#L1(p)
d(Ly(p), La(p)) = J Y. (rp 2 saL, (). @)

k=1

2.2. Power Average (PA)

Information fusion is a process of aggregating data operators from different resources by
proper aggregating operators. Power average (PA) operator, as a technique of fusing information,
was introduced by Yager [1], which allows the arguments to support each other in the
aggregation process.

Definition 8. [1] Let A = {ay,ay,- - - ,a,} be a collection of non-negative numbers. The power aggregation is
defined as follows:

i (1+T(a;))a;
i (1+T(a;))

PA(ﬂl,a2, e /aﬂ) - (5)

where

i sup( a;, 4 6)

J=1 J#i

In this case, sup(a;, a;) is denoted as the support for a; from a;, which satisfies the following three properties:

(1) sup(a;,a;) € [0,1];
(2) sup(ai,a]) =su p( a;);
(3) sup(aj,a;) > su P(ﬂuﬂk) if la; —aj| <'|a; — ag|.

From the result of Definition 7, the supports among the input arguments are involved in the
PA. In general, sup(a;, a;) can be measured by the distance between the arguments, e.g., d(a;, a;).
By introducing geometrlc mean (GM), Xu and Yager [2] defined a power geometric (PG) operator
as follows:

(1+T(a;))

PG(ﬂ1,[Z2,~ s, a Ha Z’n 1 1+Tﬂ (7)

wherea; (i=1,2,---,n) are a collection of arguments, and T (a;) satisfies the condition above.
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3. Probabilistic Linguistic Power Aggregation Operators

Under the probabilistic linguistic environment, we assume that the input arguments are PLTSs and
we mainly study the extension of power average (PA) and power geometric (PG) aggregation operators.

3.1. Probabilistic Linguistic Power Average (PLPA) Aggregation Operators

In this section, we discuss the extension of power average (PA) aggregation operators to
accommodate the probabilistic linguistic environment. In the following, some probabilistic linguistic
power average aggregation operators should be developed, which allow the input data to support each
other in the aggregation process, i.e., Probabilistic Linguistic Power Average (PLPA) and Weighted
Probabilistic Linguistic Power Average (WPLPA).

3.1.1. PLPA

Based on the results of Definitions 1 and 7, we present the Definition of the PLPA aggregation
operator as follows:

Definition 9. Let L(p) = {Lgk)( (k)) |k=1,2--- } i =1,2,..,n) be a collection of PLTSs.
A probabilistic linguistic power average (PLPA) is a mapping L" (p) — L(p) such that:

B (1+T( i(p))Li(p)
pLPA(Ll(p),Lz(p)w~'an(P))*lej1 LA+ T(Li(p)))’ o
where:
i sup(Li(p), Li(p))- ®

1111#1

and sup(Li(p),L;j(p)) is considered to be the support for Li(p) from Lj(p) which satisfies the
following properties:

(1) sup(Li(p), Li(p)) €
(2) sup(Li(p), Li(p)) = (p));
(3) sup(Li(p), Li(p)) = k(p)) if d(Li(p), Li(p)) < d(Li(p), Lx(p))-

In light of the operations law (1) of Definition 3, Definition 8 can be transformed into the
following form:

PLPA(L1(p),La(p), -, Lu(p))
A+ T(W(p) (14 T(La(p))) 4T
= LTI (p)))“ VST At 2P e ) P

Hence, we can deduce the following result from Definition 8.

Proposition 1. Let L(p) = { (k)( ) |k=1,2,- ,#Li(p)} (i =1,2,...,n) be a collection of PLTSs.
A probabilistic linguistic power average (PLPA) is calculated as:

PLPA(L1(p), La(p), - -+, Lu(p)) = @ viLi(p)
i=1

= U {U1P§k) ( )} D U {Z)ngk)lék)} D---D U {vnp;gk)[agzk) }/ (10)

LWeL(p) LY eLy(p) L¥ e, (p)
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o HT@(p)
where v; = T () (i=1,2,..,n).

On the basis of Definition 8 and Proposition 1, it can easily be proven that the PLPA aggregation
operator has the following desirable properties.

Theorem 1. (Commutativity) Let (Li(p)*, Lao(p)*,---,La(p)*) be any permutation of
(La(p), La(p), - -, Lu(p)), then PLPA(L1(p), La(p), - - -, Lu(p)) =PLPA(L1(p)*, L2(p)", -+ , Lu(p)")-

Proof. According to the result of Definition 2, L;(p) is called an ordered PLTS (i = 1,2,..,n).
By Proposition 1 and the operations law (1) of Definition 3, we can conclude that:

PLPA(L1(p), La(p), -+, Lu(p)) = PLPA(L1(p)", L2(p)", - -+ , La(p)")-
Therefore, we complete the proof of Theorem 1. [

Theorem 2. (Idempotency) Let L;(p) (i =1,2,---,n) bea collection of PLTSs. Ifall L;(p) (i =1,2,--- ,n)
are equal, i.e., L;(p) = L(p), then PLPA(L1(p), La(p),- -+, La(p)) = L(p).

Proof. If L;(p) = L(p) for all i, then PLPA(L1(p), L2(p),- - -, Ln(p)) is computed as:

_ m A+TLip)

"1
= @D Li(p) = Lip).
i=1
Hence, the statement of Theorem 2 holds. O

Theorem 3. (Boundedness) Let Li(p) (i =1,2,--- ,n) be a collection of PLTSs, then we have:

n #Li(p) #L;
min min ng) Ll(k) < L < max ng&) pl(k) Ll(k),
i=1 k=1 i=1 k=1

where L € PLPA(L1(p), La(p),-- -, Lu(p))-

Proof. According to the result of Proposition 1, PLPA(L1(p), L2(p), - -+, La(p)) is computed as:
n
PLPA(L1(p), La(p), -+, Lu(p)) = D viLi(p)
i=1

= U {vmﬁ“ﬁ”}@ U {va§k>L§k)}@'-'® U {vnPf«k)Lff)}'
(k

Ler (p) L¥eLy(p) L eLq(p)
Then, we can deduce the following relationship:

#Li(p)
mnin min P(k) (k)

( (R (0 o it HLe) )7 (k)
i=1 k=1 "'

LY < p"L: max max p; 'L
1 —pl 1 _121 k:1 pl 1

By utilizing the result of Theorem 2, we can easily finish the proof of Theorem 1. [
Theorem 4. (Monotonicity) Let L;(p) and L;(p)* be two sets of PLTSs and the numbers of linguistic terms

in Li(p) and L;(p)* are identical (i =1,2,--- ,n). Ile(k)(pl(k)) < Ll(k)(pl(k))*for alli,ie., Li(p) < Li(p)*,
then PLPA(L1(p), La(p), - -, Lu(p)) < PLPA(L1(p)*, La(p)*, - -, Lu(p)")-
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Theorem 5. Let sup(L;(p),Lj(p)) = k for all i # j, then PLPA(L1(p), L2(p), -+, Lu(p)) = @ 1L:(p).

Proof. If sup(L;(p),Lj(p)) = k for all i # j, it indicates that all the supports are the same. In this

situation, the PLPA operator is computed as follows:

PLPA(L1(p), La(p), -+, Lu(p)) = @2(181(;?&;?)(;))

))Li(P)

It is a simple probabilistic linguistic averaging operator. Hence, the statement of Theorem 5 holds. [J

3.1.2. WPLPA

With respect to the PLPA operator, the weights of the arguments should be considered, because
each argument that is being aggregated has a weight indicating its importance [3]. Based on this idea,
we extend the PLPA and give the Definition of the weighted probabilistic linguistic power average
(WPLPA) operator as follows:

Definition 10. Let L;(p) be a collection of PLTSs. w = (wy,ws, ..., w,)" denotes the weighting vector of
Li(p) and w; € [0,1], Y1y w; = 1. Given the value of the weight vector w = (wq,wy, ..., wy)T, we define
weighted probabilistic linguistic power average (WPLA) operator as follows:

WPLPA(Ly(p), La(p), - - -, @wz (1+ T'(Li(p )))Lz(r)?) an

1 L wi 1+T'(L1(P) )

In this case, T'(L;(p)) = Z] 1jA4 W isup(Li(p), Li(p))-

Based on the operations of the PLTSs described in Definition 3, we can derive the following
Proposition 2.

Proposition 2. Let L;(p) (i =1,2,---,n) bea collection of PLTSs, then their aggregated values by using the
WPLPA operator is also a PLTS, and:

k) (k
WPLPAIL D Lap L) = U e U {md)
L§k>eL1(p) L, ®eLy(p)
oo |J {opPL ,g@} (12)
LPeL,(p)
w1+ T(L(p) e
where v} = ]01( ,(1+(T ((Lp)()p))) (i=12--,n).
Especially, if sup(L;(p),Li(p)) = 0 for all i # j then T(Li(p) = 0.

Thus, WPLPA(L1(p),La(p), -, La(p)) = D}, wiLi(p). Under this situation, the WPLPA operator
reduces to PLWA proposed by Ref. [6]. If the weight vector w = (wy, wy, ..., wy)T = (%, %, e, %)T,
v} of Proposition 2 is computed as:

L w1+ T(L(p)
, w1+ T (L (p)
<1+T'< (»)
0+ T (L(p)))

= 0j.
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Thus, the WPLPA operator is computed as:

WPLPA(Ly(p), La(p),- - -, Lu(p))

= U {elte U {etlee U {osnd}
LYeLy(p) L eLy(p) L eLu(p)

= PLPA(Li(p), L2(p),- - , Lu(p))-

It indicates that the WPLPA reduces to the PLPA operator. According to the results of
Definitions 3 and 10, it can easily prove that the WPLPA operator has the following properties.

Theorem 6. (Idempotency) Let L;(p) (i =1,2,--- ,n) bea collection of PLTSs, ifall L;(p) (i =1,2,--- ,n)
are equal, i.e., Li(p) = L(p), then WPLPA(L1(p), L2(p),- -+, Lu(p)) = L(p).

Proof. If L;(p) = L(p) for all i, then WPLPA(L1(p), L2(p),- -+ ,Lu(p)) is computed as:

_ Wil +T'(Li(p))Li(p)
WPLPA(Ll(P)/LZ(P)/ an(P)) g;lz 1wl(1+T(L (p)))

= *Li(P):Li(p)~

=1 n
Thus, the statement of Theorem 6 holds. [

Theorem 7. (Boundedness) Let L;(p) (i =1,2,--- ,n) bea collection of PLTSs, then we have:

n #LP) g i
min min p;”’L;” < L < max max p;
i=1 k=1 i=1 k=1

where L € WPLPA(L1(p), La(p), - -+, Lu(p)).

If we let sup(Ll(p), L](p)) =k foralli # j, we have: T'(L;(p)) = E?=1,j;£i w]-sup(Ll-(p), Lj(p)) =
k Z] 1j4i W (z =1,2,---,n). Based on the result of Definition 10, we have:

n wi(l + kznzl it w])
WPLPA(L{(p), Lo(p), -, L - 7=
( 1(17) Z(P) n(P)) é? Zln:l wl<1 ¥ kZ]n:L];Al w])

Li(p).

In this case, WPLPA(L1(p), La(p),- -+, Lu(p)) is not equivalent to
PLPA(L1(p), La(p), -, Lu(p)) = 5 @iy Li(p)-

Theorem 8. Let (L1(p)*, La(p)*,- -+, Lu(p)*) be any permutation of (L1(p), L2(p),- -+, Lu(p)), then we
can deduce the following relationship:

WPLPA(L1(p)*, La(p)™, - -+, Lu(p)*) # WPLPA(L1(p), La(p), - - - , Lu(p))-

Proof. According to the result of Definition 10, we can obtain:

n
= ) wsup(Li(p)", Li(p)")-
1211#1
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Then, we can deduce:

oy Wi+ T(Li(p)*)

Since (T'(Li(p)*), T'(La(p)*), -+, T'(La(p)*)) may not be the permutation of
(T'(L1(p)), T'(La(p)),- - , T'(Lu(p))), we can judge that the WPLPA operator is not commutative.
Therefore, we complete the proof of Theorem 8. [

3.2. Probabilistic Linguistic Power Geometric (PLPG) Aggregation Operators

In this section, we investigate the extension of power geometric (PG) aggregation operators under
the probabilistic linguistic environment, i.e., the probabilistic linguistic power geometric (PLPG) and
weighted probabilistic linguistic power geometric (WPLPG).

3.2.1. PLPG

By utilizing the results of Definition 1 and Equation (7), we present the Definition of the PLPG
operator as follows.

Definition 11. Let L(p) = {Lfk)(pi«‘ﬂk =12, ,#Li(p)} (i =1,2,---,n) be a collection of PLTSs.
A probabilistic linguistic power geometric (PLPG) operator is a mapping L™ (p) — L(p) such that:

n (1+T(L;(p)))

PLPG(Ly(p), La(p), -+, La(p)) = Q) (Li(p)) == T, (13)
i=1

where T(L;(p)) = ?:1,]»751- sup(Li(p),Lj(p))- sup(Li(p),Lj(p)) is considered to be the support of L;(p)
from L;(p) which also satisfies the following properties:

(1) sup(Li(p), Li(p)) € [0,1];

(2)  sup(Li(p), Lj(p)) = sup(Li(p), Li(p));

(3) sup(Li(p), Li(p)) = sup(Li(p), Li(p)) if d(Li(p), Lj(p)) < d(Li(p), Li(p))-

By the operations law (2) of Definition 3, Definition 11 can be transformed into the following form:

PLPG(Ly(p), La(p),- -+, Lu(p))
T (LT e
— (L (p)) T TGO & (Ly(p)) T TGO g @ (L (p)) Sa TGO

Therefore, we can deduce the following based on the results of Definition 9:

Proposition 3. Let L(p) = {Lfk)(p{-‘)\k =12, ,#Li(p)} (i =1,2,---,n) be a collection of PLTSs.
A probabilistic linguistic power geometric (PLPG) operator is calculated as:

n

PLPG(L1(p), La(p), -+, Lu(p)) = @) (Li(p))"
i=1
) g

- U {ure U {ae e U {ae) an

L{eLa(p) Ly eLa(p) Ly eLu(p)
— _4TEip) (5 —
Where 'Ul‘ - ]n=1(1+—T(Lp](p))) (l - 1,2,..., 7’1).

On the basis of Definition 11 and Proposition 3, it can be proved that the PLPG operator has the
following desirable properties:
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Theorem 9. (Commutativity) Let (Li(p)*,La(p)*,---,Lu(p)*) be any permutation of
(Li(p), La(p), - -+, Lu(p)) then PLPG(Ly1(p), L2(p), - - - , Ln(p))=PLPG(L1(p)", La(p)*, - - - , Lu(p)").

Proof. According to the result of Definition 2, L;(p) is called an ordered PLTS (i = 1,2, - - ,n). By the
results of Proposition 3 and the operations laws (2) of Definition 3, we can conclude that:

PLPG(L1(p), La(p),- -+, Lu(p)) = PLPG(L1(p)*, La(p)*, - - -, Lu(p)")-

Therefore, we complete the proof of Theorem 9. O

Theorem 10. (Idempotency) Let L;(p) (i =1,2,--- ,n) beacollection of PLTSs. Ifall Li(p) (i = 1,2,--- ,n)
are equal, i.e., Li(p) = L(p), then PLPG(L1(p), L2(p),- -+ ,La(p)) = L(p).

Proof. If L;(p) = L(p) for all i, then PLPG(L1(p), L2(p),- - - , Ln(p)) is computed as:

n (1+T(L;(p)))

PLPG(Li(p), La(p), -+, La(p)) = @ (Li(p) T 707

i=1

Hence, the statement of Theorem 10 holds. O

Theorem 11. (boundedness) Let L;(p) (i =1,2,--- ,n) be a collection of PLTSs, then we have:

n_#Li(p) (k) #Li(p) ®)
mi{l 1’]{11111 (Lik))i’i <L< m’éllx r}{lax(Ll(k))Pi ,
1= = 1= =1

where L € PLPG(L1(p), La(p), -+ -, Lu(p))-

Proof. According to the result of Proposition 3, PLPG(L1(p), L2(p), - -+, La(p)) is computed as:

n

PLPG(L1(p), La(p), -, Lu(p)) = @) (Li(p))"
i=1

- U farmite u {aeiee g {am)

L®ery (p) el (p) L eL,(p)

Then, we can deduce the following relationship:

n #Li(p) (k) (k) #L; (k)
min min (1) < (10" < b (1)1
1= = 1= =

In light of the results of Theorem 10, we can easily finish the proof of Theorem 11. [

3.2.2. WPLPG

Considering the importance of the aggregated arguments, we extend the PLPG and give the
Definition of the weighted probabilistic linguistic power geometric (WPLPG) operator as following.
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Definition 12. Let L;(p) be a collection of PLTSs. w = (w1, ws, - -+ ,wy)’ denotes the weighting vector of
Li(p), w; € [0,1] and Y, w; = 1. Given the value of the weight vector w = (w1, wy, - - ,wy)T, we define
weighted probabilistic linguistic power geometric (WPLPG) operator as follows:

n nZUi(1+T,(L,i(P))
WPLPG(Ly(p), La(p), - -+ , Lu(p)) = @) (Li(p)) F= i+, (15)
i=1

In this case, T'(Li(p)) = Lj_y ;. wisup(Li(p), Li(p))-

Based on the operations of the PLPTs described in Definition 3, we can derive the
following Proposition:

Proposition 4. Let L;(p) (i =1,2,---,n) bea collection of PLTSs, then their aggregated values by using the
WPLPG operator is also a PLTS, and:

7 (k) (k)
WPLPG(L(p) La(p), -+ Lu(p) = U {aihe U {alyedt]
LW ery(p) 1eLy(p)
R ® U {(Ll(j‘))v;i?;sk) } (16)
LPer,(p)
where v = 2T (Li(p)) (i=1,2,---,n).

w0 (LT (L(p)))

For the result of Proposition 4, if sup(L;(p),Lj(p)) = 0 for all i # j, then T(L;(p)) = 0.
Thus, we have:

WPLPG(Ly(p), La(p), -+, La(p)) = @) (Li(p))™"

Under this situation, the WPLPG operator reduces to PLWG proposed by Ref. [6]. If the weight

vector w = (wy, wy, ..., wy)T = (%, %, e, %)T, v} of Proposition 4 is computed as:

L w1+ T (L(p)
C T T w A T (p)
(1+ T'(Li(p)))

= = 7.
i (L+T'(Li(p)))
Hence, the WPLPG operator is computed as:
r (k) 7 (k)
WPLPG(L (p) La(p) -+ Lup) = U {aie e U el
reL(p) Ly eLa(p)
- | (L;g"))viquk)}

LSik)eL”(p)
= PLPG(Li(p),La(p),- -, Lu(p)).

Thus, it indicates that the WPLPG can be reduced to the PLPG operator. According to the results
of Definitions 3 and 12, it can easily prove that the WPLPG operator has the following properties.

Theorem 12. (Idempotency) Let L;i(p) (i =1,2,--- ,n) bea collection of PLTSs, ifall L;(p) (i =1,2,--- ,n)
are equal, i.e., L;i(p) = L(p), then WPLPG(L1(p), L2(p),- -+, Lu(p)) = L(p).
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Proof. If L;(p) = L(p) for all i, then WPLPG(L1(p), L2(p), -+, Lu(p)) is computed as:

n w;(1+T' (L;(p))

T (P)
WPLPG(Li(p), La(p),- -, Lu(p)) = Q) (Li(p))=ima=iTEE0

Thus, the statement of Theorem 12 holds. [

Theorem 13. (Boundedness) Let Li(p) (i =1,2,---,n) be a collection of PLTSs, then we have:

n #Li(p) #L;
min min pfk) Ll(k) <L< mréx mé&) pl(k) ngk),
i=1 k=1 i=1 k=1

where L € WPLPG(L1(p), La(p), - -+, Lu(p)).

Theorem 14. Let (L1(p)*, La(p)*, - -+, La(p)*) is any permutation of (L1(p), Lo2(p),- - - , Ln(p)), then we
can deduce the following relationship:

WPLPG(L1(p)*, L2(p)*, -+, Lu(p)*) # WPLPG(L1(p), L2(p),- - - , Lu(p))

Proof. According to the result of Definition 12, we can obtain:

T = Y. wsup(Lip), Li(p)").
=i

Then, we can deduce:

n w; (LT (L; (p)*)

WPLPG(L1(p), La(p), -, Lu(p)) = Q(Li(p)*) Fr T 07,
i=1

Since (T'(Li(p)*), T'(La(p)*), -+, T'(L2(p)*)) may not be the permutation of
(T'(L1(p)), T'(La(p)),- - , T'(Lu(p))), we can judge that the WPLPG operator is not commutative.
Hence, we complete the proof of Theorem 14. [

4. Approaches to Multi-Criteria Group Decision Making with Probabilistic Linguistic Power
Aggregation Operators

In this section, we firstly present a MCGDM problem in which the evaluation information may
be expressed by PLTSs. Then, we utilize the WPLPA or WPLPG operator to support our decision.
Let X = {x1,x,---,x;} be a finite set of m alternatives and C = {c1,¢3, -+ ,c,} be a set of n
attributes. Suppose that D = {d;,dy, - - ,d.} denotes the set of DMs. By using the linguistic scale
S = {s,x o =0,1,---, T}, each DM dq provides his or her linguistic evaluations over the alternative
x; with respect to the attribute a;, i.e,, AT = (L?j)mxn (i=12---,mj=12---,mqg=12,---,e).
Then, we determine the collective evaluations of DMs for each alternative in terms of PLTSs. In the
context of GDM, the linguistic evaluation values Lg() (k=1,2,--- ,#L;j(p)) with the corresponding

probability pg{) are described as the PLTS L;j(p) = {Ll(;() (pl(]k)) k=1,2,--- ,#L;;(p) } and #L;;(p) is the
number of linguistic terms in L;;(p). The PLTS L;;(p) denotes the evaluation values over the alternative
x; (i=1,2,---,m) with respect to the attributes ¢j (j=1,2,---,n), where Lg() is the k" value of Ll-]-(p),

and pg{) is the probability of Lg() (k=1,2,--- ,#L;j(p)). In the case, pg() > 0 and Ziii{(p) pg() =1
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All the PLTSs are contained in the probabilistic linguistic decision matrix R. Hence, the result is shown
as follows:

Lu(p) Liua(p) - Lu(p)
R = (Lij(p))mn = Lzlz(P) Lzzz(P) : ':' L2n:(P) . 17)
Lml(p> Lm2(P) T Lmn(p)

Without loss of generality, we assume that each PLTS L;(p) is an ordered PLTS.
w = (wy,wy, -, wn)T denotes the weighting vector of the attributes C and w;j € [0,1], 2;7:1 wij = 1.
Based on the above results, we will use the WPLPA or WPLPG aggregation operator to develop the
corresponding approach for MCGDM with probabilistic linguistic information. This approach is
designed as follows:

Step 1: According to the practical decision-making problem, we determine the alternatives
X ={x1,x2, -+ ,xm} and a set of the attributes C = {c1,¢p, -+ ,cn}. Then, we can obtain the decision
matrix A7 = (LZ.)mxn provided by the DM d,;. By using the PLTSs, we construct the collective matrix
R = (Lij(p))mxn-

Step 2: With respect to the collective matrix R = (L;j(p))mxn, we can normalize the entries of R
as stated in Definition 6.

Step 3: Based on the matrix R and the result of Definition 7, the deviation degree between PLTSs
Ll-]-(p) and Ly (p) is calculated below (i =1,2,--- ,m;j,t =1,2,--- ,n):

k k
R

#Lij(p)

Z 1]
d(Lij(p), La(p)) = J Ea

Step 4: By using the results of Definitions 7 and 8, we calculate the support of the alternative x;
as follows:

sup(Lij(P)/Lit(P)) =1- ( (fL)
g 1,8#j

,Lit(p))
1](77)/ Lig(p)) ’

(18)

which satisfies the support conditions (1)—(3) of Definition 9.
Step 5: According to the result of Definition 10, we can calculate the support T’ (Lij(p)) of Lij(p)
by all of other Ly (p) (j,t =1,2,--- ,n;t # j):

n
T( = ) wisup(Lij(p), Lu(p))-
t:l,t;&]

Step 6: With the aid of Proposition 2, we further compute the weight U;j associated with the
/ wi(1+ T (Lij(p)))

g Z]r‘lzl wj<1 + /(Ll]( )))
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Step 7: If the DM prefers the WPLPA operator, then the aggregated value of the alternative x; is
determined based on Equation (12). The result is:

k k k
WPLPA(La(P) Lalp) L) = U {elfilhe U (o)
Lz(f)ELil(P) Lg)ELiz(P)
k k
oo {man)L(n)}'
L el (p)

If the DM uses the WPLPG operator, then the aggregated value of the alternative x; is determined
based on Equation (16). The result is:

WPLPG(Lit(p), La(p),- - Lu(p)) = U {(L<’<)) hei }®
LE{()GLM(P)

@2 {(LES))UZ’-”P,% }

L,(S)ELin(p)

U {( L®) lzp,z}

L¥eLy(p)

In this case, we denote the aggregated value of the alternative x; as Z;.

Step 8: Based on the results of Definition 4, the score and the deviation degree of Z; of the
alternative x; are computed, i.e., E(Z;) and 0(Z;) (i =1,2,--- ,m).

Step 9: Rank all of the alternatives in accordance with the ranking results of Definition 5.

5. An Illustrative Example

In recent years, there has been considerable concern regarding problems associated with
undergraduate school rankings, graduate school rankings, evaluating and rewarding university
professors in China and other countries of the world. Katz et al. [20] mentioned that these problems
always existed and political activism together with various economic recession have worsen
them. Katz and his partners were concerned with the criteria for evaluating them. They came
out with multiple regression analysis to determine the factors important in salary and promotion
decision-making at the university level and developed a more rational means of evaluating and
rewarding university professors. They were motivated by the fact that there is a discriminatory policy
in rank and reward in the universities which is not necessarily justifiable. They went further to state
that rewarding professors goes through an arbitrary and chaotic process and a more equitable system
could be instituted to enhance decision-making process. Another concern raised was that decisions on
salaries and promotions were made in an intuitive manner in such a way that the weights attached to
the various criteria for classification lack clear understanding. In this section, we illustrate our proposed
approach by evaluating some university faculty for tenure and promotion in China adapted from
Bryson et al. [21]. Hence, we firstly present a MCGDM problem in which the evaluation information
may be expressed by PLTSs. Then, we utilize the WPLPA and WPLPG operator to support our decision.
In light of the results of Ref. [21], the criteria considered for the assessment of the decision problem are
summarized as follows: (1) teaching (c1); (2) research (c3); (3) service (c3). Let X = {x1, x2, x3, X4, x5}
be the set of five alternatives and C = {c1, ¢, c3} be the set of three attributes. The linguistic scale
is S = {sxJa =0,1,---,8}. Suppose that D = {dy,dy,d3,ds} denotes the set of DMs. Based on the
results of Ref. [22], their evaluations are shown in Tables 1-4.



Symmetry 2017, 9, 320 15 of 21

Table 1. Decision matrix A provided by d;.

€1 € €3

X1 S8 S Se
X2 S¢ S7  S7
X3 S5 Sg 57
Xy S7  S4 Se
X5 S8 S¢ 57

Table 2. Decision matrix A2 provided by d».

1 €2 €3

X1 S6 58 S5
X2 S5 S¢ 87
X3 S7 S6 Sy
Xg4 S8 56 87
X5 S8 Sy Se

Table 3. Decision matrix A3 provided by d;.

1 €2 €3

X1 S7  Sg Se
X2 S4 S5 Se
X3 S8 S7 S6
X4 S7 S5 S8
X5 S¢ S7  Se

Table 4. Decision matrix A* provided by dy.

€1 €2 ¢C3

X1 S6 57 Se
X2 S8 S7  S7
X3 Sy S6 S8
X4 S5 57  Se
X5 S5 S6 S5

5.1. Decision Analysis with Our Proposed Approaches

Based on the proposed approaches of Section 4, we need to fuse the information presented in
the decision matrices A — A* by (17). In the context of GDM, all the PLTSs are contained in the
probabilistic linguistic decision matrix R. Hence, the result is shown in Table 5.

Table 5. The probabilistic linguistic decision matrix R.

1 c 3

x1 {58 (0.25),56(0.5), 57(0.25) } {56 (0.25),55(0.5), 57(0.25) } {56(0.75),55(0.25)}

2 { (0.25), 55(0.25), 54(0.25), s5 (0. 25)} {57 (0.5),56(0.25), 55(0.25) } {57(0.75),56(0.25)}

X3 {55 (0.25),57(0.5),55(0.25) } {Sg (0.25),56(0.5),57(0.25) } {57(0.5),56(0.25),58(0.25)}
X4 { (0.5),55(0.25),55(0.25) } { 4(0.25),56(0.25), 55(0.25), 57(0.25) } {56(0.5),S7(0.25),s8(0.25)}
X5 { (0.5),56(0.25), 55(0.25) } {56(0.5),57(0.5)} {57(0.25),s6(0.5),55(0.25)}
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For Table 5, each PLTS Li]-(p) is assumed to be an ordered PLTS (i = 1,2,3,4,5;j = 1,2,3). In this
case, the weighting vector of the attributes C is w = (wq,wy, w3)T = (0.3,0.4,0.3)T. We use the WPLPA
or WPLPG aggregation operator to analyze the results of Table 5. Based on the above results and the
proposed methods of Section 4, the detailed steps are shown as follows:

Step 2: With respect to the collective matrix R = (L;;(p))sx3, we can find that the number of their
corresponding number of the linguistic terms is not equal. Thus, we normalize the entries of R as
stated in Definition 6. The normalized probabilistic linguistic decision matrix is shown in Table 6.

Table 6. The normalized probabilistic linguistic decision matrix.

c1 2 3
X1 {56(0 5) 58(0 25) 57(0 25) 56(0)} {56(0.75),55(0.25),55(0),55(0)}

X {58(0 25) S(,(O 25) 55(0 25 S4 0 25)} {57(0.75),56(0.25),56(0),56(0)}

Sg 05 S7 025 56(0 25) 56(0)

S7 05 56 025 55(0 25) 55(0)

—N
— N —

X3 {57(0 5) 58(0 25 S5 025 55 } 56 05 Sg 025 57(0 25) 56(0)

{57(0-5)r58(0‘25)/56 (0.25),56(0)}
X4 { (0 5) 58(0 25 S5 0 25 S5 } {57 0 25 56(0 25) 55(0 25) S4(O 25)} {56(0.5),58(0.25),57(0.25),56(0)}

X5 {88(0.5),56(0.25),35(0.25), S5(0)} {57(0.5),56(0.5),56(0),56(0)} {86(0.5),57(0.25),35(0.25), S5(0)}

Step 3: According to the results of Definition 7 and Table 6, the deviation degree between PLTSs
Lij(p) and Lyt (p) (i = 1,2,3,4,5;j,t = 1,2,3) can be calculated by the following equation:

#L(p) , (k k
LoV () — prye
d(Lij(p), Lir(p)) = #L;(p) '
ij

Then, we can calculate the deviation degree of any two L;;(p), respectively. For alternative x1,
the deviation degrees are shown as follows:

d(L11,L1p) = 0.5303; d(Lip, L13) = 0.8292; d(Lyq,Lq3) = 1.2119.
For alternative x,, the deviation degrees are shown as follows:

d(Lp1, Lpo) = 0.9014; d(Lgp, Lp3) = 1.0752; d(Lp1, Lyz) = 1.8114.
For alternative x3, the deviation degrees are shown as follows:

d(La1, Lap) = 0.3536; d(Lap, L3z) = 0.2795; d(Ls1, L3z) = 0.125.
For alternative x4, the deviation degrees are shown as follows:

d(Ls1, L) = 1.0383; d(Lap, Laz) = 0.875; d(L4g, Lsz) = 0.3536.
For alternative x5, the deviation degrees are shown as follows:

d(Ls1, Lsp) = 1.00778; d(Lsy, Ls3) = 0.9185; d(Ls1, Lsz) = 0.5154.

Step 4: Based on the results of Definitions 7 and 8, we can calculate the support of the alternative
x; by using (18) (i = 1,2,3,4,5). The results are summarized as follows:

SMP(LH, L]z) = 0.7938§; sup(Lu,ng) = 0.6775; sup(Ln,ng,) = 0.5287.
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sup(Ly1, Lop) = 0.7620; sup(Lya, Lpz) = 0.7161; sup(Lyy, Loz) = 0.5218.
sup(Ls1, Laz) = 0.5335; sup(Lasp, L33) = 0.6313; sup(Lay, L33) = 0.8351.
sup(Lyy, Lyp) = 0.5419; sup(Lyp, Ly3) = 0.6140; sup(Lyy, Ly3) = 0.8440.

SMP(L51, L52) = 05873, SMP(L52, L53) = 06238, SMP(L51,L53) = (0.7889.

Step 5: In light of the result of Definition 10, we can calculate the support T’ (Lij(p)) of Lij(p) by
all of other Li;(p) (j,t = 1,2,3;t # j) by the following equation:

3
T( = ) wsup(Li(p), Lie(p))-
t=1,t#]

These results are shown as the following matrix:

047613 0.44139 0.42961
046134 0.44343 0.44298
T'(Lj(p)) = | 046393 034944 050305
046996 0.34677 0.49880
047159 0.36333 0.48619

Step 6: With the aid of Proposition 2, we further compute the weight v;» j associated with the PLTS
Lij(p) by the following equation (i = 1,2,3,4,5;j = 1,2,3):

U/“: wj(1+Tl( U(F)))
K E?:leu‘" ,(Lz/( )))

These results are shown as the following matrix:

0.3057 0.3981 0.2961
0.3026 0.3986 0.2988
v; =1 03071 03775 0.3154
0.3085 0.3769 0.3146
0.3082 0.3806 0.3112

Step 7: If the DM prefers the WPLPA operator, then the aggregated value of the alternative x; is
determined based on Equation (12) (i = 1,2, 3,4,5). We denote the aggregated value of the alternative
x; as Z;. The results are:

= WPLPA(L11(p), L12(p), L13(p))
— ((0.9171,0.6114,0.5349,0); (1.5924,0.6967, 0.5972, 0); (1.3325, 0.3701, 0, 0))
= (3.8420, 1.6782,1.1321, 0),

Zy = WPLPA(L21(p), L2a(p), Laz(p))
— ((0.6052,0.4539,0.3738,0.3026); (1.3951,0.5979, 0.4983, 0); (1.5687, 0.4482, 0, 0))
= (3.569, 1.5,0.8766, 0.3026),
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Z3 = WPLPA(L31(p), L32(p), Laz(p))
— ((0.6052,0.4539,0.3738,0.3026); (1.3951,0.5979, 0.4983, 0); (1.5687, 0.4482, 0, 0))
= (3.3113,2,1.5176,0),

Zy = WPLPA(Ly1(p), La2(p), Las(p))
— ((0.6052,0.4539,0.3738,0.3026); (1.3951,0.5979, 0.4983, 0); (1.5687, 0.4482, 0, 0))
= (2.6824, 1.8116,1.4073, 0.3769),

Zs = WPLPA(Ls1(p), Lsa(p), Ls3(p))
— ((1.2326,0.4622,0.3852,0); (1.3322, 1.1419, 0, 0); (0.9336, 0.5446,0.3890, 0))
= (3.4985, 2.1488,0.7742, 0).

If the DM uses the WPLPG operator, then the aggregated value of the alternative x; is determined

based on Equation (16) (i = 1,2,3,4,5). In the same way, we denote the aggregated value of the
alternative x; as Z;. The results are:

Zy = WPLPG(L11(p), L12(p), L13(p))
— ((1.3150,1.1722,1.1603, 1); (1.5127,1.2137,1.1952, 1); (1.4887,1.1265, 1, 1))
— (2.9613,1.6026,1.3868, 1),

Zy = WPLPG(La1(p), L2a(p), L2a(p))
= ((1.1703, 1.1452,1.1295, 1.1106); (1.4738, 1.1955,1.1739, 1); (1.5466, 1.132,1, l))
= (2.6676, 1.5651,1.3259, 1.1106),

Z3 = WPLPG(L31(p), La2(p), Laz(p))
= ((1.3482,1.1731,1.1315,1); (1.4024, 1.2168,1.2016, 1); (1.3592, 1.1782,1.1517, 1))
= (2.5698,1.6818,1.5658, 1),

Zy = WPLPG(Lg1(p), Ls2(p), Lz (p))
= ((1.3500,1.1739,1.1322,1); (1.2012, 1.1839, 1.1637,1.1395); (1.3256,1.1777,1.1654, 1))
= (2.1496, 1.6367,1.5355,1.1395),

Zs = WPLPG(Ls1(p), Lsa(p), Lss(p))
= ((1.3777, 1.1480,1.1320, 1),‘ (1.4482, 1.4064,1, 1); (1.3216, 1.1635,1.1334, 1))
= (2.6367, 1.8784,1.2830, 1).

Step 8: Based on the results of Definition 4, the scores of the alternative x; can be computed,

ie., E(Z;). If the DM uses WPLPA operator to aggregate the decision formation, the scores are
determined as follows:

E(Zy) = 1.6632; E(Z,) = 1.5620; E(Z3) = 1.7072; E(Z4) = 1.5697; E(Z5) = 1.6054.
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If the the DM uses WPLPG operator to aggregate the decision formation, the scores are determined
as follows:
E(Zy) = 1.7379; E(Z;) = 1.6673; E(Z3) = 1.7044; E(Z4) = 1.6154; E(Z5) = 1.6995.

Step 9: If the DM uses WPLPA operator, we can determine the ranking of the scores of the
alternatives based on the results of the Step 8. It is shown as follows:

E(Z3) > E(Z1) > E(Zs5) > E(Zy) > E(Zy).
That is to say, the ordering of the alternatives is:
X3 > X1 > X5 > X4 > Xp.

If the DM uses WPLPG operator, we can obtain the ranking of the scores of the alternatives
as follows:

E(Zy) > E(Z3) > E(Zs) > E(Zp) > E(Zy).
In this situation, the ordering of the alternatives is:
X1 > X3 > X5 > Xp > X4.

5.2. Comparison Analysis

Under the probabilistic linguistic information, Pang et al. [6] have developed an aggregation-based
method for MAGDM. In order to verify the performance of our proposed methods, we compare our
decision results with Pang et al. [6] based on our illustrative example. Torra [13], Merigé et al. [22] and
Zhang et al. [23] also developed some methods for the lingusitic information and GDM. Thus, we also
compare our results with the methods of Refs. [12,22,23]. The decision results are shown in Table 7.

Table 7. The decision results of different methods.

Method Rank

Aggregation-based method of Ref. [6] X3 > X1 > X5 > Xp > Xy

The method with HFLWA of Ref. [23] X3 > X1 > X5 > Xp = X4

The method with HFLWG of Ref. [23] X1 > Xp > X5 > X3 > Xy
Max lower operator of Ref. [12] X3 > Xp = X5 = X4 > Xq
ILGCIA with group decision making of Ref. [22]  x3 > xp > x1 > x4 > x5
Our proposed method with WPLPA X3 > X1 > X5 > X4 > Xp

Our proposed method with WPLPG X1 > X3 > X5 > Xp > Xy

In Table 7, we can find the rank result of the method proposed in Ref. [6] is:
X3 > x1 > x5 > xp > x4. Compared with the decision results of our proposed method with WPLPA,
the aggregation-based method with PLTSs can select the same best candidate, i.e., x3. Meanwhile,
for the WPLPG, the best candidate is x;. Under the result of Ref. [23], HFLWA has the rank:
X3 > X1 > X5 > xp = x4. Meanwhile, the ranking of HFLWG is x1 > x2 > x5 > x3 > x4. By using the
max lower operator of Ref. [12], we can find the rank is: x3 > xp = x5 = x4 > x1. For ILGCIA with
group decision making of Ref. [22], the result is x3 > x7 > x1 > x4 > x5. On the MCGDM problems
under linguistic environment, we introduced our model to achieve the same acceptable performance
with the existing techniques or to improve upon them. Unlike the existing models considered in this
paper, our model contains probabilities which normally help in getting a comprehensive and accurate
preference information of the DMs [6]. In Ref. [3], for instance, the developed approaches take all the
decisions and their relationships into account, and the decision arguments reinforce and support each
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other, but since probabilities were not considered, the accuracy of preference information of the DMs
might be questionable. In addition, without the PLTS, it might not be easy for the DMs to provide
several possible linguistic values over an alternative or an attribute. This situation translates into some
kind of limitation of the model proposed in Ref. [3] inspite of the power average (PA) involvement in
the aggregation process.The PLTSs itself as a theory has some limitations . In general, WPLPG applies
to the average of the ratio data and is mainly used to calculate the average growth (or change) rate of
the data. From the trait of Table 6, the WPLPA is much better than WPLPG.

6. Conclusions

With respect to the support and reinforcement among input arguments with PLTSs, we introduce
PA into the probabilistic linguistic environment. Meanwhile, we develop the corresponding new
operators, i.e., the PLPA, PLPG, WPLPA and WPLPG operators. In light of the PLMCGDM, we describe
the decision-making problem and design corresponding approaches by employing the WPLPA and
WPLPG. In this paper, we expanded the applied field of the original PA and enrich the research work
of PLTSs. Future research work may focus on exploring the decision-making mechanisms when the
weight information is unknown or incomplete and developing some new generalized aggregation
operators of PLTSs. In addition, we also deeply investigate a more complex case study with more
alternatives and criteria.
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