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Abstract: Extended hesitant fuzzy sets (EHFSs), which allow the membership degree of an element
to a set represented by several possible value-groups, can be considered as a powerful tool to express
uncertain information in the process of group decision making. Therefore, we derive some correlation
coefficients between EHFSs, which contain two cases, the correlation coefficients taking into account
the length of extended hesitant fuzzy elements (EHFEs) and the correlation coefficients without taking
into account the length of EHFESs, as a new extension of existing correlation coefficients for hesitant
fuzzy sets (HFSs) and apply them to decision making under extended hesitant fuzzy environments.
A real-world example based on the energy policy problem is employed to illustrate the actual need
for dealing with the difference of evaluation information provided by different experts without
information loss in decision making processes.
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1. Introduction

When people make a decision, they are usually hesitant and irresolute for one thing or another,
which makes it difficult to reach a final agreement, that is there usually exists a hesitation or uncertainty
about the degree of sureness about the final decision. Torra et al. [1,2] proposed the hesitant fuzzy
set, which permits the membership to have a set of possible values, and discussed the relationship
between hesitant fuzzy sets and Atanassov’s intuitionistic fuzzy sets [3]. The hesitant fuzzy set is a very
useful tool to deal with uncertainty; more and more decision making theories and methods under the
hesitant fuzzy environment have been developed since its appearance. Yi [4] gave some properties
of operations and algebraic structures of hesitant fuzzy sets. Xia and Xu [5] proposed hesitant fuzzy
information aggregation techniques and their application in decision making. Then, Xu and Xia [6]
introduced a variety of distance measures for hesitant fuzzy sets and their corresponding similarity
measures. Meanwhile, Xu and Xia [7] defined the distance and correlation measures for hesitant fuzzy
information and then discussed their properties in detail. Xu et al. [8] developed some hesitant fuzzy
aggregation operators with the aid of quasi-arithmetic means and applied them to group decision
making problems. Gu et al. [9] investigated a evaluation model for risk investment with hesitant fuzzy
information; they utilized the hesitant fuzzy weighted averaging operator to aggregate the hesitant
fuzzy information corresponding to each alternative and then ranked the alternatives and selected
the most desirable one(s) according to the score function for hesitant fuzzy sets. Wei [10] developed
some prioritized aggregation operators to aggregate hesitant fuzzy information and then applied
them to hesitant fuzzy multiple attribute decision making problems, in which the attributes are at
different priority levels. Alcantud et al. [11] introduced a novel methodology for ranking hesitant
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fuzzy sets and built on a recent, theoretically-sound contribution in social choice. Chen et al. [12]
proposed some correlation coefficient formulas for hesitant fuzzy sets and applied them to clustering
analysis under hesitant fuzzy environments. Additionally, a position and perspective analysis of
hesitant fuzzy sets [13] is given to show the important role of hesitant fuzzy sets on information fusion
in decision making.

However, hesitant fuzzy sets have some drawbacks. if the two decision makers (DMs) both assign
the same value, we can only save one value by the hesitant fuzzy element and lose the other one, which
appears to be an information loss problem of HFSs. Further, since generally the DMs have different
importance in group decision making [14,15] due to their different social importance, position in the
group, previous merits, etc., for example, the loss of information provided by the leading DM may
lead to ineffective results.

To resolve the information loss problem, Zhu and Xu [16] introduced the definition of EHFS,
which is an extension of the hesitant fuzzy set [1,2]. EHFSs can better deal with the situations that
permit the membership of an element to a given set having value-groups, which can avoid giving
DMs’ preferences anonymously that cause information loss. EHFSs increase the richness of numerical
representation based on the value-groups, enhance the modeling abilities of HFSs and can identify
different DMs in decision making, which expand the applications of HFSs in practice.

Correlation is one of the most broadly applied indices in many fields and also an important
measure in data analysis and classification, pattern recognition, decision making, and so on [17-23].
As many real-world data may be fuzzy, the concept of correlation has been extended to fuzzy
environments [21,24-26] and intuitionistic fuzzy environments [27-33]. For instance, Gerstenkorn and
Manko [27] introduced the correlation coefficients of intuitionistic fuzzy sets. Hong and Hwang [26]
also defined them in probability spaces. Mitchell [31] derived the correlation coefficient of intuitionistic
fuzzy sets by interpreting an intuitionistic fuzzy set as an ensemble of ordinary fuzzy sets. Hung
proposed a method to calculate the correlation coefficients of intuitionistic fuzzy sets by means of
the centroid. Because of the potential applications of correlation coefficients, they have been further
extended by Bustince and Burillo [32] and Hong [33] for interval-valued intuitionistic fuzzy sets.
Several new methods of deriving the correlation coefficients for both intuitionistic fuzzy sets and
interval-valued intuitionistic fuzzy sets have also been proposed in [18]. In 2013, Chen et al. [12]
proposed correlation coefficients of hesitant fuzzy sets and their applications to clustering analysis.
Thus, we urgently need to put forward the correlation coefficients of EHFSs to deal with these problems.
In this paper, we further introduce the correlation of EHFSs, which is a new extension of the correlation
of hesitant fuzzy sets and intuitionistic fuzzy sets. Then, we utilize the weighted correlation coefficient
to solve extended hesitant fuzzy group decision making problems in which attribute values take the
form of extended hesitant fuzzy elements.

The remainder of the paper is organized as follows: In Section 2, we review some basic notions of
hesitant fuzzy sets and EHFSs; the correlation coefficients between hesitant fuzzy sets are given as
a basis of the main body of the paper in the next section. In Section 3, we propose some correlation
coefficients between EHFSs, which contain two cases: the correlation coefficients taking into account
the length of EHFEs and the correlation coefficients without taking into account the length of EHFEs.
In Section 4, we present methods to deal with group decision making based on extended hesitant
fuzzy information, and an example is given to show the actual need for dealing with the difference
of evaluation information provided by different experts without information loss in decision making
processes. Finally, in Section 5, some conclusions are given.
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2. Preliminaries

In this section, we carry out a brief introduction to EHFSs and correlation coefficients of HFSs as
a basis of the main body of the paper.

2.1. Several Basic Concepts about HFSs and EHFSs

Torra et al. [1,2] firstly proposed the concept of a hesitant fuzzy set, which is defined as follows:

Definition 1. Let X be a fixed set; a hesitant fuzzy set A on X is defined in terms of a function h, that
when applied to X returns to a finite subset of [0,11, which can be represented as the following mathematical
symbol [1,2]:

A={<xha(x)>|x€X|}, (1)

where h4(x) is a set of some different values of [0,1], denoting the possible membership degrees of the element
x € X to A. For convenience, we call ha(x) a hesitant fuzzy element denoted by h.

Zhu et al. [16] defined an EHFS, which is an extension of the hesitant fuzzy set, in terms of
a function that returns a finite set of membership value-groups.

Definition 2. Let X be a fixed set, hp(x) = U, enpxy{7p} (D = 1,..,m) be HFSs on X. Then,
an EHFS that is Hy,,, is defined as [16]:

Hy, (x) = hy(x) X o X Iy (x) = U {<x, (11(x), 0, ym(x)) > |x € X} (2)
Y1€M1 (%), 72€h2 (%) e Yim Elm (x)

For convenience, we call:

H = Iy, o, iy = U {1y} )
1€ (%), 72E02(X) 00y Ym €1 (X)

an extended hesitant fuzzy element (EHFE) and let u = (71, ..., Ym); then, we call u a membership unit
(MU), Based on 1, an EHFE H, can also be indicated by:

u€hmy (x) Y1€M (%), 72€h2(X),, Ym €M (x)

From Definition 2, we can see that EHFS increases the richness of numerical representation
based on the value-groups, enhances the modeling abilities of hesitant fuzzy sets and can identify
different decision makers in decision making processes, which expand the applications of hesitant
fuzzy sets in practice. HFSs can be used to construct EHFSs. On the contrary, EHFSs can reduce to
HFSs. The existing sets, including fuzzy sets, intuitionistic fuzzy sets, fuzzy multisets, type-2 fuzzy
sets, dual hesitant fuzzy sets and especially hesitant fuzzy sets, can handle a more exemplary and
flexible access to assign values for each element in the domain.

Example 1. Let X = {x1, xp} be the reference set, H(x1) = {(0.2,0.4),(0.2,0.5), (0.3,0.4), (0.3,0.5) } and
H(x;) = {(0.1,0.4),(0.1,0.5) } be the EHFEs of x; (i = 1,2) toa set A, respectively. Then H can be considered
asa EHFS, i.e.,

A= {< x1,{(02,04),(0.2,0.5),(0.3,0.4), (0.3,0.5)} >, < x,{(0.1,0.4), (0.1,0.5)} >}.

To compare the EHFEs, Zhu et al. [16] gave the concepts of score function and deviation function:
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Definition 3. For an MU, u = (1,..., Ym), then we call s(u) = (1/4u) ¥,y v the score function of u,
where fu is the number of memberships in u. For any two MUs, uq and uy, if s(uq) > s(uy), then uy > up;
if s(uq) = s(up), then uq ~ uy, where “=" denotes “be superior to” and “~" means “be indifferent to” [16].

Definition 4. For an MU, u = (7y1,...,Ym), let s(u) be the score function of u, then we call p(u) =
[(1/8u) Zyeu (v — s(u))?]"/? the deviation function of HFSs, where fu is the number of memberships in
u[16].

Based on the score function and the deviation function, we develop the following comparison law.

Definition 5. Let uq and uy be two MUs, s(uy) and s(uy) the scores of uy and uy, respectively, and p(uq) and
p(uy) the deviation degrees of uy and u,, respectively, then [16]:

(1) ifs(uy) < s(up), then uq < up;

(2) ifs(uy) = s(uy), then
(1) if p(u1) = p(ua), then uy is equivalent to uy, denoted by uy ~ uy;
(2) ifpluy) < p(uZ), then uy is superior to uy, denoted by uy = uy;
(3) if p(ur) > p(uy), then uy is superior to u, denoted by uy < us.

The comparison laws of fuzzy set theory [1,4,16,34] play an important role in decision making
problems, and the score function and accuracy function of EHFEs are the basis of the main body of the
next part.

2.2. Correlation Coefficient of Hesitant Fuzzy Sets

Correlation coefficients are an effective tool for addressing the relationship between elements
with uncertain information that have been deeply studied [21,24-27]. Chen et al. [12] introduced the
informational energy, correlation and correlation coefficients of hesitant fuzzy sets. For a hesitant
fuzzy element h, let ¢ : (1,2,..,n) — (1,2,...,n) be a permutation satisfying hg(]-) > hg(]-ﬂ) for
j=12,..,n—1and hy;) be the j-th largest value in /1; the informational energy of hesitant fuzzy sets
is given as follows:

Definition 6. Let A be a hesitant fuzzy set on a universe of discourse X = {x1,x2,...,X,} denoted as
A ={< xj,ha(x;) > |x; € X}. Then, the informational energy of A is defined as [12]:

1

Eprs(A) = i(l

h Ac(j) (xi)), )

where I; = 1(ha(x;)) represents the number of values in hy (x;), x; € X.

Definition 7. Let A and B be two hesitant fuzzy sets on a universe of discourse X = {x1, X2, ..., X, } denoted as
A= {< xj,hp(x;) > |x; € X} and B = {< x;,hp(x;) > |x; € X}, respectively. Then, the correlation
between A and B is defined as [12]:

Curs(A,B) = Z ZhAa(]) xXi)hpe () (i), (6)
i=1

here, I; = max{l(ha(x;)),1(hp(x))} for each x; in X, where [(h(x;)) and I(hg(x;)) represent the number
of values in ha(x;) and hg(x;), respectively. When 1(ha(x;)) # l(hp(x;)), one can make them have the
same number of elements through adding some values to the hesitant fuzzy element, which has less values.
According to the pessimistic principle, the smallest element will be added. Therefore, if I(ha(x;)) < I(hp(x;)),
ha(x;) should be extended by adding the minimum value in it until it has the same length as hp(x;).
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Definition 8. Let A and B be two hesitant fuzzy sets on a universe of discourse X = {x1, X, ..., Xn }, denoted as
A= {< xj,hp(x;) > |x; € X} and B = {< x;,hp(x;) > |x; € X}, respectively. Then, the correlation
coefficient between A and B is defined as [12]:

CHFS(A B) Zln 1(1 = 1hA0(] (xl)hBa(]) (XZ))
C (AA)\/C (B,B :
/Crirs(A,A)/Chrs(B,B) \/Z Y AU/) \/ZZ 107 5 Bl,(j (1))

prrs(A,B) = @)

Theorem 1. The correlation coefficient between two hesitant fuzzy sets A and B satisfies the following
properties [12]:

(1) purs(A,B) = purs(B, A);
(2) 0<pnrs(AB) <1,
(3) PHFS(A/B> =1, lfA = B.

3. Correlation and Correlation Coefficients of EHFSs

The correlation and correlation coefficients of hesitant fuzzy sets were introduced by Chen et al. [12]
to solve practical decision making problems. In this section, we introduce the informational energy,
correlation and correlation coefficients of EHFSs as a new extension.

Let X = {xq,x2,...,X,} be a discrete universe of discourse, A be a EHFS on X denoted as
A= {<x;,Uy,er,{ua(xi)} > |x; € X}. The MUs of an EHFE are usually given in disorder, and for
convenience, we arrange them in a decreasing order. Based on Definitions 3-5, for a EHFE H, let o :
(L,2,.,n) — (1,2,...,n) be a permutation satisfying i, (;y = ty(j;1), i = 1,2...,n — 1 and H,; be the j-th
largest value in H. Asis shownin Example 1, A = {< x1,{(0.2,0.4), (0.2,0.5),(0.3,04), (0.3,0.5)} >, <
x2,{(0.1,0.4),(0.1,0.5)} >}, so we obtain that EHFEs H(x;) = {(0.2,0.4), (0.2,0.5), (0.3,0.4), (0.3,0.5) }
and H(xp) = {(0.1,0.4), (0.1,0.5)}, according to Definitions 3-5, as s((0.2,0.4)) = 0.3 < 5((0.2,0.5)) =
0.35 ~ $((0.3,0.4)) = 0.35 < 5((0.3,0.5)) = 0.4 and p((0.2,0.5)) = 0.2121 = p((0.3,0.4)) = 0.071,
then Hy (x1) = {(0.3,0.5), (0.3,0.4), (0.2,0.5), (0.2,0.4)}; similarly, H, (x) = {(0.1,0.5), (0.1,0.4)}.

It is noted that the number of values in different EHFEs may be different. To compute the
correlation coefficients between two EHFSs, let tH = max{l(Ha(x;)),!(Hg(x;))} for each x; in X,
where I[(Hy(x;)) and I(Hp(x;)) represent the number of MUs in Hy(x;) and Hp(x;), respectively.
When I(H4(x;)) # [(Hp(x;)), one can make them have the same number of MUs through adding
some elements to the EHFE, which has less MUs. Similarly, fu = max{l(u(x;)), u(x;))} for each x; in
X, where I(u4(x;)) and I(up(x;)) represent the number of values in 14 (x;) and ug(x;), respectively.
Motivated by the optimized parameter, Zhu et al. [16] gave the following definitions.

Definition 9. For a MU, u = (y1,..., Ym}, let u= = min{y|y € u} and ut = max{y|y € u} be the
minimum and maximum memberships in u, respectively, and ¢(0 < ¢ < 1) be the optimized parameter, then we
call ¥ = gu™ + (1 — ¢)u™ an added membership [16].

For two EFHFEs with different numbers of MUs, we further utilize the optimized parameter to
obtain an MU.

Definition 10. Given an EHFE, Hy, = U, eny, . qmein L (Y15 Ym) } (D = 1,...,m), let hy; and hi; be the
minimum and maximum memberships in hp, respectively, and ¢(0 < ¢ < 1) be the optzmzzed parameter,
then an added MU is defined as il = (1, ..., Ym), where ¥ = ¢gu™ + (1 —¢)u™ (D ., m) [16].

Similar to the existing works [12], we define the informational energy for EHFSs and the
corresponding correlation.
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Definition 11. Let A be an EHFS on a universe of discourse X = {x1,x,...,xn}, denoted as A = {<
xi, Uyer{u(x;)} > |x; € X}. Then, the informational energy of A is defined as:

n tH fu )
Eeres,(4) = ) f&{ Zlkz ewi (o LT E )P (k) € Hx)Y),  ®)
i= j

where §H and fu are the number of MUs in H and values in MU u, respectively, Ss is a function that indicates
a summation of all values in the set of u”")(x;) in H(x;), 7% (x;) is the k-th largest membership in u to
x; € X and u)(x;) is the j-th largest MUs in H.

Definition 12. Let A and B be two EHFSs on a universe of discourse X = {x1,xy,...,xn}, denoted as
A = {< x,Uy,en{ua(x)} > |x € X}and B = {< x;,Uypen,{up(x;)} > |x; € X}, respectively.
Then, the correlation between A and B is defined as:

n u

1
Cenrs, (A, B) ;ﬁ? (L)

k k)
(U2 (eus) 'y?k)(x')eug(j)(v){’)/% Y vy ® ()| () € Ha(x),
] 1 k:l 1 7 1 1

A

)
3" (x) € Hy(x)})),
here, j:IH = #H, = #Hp, fu = fua = fup, Ss is a function that indicates a summation of all values in the

set of u?U) (x;) in H(x;), 'y;( )(xl) and 'ya( )( ;) are the k-th largest memberships in u 4 and up, respectively,
and u ol )( i) and u‘r(] ) (x;) are the j-th largest MUs in H, and Hp, respectively.

It is obvious that the correlation of two EHFSs satisfies the following properties:

(1) Cerrs, (A, A) = Egnrs, (A);
(2) Cenrs, (A, B) = Cnrs, (B, A).

Definition 13. Let A and B be two EHFSs on a universe of discourse X = {x1,xy,...,xn}, denoted as
A = {< x,Uyen{ua(x)} > |x € X}and B = {< x;,Uypen,{up(x;)} > |x; € X}, respectively.
Then, the correlation coefficient between A and B is defined as:

Cenrs, (A, B)

PEHFS, (A, B) (10
' \/ Cerrs, (A, A) \/ Cenrs, (B, B)
where
Cenrs, (A, B) = 1; TH> (/; kzl(uvi(”(xz)euA( ) 450 (1,)¢ ugm(xi){ﬂ( Y v () U (xi) € Ha(xi),

W50 (%) € Hy(xp)})),

AR @) (x) € Hax)}),
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Theorem 2. The correlation coefficient between two EHFSs A and B satisfies the following properties:

(1)

penFs, (A, B) = penrs, (B, A);

(2) 0<pgurs,(A,B) <1,

(3) PEHFSl(A/B) :1/ lfA:B
Proof.

(1) Itis straightforward.

@

The inequality pgprs, (A, B) > 0 is obvious. Below, let us prove pgprs, (A, B) < 1:

no1 o1 EH fu o (k) o (k) a(f) o(j)
=) Tﬁsg( (uﬂ(k)(x_)@:(f) 7;;(")(:(-)6“;(”(xv){%‘\ (xi)vp” (xi)luy” (xi) € Ha(xi), ug” (x;) € Hp(x:1)}))
iz j=1k=1 i ’ ! !
1 1 tH fu o(k) o (k) a(j) ())
- tH tTuSS( ( SARICEIAL 'Yg(k)(m)ettg(f)(xﬁ{'YA (x1)vp (xa)[uy " (x1) € Ha(x1),up” (x1) € Hp(x1)}))+
j=1k=1 ’
1 tH fu o (k) a(k) a(f) a(j)
i > (U100 ey e 10 (xy)ea ey 174 (X2)75 0 (12)a” (32) € Ha(x2),up™ (x2) € Hp(x2)})) + -t
j=1k=1 ’
11 $H fu (k) o(k) a(j) ()
ﬁﬁ?ss( (Uyz(k)(x YeuT A5 ey eug (x ){'YA (xn)vp" Gen)|iy” (xu) € Ha(xn), ug” (xn) € Hp(xn)}))
k=1 " ’ " "
1 fu (k) a(j)
jZH: Wss(zk:l( 7”(k)(x1)euA(]){'YA (x1)[uy" (x1) € Ha(x1)}))
= VEH
1 u a(k) o(j)
2S5 (D (U gt oy (75 COIG (1) € Hn()))

ViH *

o ST (U, o {7 (1) |45 (x2) € Ha(x2)}))
YA (x2) A .

cu
j=1 \% hH
i Ss (T (U ot (1 o0 ) 75 () 05 (2) € Hp(32)})
Nivzi + ot
o S (T (U ety e 73 (o)l (0n) € Ha(wn))))
=1 ViH
ﬁluss (Zlﬁcuzl (Uzyg(k)(x”)eugg)(xn){yg(k) (xn)lug(j)(xn) € Hpg (Xn)}))

ViH '
using the Cauchy-Schwarz inequality:

(X191 + X2Y2, ooy XY )? < (X2 + 23+, .0, x2) (Y3 + Y3+, ., Y2),
where (x1, X2, ..., x4) € R", (y1,Y2, ..., y") € R"; we obtain:
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(Cerres, (A, B))?

< S jziizl oy (TR G0 ) € Fa (o) 1)+
S jé;zl o ){wA”( 222 (12) € Hai2) 1) + o+
S fzi:zl et T8 )0 35) € A () )
x [ﬁ}{ﬁlusxjflé(uﬂ(m(n)eugﬁ(ﬁ){(v%“”(xﬁ)%ug(” (11) € Hy(x1) D)+
LT 35U i (05 ) P10 () € Hp () + o
H fu oo e (e)ep ()
ﬁfﬁsﬁi :21 (U5 oy oy (T80 G 2157 35) € Fip () 1)
-1 ﬂljfusxf_fliz”lwm(xi)eu;m(xi){wz“‘)<xz->>2|u2<f><xi> € Ha(x)}))]x

z m%@ Y2 (U s {75 ()Pl (3) € Hn(e) 1)

Therefore,

Cenrs, (A, B) < \/CEHFSl (A A)- \/CEHFsl(B/B)'
Therefore, 0 < pgprs, (A, B) < 1.

@) A=B=7"(x) =59 (x;),xi € X = pEnrs, (A, B) = 1.
O

Based on the concepts of HFSs, EHFSs and their informational energies, the correlations and the
correlation coefficients, we can easily obtain the following remark:

Remark 1. If EHFSs reduce to HFSs, the informational energy, the correlation and the correlation coefficient

about EHFSs will reduce to the informational energy, the correlation and the correlation coefficient about
HEFSs, respectively.

In what follows, we give a new formula of calculating the correlation coefficient, which is similar
to that used in HFSs [12]:

Definition 14. Let A and B be two EHFSs on a universe of discourse X = {x1,xp,...,xn}, denoted as
A = {< x,Uyendualx)} > |x € X}and B = {< x;,Uypen,{up(x;)} > |x; € X}, respectively.
Then, the correlation coefficient between A and B is defined as:

Cenrs, (A, B) (11)
max{Ceprs, (A, A),Cerrs, (B, B)}

PEHFS, (A, B) =

Theorem 3. The correlation coefficient of two EHFSs A and B, ppprs, (A, B), follows the same properties
listed in Theorem 2.



Symmetry 2017, 9, 47

Proof.

9 of 21

The process to prove Properties (1) and (3) is analogous to that in Theorem 2; we do not repeat

it here.
(2) pEHFs, (A, B) > 0is obvious. We now only prove pgprs, (A, B)
Based on the proof process of Theorem 2, we have
Cenrs, (A, B) < \/CEHFsl(A/A) : \/CEHFsl(B/B)r

and then

Cenrs, (A, B) < max{Cgprs, (A, A), Cenrs, (B, B) };
thus, PEHF52 (A, B) S 1. O

Example 2. Let A and B be two EHFSs in X = {x1,x,}, and

<1

A ={< x1,{(03,04,05),(0.3,0.4,0.6)}, < x5, {(0.4,0.3,0.2), (0.4,0.3,0.1), (0.4,0.3,0.5)} >},

B = {< x1,{(0.1,02,05)}, < x,{(0.4,0.4,0.2), (0.4,0.4,0.1)} >}.

By applying Equation (9), we calculate:

n 1 iH fu .
Crrirs, (A, A) = Egpirs, (A z 8L Y (U {30 )21 (x1) € Halxi)}))
i—1 H fu j=1k=1 Ta (xl>E”A (%)
1.1, 0 2 NI 2 2 1.1 5 2 2
5[3(03 +04°+0.5 )+§(0.3 +04°+0.6 )]+§[§(0.4 +0.37 +0.29)
1

1
+3(0 42+ 03%+0.12%) + §(0~52 +0.3% +0.4%)]

= 0.3017,

and similarly:
H

E=s
E=3

tt‘H
M

@~

u

n
Cenrs, (B, B) = Egyrs, (B) = Z TH
i1

]=lk 1

1
[5(012+022+052)><2}+

N\’—‘

+ 5(0.42 +0.4% +0.15%)]

= 0.2147.

With ¢ = 0.5, we obtain:

Cenrs, (A, B)

Il

M:
==
T -
T~
o
L

St 00 eutD) g ® (e eng

Il
—_

(05 % 05404 x 02403 x 0.1) + 3(0.6><0.5+0.4><0.2+0.3><O.1)]

Q| =

[

[ ! 5 (04X 04+03x 04402 x015)

~(04 % 04+03x04+02x0.1)]

(04 x 04403 x 0.4+ 0.5 x 0.2) +

m *—‘WHN\H
W=

= 0.2372.

e {75 )2 () € Hp(x))))

1 1
3 (042 4+ 0.42 +0.22) + 3 (0.42 4+ 0.4% +0.12)

oy 72 G5 el () € Ha (i), uig? (i) € Hp(xi)})

Finally, we can calculate the correlation coefficient prprs, (A, B) as:

Cenrs(A,B) 0.2372 _
pEHFSl(A B) = \/Cenrs(A,A)\/Cenrs(B,B) V03017102147 0.9320,

and similarly, we can calculate the correlation coefficient pgfrs, (A, B) as

_ Cenrs(A,B) 02372 _
PEnFs; (A, B) = max{CEHFSE(HAF/SA)rCEHFS(BrB)} 03017 — 0-7862.

From Example 2, we can find that different results are obtained by extending different values in

the short EHFE, so we present several new correlation coefficients of EHFSs, not taking into account
the length of EHFEs and the arrangement of their possible value-groups.
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Definition 15. Let H4 and Hp be any two MUs with uy € H 4, then:

d(ua, Hp) = miny,cmy, Y |’Yi(i) - ’Y‘;(i)| (12)
o(i)

Ya EuA,'yg(i)euB
is called the distance between the value u s in Hy and the EHFE Hp; by ug, we denote the value in Hp
such that d(u, Hp). Ifthere is more that one value in Hp such that d(u, Hg), then ug = min{uglug €

Hg, Y. o) |fyA 7g(i)|} = d(u,, Hg). For convenience, ugr = {yp } and ugy = {ya }.

Yu €U A,’yB eu A
It is obvious that the above distance d(u 4, Hp) satisfies the following properties:

(1) d(uA/ HB) = d(HB/ MA),'
() 0<d(u,Hp) <1/
o(i) _ o)

(3) d(ua,Hp) = 0if and only if uy = up for any up € Hp, where uy = up means vy, = 75/,

o (i) o(i)

Ya €up ArYB € uy.

Definition 16. Let A and B be two EHFSs on a universe of discourse X = {x1,xy,...,xn}, denoted as
= {< %, Uy en, {ua(xi)} > [x; € X}and B = {< x;,Uypen, {up(xi)} > |x; € X}, respectively.
Then, the correlation between A and B is defined as:

Conrs(AB) = L gpr o5 ; g et o (TR G5 Gl ()

)
1 1 £Hp (x;) fup(x;)

SCY X U ﬂj)(xi){vg(k)(x,-mﬁ (=) 5" (x;) € Hy(x)})),

EHA(xi)}))+mms B SR M GO

where $H 4 and §Hp are the numbers of extended hesitant fuzzy elements H 4 and Hp, respectively. Additionally,

'yi(k) (x;), f&(’k) (x7), 'yg(k) (x;) and 'yg,(k) (x;) are shown in Definition 15.

It is easy to prove that the above correlation Cyrs, (A, B) satisfies the following theorem:

Theorem 4. Let A and B be any two EHFSs in X; the correlation Cgprs, (A, B) satisfies:

(1)  Cenrs, (A, B) = Cenrs, (B, A);
(2) CEHPsz (A A) = ZEEHFSQ(A) with Epgrs,(A) = Y1 g mm s

Hp(xi i
() TR U o0 0y LR @217 () € Ha(x)}).
According to the correlation of EHFSs, the correlation coefficient of EHFSs is given as follows:

Definition 17. Let A and B be any two EHFSs in X; the correlation coefficient between A and B is defined as:

C A,B
\/EEHFS2 JEEHFs, (BA) + \/EEHFS2(B)EEHFSZ (AB)
where:
Eenrs,(A) = Ty gy sy Ss (T O oAt (U {30 )21 (x) € Ha(x)}))
2 i=1 §Hu (x;) fua ’yZ(k)( )Eu (x) ’)/A i A ! At ’
Exnrs, (B) = Tt gt ey S5 (Tt Tet™ (U et 0 o L5 () Pl (x1) € H () }),

Eetirs, (A®) = Tl gty fia S (it ) ™ (U (/k>(xi)eu;<f>(xi){(72/ ()2l (x) € Ha(x)}),
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Eenrs, (BY) = i1 sty )WSS(Z”HB A 2 ()l (x){(WBE J(x))2ug? (x) € Hp(x)})-

Theorem 5. The correlation coefficient pprrs, (A, B) for any two EHFSs A and B in X satisfies:

(1) penrs; (A, B) = penrs, (B, A);
(2) 0<pgurs,;(A,B) <1,
(3)  penrs,(A,B) =1,if A=B.

Proof.

(1) Itis straightforward.
(2) From Definition 17, it is apparent that pgyrs,(A,B) > 0. For ppyrs,(A,B) < 1, using the
Cauchy-Schwarz inequality:

(X191 + X2Y2, s XY ) < (x1 + X3+, X0) (V3 + Y3+, VA,

where (x1, X2, ..., x4) € R", (y1,Y2, .., y") € R", we drive:
1 1H, (xz) fua(x;) (k) (k) U’(j) 5
Cammanm™ 5 G 05 @05 @00 @) € Hae))
i =1 k=1 !
1 1 fHA(x1) fua(x1)

I(mmss( ]:21 Z (Uﬂ‘(k)( '7(/) {’YA (xl)’YB/ (x1)|uA (x1) € Ha(x1)}))+

1 1 Ha(x2) fua(x2)
mmss( 21 ijl (Uy‘jk)(xz)eu‘;(”(xz){“ J(x2)7 (1) | (x2) € Ha(x2)}) + ot
s R -
1 1 BHA (xn) 1 (xn) (k) 5
(ﬁHA(xn)ﬁuA(xn)Ss( r kZ (Uﬂm( el (x {’YA ()7 () [ (x) € Ha(xa)})))
= k=
fHa(x1) fua(x) o (k) .
! ARG R RV
“Gne ™ L & Yees e i m) e jlia” () € HaG b))+
HA(x2) fua(x2) o (k)
1 Yo (x2) 73/ )(x2) ()
—F—Ss U, ol H
(tiuA(xz) (]:1 L (Y00 (10 () () \/ﬁHA(xz)W (x2) € Ha(x2)})) + ...t
BH A (xn) fua (xn) o(k) a(k) .
1 Y Xn) g (%n)
(S (e o s TE L0 (1) € i)
j=1 k=1 n n
1 #Ha (x;) fua(x;) o(h)
ZﬁHA ) $1ia(x;) = (U'y%k)(xi)eu‘;(j)(xi){(’VA (x )) |MA (i) € Ha(x)})))-
s -
1 BHA(x;) ua(xi) (k)
ZﬂHA mss( o (U'y:(,k)(xi)ELtz(j>(xi){(rYA/ (x)2|u7 (x1) € Ha(x)})
= Ceprs, (A, A) - Ceprs, (B, B).
Namely,
Ha (%, 1 ok
- ﬂwj( SETREIRN I v (U L O ARICDITANED €
Ha(xi)}))) < \/EEHFsz A)Egprs, (BA).
Similarly, one can have
H 1
?1<uH;<x,>ﬁuB 7S (T T U o ) iy (75 )73 () a5 () €

Hp(x;)}))) < \/EEHFSZ B)Egmrs, (AB).
Thus,
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Cenrs, (A, B) < \/EEHFSZ(A)EEHPSZ(BA) + \/EEHFSZ(B)EEHFSZ(AB)
The result is obtained.
() A = B = Cgpurs,(A/B) = Egnrs,(A) = Egurs,(BY) = Ernrs,(B) = Egnrs,(AP)=
PweHFs; (A, B) = 1.
O
Similar to the correlation coefficient of Definition 14, a modified form of the correlation coefficient
of EHFSs is defined by:

Cenrs; (A, B) . Cerrs,; (B, A)

PEHES, (A, B) ) (14)
\/EEHFSZ )EEHrs, (B4) \/EEHFsz(B)EEHFsz(AB)

where:

Cenrs, (4 B) = Ll (g, gy S (it TR (U o ) iy (74 )75 (el (x0) € Ha(xi)}),

Crnrs, (B, A) = T (ke 5y So (D ) 2590 (U o {5 e )l (x;) € Ha(xi)})-

75 (i) e (i)
Theorem 6. The correlation coefficient ppprs, (A, B) for any two EHFSs A and B in X satisfies:

(1) penrs, (A, B) = penrs, (B, A);
(2) 0 <penrs,(A,B) <1,
(3)  penrs,(A,B) =1,if A= B.

Proof. Similar to the proof of Theorem 2, we can easily obtain the conclusions. [

Inspired by Definition 14, the correlation coefficients of EHFSs, for any two EHFSs A and B in X,
are defined as follows:

Cenrs, (A, B)
A,B) = 2 , 15
Perrss (4, B) max{Egprs,(A), EEnrs, (BA)} + max{Egyrs, (B), EEnrs, (AB)} (15)
1 Cenrs, (A, B) Cenrs, (B, A)
A/B = 5 3 3 ’ 16
perrs;(4,B) 2 max{Egqrs,(A), EEnrs, (B4)} maX{EEHFSZ(B)rEEHFSZ(AB)}) (16)

Theorem 7. The correlation coefficients pgprs, (A, B) (i = 5,6) for any two EHFSs A and B in X satisfies:
(1) penrs;(A, B) = penrs,; (B, A);

(2)  0<penrs,(A,B) <1;

(3) pEHFSi(ArB) =1, ifA = B.

Proof. Similar to the proofs of Theorems 2 and 5, the conclusions obviously hold. O

Example 3. Now, we calculate Example 2 by the new correlation coefficients ppyrs,(A, B) (i = 3,4,5,6)
without taking into account the length of EHFEs.

The calculation process is given as follows:

n .
Eenrs:(4) = 1 7 e ey e 2 2 w0 o L3 G213 (1) € Ha(x)}))
1.1 0 2 2 1 2 2 2y 1100 2 2
fi[g(o.s +04°405 )+§(0.3 +04°40.6 )]+§[§(0.4 +0.3°4+0.27)
1

1
+3(0. 4% 4032401%) + 5(0-52 +0.3%2 +0.4?)]
=0.3017,
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1 #Hp (x;) fup(xi)

a(k) (. \\21,,70) (o )
EEHFSZ ZﬂHB (x;) fug(x )SS( = & (U'yg(k)(x,)Eu (x){(IYB (x:)) |”B (x;) € Hp(x;)}))
1 1.1
:§(0.12+0.22+0.52)+§(§(04 4042 +0.2%) 4 5 (0.4% + 042 +0.12)]
= 0.2150,
IiHA(xz)ﬁuA( ) o(k) 21 i)
EEHFSZ Z ﬁHA ﬁuA ] = (U’y%,k)(x,‘)euz(j)(x,‘){(,)/AI (X,')) ‘MA (X,‘) EHA(xi)}))/
j= =

3(0 32+ 042 4+0.5%) + %(%(0 42 +03%+02%) + 3(0.42 +0.3% +0.1%)]

— 0.2583,
) . . 1 $Hp (x;) fup(x;) o (k) 21,.(f)

Fenrs, (B ):1; THy(x) Bup(x) " = k; (U ) cus () LB (50))7Jp ™ (i) € Hi(xi)}))
%[%(01%02%052)+%(0.12+0.22+0.52)] g[%(042+042+022)
%(042+042+022) %(042+042+012)]

— 02167,
" 1 1 #HA (xi) Bua (xi) (k) o (k) a(j)
CEHFS3(A'B):1-;(WWSS( LoL (U0 (i ) £72 ()75 ()" () € Ha(xi)})

1 1.1
3(03><01+04><02+06><05)]+3[3(04><04+

03 x04+02x02)+ %(0.4 x04+03x04+0.1x0.1)+ 5(05 X 0.4+0.4x04+04 x0.2)]

11
= 5[3(03%0.1+0.4x02+05x05) +

= 0.2450,

n 1 ﬁHB (x;) ¢

up(x;)
Cenrs; (B, A) = Z(ﬁHg( 3 Y, (U e )eugw)(,{i){vg(k)(xf)m(/ (x) |5 (x;) € Hp(x)})))

ﬂuB 5 2 &

1,1

= %(0.1><0.3+0.2><0.4+0‘5><O.5) +5(5(04% 04404 x03+02x02)+

1 04x04+04x03+01x0.1
3

=0.2217,

Cexrs, (A, B) = Cenrs, (A, B) + Ceyrs, (B, A) = 0.4667.

Finally, we can calculate the correlation coefficients:

PEHFS,; (A, B) \/Egmsz EEHFS::;F)? (\I/A;Si)HFSZ(B)EEHFSZ(AB) = 0.9498,

ories, (A, B) = ¢E5H§:;Fj§;iiz<8/*> ¢EEH;E;§)3;ZA;ZZ<AB)) = 08335,

peness (4. B) = etbre ) By 540 s oy BBy 077 = 09495
prenes (A2 B) = M e i s ]+ mEonse ) Erar ) = 08352

To save all of the information provided by the DMs, distinguish them from each other and
consider their different importance in decision making, we now propose the weighted extended
hesitant correlation coefficients considering DMs as follows. Assume a decision making problem with
m DMs. For any MU, u = {1, 72, ..., Ym }, the weights of DMs are wp (D = 1,2,...,m) with wp € [0,1]
and }5_; = 1. Let 7, = wpyp be memberships associated with the DMs” weights. On the other
hand, in practical applications, the elements x; (i = 1,2, ...,n) in the universe X have different weights.
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Let w = (w;,wy,...,wy)T be the weight vector of x; (i = 1,2,...,n) with w; > 0,i = 1,2,..,n and
Y., wi = 1, we further extend the correlation coefficient formulas given in Table 1.

Table 1. The correlation coefficients of EHFSs.

p of EHFSs Correlation Coefficient Formulas
Cwenrs, (Aw,Bw)
Aw, B 1
pwenFs, (Aw, Bw) /Cwenrs, (Aw.Aw)r/CwEnrs, (BuBuw)
(A B ) Cwenrs, (Aw,Bw)
PWEHES, | Aewr Bew max{Cwenrs, (Aw,Aw),Cwenrs; (Bw,Bw)
0 (Aw, Bw) CwEHFS, (Aw,Bw)
WEHFS;\AAw, Bw v/ EwEHFs, (Aw)EWEHFSZ(BZ‘})JF\/EWEHPSZ(Bw)EWEHpsz(A}E)
p (A B ) 1 CWEHFS3 (Aw/Bw CWEHFSS(BLU/ALU) )
WEHES,\ e Baw 2\ \/Ewetirsy(Aw)Ewetirs, (B2) — \/Ewenrs, (Bw)EwEnrs, (AD)
(Aw, Bw) WEHFS, (Aw,Bw)
PWEHFSs (Aw, bw max{Ewcnrs, (Aw) Ewetirs, (B4) } +max{Ewcnrs, (Bw )EWEHFS3 BT
CwEHFs, (Aw,Bw CwEHFs, (Bw, A
A 1 3 3
PWEHFsﬁ( wr Bw) 2 ( max{Ewenrs, (Aw),Ewenrs, (B4)} + max{Ewenrs, (Bw),Ewenrs, (A5) } )

where:
: L o(k) ()1, 70)
Cwenrs, (Aw, Bw) = ;(Wiss(l p 1(U7;<">(xi)Eu‘;<”,yg()(x, Jeusl X){’YAM (xi) 7, (xi)[up” (xi) € Ha(xi),
i= j=1k=
ug (xi) € Hy(xi) 1)),
c B o) (- y2; o)
Cwenrs, (Aw Aw) = Y (w;Ss( Ekz B (xp) et 400 (3 eull X){(’)/A“ (%)) [u,” (xi) € Ha(x:),
i=1 j=lk=1 B B
uy (x;) € Hp(x)}))),
L L oK)
Cwenrs, (Buw, Buw) = ) (w;Ss( p (U o0 (20120 10 ) L VB () ) (x1) € Ha(x:),
i=1 j=lk=1 "4 VUERA sTB A b
ugt (xi) € Hy(xi)}))),
n BH A (x;) fua(x;) (k) (i)
Ewenrs, (Aw) = ) (wiSs( (Uyg(k)(x')euA(] (x,){(’YAwD( D))" (xi) € Ha(x)}))),
i=1 =1 k=1 ! !
n #Hp (x;) fup(x;) (k) 21 o(i)
Ewenrs, (Bw) = ) (wiSs( (Uvgm(x)eug D ){(WBw (x;))|up” (x;) € Hp(x:)}))),
i=1 =1 k=1 ! !
5 n BH A (x;) fua(x;) o(h) 21 o)
Ewenrs, (AG) = ) (w;Ss( (Uﬂ‘(m(x,)eu:(j)(x,){(’YALD(xi)) [up” (xi) € Ha(xi)}))),
i=1 =1 k=1 P !

#Hp(x;) fup(x;)

n
Ewenrs,(BS) = Y (wiSs( Y, ) (U'ya(k)(x-)eu;
B/ !

0y L i) P () € Ha(xi)})).

i=1 =1 k=1
_ EHA(x;) ﬁMA (k) (5T (2 V1,7 (. .
Cwenrs; (Aw, Bw) = LiZ 1(szs(Z Yo ( (t)euA X {'YAwD (x’)rYBqu (xi)|us” (xi) € Ha(xi)}))),
Cwerres, (B, Aw) = Ty (@iSs (TP T U o o) (1900 (73 ()l () € H(xi)})-
CweHrs, (A, B) = Cwenrs, (A, B) + Cwenrs, (B, A).
It can be seen that if w; = (1/n,1/n,...,1/n)T and w; = (1/m,1/m,..,1/m), then

pweHFs, (Aw, Bw) (i =1,2,3,...,6) reduce to ppyrs, (A, B) (i = 1,2,3,...,6). Additionally, it is easy to
prove that pwrgrs, (Aw, Bw) (i = 1,2,3,...,6) also have the following properties:
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Theorem 8. Let w = (w;, wo, ..., wy)! be the weight vector of x; (i = 1,2,...,n) withw; > 0,i = 1,2,...,n
and Y! yw; = 1and w = (wj, wy, ..., wn)T be the weight vector of DMs with w; > 0,i = 1,2,...,n and
YL w; = 1; the correlation coefficients pweprs,(Aw, Bw) (i = 1,2,3,...,6) between two EHFSs A and
B satisfy:

(1) pwenrs;(Aw, Bw) = pwenFs, (Bw, Aw);

(2) 0 < pwenrs;(Aw, Bw) <1,

(3)  pwenrs;(Aw,Bw) = 1,if A = B.

However, sometimes, the exact weights w; of elements x; are unknown, we present the weighted
extended hesitant correlation coefficient of EHFEs as Table 2.

Table 2. The correlation coefficients of EHFEs.

p of EHFEs Correlation Coefficient Formulas
Cenre; (Aw,Bw)
Ay, B L
PenrE; (A Bo) \/Cerire, (Aw,Aw)\/Cenre, (Bw/Bw)
Cenr, (Aw,Bw)
PEHFE (Aw, Bo) max{Cenr, (Aw,Aw),Cenre; (Buw,Bw)
Cenre, (Aw,Bw)
Aw, B 2
PEHFE; (Aw, B) \/Ecnre, (Aw)Ecnre, (BS)++/Ecure, (Buw) Eenre, (AB)
PEHFE, (Aw, Bw) } (s aB) Conrt, (o)
4 2% \/Eenre, (Aw)Eenre, (BA v/Etnre, (Bw)Eenre, (AL)
(A B ) CEHFEZ(Aw w
PEHFEs (Aw/ Bw max{Eenre, (Aw),Eenre, (B4) }+max{Egnre, (Bw),Eenre, (AB)}
penrs. (Aw, Bw) l( Cenre, (Aw,Bw) i Cenrey (Bw,Aw) )
6\ TWs Fw 2 \max{Egure, (Aw) Eenre, (BS)} ' max{Eenre, (Bw) Eenre, (A5)}

where:
1 iH fu o (k) ok o(j
CEHFEl (Aw/ Bw) = ﬂsts(jzlkzzl(U,&( )(Xz)EMA(>’YB xl)eu i){,yA(“’D( )735,’3( i)|uA(])(xl‘) S HA(xi)/
w20 (x,) € Ha(x) 1),
1 tH tu o (k) 2,,00)
Cenre, (Aw, Aw) = ﬁ*HSS(Ekzl(ijk)<x;)eu‘,’§”ﬁ§<m(x,-)Eu‘g(”(xl-){(”‘wo(xi)) luy” (xi) € Ha(x;),
o
uy? (x;) € Hp(x)})),
1 H o®) (- 21, 70)
Cenre, (Bw, Bw) = ﬁ—HSS(Zk (Uﬂ(k)(x_)eu;(i) 250 () eu? (x ){('YBwD( x;))"[u " (xi) € Ha(xi),
j=1k=1 ’ ' ’
w0 () € Hy(x)}),
1 $H 4 () fua(x7) (k) o(j)
Eenire, (Aw) = mSS( 1 k=1 (UWZ(k)(X')euzm(x){(,Y ‘“D( D7la” (i) € Ha(xi)})
1 ]: = ! !
1 £Hp (x;) fup (x;) (k) 21 o(j)
Eenre, (Bw) = mSs( Lok (U,,g(k)(x,-)eu‘;(”(x,-){(’YBwD (xi))*|ug” (x;) € Hp(x)})),
. 1 $H 4 () bua(x:) (k)
Benre, (Aw) = gy 5l 1 3 (e (e eus ) T, ()"l (xi) € Ha(x)})),
i ],: — ! i 1
A 1 §Hp (x;) fup(x;) (k) 2 ()
EEHPEZ(BU)) = ﬁHB(xi) Ss( ]; k:Zl (Uyggk)(xi)eug(j)(xi){(7B£UD (xi)) |1/lB (xi) € HB(xl)}))

Cenre, (Aw, Bu) = gty Ss () o (U awn ™ @ () " (1) € Ha(x)}),

730 @en) (x)
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CEHFE3 (Bw/ Aw) = mss ():,f:f(x’) ):,]ﬁ(u:Bl(Xi) (U o (k)

B (Xi)EVg
Cenrre, (A, B) = Cerres (A, B) + Cenre, (B, A).
Additionally, it is easy to prove that ppprE,(Aw, Bw) (i = 1,2,3,...,6) also have the following
properties:

0y 7800 @ 73 ()15 () € Hp(x)})),

Theorem 9. Let w = (w;, wo, ..., wn)T be the weight vector of DMs with w; > 0,i = 1,2,...,n and
YL w; = 1; the correlation coefficients ppyrE, (Aw, Bw) (i = 1,2,3,...,6) between two EHFSs A and
B satisfy:

(1) penrE,(Aw, Bw) = perrE; (Bw, Aw);
(2) 0 S PEHFEi<Aw/ Bw) S 1/
(3)  penrE,(Aw,Bw) =1,if A = B.

4. Application of the Weighted Correlation Coefficients of the Extend Hesitant Fuzzy Environment

In this section, we shall utilize the weighted correlation coefficients of EHFEs and EHFSs to
decision making with extended hesitant fuzzy information.

At first, we utilize the weighted correlation coefficients of EHFSs for decision making problems
with extended hesitant fuzzy information. For a decision making problem with extended hesitant
fuzzy information, let A = {Aj, Ay, ..., Ay } be a discrete set of alternatives and S = {51, S, ..., S}
be a set of attributes. If the decision makers provide several values for the alternative A;
(i = 1,2,...,m) under the attribute C; (j = 1,2,..,n), these values can be considered as an EHFE
Hij (j = 1,2,.,mi = 1,2,..,m). Therefore, we can elicit an extended hesitant fuzzy decision matrix
H = (Hij)mxn, where Hl-]-(i = 1,2,..,m;j = 1,2,..,n) is in the form of extended hesitant fuzzy
elements. In multiple attribute decision making environments, the concept of ideal point has been used
to help the identification of the best alternative in the decision set. Although the ideal alternative does
not exist in the real world, it does provide a useful theoretical construct to evaluate alternatives.
Therefore, we define each ideal EHFE H* in the ideal alternative A* = {< s, H* > [s; € S}
(j=1,2,.,n).

Method 1:

Step 1. Use the information given by decision makers to establish extended hesitant fuzzy model
and construct the extended hesitant fuzzy decision matrix H = (H;j)mxn by EHFEs.

Step 2. Assume that the weights of decision makers wp and attributes w and a standard EHFE
H* ={(1,1,1,1) } are known; calculate the weighted correlation coefficients between an alternative
Ai(i = 1,2,..,m) and the ideal alternative A* by using the formulas pwenrs,(Aw, Bw) (i = 1,2,...,6)
(see Table 1).

Step 3. Rank the alternatives in accordance with the values of pwrgrs, (Aw, Bw) (i = 1,2,...,6).
We may obtain different results and rankings to analyze different weighted correlation coefficients.

Step 4. Select the best alternative according to the maximum values of the weighted correlation
coefficients pwenrs, (Aw, Bw) (i =1,2,...,6).

Step 5. End.

However, sometimes, the exact weights w; of elements x; are unknown; we present the weighted
extended hesitant correlation coefficient of EHFEs with the Dempster-Shafer belief structure [35].
Let C;; be a payoff to the alternative A;, and the state of nature is S;, C = (Cij)mxn a payoff matrix
and ¢ the optimized parameter. The DMs knowledge of the states of nature is captured in terms of
a belief structure p with the focal elements By, By, ..., B, each of which is associated with a weight P(B,):
where Y} _; pg,) = 1. We now develop the following approach to deal with group decision making.
The method is similar to Zhu et al.’s (see [16] in detail) as follows.
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Method 2:

Step 1. Use the information given by decision makers to establish the extended hesitant fuzzy
model and construct the extended hesitant fuzzy decision matrix H = (H;j)mxn by EHFEs.

Step 2. Assume a standard EHFE H* = {(1,1,1,1)} and the optimized parameter, then calculate
the correlation coefficients between H* and H;; by the extended hesitant correlation coefficients of
EHFEs in Table 2. Let C;; be equal to the weighted correlation coefficients, and construct the payoff
matrix of pEHpEi],(Aw, Bu)(i=1,2,..,6,j=1,2,..5), denoted as Cij-

Step 3. Calculate the belief function p about the states of nature (see [16] in detail).

Step 4. Utilize the optimized parameter to calculate the collection of weights [36,37], which are
used in the OWA aggregation for each cardinality of focal elements (see [16] in detail).

Step 5. Determine the payoff collection, My, = {C;j|S; € By}, which is a set of payoffs that are
possible if we select the alternative A; and the focal element By occurs, and calculate the aggregated
payoff, Vix = OWA (M) (see [16] in detail).

Step 6. Calculate C; = Y Vixp(Bk), and select the alternative that has the best generalized
expected value as the optimal alternative (see [16] in detail).

Step 7. End.

Example 4. [16] Energy is an indispensable factor for the social-economic development of societies.
Thus, the correct energy policy affects economic development and the environment; the most appropriate energy
policy selection is very important. Suppose that there are five alternatives (energy projects) A; (i = 1,2,3,4,5)
to be invested and four criteria to be considered: Si-technological; Sy-environmental; Ss-socio-political;
Sy-economic. Five DMs are invited to evaluate the performances of the five alternatives.

In order to avoid giving DMs’ preferences anonymously given by [6] and deal with this energy policy
problem without information loss, the DMs Dy(k = 1,2,3,4,5) provide their preferences over all of the
alternatives A;(i = 1,2,...,5) with respect to the criteria S;(j = 1,2,3,4) based on hesitant fuzzy sets,
then Zhu et al. [16] saved the DMs’ preferences by an extended hesitant fuzzy matrix H = (H;;)5x4 shown
in Table 3 (see [16] for detail).

Table 3. Extended hesitant fuzzy decision matrix.

S1 Sz
A {(0.3,0.4,0.3,0.4,0.5)} {(0.7,0.8,0.3,0.8,0.6), (0.7,0.8,0.4,0.8,0.6) }
Ay {(0.3,04,0.5,0.2,0.5),(0.3,0.4,0.5,0.3,0.5)} {(0.5,0.6,0.5,0.6,0.6)}
{(0.5,0.6,0.7,0.6,0.5), (0.6,0.6,0.7,0.6,0.5),
43 {(0405050506)} (0.5,0.6,0.8,0.6,0.5), (0.6,0.6,0.8,0.6,0.5)}
Ay {(0.3,0.2,0.2,0.3,0.1)} {(0.6,0.5,0.7,0.5,0.5)}
As  {(0.3,0.4,0.6,0.2,0.2),(0.3,0.3,0.6,0.2,0.2)}  {0.6,0.8,0.5,0.4,0.6), (0.6,0.8,0.5,0.5,0.6)}
S3 54

{(0.3,0.4,0.2,0.3,0.2), (0.4,0.4,0.2,0.3,0.2,),

A (0.3,0.4,0.3,0.3,0.2), (0.4,0.4,0.3,0.3,0.2)} 1(0.60.50.50.4,0.6))
A, {(0.6,0.4,0.5,0.3,0.5), (0.6,0.4,0.4,0.3,0.5)} {(0.3,0.4,0.5,0.2,0.2),(0.3,0.4,0.4,0.2,0.2)}
As {(0.7.0.3.0.9.0.8.0.6), (0.7,0.3,0.8,0.8,0.6)} {(0.7,0.8,0.7,0.8,0.8)}
Ay {(0.4,0.3,0.2,0.3,0.5)} {(0.3,0.2,0.7,0.2,0.1)}

As {(0.7,0.5,0.6,0.8,0.6)} {(0.6,0.4,0.5,0.4,0.6), (0.7,0.4,0.5,0.4,0.6)}
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(i) We now use Method 2 to solve the decision making problem first as a comparison to Zhu et al. [16].

Step 1. The decision makers Dy(k = 1,2,3,4,5) provide their preferences over all of the
alternatives A;(i = 1,2,...,5) with respect to the criteria Sj( j=1,2,3,4) shown in Table 3.

Step 2. Let A* = {(1,1,1,1,1) } be the ideal values of the alternative seen as a standard EHFE H*,
¢ = 0.75 be the optimized parameter and w = (0.3,0.1,0.3,0.2,0.1) be the weighting vector of the DMs.
By Table 2, we can calculate the correlation coefficients between H* and H;;. Then, construct the payoff
matrix shown as Tables 4-8.

Table 4. The payoff matrix of pryrE, (Aw, Bw)-

St Sy S3 Sy

Ap 0986883 0.988202 097547  0.990684
Ay 0967077 0.996616 0.974345 0.958094
Az 0993058 0.987096 0.986648 0.998221
Ag 0974355 0.991976  0.955336  0.88474
As 0922226 0.989024 0.992889 0.982754

Table 5. The payoff matrix of pryrE, (Aw, Bw)-

51 S> S3 Sq

Ay 0329167 0.608333 0.3 0.525
Ay 038125 0.525 0.48125  0.339583
Az 0466667 0.633333  0.752083 0.725
Ay 0.25 0.6125  0.955336  0.88474
As 039375 0.545833  0.666667 0.539583

Table 6. The payoff matrix of pryr, (Aw, Bw)-

S1 S S3 Sa

Ap 0986883 0.989857 0.981194 0.990684
Ay 0968555 0.996616 0.976718  0.953532
Az 0993058 0.987891  0.98561  0.998221
Ag 0974355 0.991976  0.955336  0.88474
As 0922823 0.990514 0.992889  0.980396

Table 7. The payoff matrix of pryrg, (Aw, Bw)-

S1 S S3 Sa

Ap 0986883 0.989843 0.980905 0.990684
Ay 0968545 0.996616 0.976679  0.953671
Az 0993058 0.987869 0.985624 0.998221
As 0974355 0.991976  0.955336  0.88474
As 0922822 0.990505 0.992889  0.980441

Table 8. The payoff matrix of pgprE, (Aw, Bw) and perrE, (Aw, Bo)-

S1 S S3 Sa

A; 0329167 0.614583  0.31875 0.525
Ay 0.384375 0.525 0.490625 0.348958
Az 0466667 0.662083 0.761458 0.725
Ay 0.25 0.6125  0.955336  0.88474
As  0.394792 0.55 0.666667  0.548958
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Step 3. The DMs analyze the energy policy problem so as to obtain the probabilistic information
about the states of nature. Assume that the DMs; knowledge of the states of nature consists of the
following belief structure, shown in Table 9 (see [16]).

Table 9. Belief structure.

Focal Element Weights (w)

By = {Sy,S3} 0.15
By = {S5,54} 0.25
By = {S1,53,54} 0.6

Step 4. In order to contrast with the method’s results given by [16], we still use the O’Hagan
method [36] to obtain weighting vectors associated with the OWA operators for various numbers of
arguments. Since ¢ = 0.75, then we can get the weighting vectors shown in Table 10 (see [16]).

Table 10. Weighting vectors for various numbers of arguments.

Number of Arguments w; wy w3

2 075 025
2 062 027 0.11

Step 5. We get Vi for all i and k(i = 1,2,3,4,k = 1,2,3,4,5) as My, = {Cij|5j € By} and
Vik = OWA(Mj).

Step 6. Calculate C; = Y ;_; Vixp(Bx), the results are given in Table 11. Thus, A3 is the optimal
alternative closest to the ideal values of alternative, which is the same with Zhu and Xu (see the
Example in [16]).

Step 7. End.

Table 11. Weighting vectors for various numbers of arguments.

A1 Az A3 A4 A5 Rankings

Results about ppppe, 0985342 0972911 0991325 0962349 0956626 Az = Ay = Ay = Ay = As
Results about ppppe, 0400856  0.422799 0588053 0351558 0495452 Az = As = Ay = Aj = Ay
Results about pppre, 0986794 0973515 0991267 0962349 0956892 Az = Ay = Ay = Ay = As
Results about pppre, 0986734 097352 0991265 0962349 0956895 Az = Ay = Ay = Ay = As
Results about pppre, 0405769 0427388 0593439 0351558 0497943 Ay = As = Ay = Ay = Ay
Results about ppprr, 0405769 0427388 0593439 0351558 0497943 Az = As = Ay = Aj = Ay

As can be seen from Table 11, A3 is the optimal alternative closest to the ideal values of alternative,
which is the same with Zhu and Xu (see the Example in [16]), but the rankings are not always the
same: the rankings of pryrE,, 0OEHFEs, PEHFE, and Zhu and Xu [16] are identical, but the rankings
of OEHFE,, PEHFE; and pgyrE, are different from [16]. Obviously, the method, which depends on the
formulas of prprg, (i = 1,2,3,4,5, 6), is practical and effective.

(i) As the weights of the elements x; (i = 1,2, ..., n) in the universe X are easily accessible in practical
applications, in other words, the weights of S;(i = 1,2, 3,4) in this example are given by decision
makers. Assume that w; = (0.3,0.2,0.2,0.3), then we can deal with the decision making problem
by Method 1 as follows:

Step 1. Construct the extended hesitant fuzzy decision matrix H = (Hj)mxn by EHFEs,
Hl-]-(i =1,..4,j=1,..,n),shown in Table 3.

Steps 2 and 3. Calculate the weighted correlation coefficient between an alternative
Ai(i = 1,2,.,m) and the ideal alternative A* by using the formulas pwenrs,(4,B) (i = 1,2,...,6).
The results are given in Table 12.
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Step 4. As can be seen from the results, we get that A3 is the optimal alternative closest to the
ideal values of the alternative.
Step 5. End.

Table 12. Weighting vectors for various numbers of arguments.

A1 Az A3 A4 A5 Rankings

Results of ppyrs, 0986005 0971744 0992133 0947191 0967877 Az = Ay = Ay = As = Ay
Results of pphrs, 0437917 04175  0.634583 0385417 05225 Az = As = Aj = Ay = Ay
Results of pprrs, 0987480 0971293  0.992084 0947191 0967646 Az = Ay = Ay = As = Ay
Results of ppmrs, 0987420 0971324 0992082 0947191 0967658 Az = Ay = Ay = As = Ay
Results of ppyrs; 0442917 04231 0.640208 0385417 0526458 Ay = As = Aj = Ay = Ay
Results of ppmrs, 0442917 04231  0.640208 0385417 0526458 Az = As = Ay = Ay = Ay

The example indicates that the proposed decision making methods are simple and effective under
extended hesitant fuzzy environments.

5. Conclusions

In this study, we develop some correlation coefficients between EHFSs, which contain two cases:
the correlation coefficients taking into account the length of EHFEs and the correlation coefficients
without taking into account the length of EHFEs. We also have studied some properties of these
correlation coefficients. At last, we give two methods to deal with decision making problems under
extended hesitant fuzzy environments, and a real-world example based on the energy policy problem
is employed to illustrate the actual need for dealing with the difference of evaluation information
provided by different experts without information loss in decision making processes. As EHFSs are
a new powerful tool to express uncertain information in the process of group decision making, we will
give more studies on the theory and applications in the future.
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