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Abstract: In this paper, we study submanifolds in a Riemannian manifold with a semi-symmetric
non-metric connection. We prove that the induced connection on a submanifold is also
semi-symmetric non-metric connection. We consider the total geodesicness and minimality of
a submanifold with respect to the semi-symmetric non-metric connection. We obtain the Gauss,
Cadazzi, and Ricci equations for submanifolds with respect to the semi-symmetric non-metric
connection.
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1. Introduction

In 1924, Friedmann and Schouten [1] introduced the idea of semi-symmetric connection on
a differentiable manifold. A linear connection V on a differentiable manifold M is said to be a
semi-symmetric connection if the torsion T of the connection V satisfies

T(X,Y) = n(Y)X — n(X)Y, (1)

where 77 is a 1-form.
In 1932, Hayden [2] introduced the notion of a semi-symmetric metric connection on a Riemannian
manifold (M, ). A semi-symmetric connection V is said to be a semi-symmetric metric connection if

@g =0. 2

Yano [3] studied some properties of a Riemannian manifold endowed with a semi-symmetric
metric connection. Submanifolds of a Riemannian manifold with a semi-symmetric metric connection
were studied by Nakao [4].

After a long gap, the study of a semi-symmetric connection v satisfying

Vg#0 @)

was initiated by Prvanovic [5] with the name pseudo-metric semi-symmetric connection, and was just
followed by Smaranda and Andonie [6].

A semi-symmetric connection Vissaid tobea semi-symmetric non-metric connection if it satisfies
the condition Equation (3).
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In 1992, Agashe and Chafle [7] introduced a semi-symmetric non-metric connection on a
Riemannian manifold (M, g) given by
VY = VY + n(X)Y,
where V is the Levi-Civita connection of (M, g) and 7 is a 1-form. Agashe and Chafle [8] studied
submanifolds of a Riemannian manifold with this semi-symmetric non-metric connection. In 2000,
Sengupta, De, and Binh [9] gave another type of semi-symmetric non-metric connection. Ozgiir [10]
studied properties of submanifolds of a Riemannian manifold with this semi-symmetric non-metric
connection. Recently, De, Han, and Zhao [11] introduced a new type of semi-symmetric non-metric
connection which is given by

X

ViY = VY +aw(X)Y + bw(Y)X, (4)

where a and b are two non-zero real numbers and w is a 1-form. They proved the existence of this new
type of linear connection and studied a Riemannian manifold admitting this type of semi-symmetric
non-metric connection in [11].

Motivated by [8] and [10], we have studied submanifolds of a Riemannian manifold endowed
with the semi-symmetric non-metric connection defined by Equation (4) in this paper. The paper
has been organized as follows: In Section 2, we give some properties of the semi-symmetric
non-metric connection; In Section 3, we consider a submanifold of a Riemannian manifold with
the semi-symmetric non-metric connection and show that the induced connection on the submanifold
is also a semi-symmetric non-metric connection. We also consider the total geodesicness and minimality
of a submanifold of a Riemannian manifold with the semi-symmetric non-metric connection; In section
4, we deduce the Gauss, Codazzi, and Ricci equations with respect to the semi-symmetric non-metric
connection. Using this Gauss equation, we give the relation between the sectional curvatures with
respect to the semi-symmetric non-metric connection of a Riemannian manifold and a submanifold,
which is analogous to Synger’s inequality [12]. Finally, we consider these fundamental equations of a
submanifold in a space form with constant curvature with the semi-symmetric non-metric connection.

2. Preliminaries

Let M be an (1 + d)-dimensional Riemannian manifold with a Riemannian metric g and V be the
Levi-Civita connection of (M, g). De, Han, and Zhao [11] defined a special type of linear connection
on M by

VY = VY +aw(X)Y + bw(Y)X, (5)
where a and b are two non-zero real numbers and w is a 1-form on M. Denote by U = «*, i.e., the
vector field U is defined by w(X) = ¢(X, U) for all X € X (M), X (M) is the set of all differentiable
vector fields on M. 5 3

By Equation (5), the torsion tensor T with respect to the connection V is given by

%(5(, Y)=(b—-a)w¥)X - (b—a)wX)Y =n(Y)X - n(X)Y,

where 7(X) = (b — a)w(X) is a 1-form.

Therefore, the connection Visa semi-symmetric connection. Additionally,
(V) (Y, Z) = —2aw(X)g(Y, Z) — bw(Y)g(X, Z) — bw(Z)g(X,Y) # 0.

Hence, the semi-symmetric connection V defined by Equation (5) is a semi-symmetric
non-metric connection.
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Analogous to the definition of the curvature tensor R of M with respect to the Levi-Civita
connection V, we define the curvature tensor R of M with respect to the semi-symmetric non-metric

connection V given by

RXY)Z = VN VoV y (©)

>t
<

=
N

|
<

=1
<

>
N

|
<

>t

=
N

where X,Y,Z € X(M).
Using Equations (5) and (6), we have

R(X,Y)Z = R(X,Y)Z — a(Vyw)(X)Z + a(Vgw)(Y)Z — b(Vyw)(Z)X

+b(Vzw)(Z)Y + PPw(Y)w(Z)X — Pw(X)w(Z) 7

=

The Riemannian Christoffel tensors of the connections ¥ and V are defined by

and

respectively.

3. Submanifolds of a Riemannian Manifold with the Semi-Symmetric Non-Metric Connection v

Let M be an n-dimensional submanifold of an (1 + d)-dimensional Riemannian manifold with
the semi-symmetric non-metric connection V. We decompose the vector field U on M uniquely into
their tangent and normal components U ", U*.

The Gauss formula for the submanifold M with respect to the Levi-Civita connection V is given by

VxY =VxY+h(X,Y), VX, YeX(M), (8)

where h is the second fundamental form of M in M.
For the second fundament form #, the covariant of % is defined by

(Vxh)(Y,Z) = V+h(Y,Z) = h(VxY,Z) —h(Y,VxZ), VX,Y,Z € X(M). 9)

Then, Vh is a normal bundle valued tensor of type (0,3) and is called the third fundamental
form of M. V is called the van der Waerden—Bortolotti connection of M; i.e., V is the connection in
TM & T+M built with V and V+. .

Let V be the induced connection from the semi-symmetric non-metric connection V. We define

VxY = VxY + (X, Y), VX, Y€ X(M), (10)

where /1 is a (1,2)-tensor field in T+ M, the normal part of M. The Equation (10) may be called the

Gauss formula for M with respect to the semi-symmetric non-metric connection V.
Using Equations (5), (8), and (10), we have

VxY +1(X,Y)=VxY +h(X,Y) +aw(X)Y + bw(Y)X. (11)
Comparing the tangential and normal parts of Equation (11), we obtain

VxY = VxY +aw(X)Y + bw(Y)X (12)
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and
h(X,Y) =h(X,Y). (13)

From Equation (12), we have
T(X,Y) =VxY —VyX - [X,Y] = (b—a)w(Y)X — (b —a)w(X)Y (14)
where T is the torsion tensor of the connection V on M. Moreover, using Equation (12), we have
(Vx8)(Y,Z) = Vx(3(Y, 2)) —g(VxY, Z) - g(Y, VxZ)

= —2aw(X)g(Y,Z) —bw(Y)g(X,Z) —bw(Z)g(X,Y) (15)
#0.

In view of Equations (12), (14), and (15), we can state the following theorem:

Theorem 1. The induced connection NV on a submanifold of a Riemannian manifold endowed with the

v

semi-symmetric non-metric connection V is also a semi-symmetric non-metric connection.

If i(X,Y) = 0 for all X,Y € X (M), then M is called totally geodesic with respect to the
semi-symmetric non-metric connection. Let {ej, - - - , e, } be an orthonormal basis of the tangent space
of M. We define the mean curvature vector H of M with respect to the semi-symmetric non-metric
connection by

i hiei, ). (16)

From Equation (13) we know that
H=H, (17)

where H is the mean curvature vector of the submanifold M. If H = 0, then M is called minimal with
respect to the semi-symmetric non-metric connection.
From Equations (13) and (17), we have the following result:

Theorem 2. Let M be an n-dimensional submanifold of an (n + d)-dimensional Riemannian manifold M with

the semi-symmetric non-metric connection V. Then,

(1) M is totally geodesic with respect to the semi-symmetric non-metric connection if and only if M is totally
geodesic with respect to the Levi-Civita connection.

(2) M is minimal with respect to the semi-symmetric non-metric connection if and only if M is minimal with
respect to the Levi-Civita connection.

Let ¢ be a normal vector field on M. From Equation (5), we have
V& = Vx€ + aw(X)E + b (&) X. (18)
It is well known that the Weingarten formula for a submanifold of a Riemannian manifold is given by
Vx€ = —AsX + V%E, (19)

where A¢ is the shape operator of M in the direction of ¢.
Using Equation (19), we can write Equation (18) as

Vx& = —AsX + bw (&)X + VEE + aw(X)¢E. (20)
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Now we define a (1,1)-tensor field on M by
Ar = (As — bw(Q))1. (21)
Then, Equation (20) turns into
Vil = —Ae X + V& +aw(X)E. (22)

Equation (22) is called the Weingarten formula for M with respect to the semi-symmetric
non-metric connection.
Since Ag is symmetric, it is easy to verify that

g(A:X,Y) = g(X, AgY)

and
g([Ag, AjlXY) = g([Ag, Ay]X,Y), (23)

where [Az, Ay] = A A, — A A, [As, Ay] = Az Ay — Ay Az and &, 17 are normal vector fields on M.
From Equations (21) and (23), we can also obtain the following theorems:

Theorem 3. Principal directions of the unit normal vector & with respect to the Levi-Civita connection V

and the semi-symmetric non-metric connection NV, and the principle curvatures are equal if and only if & is
orthogonal to U+,

Theorem 4. Let M be a submanifold of a Riemannian manifold with the semi-symmetric non-metric

connection V. Then, the shape operators with respect to the semi-symmetric non-metric connection are
simultaneously diagonalizable if and only if the shape operators with respect to the Levi-Civita connection
are simultaneously diagonalizable.

4. Gauss, Codazzi, and Ricci Equations with Respect to the Semi-Symmetric Non-Metric Connection
We denote the curvature tensor of a submanifold M of a Riemannian manifold M with respect to
the induced semi-symmetric non-metric connection V and the induced Levi-Civita connection V by
R(X,Y)Z = VxVyZ —VyVxZ—VixyZ (24)
and
R(X,Y)Z =VxVyZ—-VyVxZ— V[le]z,
respectively, where X, Y, Z € X(M).

Theorem 5. Let M be a submanifold of a Riemannian manifold with the semi-symmetric non-metric connection
V. Then, forall X,Y,Z,W € X (M), we have

X

R(X,Y,Z,W) = R(X,Y,Z,W) — g(h(Y,Z),h(X,W)) + g(h(X, Z), (Y, W))

. y (25)
+baw(h(Y,Z)g(X, W) — bw(ii(X, Z))g(Y, W).

Here Equation (25) is called the Gauss equation for the submanifold M with respect to the semi-symmetric
non-metric connection.
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Proof. From Equations (10) and (20), we have

VXVyZ vayz—i-h(x VyZ) As (YZ)X

y (26)
+bw(h(Y,Z))X + Vxh(Y,Z) 4+ aw(X)h(Y, Z),
%y%xz = vyvxz + fl(Y, WXZ) — AE(X Z)Y 27)
+bw(h(X,2))Y + Vyh(X,Z) +aw(Y)h(X, Z),
and N
V[X,Y}Z = V[le]z + h([X, Y],Z) (28)

Using Equations (24), (26)—(28), we obtain

R(X,Y)Z = R(X,Y)Z+h(X,VyZ) — h(Y,VxZ) — h([X, Y], Z)
— Ay X + Ayx )Y +bw(h(Y, 2)X — bw (R(X, Z))Y (29)
+VER(Y, Z) = VER(X, Z) + aw(X)h(Y, Z) — aw(Y)h(X, Z).

Since g(AzX,Y) = g(h(X,Y),&) and h = I, from Equation (29) we find

R(X,Y,Z,W) = R(X,Y,Z,W

~—

—8(Apy, )X W) +8(Ajx, )Y W)

+ b (i(Y, 2))g(X, W) — b (h(X, 2))g(Y, W)
= R(X,Y,Z,W) — g(h(Y, 2), (X, W)) + g (h(X, Z), (Y, W)
+beo(i(Y, 2))g(X, W) — b (i(X, 2))g(Y, W).

O

Recalling that if 7 € T,M is a 2-dimensional subspace of T, M spanned by an orthonormal
base {X, Y}, we define the sectional curvature K(7r) with respect to the semi-symmetric non-metric
connection as R(X, Y,Y,X). Let XIZ (7r) denote the corresponding sectional curvature in M. As an
application of the Gauss Equation (25), we can obtain the following Synger’s inequality with respect to
the semi-symmetric non-metric connection.

Corollary 1. Let M be a submanifold of a Riemannian manifold M with the semi-symmetric non-metric
connection V and 7 be a geodesic in M which lies in M, and T be a unit tangent vector field of y. 7t is a subspace
of the tangent space T, M spanned by {X, T}. Then,

(1) IVZ(N) > K(7t) along 7.

(2) if X is a unit tangent vector field on M which is parallel along «y and orthogonal to T, then the equality of (1)
holds if and only if X is parallel along « in M.

Proof. (1) Let y be a geodesic in M which lies in M and T be a unit tangent vector field of . Then,
we have
h(T,T) =0. (30)

Let 7 be a subspace of the tangent space T, M spanned by an orthonormal base { X, T'}. Applying
the Gauss Equation (25) and h = 11, we obtain

(31)
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(2) If X be parallel along v, we have VX = 0. Thus, we have
VX = (T, X).
Then, the equality of Equation (31) holds if and only if #(X, T) = 0; i.e., %TX =0. O

Theorem 6. Let M be a submanifold of a Riemannian manifold with the semi-symmetric non-metric connection
V. Then, forall X, Y, Z € X (M), we have

(R(X,Y)Z)* = Vxh(Y,Z) = Vyi(X,Z) — (b — a)w(X)R(Y,Z) + (b — a)w(Y)(X,Z),  (32)

where %XE(Y,Z) = Vxh(Y,Z) = h(VxY,Z) — h(Y,VxZ). Equation (32) is called the Codazzi equation
with respect to the semi-symmetric non-metric connection.

Proof. From Equation (29), the normal component of ﬁ(X, Y)Z is given by

VyZ) — h(Y,VxZ) -

, h([X,Y],Z) + Vxh(Y,Z)
— Vyh(X,Z) +aw(X)h(Y, Z

(
) — ()(XZ)
(Y
(X

=Vgh(Y,Z) = Vyh(X,Z) — h(Y,VxZ) + (X, VyZ)
fz( —(b—a)w(Y)X,Z)

)Y
(Y, Z) — aw(Y)h(X, Z)
Z)— Vyh(X Z)
— (b—2a)w(X)h(Y,Z) + (b —2a)w(Y)h(X, Z),

VxY = VyX + (b —a)w
aw(X)h
xh(Y,

where Vxh(Y,Z) = VLh(Y, Z) — h(VxY, Z) — h(Y,VxZ). O

Remark 1. V is the connection in TM & T-M built with ¥ and V. It may be called the van der
Waerden—Bortolotti connection with respect to the semi-symmetric non-metric connection.

Theorem 7. Let M be a submanifold of a Riemannian manifold with the semi-symmetric non-metric connection
V. Then, for all X,Y € X (M) and normal vector fields &, u on M, we have

R(X,Y,&p) = RE(X,Y, 8 1) — g([Ag, AuX,Y) +alg(Y, VxUT) — (X, VyU )]g(& p).  (33)

Equation (33) is called the Ricci equation for the submanifold M with respect to the semi-symmetric
non-metric connection.

Proof. From Equations (10) and (22), we get

VxVyE = —Vx(AgY) = h(X, AgY) - AvﬁX +VxVye
+aw(X)Vy & +ag(VxY, U )E+ag(Y,VxU)E (34)
+ aw(Y)VxE + a?w(X)w(Y)E + abw(Y)w(?)X,

VyVxé& = —Vy(A:X) - h(Y, A:X) - AV%Y + Vy V&

+aw(Y)V%E +ag(VyX, UT)E +ag(X, VyUT)E (35)
+ aw(X)Vye + d*w(Y)w(X)E + abw(X)w(&)Y
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and
%[X,y]é = —Ag[X, Y]+ V[Lx,y]‘.f +ag([X, Y], U")e.

Using Equations (34)—(36), we have

R(X,Y,&p) = g(R(X,Y)E), 1)
=R(X,Y, & p) — g(h(X, AsY), 1) + g(h(Y, AsX), )
+alg(Y, VxU") — (X, VyU")]g(&, ).

In view of Equations (10), (13), and (21), the above equation turns into

R(X,Y,8 1) = RE(X,Y,8,1) — g(h(X, AgY), 1) + g(h(Y, A X), )
+alg(Y, VxU') — g(X, VyU")|g(& 1)
= RH(X,Y, 8 1) — 8((AsAy — ApAp)X,Y)
+alg(Y, VxU") — g(X, VyU )Ig(E, p)
=R (XY, & n) — 8([Ag, AJX,Y)
+alg(Y, VxU") —g(X, VyU")|g(&, )

O

8 of 10

(36)

It will be useful to examine the form of our fundamental equations with respect to
the semi-symmetric non-metric connection when the ambient space M has constant curvature.
Now, assume that M is an (n + d)-dimensional space form of constant curvature C with the

semi-symmetric non-metric connection V. Let M be a submanifold of M. Then, from Equation (7)

we have

R(X,Y)Z = Clg(Y, 2)X — g(X, 2)Y] — a(Vyw)(X)Z + a(Vxw)(Y)Z

—b(Vyw)(Z)X +b(Vxw)(Z)Y + Pw(Y)w(Z)X — b*w(X)w(Z)Y,

where X,Y,Z € X(M).
Hence from Equation (25) we know that the Gauss equation becomes
R(X,Y)Z = C[g(Y, Z2)X — (X, Z)Y] — a(Vyw)(X)Z + a(Vxw)(Y)Z
—b(Vyw)(Z

)
+8(h(Y, Z),h(X,W)) = g(h(X, Z),h(Y,W))
— bw(h(Y,Z))g(X, W) + b (h(X, Z))g(Y, W).

From Equation (37) we know
(R(X,Y)Z)* =0
So from Equation (32) we know that the Codazzi equation becomes

v

X +b(Vxw)(2)Y 4+ Pw(Y)w(Z)X — Pw(X)w(Z)Y

Vxh(Y,Z) = Vyh(X,Z) = (b—2a)w(X)h(Y, Z) — (b — 2a)w(Y)h(X, Z).

(37)
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Since M is a space form of constant C, it follows that E(X, Y,& u) = 0. On the other hand,
from Equation (37) we have

R(X,Y, &) = al(Vxw)Y — (Vyw)X]g(E 1)
aX(g(U',Y)) —g(VxY, U") —Y(g(U', X)) —g(VyX, U )]g(&n)  (38)
alg(VxU',Y) —g(VyU', X)g(Z p).

Then, using Equations (33) and (38), we obtain that the Ricci equation becomes
RH(X,Y, & 1) = g([Ag, AulX, Y) (39)
Using Equations (23) and (39), we can state the following result:

Corollary 2. Let M be a submanifold of a space form of constant curvature with the semi-symmetric non-metric

connection V. Then, the normal connection V= is flat if and only if all second fundamental tensors with respect
to the Levi-Civita connection and the semi-symmetric non-metric connection are simultaneously diagonalizable.

Example. Let T? : S'(1) x S'(1) € R* be a torus embedded in R* defined by
T? = {(cosu,sinu,cosv,sinv) : u,v € R}.
For p = (cosu,sinu,cosv,sinv), Tp(T?) is spanned by
e1 = (—sinu,cosu,0,0),

e, = (0,0 — sin v, cos v)

and Tp (T?) is spanned by
e3 = (cosu,sinu,0,0),

eqs = (0,0, cosv,sinv).

Differentiating these, we get

66161 = —é3, 661 € = 0/ 66163 =é1, 66164 = 0/ (40)
66261 = 0/ 68262 = —ty, 66263 = 0/ 66264 = €.
Let w be a 1-form on R*. A semi-symmetric non-metric connection V on R is given by
VY = VY +an(X)Y + br(Y)X. (41)
From Equations (40) and (41), we have
Veer = —e3+ (a+b)w(er)er, Veer =aw(e)es + bw(e)ey, @)

Ve,e1 = aw(ey)e; + bw(er)es, Veer = —eq+ (a+b)w(ey)er.
Using Equation (42), we obtain

Vee1 = (a+b)w(er)ey, velez = aw(ey)ey + bw(ey)e, @)
?ezel =aw(ey)er + bw(ey)er, ?6262 = (a+Db)w(ey)ey

and
h(ey,e1) = —es, h(ey,ex) = h(eg,e1) =0, h(eg, ez) = —ey. (44)
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From Equation (43), we have

T(elr€2) = velt?z - vezel - [61,62]

(45)
= (a—Db)w(ez)e; — (a—b)w(eq)er.

and

ag)(ere1) = —2(a+b)w(er), (Ve g)(er,e2) = —bw(ey),
ag)(e2e2) = —2aw(er), (Veg8)(e1,e1) = —2aw(ey), (46)
0g) (e, e2) = —bw(ez), (Ve,8)(e2,e2) = —2(a+ b)w(ey).

(
(
(

<k <I< <l<

Equations (45) and (46) show that the induced connection V is also a semi-symmetric
non-metric connection.

Using Equation (44), we know that the mean curvature vector of T? with respect to the
semi-symmetric non-metric connection is

~.

1. . 1
H = Zlh(er,e1) +hlexe2)] = —7 (e +e).
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