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Abstract: Shear-induced polymer-bridging flocculation is widely used in the solid–liquid separation
process in cemented paste backfill, beneficial to water recycling and tailings management in metal
mines. A flocculation kinetics model based on Population Balance Model (PBM) is proposed to
model the polymer-bridging flocculation process of total tailings. The PBM leads to a system of
ordinary differential equations describing the evolution of the size distribution, and incorporates an
aggregation kernel and a breakage kernel. In the aggregation kernel, a collision frequency model
describes the particle collision under the combined effects of Brownian motions, shear flow, and
differential sedimentation. A semi-empirical collision efficiency model with three fitting parameters
is applied. In the breakage kernel, a new breakage rate coefficient model with another three fitting
parameters is introduced. Values of the six fitting parameters are determined by minimizing the
difference between experimental data obtained from FBRM and modeling result through particle
swarm global optimization. All of the six fitting parameters vary with flocculation conditions. The
six fitting parameters are regressed with the flocculation factors with six regression models obtained.
The validation modeling demonstrates that the proposed PBM quantifies well the dynamic evolution
of the floc size during flocculation under the given experimental setup. The investigation will provide
significant new insights into the flocculation kinetics of total tailings and lay a foundation for studying
the performance of the feedwell of a gravity thickener.

Keywords: cemented paste backfill; flocculation kinetics; tailings dewatering; aggregation kernel;
breakage kernel

1. Introduction

Tailings is one of the largest industrial solid wastes generated in the mining industry,
which has resulted in serious safety and environmental issues (soil pollution, water pollu-
tion, and air pollution) [1–3]. Cemented paste backfill (CPB) technology has been one of the
best practical approaches for water recycling and tailings management in metal mines [4,5].
Shear-induced polymer-bridging flocculation [6–8] is widely used in tailings dewatering,
which is one of the key processes in CPB [9–11]. In shear-induced polymer-bridging floc-
culation, water-soluble polymeric agents (so-called flocculants) are added to bridge the
ultrafine tailings into large fast-settling velocity flocs with the effect of fluid shear. With
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shear-induced polymer-bridging flocculation, clarified overflow and dense underflow of
thickeners are achieved, beneficial to water recycling and tailings management.

Many researchers have conducted related experiments and simulation studies to
investigate the effect of flocculation on solid-liquid separation of tailings slurry. With respect
to the experimental conditions, we comment that suspension concentration, flocculant
dosage, shear rate, and other flocculation conditions influence the settling velocity and
underflow concentration macroscopically [6,12–16]. It was found that Rheomax DR 1050
has a better flocculation performance than conventional acrylamide/acrylate copolymer
flocculant when the suspension concentration is high [6]. With ultraflocculation, good
flocculation results can be achieved in a short period of time in a highly non-uniform
hydrodynamic field [12]. Moreover, attention was also paid to the microcosmic physical
properties of flocs, such as the size, structure, and strength, made possible through modern
characterization techniques [17–19]. However, there is a little research related to the
evolution of floc size of tailings, especially the tailings in Nickel mines.

During the flocculation process, aggregation and breakup of flocs always occur si-
multaneously [20,21]. Consequently, the Population Balance Model (PBM), composed of
aggregation kernel (including collision frequency and collision efficiency) and breakage
kernel (including breakage rate and breakage distribution function), is widely used in sim-
ulation studies to investigate the factors that influence on flocculation behavior of mineral
suspension effectively [22,23]. Coupled with Computational Fluid Dynamics (CFD), PBM
is good at describing the size distribution and evolution of flocs in a full-scale unit, which
is rarely observed in practice [22,24].

In a previous work [21], a flocculation experiment for total tailings was conducted
under different conditions. The experimental data was obtained from focused beam
reflectance measurement (FBRM). It was found that the floc size under different flocculation
conditions increased rapidly to the peak and then decreased gradually with flocculation
time until it reached a stable state.

Inspired by the above works, we adopted PBM to describe the flocculation kinetics
of total tailings in Nickel mines through simulation based on previous experiments [25].
We trained the PBM for polymer-bridging flocculation of total tailings through MATLAB
simulation based on previous experimental data. This work is the second step in the
research of total-tailings flocculation. The next step will be placed on large-scale thickener
simulation through CFD-PBM to investigate the floc size distribution in thickener. That
is to say, this work is focused on flocculation kinetics based on the results of laboratory
experiment (previous work), and the future work will pay attention to the simulation and
prediction of flocculation in large-scale thickeners.

2. Materials and Methods
2.1. Flocculation Data of Total Tailings Obtained by FBRM

The total tailings sampled from the Jinchuan Nickel Deposit in China and anionic
polyacrylamide flocculant (Magnafloc 5250) obtained from Badische Anilin-und-Soda-
Fabrik (BASF) were used. The specific gravity of dry total tailings determined using a
pycnometer is 2.785 g cm−3. The total tailings sample and the particle size distribution
(PSD) of the total tailings obtained in the previous work are shown in Figure 1 [25].

The solid fraction (SF), flocculant dosage (FD), flocculant concentration (FC), and
shear rate (G) were selected as the factors. The ranges of the four factors are 5 wt% to
25 wt%, 5 g t−1 to 25 g t−1, 0.005% to 0.15%, and 51.60 s−1 to 412.90 s−1, respectively. About
29 experimental runs were designed by response surface methodology (RSM). The square-
weighted mean chord length (SWMCL) of floc obtained by FBRM during the flocculation
process was used to represent the floc size. The dynamic variation of the SWMCL of floc
with flocculation time was shown in Figure 2 [25].
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Figure 1. Samples (a) and PSD (b) [25] of total tailings.
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Figure 2. Dynamic evolution of the square-weighted mean chord length of floc with flocculation
time [25].

2.2. Population Balance Model (PBM)

PBM is very suitable for studying flocculation behavior [22,23]. In this work, we
adopted the most popular expression for PBM, proposed by [26] and modified by [27], to
describe the flocculation kinetics of total tailings. The aggregation kernel, breakage kernel,
solution, and parameter fitting will be introduced in the following subsections.

dNi
dt =

i−2
∑

j=1
2j−i+1αi−1,jβi−1,jNi−1Nj +

1
2 αi−1,i−1βi−1,i−1N2

i−1

−Ni
i−1
∑

j=1
2j−iαi,jβi,jNj − Ni

max1
∑
j=i

αi,jβi,jNj +
max2

∑
j=i

Γi,jSjNj − Si Ni

(1)

where Ni is the number concentration of flocs composed of 2i−1 particles at time t in channel
i. N1 is the number concentration of primary particles in channel 1. The quantities β and α
are collision frequency and collision efficiency, respectively. By S, we denote breakage rate
coefficient. Moreover, Γ means a breakage distribution function. The superscripts max1
and max2 represent the maximum number of size channels used to describe the full-size
range of particles and flocs, respectively, by aggregation and breakage. Values of max1 and
max2 were determined in Section 3.1.
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Each term on the right-hand side of Equation (1) represents the birth or death of flocs
in channel I due to aggregation or breakage at time t. The first two terms describe the birth
of flocs in the i-th channel due to the aggregation of smaller flocs. The next two terms
represent the death of flocs in the i-th channel that aggregate to form larger flocs. The fifth
term denotes the death of flocs in the i-th channel through breakage. The last term accounts
for the birth of flocs in the i-th channel by breakage of larger flocs.

2.2.1. Aggregation Kernel

The aggregation kernel is the product of collision frequency βi,j and collision
efficiency αi,j.

(1) Collision frequency.
The interparticle collision mechanism between particles is mainly related to the size of

particles. For particles with diameters less than 1 µm, Brownian motion or perikinetic dom-
inates; for particles in the diameter range 1 to 40 µm, fluid shear or orthokinetic dominates;
and for particles with diameter larger than 40 µm, differential settling dominates [28]. As
analyzed previously, the diameter range of total tailings particles is 0.282 to 447.744 µm,
with 4.14% of which is less than 1 µm, 70.11% of which is in the range 1 to 40 µm, and
25.75% of which is larger than 40 µm [25]. Therefore, the collision between total-tailings
flocs or particles results from the combined effects of Brownian motions, shear flow, and
differential sedimentation. Thus, the collision frequency can be determined as:

βi,j = βBr
i,j + βSh

i,j + βDS
i,j , (2)

where βBr
i,j , βSh

i,j , and βDS
i,j are the collision frequency due to the three collision mechanisms,

respectively.
Flocs were regarded as solid spheres in conventional models, which is seriously

inconsistent with the facts. The flocs are porous and irregular, which can be described using
fractal scaling [29]. Precisely, we assume that the floc size (gyration radius, rgi) is related to
the number of primary particles (ni) in a floc.

rgi = r0

(
ni
kc

)1/d f

, (3)

where r0 is the radius of primary particle, d f is the mass fractal dimension, kc is a constant
usually close to unity [30]. Experimental research investigated that the fractal dimension of
flocs in the flocculation process of the same mineral particles is roughly constant, and the
fractal dimension of flocs of different mineral particles is expected in the range of 1.8 to
2.8 [6,31,32]. In this work, 2.5 was assigned to the fractal dimension.

The permeability and fractal dimension of flocs should be considered to calculate the
collision frequency due to the three mechanisms [33]:

βBr
i,j =

2kT
3µsus

(
1

Ωirgi
+

1
Ωjrgj

)(
rgi + rgj

)
, (4)

βSh
i,j =

1
6

(
ηi

1/2rgi + ηj
1/2rgj

)3
G, (5)

βDS
i,j = π

(
ηi

1/2rgi + ηj
1/2rgj

)2
·
∣∣∣ui − uj

∣∣∣, (6)

where k is the Boltzman constant, T is the absolute temperature, and µsus is the dynamic
viscosity of the flocculating suspension:

µsus = µ0

(
1−

ϕe f f

ϕmax

)−2
, (7)
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where µ0 is the viscosity of water; ϕmax is the maximum solid volume fraction. The porosity
of total tailings in the dense state obtained by the experiment is 45.17%. When the pores
of total tailings are filled with water, the volume fraction of total tailings is the largest.
Therefore, the maximum solid volume fraction is 54.83%, which is 1 minus 45.17%. ϕe f f
is the volume fraction of flocs, which is in relation to the average diameter of flocs and
primary particles [32].

ϕe f f = ϕ

(
d f loc

d0

)3−d f

, (8)

where ϕ is the volume fraction of primary particles in suspension.
In Equation (4), Ω is the ratio between the force exerted by the fluid in a permeable

floc and that on an impermeable sphere [34]:

Ω =
2ξ2
[
1− tanhξ

ξ

]
2ξ2 + 3

[
1− tanhξ

ξ

] , (9)

where ξ is a dimensionless factor of permeability,

ξ =
rgi

K1/2 , (10)

where K represents the permeability, which can be calculated based on porosity, φ, through
the Brinkman model [35],

K =
3 + 3

1−φ −
(

8
1−φ − 3

)3/2

18
r2

0, (11)

where φ can be calculated based on d f and rgi [36],

φ = 1−
( rgi

r0

)d f−3
. (12)

In Equation (5), η and G is the fluid collection efficiency and the average shear rate in
the vessel [37], respectively:

η = 1− d
ξ
− c

ξ3 , (13)

where

d =
3ξ3
[
1− tanhξ

ξ

]
2ξ2 + 3

[
1− tanhξ

ξ

] , (14)

c = −

[
ξ5 + 6ξ3 −

(
3ξ4 + 6ξ2) tanhξ

ξ

]
2ξ2 + 3

[
1− tanhξ

ξ

] , (15)

Based on the modified Stokes law, u in Equation (6) representing the sedimentation
rate of permeable floc can be given as [22]:

ui =
2(ρs − ρw)gφr2

gi

9µsusΩ
, (16)

where g is the acceleration of gravity, ρs and ρw are the density of solid and water, respec-
tively.
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(2) Collision efficiency.
The collision efficiency is assumed to be 1 in the classical Smoluchowski coagulation

equation [38]; that is to say, all collisions are effective. Actually, not all the collisions
can generate a new larger floc because of the hydrodynamic retardation and colloidal
interactions or repulsion [39]. Moreover, flocs are porous. For this reason, a semi-empirical
equation proposed in [30] was introduced to describe the collision efficiency, namely

αij = f1

exp
(
− f2

(
1− i

j

)2
)

(i · j) f3

. (17)

where f1, f2, and f3 are fitting parameters, f1 represents the maximal value of αij, which
belongs to [0, 1], influenced by flocculant dosage and other flocculation conditions. In
other studies, f1 is treated as a tuning parameter in [40] while f2 and f3 are considered as
0.1 [41,42]. However, Equation (17) indicates that αij changes significantly with f1, f2, and
f3. Therefore, f1, f2, and f3 should be fitted to describe the collision efficiency

2.2.2. Breakage Kernel

Because of fluid shear, the flocs are likely to be broken. Since there is no theory
to predict floc size distribution due to breakage, two similar power-law breakage rate
coefficient models were developed [43,44]:

Si = s1Gs2 rgi, (18)

Si = p1Grp2
gi . (19)

According to Equation (18), the breakage rate coefficient is related to shear rate and
floc size. Based on this, we improved the model as another shear-induced power-law
model:

Si = f4G f5 r f6
gi . (20)

where f4, f5, and f6 are fitting parameters larger than 0.
Apart from the conditions for floc being broken, how the mass distribution of daughter

flocs is also essential for describing the breakage process. Without any fitting or adjustable
parameters, the binary breakage distribution function [45] was applied in this work. This
model is easy to implement and the most used. It is simply defined as:

Γi,j =

{
Vj
Vi

for j = i + 1
0 otherwise

(21)

where Vi and Vj are the volume of flocs and Vi = 2i−1V0, in which V0 is the volume of
the primary particle. The primary particle represents the basic unit of large particles or
flocs [22,45]. And V0 can be calculated based on the minimum size of total tailings particles.

2.3. PBM Solution and Parameter Fitting Methodology

As shown in Equation (1), PBM is a first-order linear ordinary differential equation
(ODE). A stiff ODEs solver with low to medium accuracy (ode15s) in MATLAB was applied
to solve the PBM. The fitting parameters in PBM were adjusted to the experimental data
obtained from FBRM. To this end, we used particle swarm global optimization (PSO) to
solve the following problem:

minimize J :=
t=240

∑
t=0

(
dPBM − dFBRM

)2
with respect to f1, f2 · · · f6, (22)
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where dPBM is the De Brouckere Mean Diameter of flocs obtained from PBM, which can be
calculated as follows; dFBRM is the mean diameter of flocs obtained from FBRM measure-
ment.

dPBM =
∑max

i=1 Nid4
i

∑max
i=1 Nid3

i
, (23)

The Goodness of Fit [46] is used to validate model fit.

R2 = 1−
∑max

j=1
(
dFBRM ,j − dPBM ,j

)2

∑max
j=1

(
dFBRM ,j − dFBRM

)2 . (24)

where R2 ∈ [0, 1], the closer the R2 is to 1, the better fit of the PBM.

3. Results and Discussion
3.1. Initial Population of Total Tailings Particles

To solve Equation (1), we need the initial population of total tailings particles before
flocculation. According to the previous studies [25,47], the minimum size of total tailings
particles and the maximum size of total-tailings flocs are 0.282 µm and 1000 µm, respectively.
Therefore, the volume of the primary particle V0 is 1.17 × 10−20 m3. At the same time, the
largest volume of flocs is 5.23 × 10−10 m3, which is about 236.37−1 times of V0. Accordingly,
we divided the size range of particles and flocs into 37 numerical channels. That is to say,
both max1 and max2 in Equation (1) are 37. In the 29 experimental runs, there are five solid
fractions (SFs), 5 wt%, 10 wt%, 15 wt%, 20 wt%, and 25 wt%. Based on the volume-based
PSD (Figure 1b) and the SFs, the corresponding initial population of total tailings particles,
that is, the number concentration distribution (m−3) of primary total tailings particles, can
be calculated as shown in Figure 3. Because the PSDs of total tailings are the same under
deferent SFs, the proportion of the same channel under deferent SFs is the same. At the
same time, high SF means a high number concentration.
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Figure 3. Number concentration distribution of primary total tailings particles assigned in 37 channels.

3.2. Fitting the Parameters of PBM

The parameters f1, . . . , f6 of the PBM of 29 experiment runs can be obtained as shown
in Table 1.
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Table 1. Fitted parameters and statistics for each experiment run.

Run.
Factors (Uncoded) Responses

R2

SF, x1 (wt%) FD, x2 (g t−1) FC, x3 (%) G, x4 (s−1) f 1 f 2 f 3 f 4 f 5 f 6

1 15 15 0.1500 51.60 0.906760 0.981830 0.045583 0.071916 1.238100 1.949340 0.8799
2 25 15 0.1500 232.25 0.884400 0.906411 0.024310 0.019595 1.042457 1.945652 0.9121
3 5 25 0.0775 232.25 0.881730 0.922640 0.021378 0.007813 1.106460 1.894710 0.8615
4 15 15 0.0050 412.90 0.887640 0.928360 0.024536 0.016628 1.123560 1.913460 0.9492
5 15 15 0.0775 232.25 0.862600 0.959000 0.015087 0.056445 1.100100 1.989600 0.9677
6 15 15 0.0775 232.25 0.863360 0.935460 0.002770 0.052764 1.090710 1.962360 0.9504
7 15 15 0.0775 232.25 0.867900 0.942720 0.003796 0.046269 1.086990 1.952670 0.8714
8 15 5 0.0775 51.60 0.986006 0.954247 0.017934 0.269841 1.074363 1.918388 0.6896
9 25 5 0.0775 232.25 0.868640 0.911100 0.023525 0.015922 1.087500 1.883550 0.8287
10 15 25 0.1500 232.25 0.994610 0.780870 0.039762 0.174078 0.224532 1.353810 0.9463
11 25 15 0.0775 51.60 0.913510 0.953530 0.028176 0.075294 1.177080 1.875150 0.8578
12 15 15 0.0050 51.60 0.899170 0.962320 0.036402 0.090126 1.167180 1.967460 0.8402
13 5 15 0.1500 232.25 0.865380 0.937700 0.000980 0.037248 1.073790 1.940640 0.8627
14 15 5 0.0775 412.90 0.876230 0.898450 0.026484 0.005345 1.037370 1.919790 0.8567
15 15 5 0.0050 232.25 0.879900 0.925820 0.020141 0.008921 1.115490 1.891080 0.8934
16 15 15 0.0775 232.25 0.864620 0.945730 0.007218 0.051825 1.092600 1.968210 0.9721
17 5 15 0.0775 51.60 0.866723 0.742204 0.029235 0.104340 0.571991 1.404482 0.8773
18 25 25 0.0775 232.25 0.894745 0.922552 0.039456 0.049053 1.049720 1.766263 0.7917
19 15 15 0.0775 232.25 0.913690 0.985850 0.023613 0.020428 1.172490 2.003190 0.8818
20 15 25 0.0775 51.60 0.901440 0.962160 0.034187 0.087948 1.116930 2.028450 0.9678
21 25 15 0.0050 232.25 0.800013 0.608530 0.008808 0.012363 0.657667 1.079004 0.9215
22 15 15 0.1500 412.90 0.885230 0.926670 0.023514 0.006677 1.123440 1.908900 0.8874
23 5 15 0.0050 232.25 0.840267 0.689191 0.018029 0.065081 0.434195 1.275404 0.7366
24 15 25 0.0775 412.90 0.982242 0.870247 0.009020 0.165464 0.709983 1.764251 0.8417
25 25 15 0.0775 412.90 0.887640 0.928360 0.024536 0.016628 1.123560 1.913460 0.6573
26 5 15 0.0775 412.90 0.831532 0.973551 0.030851 0.165089 0.577301 1.717226 0.8328
27 15 5 0.1500 232.25 0.895850 0.934230 0.031360 0.010204 1.143030 1.920150 0.7514
28 5 5 0.0775 232.25 0.884920 0.920920 0.017997 0.007352 1.115130 1.894710 0.6050
29 15 25 0.0050 232.25 0.887650 0.928390 0.024556 0.016685 1.123560 1.913490 0.9515

Substituting the value of f1, f2, and f3 into Equation (17), covering the value of f4, f5,
and f6 into Equation (19), and solving Equation (1), we can obtain the dynamic evolution
of the square-weighted mean chord length of floc in the corresponding experiment run.
Figure 4 compares the dynamic evolution obtained by experiment and that obtained by
modeling. It illustrates that PBM fit the experiment results well under most flocculation
conditions. This result is confirmed by the values of R2 shown in Table 1. The Goodness of
Fit obtained through Equation (24) is close to 1 in most runs.

Minerals 2022, 12, x FOR PEER REVIEW 8 of 16 
 

 

 

Figure 3. Number concentration distribution of primary total tailings particles assigned in 37 chan-

nels. 

3.2. Fitting the Parameters of PBM 

The parameters 
1f , …, 

6f  of the PBM of 29 experiment runs can be obtained as 

shown in Table 1. 

Substituting the value of 
1f , 

2f , and 
3f  into Equation (17), covering the value of 

4f , 
5f , and 

6f  into Equation (19), and solving Equation (1), we can obtain the dynamic 

evolution of the square-weighted mean chord length of floc in the corresponding experi-

ment run. Figure 4 compares the dynamic evolution obtained by experiment and that ob-

tained by modeling. It illustrates that PBM fit the experiment results well under most floc-

culation conditions. This result is confirmed by the values of 2R  shown in Table 1. The 

Goodness of Fit obtained through Equation (24) is close to 1 in most runs. 

  
(a) (b) 

0

5

10

15

20

25

30

35

10 5

106

107

108

109

1010

1011

1012

1013

1014

1015

1016

5

10

15

20

25

Soli
d m

as
s f

ra
cti

on
 (w

t%
)

L
o
g
(p

a
rt

ic
le

 n
u

m
b

er
 c

o
n

ce
n

tr
a
ti

o
n

) 
(m

-3
)

Numerical channel number

0 60 120 180 240
0

100

200

300

400

500

600

700
 1-E  1-M  2-E   2-M

 3-E  3-M  4-E   4-M

 5-E  5-M  6-E   6-M

 7-E  7-M  8-E   8-M

 9-E  9-M 10-E 10-M

S
q

u
a

re
-w

ei
g

h
te

d
 m

ea
n

 c
h

o
rd

 l
en

g
th

 (
μ

m
)

Time (s)

0 60 120 180 240
0

100

200

300

400

500

600

700
 11-E  11-M  12-E   12-M

 13-E  13-M  14-E   14-M

 15-E  15-M  16-E   16-M

 17-E  17-M  18-E   18-M

 19-E  19-M  20-E   20-M

S
q

u
a

re
-w

ei
g

h
te

d
 m

ea
n

 c
h

o
rd

 l
en

g
th

 (
μ

m
)

Time (s)

Figure 4. Cont.
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Figure 4. Dynamic evolution of the square-weighted mean chord length of floc obtained by experi-
ment (symbols) and modeling (continuous lines) in (a) run 1 to 10; (b) run 11 to 20, and (c) run 21 to
29. In the legend, E and M represent experiment and modeling, respectively.

3.3. Analysis of the Parameters

It can be seen from Table 1 that f1 of the PBM of 29 experiment runs was close to 1,
and the average is 0.888772. That is to say, the maximal value of the collision efficiency
(αij) is smaller than 1, which is always adopted in the classical Smoluchowski coagulation
equation [38]. The average of f2 and f3 are 0.904795 and 0.022526, respectively. Both f2
and f3 are not 0.1 as considered in other studies [41,42]. Moreover, neither f5 nor f6 is 1,
indicating that the breakage rate coefficient of total-tailings flocs is not in line with the shear
rate or floc size. At the same time, it also illustrates that the breakage rate coefficient of
total-tailings flocs is different from that of other flocs or droplets [43,44].

The R2 of run 16 and 20 in Table 1 are the two largest among all the experiment
runs. Therefore, we take run 16 and 20 as examples to analyze the evolution of collision
efficiency with the numerical channel I and j. The collision efficiencies estimated using the
corresponding values of f1, f2, and f3 in run 16 and run 20 are shown in Figure 5. Both
Figure 5a,b illustrate higher αij values for smaller flocs that are comparable in size.
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Figure 5. Collision efficiency in PBM of (a) run 16; (b) run 20. The x-axis and y-axis represent the
numerical channel I and j, respectively. The z-axis denotes collision efficiency αij.
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The exponent ( f5) of shear rate (G) in shear-induced breakage rate coefficient fluctuates
around 1. The average of f5 is 0.991630. This result is similar to the exponent of G in
Equation (19). Therefore, the breakage rate coefficient is approximately positive linear with
G for the flocs of the same size. The exponent ( f6) of floc size (rgi) fluctuates around 2.
The average of f6 is 1.824650. Therefore, the breakage rate coefficient is approximately
positive linear with the square of rgi under the same shear condition. The parameter f4 is
significantly less than f5 and f6, respectively. The average of f4 is 0.059563.

We also take run 16 and 20 as examples to analyze the changes of breakage rate
coefficient with the shear rate G and gyration radius rgi. The breakage rate coefficients
estimated using the corresponding values of f4, f5, and f6 in run 16 and run 20 are shown
in Figure 6. Both Figure 6a,b demonstrate higher Si values for higher shear rate and bigger
gyration radius.
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Figure 6. Breakage rate coefficient in PBM of (a) run 16; (b) run 20. The x-axis and y-axis represent the
shear rate G and gyration radius rgi, respectively. The z-axis denotes the breakage rate coefficient Si.

Moreover, f1, . . . , f6 of the PBM of each experiment run is quite different from that of
other runs, indicating that all of the six fitting parameters vary with flocculation conditions.
Therefore, the fitting parameters are functions of flocculation factors. The regression
processes were conducted through Design-Expert software. Before regression, the factor
should be coded as −1 to 1 because of the difference between the unit and/or level of each
factor [25]. The regression models obtained for f1, . . . , f6 in terms of coded factors were
obtained, as shown in Equations (25)–(30), respectively.

f1 = 0.87 + 0.0065x1 + 0.013x2 + 0.02x3 − 0.01x4 + 0.0073x1x2
+0.015x1x3 + 0.0023x1x4 + 0.023x2x3 + 0.048x2x4
−0.0025x3x4 − 0.027x2

1 + 0.038x2
2 − 0.0006x2

3 + 0.024x2
4

, (25)

f2 = 0.95 + 0.042x1 − 0.005x2 + 0.0045x3 − 0.022x4 + 0.0024x1x2 + 0.012x1x3
−0.064x1x4 − 0.039x2x3 − 0.009x2x4 − 0.0053x3x4 − 0.067x2

1 − 0.045x2
2

−0.016x2
3 + 0.012x2

4 + 0.0084x2
1x2 + 0.13x2

1x3 + 0.074x2
1x4 − 0.044x1x2

2
−0.07x1x2

3 − 0.039x2
2x3 − 0.015x2

2x4 − 0.033x2x2
3 + 0.077x2

1x2
2 − 0.085x2

1x2
3

, (26)

f3 = 0.01− 0.0018x1 − 0.003x2 + 0.002x3 − 0.0085x4 + 0.0031x1x2 + 0.0081x1x3
−0.0013x1x4 + 0.001x2x3 − 0.0084x2x4 − 0.0026x3x4 + 0.01x2

1 + 0.0039x2
2

+0.015x2
3 + 0.0075x2

4 + 0.0051x2
1x2 − 0.0024x2

1x3 + 0.008x2
1x4 + 0.0077x1x2

2
+0.0054x1x2

3 + 0.0046x2
2x3 + 0.0043x2

2x4 + 0.0035x2x2
3 + 0.0009x2

1x2
2 − 0.022x2

1x2
3

, (27)

f4 = 0.046− 0.044x1 − 0.0054x2 − 0.007x3 − 0.035x4 + 0.0082x1x2 + 0.0088x1x3
−0.03x1x4 + 0.039x2x3 + 0.086x2x4 + 0.0021x3x4 + 0.0046x2

1 + 0.046x2
2

−0.039x2
3 + 0.04x2

4 + 0.014x2
1x2 + 0.0019x2

1x3 + 0.035x2
1x4 + 0.057x1x2

2
+0.027x1x2

3 + 0.047x2
2x3 − 0.012x2

2x4 + 0.048x2x2
3 − 0.076x2

1x2
2 + 0.023x2

1x2
3

, (28)

f5 = 1.11 + 0.29x1 − 0.071x2 + 0.018x3 − 0.04x4 − 0.0073x1x2 − 0.064x1x3
−0.015x1x4 − 0.23x2x3 − 0.092x2x4 − 0.0018x3x4 − 0.31x2

1 − 0.19x2
2

−0.014x2
3 + 0.069x2

4 + 0.06x2
1x2 + 0.24x2

1x3 + 0.028x2
1x4 − 0.31x1x2

2
−0.24x1x2

3 − 0.24x2
2x3 − 0.071x2

2x4 − 0.16x2x2
3 + 0.49x2

1x2
2 + 0.023x2

1x2
3

, (29)
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f6 = 1.98 + 0.17x1 − 0.011x2 − 0.0057x3 − 0.024x4 − 0.029x1x2 + 0.05x1x3
−0.069x1x4 − 0.15x2x3 − 0.066x2x4 + 0.0034x3x4 − 0.3x2

1 − 0.12x2
2

−0.089x2
3 + 0.049x2

4 − 0.018x2
1x2 + 0.39x2

1x3 + 0.11x2
1x4 − 0.2x1x2

2
−0.21x1x2

3 − 0.13x2
2x3 − 0.042x2

2x4 − 0.12x2x2
3 + 0.3x2

1x2
2 − 0.029x2

1x2
3

. (30)

The coefficient of determination of the regression models were 0.8415, 0.9928, 0.9152, 0.9926,
0.9971, and 0.9989, respectively. This result is confirmed by Figure 7, in which the plots of predicted
f1, . . . , f6 versus actual ones are shown. Therefore, Equations (25)–(30) fit the calculated results well
and are capable of sufficient predicting f1, . . . , f6 under the given experimental setup, respectively.
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Figure 7. Predicted vs. actual values plot for responses: (a) f1; (b) f2; (c) f3; (d) f4; (e) f5; and (f) f6.

3.4. Validation of PBM
To further test the validity of PBM and the regression models, we used the experiment results

obtained under the optimal flocculation conditions in a previous study [25] to conduct the validation.
The optimal flocculation conditions were SF = 10.29%, FD = 25%, FC = 0.15%, and G = 51.60 s−1.
Correspondingly, the fitting parameters f1, . . . , f6 were 0.93340, 0.83532, 0.04749, 0.11752, 0.76734, and
1.65428, respectively. The corresponding collision efficiency and breakage rate coefficient estimated
are shown in Figure 8. It can be found from Figure 8b that the breakage rate coefficient is much lower
than that of run 16 and run 20 (Figure 6), indicating that the flocs are not easy to break under the
optimal conditions.
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Figure 8. (a) Collision efficiency and (b) breakage rate coefficient in PBM under the optimal
conditions.

The dynamic evolution of the square-weighted mean chord length of floc obtained by modeling
under the optimal conditions can be obtained, as shown in Figure 9.
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Figure 9. Dynamic evolution of the square-weighted mean chord length of floc obtained by experi-
ment (symbols) and modeling (continuous lines) under the optimal conditions.

Because the fitting parameters of PBM are determined based on the experiment database (results
of 29 experimental runs designed RSM), the PBM can predicate the flocculation under different
flocculation conditions. The modeling results are close to the experiment results. The coefficient
of determination between modeling and experiment is 0.9804. This result further proves that the
regression models for f1, . . . , f6 are valid. That is to say, the proposed PBM quantifies well the
dynamic evolution of the floc size during flocculation under the given experimental setup. Moreover,
it is reasonable to expect that if the experiment database is large enough, the prediction accuracy of
the PBM will be more be higher.

Therefore, we can predict the particle or floc size distribution during flocculation using the
proposed PBM under the given experimental setup. Furthermore, we can model the total-tailings floc
size evolution in the feedwells of thickener by coupling CFD with PBM.

4. Conclusions
This work proposed a flocculation kinetics model based on PBM to model the polymer-bridging

flocculation process of total tailings. In the aggregation kernel, a collision frequency model is used
to describe the particle collision under the combined effects of Brownian motions, shear flow, and
differential sedimentation. A semi-empirical collision efficiency model with three fitting parameters
( f1, f2, and f3) was applied. A shear-induced power-law breakage rate coefficient model with another
three fitting parameters ( f4, f5, and f6) was introduced in the breakage kernel. The breakage rate
coefficient is related to shear rate and floc size.
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A solver from Matlab (ode15s) was applied to solve the PBM. Values of the six fitting parameters
were determined by minimizing the difference between experimental data and modeling results.
The six fitting parameters vary with flocculation conditions, and the average of f1, . . . , f6 are
0.888772, 0.904795, 0.022526, 0.059563, 0.991630, 1.824650, respectively. The six fitting parameters
were regressed with the flocculation factors. The regression models for f1, . . . , f6 in terms of coded
factors were obtained. The validation modeling demonstrated that the proposed PBM quantifies well
the dynamic evolution of the floc size during flocculation under the given experimental setup.

The PBM proposed is suitable for the Magnafloc 5250 and total tailings in Jinchuan Nickel
Deposit. The investigation will provide significant new insights into the flocculation kinetics of total
tailings and lay a foundation for studying the performance of the feedwell of a gravity thickener. In
the future, we will try to fit the six fitting parameters to describe the shear-induced polymer-bridging
flocculation of other tailings, such as copper tailings and iron tailings. Besides, other flocculation
factors ignored in this work should be considered to improve the validity of PBM. Moreover, the
evolution of size and that of fractal dimension of flocs should be considered simultaneously.
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