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Abstract: Coal-hosted gallium-rich ores are mainly explored with geochemical analyses, and their
elasticities lack research. This paper incorporated core testing, rock-physics modeling, and Monte
Carlo simulations to characterize the elastic parameters of gallium-rich cores and discuss whether
coal-hosted gallium-rich ores are elastically detectable. The measured cores from No. 6 coal in the
Heidaigou mine showed that the gallium contents strongly correlate to the boehmite contents with a
0.96 correlation coefficient. The rock-physics modeling results showed that mineral compositions
and contents are critical factors influencing elastic parameters, and elastic parameters in No. 6 coal
showed profound heterogeneities as mineral compositions and contents. The preferred parameters
for classifying and grouping different mineral-rich cores are the bulk modulus and moduli ratio.
Cross-plotting bulk modulus vs. moduli ratio can qualitatively group measured cores and Monte-
Carlo simulated realizations into different mineral-rich and saturation states properly. Concerning the
factors of boehmite content, porosity, and saturation state, an interpretation template for boehmite-
rich coal was proposed and used. As the template interpreted readings close to the measured contents,
the built templates can quantitatively interpret boehmite and gallium contents in coal-hosted ores
with high precision. In summary, the coal-hosted gallium-rich ores are elastically detectable.

Keywords: gallium-rich coal; elastic characteristic; rock-physics modeling; Monte Carlo simulation;
cross plot; interpretation template

1. Introduction

Coal resources have been widely deposited in China over a long geological period and
distributed widely across China. Under specific geological conditions, various strategic met-
als, including gallium, aluminum, magnesium, lithium, germanium, uranium, zirconium,
and niobium, are enriched in coalbeds and form coal-type strategic metal deposits [1,2]. For
metal gallium in coal, its distributions are mainly in the Carboniferous-Permian coal seams
in North China, the Jurassic coal seams in Northwest China, and the Permian coal seams
in South China. Compared with other coal-bearing areas, the Junggar coalfield in Inner
Mongolia province has been extensively studied [3–8]. Due to the considerable thickness
and high gallium enrichment in coal, the Junggar Coalfield has deposited a large amount of
metal gallium, which can partly offset China’s gallium reserve shortage. Among the mines
in the Junggar Coalfield, No. 6 coal of the Heidaigou and Haerwusu mines in the coalfield’s
central area is extra thick (30 m and 21 m on average respectively) and has deposited high
gallium contents (44.8 ppm and 18.0 ppm on average, respectively) [4,5]. These make them
become one of the most preferred gallium reserves in China. The coalbeds in the Junggar
coalfield coexists with metal aluminum and lithium, making the coalfield a sweet spot for
strategic metals.

Although metal gallium is rich in the Jungar coalfield, its lateral and vertical distribu-
tions are highly heterogeneous, its carrier minerals are relatively diverse (mainly boehmite
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followed by kaolinite), and its spatial and temporal configurations are complex [4,5,9]. So
far, geochemistry is the primary tool to understand the gallium deposits in coalbeds. As
a direct exploration, a geochemical survey intensely relies on field core sampling and lab
testing [10]. Its workload is extremely high, its exploration density is ordinarily limited,
and its survey efficiency is usually low. With only the geochemical survey, it is generally
tough to figure out the ore distributions correctly. Geophysical explorations, including
wireline logging and seismic surveying, are indirect survey methodologies with high explo-
ration densities and efficiencies [10]. For coal-hosted metal uranium deposits, gamma-ray
logging has been used to characterize ore distributions incorporating uranium’s naturally
radioactive characteristics [11–14]. However, few geophysical methodologies have explored
nonradioactive metal deposits in coalbeds. It can be hypothesized that geophysical surveys
constrained by geochemical measurement can identify nonradioactive mental deposits
such as gallium-rich coal and characterize ore distributions in coal-bearing strata. To this
end, the elasticities of No. 6 coal in the Heidaigou mine were analyzed in this study.

The existence of elasticity contrasts among subsurface media is the basis of acoustic
wireline logging and seismic exploration on discovering subsurface structures, lithology,
and fluid saturation [15,16]. As the literature reveals, many factors, including lithology,
porosity, grain contact, microstructure, cementation, diagenesis, fluid saturation, tempera-
ture, wave frequency, and geo stress, affect the elasticities of crust rocks [17–24]. However,
geophysical explorations are limited to elastic properties, including velocities, impedances,
moduli, Poisson’s ratio, anisotropy, and attenuation. The imbalanced associations between
influencing factors and available properties can cause interpretation uncertainties and make
subsurface surveys hard. Rock physics methodologies, including lab testing and theoretical
modeling, are the most used tools to reveal the associations between individual factors
and elastic properties [25]. Lab testing typically uses ultrasonic wave and stress–strain
measurement on sampled cores to understand high- and low-frequency velocities and at-
tenuations [26–28]. The theoretical modeling adopts mathematic equations, such as bound
theories, equivalent medium models, and fluid substitution methodologies, to uncover the
influences of rock composition, porosity, geometry, and fluid on rock elasticities [15,25].
With rock physical analyses, researchers can minimize the interpretation uncertainty and
improve the depiction accuracy of geological anomalies.

As a typical sedimentary rock, coal is complex in mineral composition and content,
pore size and structure, grain size and contacts, and coal rank. Coal rank plays a leading role
in influencing coal’s elasticities. Generally, density, velocities, moduli, and anisotropy are
positively correlated to coal rank, but Poisson’s ratio has an inverse variation trend [29]. As
bituminous coal, No. 6 coal in the Junggar coalfield has moderate velocities and Poisson’s
ratio. Grain size and contact influence coal elasticities as well. Highly deformed coal,
including mylonite and wrinkle coals, have small grain sizes and weak contacts. Their
velocities, moduli, and anisotropy are far lower than primary coals [30–32]. However,
undeformed coal and low-level deformed cataclastic coal have high velocities, moduli,
and anisotropy. Pore size and structure affect coal elasticities [33–36]. Suppose coal has
sparse and near-round pores, its velocities and moduli are high, and its Poisson’s ratio and
anisotropy are relatively low. When coal is rich in low aspect ratio cracks, its velocities are
highly orientation related, i.e., high-velocity anisotropy [30,37]. Last, mineral composition
and content affect coal elasticities [29,38]. Coal velocities, density, impedance, and modulus
are usually high when coal contains notable heavy minerals.

In this study, we characterize the elastic parameters of different mineral-rich cores,
qualitatively discuss the elastically detectable of coal-hosted gallium-rich ores, and pro-
pose a quantitative interpretation template for coal-hosted gallium-rich ores incorpo-
rating core testing, rock-physics modeling, Monte Carlo simulation, and interpretation
template building.
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2. Geological Background
2.1. Geological Setting

The Heidaigou mine is a significant producing mine of the Jungar coalfield, located
on the northeast margin of the Ordos basin, North China (Figure 1). Its mining area is
42.36 km2, and its coal reserve is 1.5 billion tonnes. Along with the Jungar coalfield, the
study area is generally an uplift terrace in the east and a depression in the west [4–7]. The
geological structures in the area are generally simple, and the sediment strata are generally
flat (<10◦). The developed low-dense folds and faults are small in scale and mainly trend
along the NE direction. As the characteristics of the North China plate, most faults in the
region are normal faults [7].
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Figure 1. Coal-bearing basins in the Northern China plate and the Heidaigou mine location.

The total thickness of coal-bearing strata in the region is approximately 150 m, includ-
ing the Benxi and Taiyuan formations of the Carboniferous age and the Shanxi Formation
of the Permian period [5]. The overlying layers of the coal-bearing strata are sandstone and
mudstone of the Shihezi Formation, and the underlying layer is the Ordovician limestone
strata. Among all coal seams, No. 6 coal of the uppermost Taiyuan formation is the thickest
(~30 m). The coal type of No. 6 coal is bituminous coal, and the buried depth of No. 6 coal
is 80–100 m. As recent research, No. 6 coal is a strategic metal ore of metal gallium in the
Junggar coalfield [4–7]. As revealed, the gallium in No. 6 coal is mainly derived from the
bauxite of the underlying Benxi formation. As Dai, Ren, and Li [5] reported, boehmite is
the leading carrier mineral of metal gallium in No. 6 coal.

2.2. Core Samples

Dai, Ren, and Li [5] sampled seven cores from No. 6 coal in the Heidaigou mine
following the Chinese Standard Method GB482-1985, as shown in Figure 2. Coalbed
thickness of the sample location is 30 m, and the cores are numbered from the roof to
the floor sequentially. After the measurement of instrumental neutron activation analysis
(INAA), inductively coupled plasma mass spectrometry (ICP-MS), X-ray fluorescence
spectrometry (XRF), scanning electron microscope equipped with an energy-dispersive
X-ray spectrometer (SEM-EDX), and X-ray diffraction spectrometer (XRD), the mineral
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compositions and gallium concentrations of the cores have been analyzed. In this paper,
we reorganized the results and listed them in Table 1.
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Table 1. Weight contents of measured components in cores from No. 6 coal (edited from [5]). The
unit for organic and mineral contents is weight percentage, and the unit for gallium is ppm.

Content

Core
6–1 6–2 6–3 6–4 6–5 6–6 6–7

Organic 77.5 76.7 80.1 82.9 84.4 76.3 79.9
Clay 5.5 4.3 3.6 4.4 11.4 22.0 19.5

Pyrite 0.0 0.0 0.0 0.0 0.9 0.4 0.4
Quartz 16.3 4.7 1.6 0.9 0.0 0.2 0.2
Calcite 0.7 0.8 0.8 0.0 0.0 1.1 0.0
Siderite 0.0 0.0 0.8 0.0 0.0 0.0 0.0
Rutile 0.0 1.6 0.0 0.8 0.0 0.0 0.0

Boehmite 0.0 11.9 13.1 11.0 3.3 0.0 0.0
Gallium 12.0 57.3 76.0 65.4 30.1 65.4 15.0

2.3. Mineral Enrichment Characteristics

Table 1 shows that organics, minerals, and gallium (Ga) enrichments in sampled cores
are strongly heterogeneous. Organic matter accounts for most cores, where the contents
of cores 6–4 and 6–5 are relatively high, and the contents of cores 6–1, 6–2, and 6–6 are
relatively low. In comparison, mineral contents in cores are relatively low. The leading
mineral in core 6–1 is quartz; in cores 6–2, 6–3, and 6–4 is boehmite; in cores 6–5, 6–6,
and 6–7 is clay (kaolinite). Gallium contents in coal are high in cores 6–2, 6–3, 6–4, and
6–6, especially in core 6–3. These phenomena revealed a correlation between gallium and
boehmite contents. As Dai, Ren, and Li [5] reported, the minerals in cores 6–6 and 6–7 are
dominated by clay minerals of terrigenous origin as the most coalfield in the Ordos basin.
However, the extremely high concentration of boehmite and gallium in cores 6–2, 6–3, 6–4,
and 6–5 are related to the Middle Proterozoic moyite of the Yinshan Oldland. As the fitted
determination coefficient R2 in Figure 3 is high (0.96), it is confident that the gallium content
is directly related to boehmite and can be calculated from one to the other in the area.
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Calculating the cross-correlation coefficients of all listed microscopic components
(organic matter and minerals) among cores in Table 1 and listing the results in Table 2,
the results show that cores 6–2, 6–3, and 6–4 have over 0.99 cross-correlation coefficients
and more significant than the coefficients to other cores. As these three cores have high
boehmite and gallium contents, it is reasonable to conclude that the gallium-rich cores in
No. 6 coal have very similar mineral compositions and contents, which differ from other
cores. These phenomena are the basis for the rock-physics modeling of this research.

Table 2. The cross-correlation coefficients of all cores appear in Table 1.

Core 6–1 6–2 6–3 6–4 6–5 6–6 6–7

6–1 1
6–2 0.83 1
6–3 0.74 0.99 1
6–4 0.80 1.00 0.99 1
6–5 0.95 0.93 0.88 0.92 1
6–6 0.77 0.96 0.97 0.97 0.91 1
6–7 0.96 0.84 0.76 0.83 0.98 0.84 1

Calculating the cross-correlation coefficients of all contents in Table 1 and listing the
results in Table 3, the results show organic matters have a robust negative correlation with
calcite, a moderate negative correlation with quartz, and a moderate positive correlation
with pyrite, indicating a coal-prone deposition environment in the peat. The clay has a
strong negative correlation with boehmite and a strong positive correlation with pyrite. The
boehmite contents are negatively correlated with clay and pyrite but strongly and positively
correlated with gallium. These characteristics indicate that boehmite and clay contents vary
in the opposite trends in cores from No. 6 coal, and boehmite is the leading carrier of metal
gallium [5]. Therefore, this study treats boehmite as the carrier mineral of gallium and uses
boehmite content to model rock-physics characteristics of gallium-rich coal.

Table 3. The cross-correlation coefficients of all contents appear in Table 1.

Content Organic Clay Pyrite Quartz Calcite Siderite Rutile Boehmite Gallium

Organic 1
Clay −0.18 1

Pyrite 0.46 0.60 1
Quartz −0.42 −0.41 −0.46 1
Calcite −0.83 0.00 −0.40 0.30 1
Siderite 0.06 −0.37 −0.31 −0.14 0.29 1
Rutile −0.19 −0.47 −0.45 0.00 0.06 −0.24 1

Boehmite 0.18 −0.75 −0.52 −0.22 0.05 0.54 0.62 1
Gallium −0.07 −0.24 −0.34 −0.47 0.42 0.50 0.34 0.72 1
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3. Methods
3.1. VRH Average

Coal is a complex mixture of organic matter and minerals. Because the composition
geometries and grain contacts of coal components are complex, it is hard to estimate every
specific component’s effects on coal moduli. However, the effective modulus of solid
mixture will fall between the upper Voigt bound MV and the lower Reuss bound MR, as
shown in Equation (1). Physically, Voigt bound assumes all components are connected
in parallel, and Reuss bound assumes all components are connected in series. As the
Voigt–Reuss–Hill (VRH) average does not assume any mixing geometry, its estimate MVRH
is the most commonly used equivalent modulus of solid mixtures [15,39]. Generally, the
VRH average has high accuracy when the components have similar moduli.

MV = ∑N
i=1 fi Mi

M−1
R

= ∑N
i=1 fi/Mi

MVRH = (MV + MR)/2
(1)

where N ≥ 2, fi is the volume ratio of the ith component, Mi is the modulus of the ith component.

3.2. DEM Model

Besides organic matter and minerals, coal is also complex in pore structures. The
differential equivalent medium (DEM) model simulates two-phase mixtures by gradually
adding inclusions to the solid mineral phase and is one of the most commonly used methods
for calculating the equivalent modulus of porous media at high frequency [15,40–42]. The
expression is {

(1−y)d[K∗(y)]/dy = (K2 − K∗)P∗2(y)
(1−y)d[µ∗(y)]/dy = (µ2 − µ∗)Q∗2(y)

(2)

where K* and µ* are the effective bulk and shear moduli, K*(0) = K1 and µ*(0) = µ1 are the
bulk and shear moduli of the initial host material (phase one), K2 and µ2 are the bulk and
shear moduli of the incrementally added inclusions (phase two), y is the concentration
of phase two, and P*2 and Q*2 are the geometric factors of inclusions. As a model of
equivalent medium theory, the calculated moduli of a DEM model are a high-frequency
approximation. If the inclusions are pores and cracks, the approximation is correct only
when the pores and cracks are dry. In this paper, we sequentially embedded stiff pores and
soft cracks with a DEM model to compute the equivalent moduli of dry cores.

3.3. Gassmann Fluid Replacement

As DEM embedding is only suitable for calculating the moduli of dry coal, the dry pores
and cracks in coal must be replaced with water to achieve the approximate moduli of water-
saturated coal. As the crack porosity in coal is usually far smaller than pore porosity, this
research uses the conventional Gassmann’s equation below for fluid replacement [15,43].{

Ksat1
K0−Ksat1

− K f l1
φ(K0−K f l1)

= Ksat2
K0−Ksat2

− K f l2
φ(K0−K f l2)

µsat1 = µsat2
(3)

where K0, Ksat1, and Ksat2 are the bulk moduli of coal matrix, fluid one saturated coal, and
fluid two saturated coal, respectively; µsat1 and µsat2 are the shear moduli of fluid one and
fluid two saturated coals, respectively; Kfl1 and Kfl2 are the bulk moduli of fluid one and
fluid two, respectively; φ is the porosity.

3.4. Rock-Physics Modeling Workflow

Since the elastic properties of gallium-rich coal are understudied, in this paper, we use
the rock-physics methodologies mentioned above to model the elastic properties of gallium-
rich cores and compare them with the elastic properties of other cores [39,40,44]. Figure 4
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presents the schematic flowchart of the procedures. The procedures first mix the organic
matter and minerals with the VRH average for every core and form the corresponding
coal matrices. Then, the procedures embed dry pores and cracks (with near-zero moduli
infill) into the coal matrix and form the dry coal, where the porosity is assumed as the
measured porosity of No. 6 coal. Finally, following Gassmann fluid replacement workflow,
the procedures saturate the pores and cracks in the dry core with water and form the water-
saturated core. After the above procedures, the elastic properties for core matrices, dry cores,
and water-saturated cores are achieved correspondingly. The elastic properties include
bulk modulus (K), shear modulus (µ), P-impedance (IP), S-impedance (IS), P-velocity (VP),
S-velocity (VS), moduli ratio (K/µ), and velocity ratio (VP/VS).
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3.5. Monte Carlo Simulation

The number of sampled cores is generally limited for surveys, which may bias the
understanding of the elastic characteristics of target layers. Monte Carlo simulation is a mul-
tiple probability simulation used to estimate the possible occurrences of an uncertain event
by drawing samples xi from a known cumulative probability distribution function (CDF)
F(x). In most surveys, the analytical CDF is unknown, but it can be approximated from
observed data by computing the nonparametric CDF [15], as shown in Figure 5. For corre-
lated variables, the regression among variables is a mainly used procedure for simulations.
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4. Results
4.1. Contents in Volume

Different from geochemical measurement, rock-physics modeling uses volume con-
tent as input. The transformation equations from weight content to volume content are
expressed below. {

1/ρall = ∑N
i=1 Wi/ρi

Vi = ρallWi/ρi
(4)

where N is the number of compositions, ρi is the density of the ith component, ρall is the
average density of all components, Wi is the weight content of the ith component, and Vi is
the volume content of the ith component. After calculation, the weight contents, listed in
Table 1, were transformed into volume contents as listed in Table 4. Compared with Table 1,
the volume contents of organic and clay components are higher than the weight contents
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because of their low-density nature, and the volume contents of the other components are
lower than the weight contents because of their high-density nature. Ignoring the unit
difference, the computed moduli of cores may be biased.

Table 4. Volume contents of all cores sampled from No. 6 coal in the Heidaigou mine.

Core
Number 6–1 6–2 6–3 6–4 6–5 6–6 6–7

Organic 85.77 86.66 88.89 90.2 88.44 80.2 83.1
Clay 5.01 4.00 3.29 3.94 9.83 19.03 16.69

Pyrite 0.00 0.00 0 0 0.25 0.11 0.11
Quartz 8.85 2.61 0.87 0.48 0 0.1 0.1
Calcite 0.37 0.43 0.43 0 0 0.55 0
Siderite 0.0 0.0 0.3 0 0 0 0
Rutile 0.0 0.55 0 0.27 0 0 0

Boehmite 0.0 5.75 6.22 5.12 1.48 0 0

4.2. Component Moduli and Density

Component moduli and densities are essential inputs for rock-physics modeling and
are a fundamental challenge for research. As the vitrinite reflectance of No. 6 coal is
low (~0.6%), this study uses elastic moduli of low coalification kerogen for the organic
component [15]. The clay contents in all cores are mainly kaolinite, and its elastic moduli
are used for clay components. As well-studied minerals, the elastic moduli of pyrite, quartz,
and calcite are well known. In this paper, we use the most recognized values in literature
as their moduli [15,45]. For siderite, in this paper, we use the computed moduli by density
functional theory; for boehmite, in this paper, we use the mean moduli of atomic force
microscopy experiment and molecular dynamic finite element simulation [46,47]. All the
used moduli and densities are listed in Table 5.

Table 5. Moduli (GPa) and densities (g/cc) of organic matter and minerals observed in No. 6 coal.

Content Organic Clay Pyrite Quartz Calcite Siderite Rutile Boehmite

Bulk
modulus 2.9 1.5 147.4 37.0 76.8 136.4 244.8 87.5

Shear
modulus 2.7 1.4 132.5 44.0 32.0 66.5 63.5 64.03

Density 1.3 1.58 4.93 2.65 2.71 3.8 4.25 3.04

4.3. Elastic Parameters of Cores

Following the rock-physics modeling workflow in Section 3.4, in this study, we first
calculate the bulk and shear moduli of the mixed matrices for all cores using the VRH
average. Then, we calculate the bulk and shear moduli for dry cores using the DEM
model. As the measured porosity of No. 6 coal in the Heidaigou mine is 4%, coal porosity
is assumed to be 4% when embedding pores and cracks into core matrices. As most
porosities in coal are stiff pores with near round shape, we set the pores (account for 97%
porosity) as stiff pores with a 1.0 aspect ratio (the vertical to horizontal scale) and set
the rest porosity as penny-shaped soft cracks with a 0.001 aspect ratio [41,42,48]. During
calculation, we first embedded the dry stiff pores into the core matrices and then embedded
the dry soft cracks into the porous core to achieve the equivalent bulk and shear moduli.
After that, we calculate bulk and shear moduli of water-saturated cores using Gassmann
fluid replacement. Finally, with the calculated moduli, the study calculates other elastic
parameters following Equations (5) and (6).

ρavg = (1− φ)ρm + φρ f (5)
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where, ρavg is the density mean, ρm is the matrix density, ρf is the fluid density, and φ is porosity.
VP =

√
(K + 4µ/3)/ρ

VS =
√

µ/ρ

IP = ρVP =
√

ρ(K + 4µ/3)
IS = ρVS =

√
ρµ

VP/VS = IP/IS =
√

K/µ + 4/3

(6)

where the variables are the same as in Section 3.4. Following the above procedures, the
study calculated all mentioned elastic parameters and showed the results in Figure 6.
Comparing the computed elastic parameters with the measured values of bituminous coal
by Morcote et al. [29], the results show they have similar moduli, velocities, and velocity
ratios. This consistency is proof of the proposed modeling approach.
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As core-content variations, the elastic parameters are heterogeneous across the cores.
Generally, moduli, impedances, and velocities among the cores have similar variation trends
but differ in specific values. Cores 6–1, 6–2, 6–3, and 6–4 have higher moduli, impedance,
and velocities, and cores 6–1, 6–5, 6–6, and 6–7 have smaller modulus ratios and velocity
ratios except for dry conditions. Under dry conditions, the modulus and velocity ratios of
core 6–1 are smaller than other cores. The reasons caused these phenomena are related to
elasticity and content differences of core components. For example, quartz is the leading
mineral of core 6–1, whose Poisson’s ratio (0.08) is lower than kaolinite (0.14) and boehmite
(0.21). These differences cause core 6–1 to have the least modulus and velocity ratios.

Comparing elastic parameters among core matrices, dry cores, and water-saturated
cores, their values sort differently. Core matrices have the largest values in moduli,
impedances, and velocities and the least values in modulus ratios and velocity ratios.
Dry cores have the least values in moduli, impedances, and P-velocities and the intermedi-
ate values in modulus ratios and velocity ratios. Water-saturated cores have intermediate
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values in moduli, impedances, and P-velocity, the least values in S-velocity, and the largest
values in modulus ratios and velocity ratios.

4.4. Cross-Plot Characteristics of Cores

The computed elastic parameters of moduli, impedances, and velocities show similar
variation trends across cores under the same computed conditions, and bulk modulus
has an enormous variation scope. Similarly, the modulus and velocity ratios have similar
variation trends across cores under the same computed conditions, and the modulus ratio
has the most extensive variation scope. As a result, the cross-plot of bulk modulus vs.
modulus ratio has the most significant variation scope and can probably distinguish cores
from each other with the highest confidence. Therefore, in this study, we use the cross plot
to reveal the classification characteristics of cores, as shown in Figure 7.
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Figure 7. Cross-plots of bulk modulus vs. modulus ratio for core matrices, dry cores, and water-
saturated cores. Blue dots are group one, indicating quartz-rich cores; green dots are group two,
indicating boehmite-rich cores; and red dots are group three, indicating clay-rich cores. Transforming
among states, the groups vary following pore embedding (PE) and fluid replacement (FR) trends.

The scattering points calculated for core matrices, dry cores, and water-saturated
cores show prominent grouping distribution characteristics in the cross-plot. Considering
bulk modulus, the scattering characteristics for core matrices and water-saturated cores
are similar but differ from dry cores. Under a specific state, the quartz-rich core 6–1 is
group one, located in the middle-bottom area under all situations. The boehmite-rich cores
6–2, 6–3, and 6–4 are group two, located near the top-right corner for core matrices and
water-saturated cores but located in the middle-right sider for dry cores. The clay-rich
cores 6–5, 6–6, and 6–7 are group three, located near the bottom-left corner for core matrices
and water-saturated cores but located near the top-left corner for dry cores. As a result,
the cross-plots between bulk modulus vs. modulus ratio can classify and group different
mineral-rich cores under matrix, dry, and water-saturated situations. With these cross-
plots, one can qualitatively interpret different mineral-rich cores from each other. As core
matrices are not applicable for practical applications, this research ignores them in the
following sections.

Since different mineral-rich cores in a specific state can be appropriately grouped, in
this paper, we further study the possibility of simultaneously classifying and grouping
cores under different states. As Figure 7 shows, water-saturated cores are in the topmost
subsection, dry cores are in the middle subsection, and core matrices are in the bottom
subsection. The gap between two states is larger than the gaps between groups at a given
state. After pore embedded (PE) and fluid replacement (FR), the magnitudes and variation
scopes of scattering points differ notably from coal matrices, and the variations follow
the marked PE and FR trends. As the relative positions and distribution characteristics of
scattering points are unchanged during state changing, the cross-plot of bulk modulus vs.
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modulus ratio can simultaneously classify and group different mineral-rich cores under
different states.

5. Discussion
5.1. Cross-Plot Characteristics after Monte Carlo Simulations

As the number of sampled cores in this study is limited, the cross-plot characteristics
of different mineral-rich cores may be biased during analysis. The authors overcome this
disadvantage using the calculated nonparametric CDFs and Monte Carlo simulations to
draw all possible distributions of every kind of mineral-rich coal. The nonparametric CDFs
of boehmite-rich and clay-rich cores under a dry state are directly calculated from their
precalculated bulk and shear moduli. However, this study only has one quartz-rich core,
and it is impossible to compute its nonparametric CDF. Therefore, in this paper, we assume
the quartz-rich core has the same CDF variation range as the boehmite-rich cores but differs
in specific moduli values. After this assumption, this study simulated 1000 realizations for
every type of mineral-rich coal under a dry state using their corresponding nonparametric
CDFs. Then, we use Gassmann fluid replacement to saturate dry pores and cracks and
achieve the corresponding bulk moduli of a water-saturated state for all realizations. As
the shear modulus for dry and water-saturated states are the same, we directly calculate
the modulus ratios and show the results in Figure 8.
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Figure 8. The cross-plot of bulk modulus vs. modulus ratio of Monte Carlo simulated realizations for
different mineral-rich coals. Group one is quartz-rich cores, group two is boehmite-rich cores, and
group three is clay-rich cores.

As measured cores, the cross-plot of realizations has group distribution characteris-
tics and similar variation trends. Dry-state realizations are in the lower half, and water-
saturated realizations are in the upper half. The gap between dry and water-saturated
states is more significant than between groups in a dry or water-saturated state. After fluid
replacement, the magnitude and variation scope of scattering points are magnified and
follow the marked fluid replacement (FR) trend. Therefore, the cross-plot of bulk modulus
vs. modulus ratio can distinguish realizations into different groups as measured cores did
and can be used to qualitatively interpret mineral-rich and saturation states.

5.2. Interpretation Template for Boehmite Content

To quantitatively interpret boehmite (gallium) contents, the authors propose a work-
flow to build an interpretation template referencing the rock-physics modeling proce-
dure [39,49,50]. As shown in Figure 9, the workflow first calculates the mean contents of
organic, clay, pyrite, quartz, calcite, siderite, and rutile of boehmite-rich cores and assumes
that the boehmite is the only mineral variable. Second, the workflow adds 0%~8% (volume
content) boehmite to the mixture and computes the equivalent moduli and densities of
coal matrices with the VRH average. Third, 0%~8% pores and cracks are embedded into
the coal matrices with the DEM model to compute the equivalent moduli and densities of
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dry cores. The parameters of pores and cracks are the same as those in Section 4.3. Fourth,
Gassmann fluid replacement is used to achieve the equivalent moduli and densities of
water-saturated cores. Finally, the workflow contours the pairs of bulk modulus vs. moduli
ratio concerning the factors of boehmite, porosity, and saturation state variations and forms
the interpretation template, as shown in Figure 10.
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rich cores 6–2, 6–3, and 6–4. The blue color indicates a water-saturated state, and the gray color
indicates a dry state.

Generally, the templates have zonation distribution characteristics. The water-saturated-
state template is in the upper part, and the dry-state template is on the lower-left side. When
coal porosity is low (<2.2%), the water-saturated-state template is overlapped with the
dry-state template. Luckily, the measured porosity of No. 6 coal is 4.0%. This overlapping
phenomenon has little influence on the interpretation of boehmite content for No. 6 coal.

To discuss the interpretation accuracy of the templates, the authors cross-plot the
calculated bulk modulus vs. modulus ratio of three boehmite-rich cores (6–2, 6–3, and 6–4)
under dry and water-saturated (WS) states and superpose the scattering points on the built
templates. The results show that the boehmite content readings in the templates are near
the actual calculated values, and the interpreted errors of gallium contents are small under
dry and WS states (Table 6). These phenomena proved the applicability of the proposed
method for interpreting coal-hosted gallium content.
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Table 6. True and interpreted gallium contents of gallium-rich cores from No. 6 coal.

Core
Number

True Contents Interpreted Contents Absolute Errors

Boehmite
/vol%

Gallium
/ppm

Ga (WS)
/ppm

Ga (dry)
/ppm

Ga (WS)
/ppm

Ga (dry)
/ppm

6–2 5.8 57.3 65.3 63.6 8.0 6.3
6–3 6.2 76.0 76.1 77.7 0.1 1.7
6–4 5.1 65.4 54.5 53.7 10.9 11.7

Although the errors are small, they are non-negligible. The reasons that caused these
errors may mainly come from the content variations of organic matter and nonboehmite
minerals. Therefore, if the nonboehmite mineral and organic variations are insignificant,
the templates are accurate and suited for quantitatively interpreting boehmite and gallium
contents for No. 6 coal in the Heidaigou mine and other coalbeds with similar mineral
compositions and contents. However, the interpretation template must be rebuilt if the coal
components differ far from this case.

6. Conclusions

In this study, we characterize the elastic parameters of boehmite-rich, quartz-rich,
and clay-rich cores and discussed whether coal-hosted gallium-rich ores are elastically
detectable by incorporating core testing, rock-physics modeling, Monte Carlo simulation,
and interpretation template building. The conclusions include the followings.

(1) The gallium contents in cores of No. 6 coal correlate to boehmite content.
(2) Mineral compositions and contents are critical factors influencing the elastic param-

eters of cores. Although the elastic parameters in No. 6 coal have vertical hetero-
geneities, their values are still within the range of bituminous coal [29].

(3) The preferred parameters for distinguishing different mineral-rich cores are the bulk
modulus and moduli ratio. The cross plot of bulk modulus vs. moduli ratio can
qualitatively distinguish measured cores and Monte-Carlo simulated realizations into
different mineral-rich and saturation states properly.

(4) Interpretation templates can quantitatively interpret the boehmite contents in the
boehmite-rich cores with acceptable errors considering dry and water-saturated states.
With the correlation between boehmite and gallium, researchers can quantitatively
interpret the gallium content in cores.

(5) Coal-hosted gallium-rich ores in No. 6 coal and coalbeds with similar mineral compo-
sition are elastically detectable, but the detectability of ores hosted in other coalbeds
needs further study.
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