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1. Significance Statement

Mellin transform was first established by Mellin [1]. The theory of this transform is
well documented in [2,3]. In this work, we are concerned with extending current literature
such as listed in [4] by deriving a new Mellin transform and expressing it in terms of the
Lerch function with a possible connection to contact problems for a wedge [5]. We will use
this new transform and evaluate it to yield special cases in terms of Catalan’s constant C, 7,
Euler constant 1, the zeta function of Riemann {(s), the Hurwitz zeta function {(s, v), and
the log-gamma function log(T'(x)). These special cases are new with the aim of providing
a new set of integral for use by researchers where applicable.

2. Introduction

In this paper, we derive the definite integral given by

o xm1]ogk(cx)
/o (a2 + x2) (b2 — x2)

where the parameters k, ¢, a, b, m are general complex numbers. The integral will be used
to derive special cases in terms of special functions and fundamental constants. The
derivations follow the method used by us in [6]. This method involves using a form of the
generalized Cauchy’s integral formula given by

dx 1)

k w
_y _ 1 / e
Tt 1)~ 271 Jo b1 @

where C is in general an open contour in the complex plane where the bilinear concomi-
tant [6] has the same value at the end points of the contour. We then multiply both sides
by a function of x and y, then take a definite double integral of both sides. This yields a
definite integral in terms of a contour integral. Then, we multiply both sides of Equation (2)
by another function of x and take the infinite sums of both sides such that the contour
integral of both equations are the same.
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3. Definite Integral of the Contour Integral

The variable of integration in the contour integral is « = m + w. The cut and contour
are in the first quadrant of the complex a-plane. The cut approaches the origin from
the interior of the first quadrant and the contour goes round the origin with zero radius
and is on opposite sides of the cut. Using the method in [6] involving Cauchy’s integral

Equation (2), we replace y by log(cx) and multiply both sides by #@sz) to get

XM 1log (cx)
/ I'( k+1) (a2 4 x2)(b? — x2)

wa—k 1ymtw—1
dwd
27'(1/ / a2+x2 x2) o

0o wa m+w 1
dxd
Zm// a2+x2 — x2) e

rcy k1 csc(% mt(m +w)) (b2a" Y + a2+ cos (A T (m + w)))
T 27 / 2a2b%(a? + b2)

dx

®)

dw

from Equation (3.264.1) in [7] where 0 < Re(w + m), Re(a) > 0, Re(b) > 0. We are able to
switch the order of integration over w -+ m and x using Fubini’s theorem since the integrand
is of bounded measure over the space C x [0, ).

4. The Lerch Function

The Lerch function see Section (1.11) in [8], also popularly called the Hurwitz-Lerch
function [9,10], has a series representation given by

d(z,5,0) = i (v4n)—°z" 4)
n=0

where |z| < 1,v # 0,—1,... and is continued analytically by its integral representation
given by

1 oo ys—1,—vt 1 oo ps—1p,—(v—1)t
D(z,5,0) = ) /0 7 fze—tdt 0 /0 g dt 5)

where Re(v) > 0, and either |z| <1,z #1,Re(s) > 0,orz =1,Re(s) > 1.

5. Infinite Sum of the Contour Integral
5.1. Derivation of the First Contour Integral

In this section, we will derive the contour integral given by

dw (6)

1 / rc?w k= 1pmt =2 cot(I(m + w))

2mi Je 2(a? 4 b?)
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Again, using the method in [6] and Equation (2), we replace y by log(b) + log(c) +
itbm—2pimm(y+1)

i7(y 4+ 1) multiply both sides by — =",
over y € [0,00) simplifying in terms the Lerch function to get

and take the infinite sum of both sides

(in)kJrleiﬂmbmqu)(eimn, —k,1— i(log(b):log(c)))

I(k+1)(a%+b?)
_ 2 / imb" 2w exp(w(log(b) +log(c) +im(y +1)) +imm(y +1)) ,
B 2711 a% + b?
@)
B / Z it 2wk exp(w(log(b) + log(c) +int(y + 1)) + imm(y + 1))dw
T 2mi a% + b?
1 rc?w k= 1pm =2 (cot(d m(m + w)) —l—i)d
= 2mi /c 2(a2 + b2 v
similar to Equation (1.232.1) in [7] where
cot(x) = —2i y_ e2¥HD (8)
y=0
5.2. Derivation of the Second Contour Integral
In this section, we will derive the contour integral given by
1 [ cw a2 cse(Sm(m + w)) I ©)
27i ./c 2(a% + b2)

Again, using the method in [6] and Equation (2), we replace y by log(a) + log(c) +

=2 217rm(2y+1)

3i7t(2y + 1) multiply both sides by — e
over y € [0,00) simplifying in terms the Lerch function to get

and take the infinite sum of both sides

. —2il —2i I
(17T)k+1€”5mam 2q>( imm ,—k, 2ilog(a) zog(c)+ﬂ)

21
[(k+1)(a%2+12)
_ Z / itclw kflaerwae%irt(Zy-&-l)(m+w) .
Zm a2 + b2

iTc¥w k—lam+w—2€%in(2y+1)(m+w)
= d
27 / Z a2 + b2 @

1 / ncww_k Lgmto=2 cse(dm(m + w))
2(a% + b?)

(10)

dw

= 27 Jo
from Equation (1.232.2) in [7] where Im(w + m) > 0 in order for the sum to converge.

Derivation of the Additional Contour Integral
Using the method in [6] and Equation (2), we replace y — log(b) + log(c) multiply

both sides by 57 @ and simplify to get

2+b2)

dw (11)

inb"™2(log(b) +log(c))* 1 / ik 1pmtw=2
2T(k+1)(a2+b2)  2miJc 2(a% + b2?)

6. Definite Integral in Terms of the Lerch Function

The proceeding theorem is an instant consequence of the previous sections.
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Theorem 1. Forallk,c,a,b € C,
/oo xm=1 logk(cx) P (iﬂ_’)k+1emeam*2CI)(eim7T, —k, —2ilog(a);§ilog(c)+7t)
0 (a2 +x2)(b? — x2) a2 + b2
B (iﬂ)kJrleirrmbmchD(eimnl —k,1— i(log(b);rrlog(c)) ) (12)
a? +b?
_inb™2(log(b) + log(c))*
2(a% +b?)
Main Results

In the proceeding section, we will evaluate Equation (12) and simplify the Lerch
function in terms of the special functions and fundamental constants stated.

Derivation of Entry (3.264.1) in [7]

Proposition 1. Forall 0 < Re(m) < 4,a > 0,b >0,

x= (13)

/°° a1 p 7ta?b™ cot( L) + nb?a™ csc(HL)
0 (a2 +x2)(b? —x2) 2a%b2 + 2a2b*

Proof. Use Equation (12) and set k = 0 and simplify using entry (2) below Table (64:12:7)
in[11]. O

Proposition 2.

i ogk (cx
/O : log™(cx) .

a2 + x2)(b? — x2)
1

—ilog(b) —ilog(c) + 71)

= W@ TR i "
ok, —ilog(b) —ilog(c) + 271)) FB(C(—k, —2ilog(a) ;21 log(c) + 71)
—2ilog(a) — 2ilog(c) + 37

27
-k - ))) — ira(log(b) + log(c))*

e (27 (ia(g(~k,

Proof. Use Equation (12) and set m = 1 and simplify in terms of the Hurwitz zeta function
(s, a) using entry (4) below Table (64:12:7) in [11]. O

Proposition 3.

o logk(cx)
/o (a2 4 x2)(c2x2 — 1)dx

ink —2il —2il
_ g3c21+geTﬂk+l(_2kC(_k’ 2ilog(a) 4? ogle) + 7, (15)
—|—2k§(—k, —2ilog(a) — 2ilog(c) +37I) n iac(2k+1 _1)g(=k)

4

Proof. Use Equation (14) and set b = 1/c and simplify. O

Proposition 4.

ool k i . i
7B = Rk gk )~ 2 3) 200 (K (6

Proof. Use Equation (15) and set a = c = 1 and simplify. [
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Example 1.

/Ooo log(x);ffi(llog(x)) dx = %871(71(*72 log(A) + 6 + 3im + log(2567°) ) + 24iC)  (17)

Proof. Use Equation (16) take the first partial derivative with respect to k and set k = 1
and simplify in terms of Catalan’s constant C, Glaisher’s constant A and 7 using Equa-
tion (3:12:4) in [11] and Equation (3.13) in [12]. O

Example 2.

xt—1 32 4 4
+log(2) +log(m)) — 28img(3) — int?)

® Jog?(x) log(lo
/‘0 log (X)l g(l g(x))dx _ 1 (_2713(32@'/(—2,1) —32€,(—2/§) (18)

Proof. Use Equation (16) take the first partial derivative with respect to k and set k = 2
and simplify. [

Example 3.
/0"0 \/log(x;lo_gﬁlog(x))dx _ %(‘/—717?/2(2\[2(@’(—%, %) _ C'(—%, 2))
—2i(2v/2 — 1)@’(—%)
V(g ) ~ L5, )~ ilog(dn?)  (19)
Hos -~ G)
L 1€(3) (log(m) — 2ﬁlog<2n>>)
27

Proof. Use Equation (16) take the first partial derivative with respect to k and set k = 1/2
and simplify. [

Proposition 5.
/°° x"=1,/log(x) i
0 (x2—1)(a%+x2)

1
Cat+a?

(20)
(—1)3/471'3/2(6

inm 4 11 ilog(a) 2. ;
m imt _ t 1 imrm
2 gd"® (M, 25 - )+a Lz_%(e ))

Proof. Use Equation (12) and set k = 1/2,c = b = 1 and simplify using Equation (64:12:2)
in[11]. O
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Proposition 6.

/°° (xP — x™) logk (cx) i
0 x(a? 4 x2)%(c2x%2 —1)
7Tk . ink imm 9 9
:m(wZ(ﬂeza (ﬂc(m—4)
—2ilog(a) — 2ilog(c) + 7

—2\d imrt —k

+m—2)®("7", —k, 7 )

+ike? (a*c? +1)aPd(e'P™,1 — k, ~2ilog(a) _2: log(c) + 7r> @1)
_ ne#gl’(azcz(p _ 4) + p— 2>q)(eip7fl _k, —2i log(a) _2731 log(c) —+ 7T)

1 . .
=2t (£)" AL () + 27ra4(%)”_4Li_k(e”’”))

—2ilog(a) — 2ilog(c) + 7

+ k(a?c® + 1)ame%i”(k+m)¢>(eim”, 1—k 7 ))

Proof. Use Equation (12) take the first partial derivative with respect to a and setb = 1/c.
Next form a second equation by replacing m — p and take their difference and simplify. [

Example 4.

L L d

0 (¥2+1)(x24 (=1)%/3)2log(ix) *

= %((71)5/12 T+ (—1)¥Hd(—i,2, %) + 477(59i — 45(—1)%/12 —9(—1)3/4
F18(=1)%6 + (34 3(—1)¥* — 7iv/3 + (2+2i)v6) ) o)

1 log(26(- 181~ V=T+4(-1)/245(-1) 11/ 2 46V3)
(2 _ \@)76(71)7/12(5+\3/j1)”(2+ \@)63/771(5+\3/j1)n)
+(9+ 31‘\/5)(1/1“)(%) - llJ“)(%))

Proof. Use Equation (21) and setk = —1,c = i,a = emi/3 iy = 1,p = 3/2 and simplify
using entry (2) in Table below (64:12:2) in [11]. O

Example 5.
/oQ 1-Vx dx
0 (x2+1)2(x2+1)log(ix)
_ 16%((4_41')\@@(—1',2,2) (YT 4 (—4+20)) 72 3
+ix/§(1p<1)(§) —w(l)(g))+4n((2—10i)\8ﬂ— (8 — 4i)v2 )

+ (—=1)3*10g(2) +log(4) + (2 + 3i)v2 tanh 1 ((—1)%/8)
+ (3—2i)v2tanh ™ ((=1)7/8) + (4 — 2i) coth™1(v/2)))

Proof. Use Equation (21) and setk = —1,c = i,a = ¢™/4,m = 1,p = 3/2 and simplify
using entry (3) in Table below (64:12:2) in [11]. O



Axioms 2021, 10, 236

7 of 9

Example 6.
/Oo vl dx
0 (x2+1)(x%+4)%log(ix)
o . ilog(2)
= 5767'5( 44iP(-1,1,1 - )

(38 — 38()D(—i,1,1 — %)
— 64v/—11log(1 + i) + 64ilog(2))

(24)

+3((4+ 40)D(—i,2,1 %)

_ lp(l)(%ﬁg(z)) +pM(1— %))

271
Proof. Use Equation (21) andsetk = —1,c =i,a =2,m =1,p = 3/2 and simplify. O
Example 7.

4(7 + ilog(2) )T (— THhos(2) 4
m2log*(2)T(—1o82) )4

) (25)

/°° log(log(2ix))
o (

dx—irc(in—f—l (
2+0)@E2+1) T 12 8

Proof. Use (15) take the first partial derivative with respect to k then setk = 0,c = 2i,a =1
and simplify using Equation (64:10:2) in [11]. O

Proposition 7.

©  log(log(bx)) _ T _ 2ilog(a) +2ilog(b) + 7
/o (a2 + x2)(1 — b2x2) = 4(a%b? +a) (4logT( 47 )
—4logF(—21 log(a) + ilﬂlog(b) + 37'[) — ab 26)

+2iablog(2) —4log(—2ilog(a) — 2ilog(b) — 3m)
+4log(—2ilog(a) — 2ilog(b) — ) + i+ 2log(m) + log(4))

Proof. Use (15) take the first partial derivative with respect to k then set k = 0,c = b and
simplify using Equation (64:10:2) in [11]. O

Example 8.

= log(log(x) + ) 1 m?
/0 G2 1) (2 +24) X = —ﬂn(—ln—i—log(f)

2ilog(2)r(—%)‘
(—27 — 2ilog(2))T(— 221052

(27)

+4log(— )

Proof. Use (26) seta = 2,b = i and simplify. O
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Proposition 8.
/‘°° log(bx)log(log(bx)) i
Jo  (a%2+x2)(1 — b2x2)
B s i, —2ilog(a) —2ilog(b) + 7
= Sa(dr ) B i ) "
, —2ilog(a) — 2ilog(b) + 37 (28)
(-1, yp= )

+7(ab(72log(A) — 6 — 3im — 8log(2) — 6log (7)) + 6ilog(a) + 6ilog(b))
+121log(27)(log(a) + log(b)))

Proof. Use Equation (15) take the first partial derivative with respect to k then set k =1,
¢ = b and simplify using Equation (3.13) in [12]. O

Example 9.

® Jog(x) log(log(x 1 A7 ; '
/0 8( )1 _gi4 8(¥)) ;. _ 457 (108 (50 —) — 3ir) — 24iC) (29)

Proof. Use Equation (26) and set a = b = 1 and simplify in terms of Glaisher’s A and
Catalan C constants using Equation (3.13) in [12]. O

Example 10.

* log(x) log(log(x))
b ey
L m(—48irt (7' (—1

T 240
/ 31 —2ilog(2)
g, T 2os(2)

+ 71(2(7210g(A) — 6 — 3irt — 8log(2) — 6log(7))
+ 6ilog(2)) + 121log(2) log(27))

T —2ilog(2)

)
4 (30)

Proof. Use Equation (26) and set 2 = 2,b = 1 and simplify in terms of Glaisher’s A
constant using Equation (3.13) in [12]. O

Example 11.

/°° log(2x) log(log(2x)) i
0 16x% —1 (31)

= og T (m(=72log(A) + 6+ 3i + log(2567°)) 4 24iC)

Proof. Use Equation (26) and set a = 2,b = 1/2 and simplify in terms of Glaisher’s A and
Catalan’s C constants using Equation (3.13) in [12]. O

Example 12.

~log(log(x) + ), m . .
/o (2 +1)(x2 +é) T 8\@(_1”+“f3”+ V3log(4) -
ilog(3)

(log(3) —2im)r(- — “F2) |
V2 log(3)r(— o83

+4log(

Proof. Use Equation (26) and set a = V3,c=¢™/2and simplify. O
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Example 13.
o log(2x) _ 1 i 5 1 m—2ilog(2)
v a1 sy T, 33)
13 ilog(2), | . 1
(a2 - BB va -l

Proof. Use Equation (12) and setk =1/2,c =2,m = a = 1,b = 1/2 and simplify using
entry (4) in Table below (64:12:7) in [11]. O
7. Discussion

In this article, using our contour integral method [6] we derived definite integrals
using the Lerch function. We were able to provide formulae and extend the range of
computation through analytic continuation of the Lerch function. We will be applying
our method to other integrals to derive other known and new integral forms in terms of
other special functions. The results in this work were numerically verified using Wolfram
Mathematica for complex ranges of the parameters.
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