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1. Introduction

Fractional differential equations are a type of mathematical equation that are used to
describe the behaviour of a number of complicated and nonlocal systems with memory.
Because of the fractional derivative’s effective memory function, it has been widely used
to describe many physical phenomena, such as flow in porous media and fluid dynamic
traffic models; more precisely, fractional differential equations have been widely used in
engineering, physics, chemistry, biology, and other fields. One can refer to the references
in [1-6].

The theory of impulsive differential equations describes the processes which experi-
ence a suddenly change of their state at certain moments. There has been notable devel-
opments in the field of impulsive theory, especially in the area of impulsive differential
equations with fixed moments. In recent years, the mathematical models of phenom-
ena in physical, engineering, and biomedical sciences focus on the impulsive differential
equations. The condition (2) includes such a kind of dynamics.

In [7], Anjali et al. discussed the analysis of Hilfer fractional differential equations with
almost sectorial operators, and Abdo et al. [8] proved the existence of soutions for Hilfer
fractional differential equations with boundary conditions. Boundary value problems
for Hilfer fractional differential inclusions with nonlocal integral boundary conditions is
investigated by Wongcharoen et al. [9]. In [10], the authors Yong et al. discussed the multi
point boundary value problem for Hilfer fractional differential equation at Resonance.
For some recent works of the mild solution, see [11-13].

Motivated by the above-cited works, we consider the impulsive initial Hilfer fractional
derivative integro-differential equations involving jump conditions with almost sectorial
operator in Banach space % of the following form:

DV (1) + plt) =£(t,p<t>, /(fg(ts)ﬁ(s«(s))ds), te(0,TI=g ()
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where D7 is the Hilfer fractional derivative of order « € (0,1) and type v € [0,1]. &/ is
an almost sectorial operator in # havingnorm || - ||, & :J X ¥ x % — % is a function
which is defined later, and 0 < ] < t, < ... < t;; < b,m € N, and ¢ are real numbers
such that ¢, # 0. For brevity, we will take the following:

t
Bo(t) = /0 c(t,5)8(s, u(s))ds.

In [7], Anjali Jaiswal and Bahuguna studied the equations of the Hilfer fractional
deritaive with almost sectorial operator in the abstract sense as follows:
DY(t) + Au(t) =&(t,u(t)), te (o,T]
1—a)(1—
IéJr 2)( V)u(O) =1y.

We also refer to the work in [3], where Hamdy M. Ahmed et al. studied the existence
for nonlinear Hilfer fractional derivative differential equations with control. Sufficient
conditions were established where the time fractional derivative is the Hilfer derivative.
In [14], Yong Zhoy et al. studied the factional Cauchy problems with almost sectorial
operators of the following form:

D%u(t) =a/x(t) + F(t,x(t)), t € (0,T]

I(g}:“)x(o) =Xg

where D% is the Riemann-Liouville derivative of order a, [(1=%) is the Riemann-Liouville
integral of order 1 — «,0 < & < 1, A is an almost sectorial operator on a complex Banach
space, and .# is a given function.

The following sections describes the supporting results of the given problem and also
generalize the results in [14].

2. Preliminaries
Definition 1 ([15]). For a > 0, the fractional integral of order w of a function f(t) is defined by:

18, £ (1) /f )t — 1) Ldr.

Definition 2 ([15]). For 0 < a < 1, the Riemann—Liouville (R-L) fractional derivative with order
« of a function f(t) is defined by the following:

w1 d ot f(r)
Qf(t)_m—a)ﬁfo =

Definition 3 ([15]). For 0 < a < 1, the Caputo fractional derivative with order  of a function
f(t) is defined by the following:

D) 1—a)/ t—r

Definition 4 ([16]). Let 0 < & < 1and 0 < v < 1. The Hilfer fractional derivative of order a and
type v is defined by the following:

o0 d
ofu(r) = [ gl ue).
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Measure of Non-compactness:

Let £ C # and be bounded. The Hausdorff measure of non-compactness ® is
defined by the following:

m
Y () = inf{C >0 suchthat .2 C |JB;(x;) where xje€%,me N}. 4)
j=1

The Kurtawoski measure of non-compactness ® on a bounded set B C # is defined
by the following:

m
P(Y) = inf{e >0 suchthat .2 C |JM; and diam(M;) < e} (5)
j=1

with the following properties:

L C LHgives¥(A) < Y(L) where 4, % are bounded subsets of % ;
Y (L) = 0iff £ is relatively compact in %;

Y{z}UZ) =Y¥(¥) forallze ¥ ¥ C¥;

¥(4U.2) < max{¥(4), ¥ (%))

Y(A+.25) <¥(A)+Y¥Y(%)

Y(rZ) < |r|¥(L) for every r € R.

Let 20 C C(L, %) and 2(r) = {v(r) € v € W)}. We define

SALE N

/(;tQﬂ(T)dr _ {./O'fv(r)dﬂu e fm}, for teJ.

Proposition 1 ([17]). If 0 C C(J, %) is equicontinuous and bounded, then t — ¥ (20(t)) is
continuous on I and
t

¥(2m) = max‘P(QU(f)),‘F(/

A v(r)dr) §/0 Y(v(r))dr, for tel

Proposition 2 ([18]). Let {v, : I — % ,n € N} be the Bochner integrable functions such
that, for n € N, ||vg|| < m(t) a.em € LY(I,RT). Then, &(t) = ¥({va(t)}>;) € L}(I,RT)
and satisfies the following:

‘I’({/Otvn(r)dr :n€N}) < 2/()t§(r)dr.

Proposition 3 ([19]). Let 20 be a bounded set. Then, for any { > 0, there exists a sequence
{va}syy C 2, such that:

F(2W) < 2 {0}, + 0

Almost Sectorial Operators:

Let0 < p < wand —1 < B < 0. We define S), = {v € C\ {0} thatis |argv| < p} and
its closure by S, thatis S, = {v € C\ {0}|argv| < pu} U{0}.

Definition 5 ([20]). For =1 < < 0,0 < w < 7, we define {G)E,} as a family of all closed and
linear operators o : D(a/) C X — ¥ this implies the following:

1.  o(&) is contained in the S.;
2. Forall u € (w, ), there exists My, such that

19z, )l (x) < MulzlP
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where R(z, /) = (zI — o/ )~ is the resolvent operator of <7 for z € p(</) and o/ € ®F is
called an almost sectorial operator on X.

Proposition 4 ([20]). Let o/ € @ for =1 < B < 0and 0 < w < 7. Then, the below properties
are completed:

S(t) is analytic and 4 i 2S(H) = (—"S(H)(t € SO%);
S(t+s) =3()S(s) V t,s€ SO%;
IS L) < Cot P=1(t > 0); where Cy = Co(B) > 0is a constant;
Let Zd = {x € :limp, S(t)x = x}. Then D (/%) C L if0 > 1+ B;
= Jo e "5S(s)ds for r € Cwith Re(r) > 0.
We conszder the following Wright-type function [15]:

NS ENG

_p\n—1
Ma(6) = ) F(l—(argz))(n—l)!’ oeC.

neN

For —=1 < 0 < oo, r > 0, the following are satisfied:
(A1) M,(0) >0, t>0;
(A2) [57 076 = FEDs
(A3) 57 Gire OMa(gr)d0 = e

Define the operator families {Sa(t)} ;e and {Qu(t)}|;eq0,  as follows:
5w %710

Sult) = [ Ma(@o(t0)ag

(1) = [ gDz,

Theorem 1 (Theorem 4.6.1 [15]). For each fixed t € S%_w, Gy (t) and Q,(t) are bounded and
2
linear operators on %' . In addition:

I18a(t)]| < €t A, [[Qu(t)]| < €t 1P, £ >0
where &5 and &, are constants.

Theorem 2 (Theorem 4.6.2 [15]). &, (t) and Qu(t) are continuous in the uniform operator
topology for t > 0. Moreover, for every s > 0, the continuity is uniform on [s, oo].
For T > 0, weset J = [0,T] and J' = (0, T]. We introduce C(J,%’) as the space of

continuous functions from J to % . Define 9 = {p € C(T, %) : limy_ t1HeP1-2) (1)

exists and zsﬁmte} and ||plly = suptej{tH"‘ﬁ Do (t)]|}.
Then, ) is a Banach space. Then:
(@ Foro=1,9=C(T,%)and |[ply = sup,c 7llo(t)|;
(B Forv =0, |ully = sup,cp [P u(t)];
(c) Let p(t) = HB0-Vy(t), t € J'. Then p € 9 if and only if y € C(J, %) and
lolly = Nyl
We define B,(J) = {y € C(J,¥%) suchthat |y| < r} and BP(J) = {u €
Q) such that||p|| < r}.
We assume the following hypotheses to prove our results.

Hypothesis 1 (H1). Foreach fixedt € J', £(t,.,.) : X x % — ¥ is a continuous function and
foreach p € €(J', %), &(., 0, Bp) : T — ¥ is strongly measurable.
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Hypothesis 2 (H2). 3 a function k € L'(J',R") satisfying the following:
I,k € (T, R), lim {0+ =0) [P (p) = o,
Hypothesis 3 (H3).

t
supj g (KBS, 4y, || + 1A V)/ (t—7) "= Yk(r)dr) <r
’ 0

for a constant v > 0 and uy € D(2/%),0 > 14 B, where Suvt) = IV<1 - 10, (t).
Hypothesis 4 (H4). 3 constants 7y such that || 7 (p)|| < v, k=1,2,...,m foreach p € ¥ .

Definition 6. By a mild solution of the Cauchy problem (1.1)—(1.3), we mean a function o €
C(J', X) that satisfies the following:

0(1) = Say (D0 + [ 8alt =180, (), BoINdr+ ¥ Sunlt =) A(o(i), 1€ T ©

0<tp<t

where

= Lawlt), Suslt) = YR, fa = 1104 (0).

Now, we define an operator B : B,(J") — B,(J’) as follows:

(Bo) (1) =Gan ()3 + [ (67 0ult =)0, 0r), (B
+ 2 6zxv —ty jk( ( ))

0<ty<t

@)

Lemma 1 ([7]). Ry(t) and G,y (t) are bounded linear operators on %, for every fixed t € S% e
Furthermore for t > 0:

ad v(l—a)—aB—
( ,B) Q:pt (1—a)—ap 1Hx||

< —1-ap
I8l < &= lxl NSuvinnll < 50 =0y —ap)

Proposition 5 ([7]). R (t) and Sy, (r) are strongly continuous, for t > 0.

Let Mg = H Assume that Zcmk < M%
We have:

av(t)

1
S

3. Main Results

Theorem 3. Let &/ € @ﬁfor 1< B<0and0 < w < 7. Assuming (H1)-(H4) are satisfied,
the operators {Fy : y € B,(J)} are equicontinuous provided py € D (/%) with 6 > 1+ B.

Proof. Fory € B,(J)and t; =0 < t; < T, we gave the following:

[5y(t2) = 3y =[50 (8,1 + / t— 1) Qa2 = N E (1, 0(r), (Bp)r)dr
+ Y Guul(tr— ) Al )H
0<tp<ty

< Ht§1+a‘u)(1_1/)6a,1/(t2)6H
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+ Ht Lhap)(1-v) /Otz(tz — )10, (ta — 1) E(r, (1), (Bp)r)drH

B0 T Suulta — ) Al ()|

<t <ty

— 0, as tp — 0.
Now, let0 < t) <t < T:

Hgy b) — y(h H <Ht T+ap)( )Gpa,v(tz)ﬁ—tglwy)(l*v)%,u(tl)ﬁ“
+ [ 0%2 — )0, (82— 1) E(r, p(r), (Be)r)dr
e N wtl—r>£<r,p<r>,<6mr>drH

0
(1 )(1- _
+Ht +ap)(1-v) Z 6061/ tk)fk(p(tk ))
0<ty<ty
1
— )Y et — ) Ao
0<tp<ty

Here, using the triangle inequality, we have the following;:
1 1- ~ 0 1- ~
[Sutt2) = sye)| <[00

n Ht T+ap)(1-v) /ttz(tz — ) (b — P)E(r, o(r), (B@)r)drH

1

+ Ht L) (1=v) /0 " (tr = 1) 1Qu(t, = 1)E(r, p(r), (Bu)r)dr

t
— (D[R =) 0y (8 = N6 o (), (Bo)ndr|

t
||y / (= ) u(ts — 1) E(r (1), (Be)r)dr
1+o<y) (1— v)/ )= 153“( t — r)éa(r,p(r),(Bp)r)dTH
+ Ht 1+au)( Z 6a,v tr — tk)jk(p(tk_))
0<t<tr

_ t§1+ay)(1—V) Z Gyt — tk)fk(@(tk_))H

0<tr<ty
=J1+ T3>+ T3+ T4 + Ts.

By the strong continuity of &, (t), we obtain J; — 0 as t, — t;. In addition:

t
Js §€pt£1+“ﬁ)(1fv) /t 2(t2 — r)*”‘/gflx(r)dr
1

¢
<¢ ‘t 1+ap)(1-v) /o 2(tz — r)*”‘ﬁflx(r)dr — tglﬂﬂ)(lﬁ)/o (t — r)*“ﬁflx(r)dr
<e, /O

t51+’x.5)(17v) (tl _ r)*txﬁfl _ t§1+“,5) (171/) (t2 _ 7’)7“571 ‘K(I’)d}’.
Then, J, — O as t; — t1, by using (H2) and the dominated convergence theorem. Since

51

tgl-i-aﬁ)(l—v) (tz -

t
3 <€ [ —r) R CE e T
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and

(tZ — r)_“_‘"ﬁ t£1+aﬁ)(1_v)(t2 _ r)zx—l - tgl""‘"ﬁ)(l—") (tl . r)a—l ’K(T’)

§t£1+“.5)(1*‘/) (tz _ r)“ilK(T) + t§1+”4/3)(1*1/)(t1 _ 7’)“717{(1’)

v A (e L)

and fotl 2t§1+aﬁ)(17v) (t; —7)* 1x(r) exists, i.e., J3 — O as tp — t;.
For € > 0, we have the following:

’, :H /Otl t§1+aﬁ)(1fV) [Qu(ts —7) — Qults — 1)](t1 — 1) LE(r, (1), (Bp)r)dr”

t17€
(14aB)(1-v)
<
< /0 t

t
+ t 1 t§1+ﬂc‘3)(171/)
1

Qultr =) = At =) (=) e()

Qu(ty — 1) — Qu(ty —7) HL(X)(tl — r)"‘*lx(r)

B (1—v) [ A
Séu—mu )A (t—7) 1modrmm%mh_d‘FMUZ—’T‘Q““‘”WLQ)

i & -V —a—a —a—a a—
ey [P (6 ) (1)) (=)

o —V)4a h —aB—
<t PR [R  —)= e(r)dr supyeqy | Qult =) = Qults = 1)

L(X)
t
+2€p/tl ti”“'g)(l_v)(tl —r)_“ﬁ_lx(r)dr.

1—€

Since Q,(t) is uniformly continuous and limy, ., Jo = 0, then J4 — O as t, — fy,

i.e., independent of y € B,(7).
Clearly, by the strong continuity of &, (t), we obtain the following:

35 = |0 Y Sty — i) A0 ()
0<t <ty
I Gt~ h) A ()]| = 0 as o .
0<t<ty
Hence, ||Fy(t2) — ’Sy(tl)H — 0 independently of y € B,(J) as t, — t1; therefore,
{8y : y € B,(J)} is equicontinuous. [

Theorem 4. Let -1 < B < 0and 0 < w < § and o € @f,. Then, under Assumptions
(H1)—~(H3) the operator {Fy : y € B,(J)} is continuous and bounded provided oy € D(</?)
with 0 > 1+ p.

Proof. Firstly, we prove that § maps B,(J). Taking y € B,(J) and define p(t) =
t=(1+aB)(1=v)y(t), we have p € BP (J'). Let t € [0, T]:

t
I3 < Ne0B0 6, (108] + 0B [ =) ta = nEr o), (Bondr|

From (H2) and (H3), we obtain the following:

t
I8y()]| <P 8, ()31 + €19 [ (=)= T(r)ar
0
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t
< supjy gy t(H”‘ﬁ)(l*")/o (t— 1)~ Y (r)dr

<r.

Hence, ||§y|| <, forany y € B,(I).
Now, to verify § is continuous in B, (I),lety,, y € B(I),n =1,2,-- - ,withlimy e ¥y =
y. Hence, limy oo yn(t) = y(t) and lim, e t~1F2BA=0) 4 (1) = ¢~ (+aB)(1-0) ()
and limy,_,eo t~ 4P A=V)y (1) = p=(1+af)A=v)y(¢), on J' (H1) implies the following:
E(t, on(t), Blon(t))) =& (1,1~ THA Iy, (1), ¢~ (HP OBy, (1))
- éa(t,t_(1+aﬁ)(l_v)y(t), t—(1+aﬁ)(1—v)3(y(t))),
as n — oo.

We use (H2) to obtain the inequality (t — ) ~*F=1|&(r, pu(r), B(pn(r)))| < 2(t —
1)~ @BV (r), ie.,

/ot(t—7)7“’371”(5’(7,@n(r)/B(@n(T))) = &(r,0(r), B(p(r))|ldr — 0, asn — oco.
Lett € [0, T]. Now:

I890(6) = SOl < (00| [t )10, = (80, 000, Blon() ~ 60, 0(0), Blolr))ar]|

Applying Theorem (1), we have the following:

I3y (1) = Fy(t) | < gt A=) /;(t = 1) E (1 ou(r), Blon(r)) = (1, 0(r), B(p(r) || dr

— 0asn — oo.
that is, §y, — 3§y pointwise on J. In addition, Theorem (3) implies that §y, — JFvy
uniformly on J as n — co. Hence, § is continuous. [

4. ¥(t) Is Compact

We can assume that, for t > 0, the semigroup ¥(t) is compact on #'. Hence, the
compactness of Q,(t) is as follows:

Theorem 5. Let -1 < f < 0,0 < w < Fand & € @f,. If T(t)(t > 0) is compact and
(H1)~(H4) hold, then 3 a mild solution of (1.1)~(1.3) in BY (I') for every po € D(=/%) with
0>1+p.

Proof. Since we have assumed J(t) is compact, it gives the equicontinuity of S (t)(t > 0).
Moreover, from Theorems (3) and (4), we know that § : By (J') — BY(J) is continuous
and bounded and ¢ : B,(]) — B,(]) is bounded, continuous, and {ey : y € B,(])}
equicontinuous. We can write € : B,(]) — B,(]) as follows:

(ey) (1) = (ely)(t) + (y)(t)
where:
(e'y)(t) = tHB Ve, (1) = tpmxﬁ)(kv)IgJ(rl—a)toHDa(t)5

l+aﬁ )Y(1-v) )
ey / (t— r)r-0)-1pa-1 / €0 M,(8)3(r*0)5d6 dr
- 0

Dét l+ocﬁ )(1—v)
Ta—aT / / “La=Tg M, (6)S(r*0)Td0dr
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and

(e%y)(t) =t TP =) /Ot(f =) 1y (t = )& (r, o (r) (Be)r)dr
+ Y Suult—t) Flp(t)).

o<t <t

For o > 0and ¢ € (0, ), we define an operator 81@7 on B,(]) by

(81 ; 1+t¥,5)1 v) 1 a)v— La— 19M 0V (r*0)5d0 d
é,oy)( ) 1—¢X ( )\5‘(7’ )v r
txt(1+zxﬁ(1u amsiootgacn » .
S T(v(1—w)) / / OMq (6)S(r6 — (o) vd6dr.

Since T(e"9) is compact Vé,a(f) = {s%lay)(t),y € B,(J)} is precompactin X V¢ € (0, )
and ¢ > 0. Moreover, for any y € B,(])

IE)(0) = (eboa) (O] < o (w) 1900 [7 [yt Son (0)3(#)adedr

+ A (a,v) || 0B O-0) / / (t — r)"1=0=12=Tg 01 (0)S (r*0)Tdgdr

< (a,v) o) (v / / PV A=) =La=lgp, () =214 5] 9~F~1d0 dr
4 (vt (HeB) (1-0) / / (t — )Y (-0-1a=Tg 1 (0)~2B—29—F=1 |56 dr
0 Jo
t o
— A (a, v)H1HeB) (1) / (t — 1) O=0=1—ab=1) 5 4y /0 6P M, (6)d6

+%(“ 1/) 1+txﬂ)(l v) /g

(¢ =101 g ar / 6P M, (0)d6

Ui
Ui
S%/t—aV(Hﬁ)Hﬁn/ 0P M, (0)d0
0
g ()
+ o) 5| / (1—s) 00 -p—ep-1gy / 6~F M (6)do,
0

[
—0,as — 0, 0—0,

where, ¥ (a,v) = m
Therefore, Vé,g(f) = {slglgy)(t),y € %B,(])} are arbitrarily close to V! (t) = {ely)(t),y €

%B,(I)}, for t > 0. Hence, V(t), for t > 0, is precompact in % .
For ¢ € (0,t) and o > 0, we can present an operator s%/g on B, (I) by

(€2,y) (1) =at(1TeA) 1~ / / OM.(0)(t — 1)* 1S ((t — 1)%0)E(r, (1), (Bp)r)dédr
+ Y Guolt—t) A(p(t;))

0<tp<t
— (B (1) (72 ) /0 e / T OML(0)(t — IS ((t — 1)*0 — TPV E(r, (r), (Bp)r)dodr
+ ) Suul(t—t)A(pltr))

o<t <t

Hence, Vga = {sg W)(t),y € B.(])} is precompact in X V7 € (0,¢) and ¢ > 0 due
to the compactness of J({*0). For every y € B,(]), we obtain the following:
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1€)(6) — @) <t B0 ([ [ omu(@)(t = 1S = 1106 7, 000), (Bo)r)aoar

+ Z Gtxv(t+(7_tk fk H

0<tp<t

pp(1Hap) (1-v) /t g/ VELOM, (0)S((t—1)*0)&(r, p(r), (Bp)r)dodr

. e,,c,vawtk)fk(@(t;)))H

O<t<t

<agot 1900 ( [

(6= r) k() /0 0 PM(0)d0+ Y )

0<ty<o

t
+zx¢0t<1+‘*5)(1—”)(/ (t—r)"F"1k(r) dr/ 0 PM,(0)do + Y ’yk)

t=¢ 0<t<C

gagot(uaﬁ)(lw)(/f(t_r)faﬁflk(r)dr/0‘767/51\4“(9),19+ Yy ’Yk)

0 0<t<ny
a1 = B) (11ap)1-v) /t —ap-1
+ 5"t t—r k(r)dr +
T —ap) (=0 0) O<§<gvk)

—0aso — 0.

Therefore, Véa(t) = {ezglgy)(t),y € B, (J)} are arbitrarily close to V2(t) = {e?y)(t),y €
%B,(J/)},t > 0. This gives the relative compactness of V?(t),t > 0 in %. Moreover,
V(t) = {ey)(t),y € B,(])} is relatively compact in # Vt € [0, T]. Hence, {ey,y € B,(])}
is relatively compact by using the Arzela—Ascoli Theorem.

Now e is continuous and {ey, y € B (])} is relatively compact. Hence, by the Schauder
fixed point theorem, 3 a fixed point y* € B,(]) of . Let p*(t) = t1+B) (=1 y*(#). Then,
p* is a mild solution of (1.1)-(1.3). O

5. S(t) Is Noncompact

We consider as follows,

Hypothesis 5 (H5). 3 a constant k > 0 satisfying the following
w(é@(t, ¢, @2)) < klp(@fl, E‘Ez)for aet e [0, T]

for every bounded subset &, &, C ¥

Theorem 6. Let —1 < < 0,0 < w < % and &/ € @5,. Assume that (H1)-(H5) hold. Then the
Cauchy problem (1.1)—(1.3) has a mild solution in By (I') for every ug € D(&9) with & > 1+ B.

Proof. By Theorems (3) and (4), we obtain ¢ : 9B,(I) — B,(I) as continuous, boundedm
and {ey : y € B,(I)} is equicontinuous. Now, we verify that there is a subset of B,(I) such
that € is compact in it.

For any bounded set Py C 9B,(I), set the following;:

e (o) = ¢(Py), €™ (Py) = e(co(e" ) (Py))),n =2,3,...

For any € > 0, we can obtain from Propositions (1)—(3), a subsequence {yg,l) }oo C Py
satisfying:
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(e Bo(1)) <29 (104900 [ (6= )1, = 0o, 0 (00, By () Vi
+ E 'Yk)

0<tr<t

<ag B0 ([ ) Bty (r, (PO () (), By (1)) )

+ Z%)

o<t <t

<4¢  ktIHep) -V w(mo)( /t( )bl (B (1) g,

+ Z’Yk)

o<t <t

I(—ap)T((—ap+v(1+apB))
I'(—2ap+v(l1+ap)) +0<§<t7k ’

= 4¢Pkt7“ﬁl/](‘330)(

From e is arbitrary, we obtain the following:

lp(g(l)([po(t))) < 4€pkt_“ﬁ1l1(P0) (r(_ﬁf_)zifls_fia :(i;);‘ﬁ)) +0 2 t,yk).

Agam for any € > 0, we can obtain from Propositions (1)~(3) a subsequence
{y Byn . C co(eM (Py)) that implies the following:

$(E (Bo(1))) = (e((e (Bo(1)))
< 2p (104900 [0 Qe - o, i TP 1), Byl (0) Vi

+ Z')’k)

0<tp<t

t
<agu RO ([t )= (o, PO (2 1), Byl (1) b

+ Z'Yk)

o<t <t

t
< 4y kt DO ([ (¢ )=l (D00 (D), By D (1) Y e

+ Z’Yk)

O<tk<t
t
g4etpkt(”“/5)<1*”)(/ (t— 1) B OB A=)y ([ (1), By P Y2 )dr + Y 7k>
0 0<tp<t
_ (48 kPP OVT (—ap)T(~ap -+ v(1+ up))
- I(=2aB+v(1+ap))
t
_ ) ap-l—(1+ap)(1-v)—ap
x(/o(t r) r dr + Z’Yk)

0<t<t

#(Po)

_(48pk) 2P (—af)T (—af + v(1 + ap))
o ( : I'(=3ap+v(l+ap)) +0<t2k<t7k)¢’(lpo)~
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We can verify the following by the mathematical induction:

" (4¢,k)" =BT (—aB)T (—af + v(1 + ap))
P(eM (Py(t))) < —F F T Dap 1o - ap)) $(Py), n € N.

Let M = 4€,kT~*FT(—ap). We can find m, k € N big enough such that { < af < 15
and 1 > 2forn > m.T(—(n+1)ap+v(1+ap)) > [ (). Thatis:
(4 k)" TP (—aB)T (—aB + v(1 + aB))

(4€,k)" TP (—aB)T (—aB + v(1 +ap))
I'(—(n+1aB+v(l+ap)) )

&

Replace (1 + 1) by (j + 1)k. Then, the R.H.S of the inequality given above becomes
the following:

MUDEAT (—aB+v(1+aB)) (MY MIT(—aB+v(1 +ap))
T(j+1) B /!

Therefore, there exists a constant 1y € N such that

(4€,k"t T (— )T (—ap + v(1 + ap)
I'(—(n+1aB+v(l+ap)) -

=p <1

—+0asj — co.

(4€,k)"0T 0% (—af)T(—af + v(1 + ap))
T(—(no+1)ap+v(l+ap))

Now:

(e (Bo(1))) < py(Po)-

From (") (IPy(t)) is bounded and equicontinuous, applying Proposition (1), we obtain
the following:

g(no) = max (" .
P (B) = max p(e™ (B(6)

Hence:

p(e"(Po)) < py(Po),

where p < 1. Now applying a similar technique as applied in Theorem 4.2 [14], we obtain
a nonempty, convex, and compact subset € in B, (]) with ¢(¢€) C € and ¢(¢) is compact.
By applying the Schauder fixed point theorem, we obtain a fixed point y* in %B,(]) of &. Let
o*(t) = t0+2B)=1)y*(¢), Then, p*(t) is a mild solution of (1.1)~(1.3). [

6. Example

We consider the following impulsive system:

Dt o(t x) — 03p(t, x) =E(t, p(t,x), Bp(t,x)) t €[0,T], x €[0,4]
p(t,0) = p(t,a) =0 on t € [0, T]
m
70 60,2) = Y kplty, x), x € [0,4] ®)
k=1

1-
Apli=1/2 :ﬂl(p(i ),
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in Banach space % = C%([0,4])(0 < a < 1) of all Holder continuous functions, where

a = %, v = %, E(t,p,Bp) =t 5 cos?p, ¢, € R,k = 1,2,...,m, such that Yilqlek] < M%

Here, we can convert the above problem (1.1-1.3) in abstract form as follows:

D plt) + /(1) =8 (1, 0(1), [ (19005, 0(s))ds) tE 0TI =
Apli=t, =F(p(t; ), k=1,2,3,..m )

(1-a)(1-v) .
Iy 0(0) = ) ety x).
k=1
Here, o7 = —92 with @ (&) = {p € C**%([0,a]) such that p(t,0) =0 = p(t,a)}. It
follows from the work in [20] 3 constants 6, € > 0, such that & + 6 € @Z:i(@ ). To verify
2

the compactness of semigroup (t), it is enough to prove that R(«, — (o7 + ) is compact
for every a > 0 (see Lemma 4.66 [15]). Since ®(«/ C C**%([0,4])) and C>*%([0,a]) are
compactly embedded in C*([0, a]), the compactness of the resolvent operator follows for

every « > 0. We choose I(t) = £5:

17

THI(=DI(E)
r(-%)
Then, the Hypotheses (H1)-(H5) are satisfied. According to Theorem 5, the
Problem (6.1) has a mild solution in B ((0, T]).

L=

r = supyy ) ((TH I |16, (o) +

7. Conclusions

In this paper, we proved the mild solutions of Hilfer fractional integro-differential
equation with impulsive almost sectorial operator, by applying the fixed point theory. We
will find to investigate stability of similar problem in our future research work.
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