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Abstract: We establish new simple bounds for the quotients of inverse trigonometric and inverse

. . in~! -1 . . .
hyperbolic functions such as ss';rL’lxx and tf;g‘,l =+. The main results provide polynomial bounds
1

using even quadratic functions and exponential bounds under the form e, Graph validation is
also performed.
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1. Introduction

As discussed in [1], functions whose graphs are similar to bell-shaped curves should
f,?,eﬁtfeosr be studied, and one of the aspects is to investigate the bounds of such functions. For the
bounds of this type of functions involving inverse trigonometric and inverse hyperbolic
functions, we refer the reader to [2-20] and references therein. Chesneau and Bagul [1]
investigated the sharp bounds for ratio functions ;23 and Ssiiﬁlxx. These inequalities were

carefully studied and generalized by Kosti¢ et al. [21] to get several types of bounds using
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We contribute to the subject by establishing polynomial and exponential bounds for
- 21
the functions S_”;rllx and tta;r?*l —*, which are motivated by these works. In the whole paper,

S X
it is to be noted that the superscript “—" for trigonometric and hyperbolic functions is used
for their inverses.

2. Main Theorems
2.1. Statements

Our main results are the following theorems.

Theorem 1. 71 = % and 1y = m — 1 =~ 0.78221397 are the best possible constants such

that the inequalities

L1
1422 < % <1+mx% x € (0,1) )

hold.

Theorem 2. If x € (0,7) and r is any real number in (0,1), then the inequalities

tanh !
140122 < T <14 0,22 5)
tan™" x

tanh ! r—tan_lr

hold with the best possible constants 61 = % and 0, = S
retanT

Theorem 3. yj = % and pp = ln(ﬁ) ~ 0.57785639 are the best possible constants such

that the inequalities

sin1x

sinh 1x e; x € (0,1) ©6)

el x <
hold.

Theorem 4. If x € (0,r) and r is any real number in (0,1), then the inequalities

> tanhlx 2
ety < Z
—-1..5_ -1
hold with the best possible constants vi = % and v, = In(tanh r)rz In(tan” 1)

Since #; = y1 and 6; = vy, by the well-known inequality 1 +y < ¢Y, it is not difficult
to see that the lower bounds of (6) and (7) are sharper than those of (4) and (5), respectively.

Corollary 1. If x € (0,1), then we have

sin~1x tanh ™! x

®)

sinh ™! x tan~1 x

2.2. Graphical Illustrations

In this part, we compare the obtained bounds by the means of graphics, with a discussion.

Figure 1 presents the bounds obtained in Theorems 1 and 3 for the “ratio sin” function
-1

defined by sn;ix

sinh Tx”
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Visual comparison for the lower bounds of the ratio sin Visual comparison for the upper bounds of the ratio sin
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Figure 1. Visual comparison of the bounds for :;‘h,l"x: (a) lower bounds with x € [0.4,1], and (b) up-
per bounds for x € [0, 1].
It can be observed that the exponential bounds are sharper.
Figure 2 displays the bounds obtained in Theorems 1 and 3 for the “ratio tan” function
. -1
defined by anh__x,
tan™ ' x
Visual comparison for the lower bounds of the ratio tan Visual comparison for the upper bounds of the ratio tan
@ © /1
-] — Rati - — Ratio t 4
- E:It;?\éar\nnial lower bound - P;;l/onc?r?ial upper bound /'l
- = Exponential upper bound /./

- = Exponential lower bound
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(b)

Figure 2. Visual comparison of the bounds for tanh 'x, (a) lower bounds with x € [0.4, 7], and (b) up-

tanlx

per bounds for x € [0, 7], with r =  (arbitrarily taken into (0,1)).

Again, it can be observed that the exponential bounds are sharper.

Thus, the graphical illustrations reveal that the upper bounds of (6) and (7) are sharper
than those of (4) and (5), respectively.

We end by illustrating the ratio comparison states in Corollary 1 in Figure 3.
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Visual comparison for the two ratios

—— Ratio sin !
— = Ratio tan /

1.20
|

1.05
|

L1 —1
sin_" x tanh " x
and .

sinh!x tan~! x

Figure 3. Visual comparison between

3. Auxiliary Results

In order to prove our main results, we need the following lemmas from the existing
literature.

Lemma 1 ([23] L’'Hopital’s rule of monotonicity). Let f, g be two real-valued functions which
are continuous on [a, b] and differentiable on (a,b), where —oo < a < b < coand ¢'(x) # 0, for
Vx € (a,b). Let,

ri(x) = f(x) = fla) and ry(x) =
Then,
(i) r1(x) and ry(x) are increasing on (a,b) zfg—: is increasing on (a, b); and
(ii) 1r1(x) and ry(x) are decreasing on (a, b) szg; is decreasing on (a,b).
The strictness of the monotonicity of r1(x) and ry(x) depends on the strictness of the mono-
tonicity of éi,
Lemma 2 ([2] Lemma 2). For 0 < |x| < 1, we have

© o2n+1 (11!)2 242

(sin”" x)° = L “uta)
" L1 2 22 ()% 5uin
(sinh™" x)* = E(—l)”wx nt
The series for (sin~! x)? can also be found in [24]. For series expansions of powers of
sin~! x we refer to [25] and references therein.

We also prove some other lemmas that are required to prove our main results.

Lemma 3. The following inequality is true.

|
sin” " x 3

< ; x€(0,1). 9
x (34 x2)v1 — x2 (01) ©)
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Proof. Let

P(x) =3x — B4+ xH)V1—x2sin"1x; x € (0,1).

Differentiation gives

3+x%)sin"lx

dw):3—6+w%—2mﬂ4w%m4x+x(

V122
_ x84+ x%)sin'x —2x(1—x¥)sin 'x 2
V1-a2
~ x(1+3x%)sin 'y,
a Vi—2
(@ +3x%)sintx — xv/1— a2
Ve ‘

Since V1 — x2 < 1+ 3x? and x < sin"! x, clearly, for x € (0,1), we get

V1 —x? 1 sin~1x

1+3x2< < x

which results in ¢’(x) > 0. So ¢(x) is strictly increasing in (0,1) and we have ¢(x) >
$(0)=0. O

Note 1. The inequality (9) is a refinement of the inequality

sin~1x 1
<

x V1— 22

; x€(0,1).

See, for instance, [5].

Lemma 4. For x € (0,1), the inequality

2
inh—! -1
(Sll’lx x) > m smx X (10)

is true.

Proof. From Theorem 2.2 of [6], we have

2
sinh ! x < 3
X 34 x2°

Combining this inequality with (1), we get the desired inequality (10). O

Lemma 5. For x € (0,1), it holds that

sinh 1 x sin~1x

> . 11
V1i—22 V1422 (1
Proof. A combination of inequalities (1.1) of [5] and (1.1) of [6] gives (11). [
Lemma 6. The inequality
h™t V14 a2
tan X +x (12)

<
tan—1x NS
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holds in (0,1).

Proof. From Theorem 4 (inequality (2.12)) of [5], we have

tan~! x - 1
x V1422
and from Theorem 2.4 (inequality (2.4)) of [6], we have

x>0 (13)

tanh ! x 1
X 1 — 2

; x€(0,1).

Since w1= < \/117, the above inequality can be written as

i
=
S

X

——— >V1-x% x€(0,1). 14
tanh ™! x 1) 14)

The required inequality (12) follows from inequalities (13) and (14). O
Remark 1. It is worth noting that an upper bound of % in (12) is sharper than those in (5)
and (7)asr — 1.
Lemma 7. For x € (0,1), we have

X X

+ <2 15
tan~'x  tanh lx (15)

Proof. By Proposition 3 of [5], we have

x2
<1—0—§,x>0

tan~!

x
Similarly, from Theorem 2.3 (inequality (2.3)) of [6], we write
2
x x
—— <1-—; x€(0,1).
tanh ! x 3 ©.1)
By simply adding these inequalities we get the required inequality (14). O
4. Proofs of Theorems

Proof of Theorem 1. Let us set

sin"lx —sinh 'x  fi(x)
x2sinh ! x © flx)’

flx) =

where f1(x) = sin"'x —sinh ! x and fo(x) = xZsinh ! x with f;(0) = 0 and £,(0) = 0.
By differentiating with respect to x, we obtain

1 1

Ax) i Ve . fa(x)

7 = 1 2 ’

(%) 2xsinh ™! x+ i fa(x)

where f3(x) = \/11_7 — \/ﬁ and fy(x) = 2xsinh~!x 4 \/% with f3(0) = 0 and
f4(0) = 0. By differentiating again with respect to x, we get
_ 42)—3/2 2\—=3/2
Fi(x) x[(l x%) + (14 x%) } fs(x)

fi(x)  2sinh ! —B3(1+x2)73/2 "7 fe(x)’

4x
x —_—
- V14+x2
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where f5(x) = x {(1 )24 (1 + xz)*3/2} and fs(x) = 2sinh x4 14ix2 - 31+
x2)73/2 with f5(0) = 0 and f(0) = 0. Then,
Fi(x) (1+2x2)<%)5/2+ (1—2x?)
fe(x) 6+ 5x2 + 2x4
(1+2x%) f7(x) + (1 — 2x?)

= 6+ 512 + 214 = fa(x),

5/2 3/2
where f7(x) = (%fﬁ) with f7(x) = (11(;"2)2 Gfﬁ) . Now we need to show that fg(x)

is strictly increasing on (0, 1). To demonstrate the required monotonicity of fg(x), we must
prove that f§(x) > 0. First, we show that the numerator in f{(x), say N, is positive on
(0,1). We have

Ny = (6 +5x% +2x*) [(1 +22%) f(x) + dxfr(x) — 4x}
~[@ 422 f(0) + (1 - 20%) | (10x + 8+%).

Simplifying the above expression we get the following

N, _ 60x 1702 41202 + 4027 (14222
e (1—x2)2 1—x?
1 2\ 5/2
+(l4x—8x3—8x5)<11—§2> — 34x — 8x3 4 8x°
~60x + 170x3 + 120x5 + 40x7 + (14x — 823 — 8x%) (1 — x4) 1+ 22\ 2
B (1—x2)2 1—x?

—34x — 8x3 +8x°
- 74x 4 162x3 + 98x° + 48x7 + 8x°
(1—x2)2

— 34x — 8x% + 8x°

2
due to the fact that (1 + x2

3/2
) > 1. Thus,

(1 —x2)?Ny > (74x + 162x% 4 98x° + 48x” + 8xY)
— (34x + 8x> — 8x°) (1 — x?)?
= 40x +222x> + 88x° 4 24x7 + 16x° > 0.

So N; > 0 and hence f{(x) is positive. As a result, fg(x) is strictly increasing on (0, 1)
By successive application of Lemma 1, we conclude that f(x) is strictly increasing on (0, 1).
-1

Therefore, f(07) < f(x) < f(1), where 5; = f(07) = Y and 1, = f(1) = m
This completes the proof of Theorem 1. []

Proof of Theorem 2. Let

tanh ' x —tan"! x x
g(x) = an” x . aily),

x2tan~lx 2(x)

where ¢1(x) = tanh ™! x — tan~! x and g (x) = ¥? tan~! x, satisfying g1 (0) = 0 = ¢,(0). By
differentiating with respect to x, we have

1 1
81(%) I e N C A 83(x)
(X))  2xtanlx 4+ % ga(x)

7
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2
where g3(x) = ﬁ — ﬁ and g4(x) = 2xtan"lx + 1_’&7 with g3(0) = 0 = g4(0).

Differentiation gives us

gh(x) x(1—x?)"2+ (1+x2)72) gs(x)
00 s 2 g

7

where g5(x) = x((1 - x2) 72+ (14 x?)7%) and gs(x) = tan~'x + 125 — 725

that g5(0) = 0 and g¢(0) = 0. Differentiating again with respect to x, we get

are such

gl 0+3)(E5) +a-3)
gs(%) B 3 —x2

x2 X — XZ
S+ 0-32)

3 2
where g7(x) = Gjﬁ) with g7(x) = (1?7;2)2(%) . We show that gg(x) is strictly

increasing on (0, 1). We demonstrate the positivity of gg(x) by showing that the numerator
of g5(x), say Ny, is positive. We have

N, = (3—12) ((1 +3x2)gh(x) + 6xg7(x) — 6x)

+2x((1 +3x)g7(x) + (1 — 3x2)).

3
Simplifying the above as in the proof of Theorem 2 and using the fact that ( %fﬁ ) >1,
we get

40x + 88x> — 32x°  40x + 8x3(11 — 4x?)
(1—x2)2 B (1—x2)2
Therefore, gg(x) is increasing. By Lemma 1, it is concluded that g(x) is strictly increas-

ing in (0,7). Consequently, ¢(0") < ¢(x) < g(r). The inequalities (5) follow due to the

. . e !
limits g(07) =  and g(r) = % -

Np > > 0.

Proof of Theorem 3. Let us set

In ﬁ E
F(x) = ( = ) = F;Ei; x € (0,1).

By differentiation, we obtain

Fj(x) 1 V1+x2sinh ' x — /1 —a2sin"'x
Fy(x) 1— x4 xsin ! xsinh~!x

N = NI

F3(x) - Fy(x),

where F3(x) = \/1177 is strictly positively increasing in (0,1) and

Fa(x) V1+ Zsinh ' x —v1— x2sin 1 x 50
4 p—
xsin~lxsinh~!x

due to Lemma 5. We prove that F;(x) is strictly monotonically increasing in (0,1). We
differentiate Fy(x) with respect to x to get
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inh~'x xsinlx
Fl(x)(xsin Y xsinh ' x)2 = xsin L xsinh ' x xst +
100 ) —_—
— (\/ 1+ x2sinh'x — /1 —x2sin~ ! x)
n xsinh~ ! x n xsin!x
Vi—x2  V1+22)

X <sin_1 xsinh ! x

After some calculations, we get

Fj(x)(xsin ! xsinh ™! x)2

1
= V1 —x2(sin"t x)? 4+ x? sin~ ! x(sinh ™! x)? — (14 x?) sin"! x(sinh ! x)z]
V1+ x2
+ : ! 5 [xz(sm 1x)2sinhx + (1 — x2)(sin"! x)?sinh ™! x — xy/1 + x2(sinh x)z}
—x
-1 R |
_sin T x S P BN sinh™ " x 1.2 7 -1
= m[x\/l x2sin™" x — (sinh™ " x) ] + m[(sm x)” —xV1+ x2sinh x}
A | 11
> sn;h J; [x\/ 1—x2sin"!x — (sinh ! x)z} + sinh J; [(sirf1 x)? — x\/1+ x2sinh ! x]
—x —x

due to Lemmas 4 and 5. Then, we have

sinh ! x
ice Y

where (x) = (sin"!x)? — (sinh ! x)2 4+ xv/1T — xZsin ' x — xv/1 + x2sinh ! x. Let us

now consider

Fj(x)(xsin" ! xsinh ! x)2 >

¥’ (x)

_, sin~!x 2sinh_lx V1= *2sin-! x2sin"'x  x%sinhlx V1T Zsinh-!

= \/1—x2_ \/1—|—x2+ —x4sin” " x — m— m — + x4 si X.
Therefore,

¥ (x)V1— x4 =21+ 22sin ' x —2¢/1— 22sinh ' x + (1 — 2)V/1 + x2sin ! x
— xz\/l—i—ixzsin_1 X — xzmm\h_l x—(1+ xz)mgnh_l x
= V14223 —2x%)sin 'x — /1 —x2(3+2x?)sinh ' x.
Next, we prove that
V14223 =2x%)sin ' x > /1 —x2(3 4 2x%) sinh ' x.
Equivalently,
(14 x%)(3 —2x%)2(sin 1 x)2 > (1 — x2)(3 + 2x%)%(sinh ! x)?

or
(4x% — 8x* — 3x2 4+ 9)(sin~ ! x)2 4 (4x° + 8x* — 3x% — 9)(sinh 1 x)2 > 0,

ie.,

p(x) 1= (4 = 3x) [(sin ™' x) + (sinh " x)2] + (9 — 8x*) [(sin~' x) — (sinh ™' x)?] > 0,
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Making use of Lemma 2, we write

(x) = (4x° —3x2) i (1+ (_1)71)7221%1(”!)2 x2n+2
¢ = (2n+2)!
o-meh) T 1 - (2 e
= (2n+2)!
0 " 22”+1(n!)2 " 0 " 22n+1(n!)2 "
LA I g B (D gy
) " 22n+1(n!)2 » 00 " 22”+1(n!)2 "
—n;3(1+(—1) )sz +4+n§09(1—(—1) A TER N 22
00 2n—5 n— !2 o) 2n—3 n— !2
:n§4(1+(71)n73)2 (251(_4)5:)) x2n+27’§28(17(71)n72)2 (z(n(_z)z')) x2n+2
v ey 2 =D i 2 gy 2 (1) o
n;3(1+( n" ) )1 x +n;09(1 (-1 @n 1)
o < anx2n+2’

where

an = 4(1 =+ (_1)1173) (21’1 — 4), - 8(1 - (_1)’172) (21”1 — 2)|
2n=1((y _ 1)1)2 2n+1(41)2
_3(1_._(_1)111)2((2”)!1)) +9(1_(_1)n)2(2;J£2))!, n=23,45---.

Clearly, a, = 0,forn =4,6,8,--- .Forn =3,5,7,--- , we write

_2((n—=3)1)?

= T an 1 2)! ns

where

by =n(n+1)2n+1)(2n —1)(2n —2)(2n — 3) —8n(n +1)(2n +1)(2n — 1)(n — 2)?
—6(n+1)2n+1)(n —1)%(n —2)% +36n%(n — 1)%(n — 2)?
= (n® +n)(4n> —1)(—4n® 4+ 22n — 26) + 6(n* —2n +1)(n* — 4n +4)(4n* — 3n — 1)
= 8n® — 901° 4 402n* — 608n> 4 2381 + 261 — 24.

Now it is very easy to prove that b, > 0 for n > 3 and hence a, > O forn =3,5,7,- - - .
This shows that a, > 0 forn = 3,4,5, - -, implying that ¢(x) > 0 and ¢’(x) > 0, which
further implies 1(x) > (0) = 0 and F;(x) > 0. Then F4(x) is strictly monotonically
increasing in (0,1), as F3(x) and F4(x) both are monotonically increasing in (0,1). Thus,

ggig and thus, according to Lemma 1, F(x) is also monotonically increasing in (0,1). As
2

aresult, F(0+) < F(x) < F(1). The limits F(0+) = § and F(1) = ln(ﬁ) give the
required inequalities (6). O

Proof of Theorem 4. Let us set
tanh ! x
h‘l( tan—!x > Gy (x)

G(x) = v, = Gz(x); x € (0,r)and r € (0,1).
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After differentiation, we obtain

Gi(x) 1(1+x¥)tan'x—(1—x?) tanh 'x
Gh(x) 2 x(1— x4) tan~! x tanh ! x
C1(1+a%)tan'x— (1 —x?)tanh ' x x?
T2 x3 ' (1—x4)tan~!xtanh ' x

Gs(x) - Gy(x).

N —

Consider

Ga(x) = (1+x2)tantx — (1 —x?)tanh ' x _ Gs(x)
SV e T Ge(x)’

where G5(x) = (14 x?)tan~'x — (1 — x2) tanh ! x and Gg(x) = 1% satisfying Gs(0) =
0 = Gg(0). Differentiation gives

Gs(x) 2 tan~!x + tanh 1 x 2
3 x 3 Gs(x)’

where G7(x) = tan~! x 4 tanh ! x and Gg(x) = x with G7(0) = 0 = Gg(0). Differentiating

again, we get
G (x) 1 1 2

Cix) 1+ 12 1-+

7

which is strictly increasing in (0,7). By Lemma 1, G3(x) is strictly increasing in (0, 7). In
addition, by Lemma 6 and the fact that

V1—x2 S 1—x2

V14 x2 14 x2’

we get that G3(x) is positive in (0, 7).
Now, consider

2
x
Gy(x) = ; x € (0,7r).
+(x) (1—x4)tan ! xtanh ' x )

Then, we have

Gy(x) ((1 —x*) tan T xtanh ! x)z =2x(1—x*)tan ' xtanh ! x + 4x% tan ' xtanh ! x
—x®>(1—x®)tanh ' —x*(1 + x?) tan"! «x
=2xtan ! xtanh ! x4+ 2x%tan "' xtanh ' x — x*tanh ! x
—x?tan"!x + x*(tanh ™1 ¥ — tan~ 1 x)
> 2xtan ' xtanh™! x 4+ 2x° tan ! xtanh ™' x — x> tanh ! x

—x%*tan" ! x

X x
=xtan txtanh Tx(2+2x* — v T ) >0,
tan™'x tanh " x

by Lemma 7. Therefore G4(x) is strictly increasing in (0,1). Thus, since gég{g is the product
2

of two positively increasing functions, it is increasing in (0, 7). By Lemma 1, G(x) is strictly
increasing in (0, 7). Consequently, we have

G(0+) < G(x) < G(r).
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The desired inequalities (7) follow due to the limits G(0+) = % and
G(T) _ In(tanh ™! 1’)1,271r1(tar1’1 r). O

Remark 2. From the proofs of Theorems 2 and 4, it is clear that the rightmost inequalities of (5)
and (7) are, in fact, true in (0,1).

Proof of Corollary 1. Itis animmediate consequence of Theorems 1 and 2, and Remark 2. [
tanh ! x

Remark 3. A better upper bound for 222 in (0,1) can be found in Lemma 6, as stated in
Remark 1.

5. Conclusions and Direction for Further Research

Polynomial and exponential bounds for bell-shaped functions involving only trigono-
metric or only hyperbolic functions or their inverses are present in the literature. Recently,
these types of bounds have been obtained for the quotients of trigonometric and hyperbolic
functions. We contributed to the field by establishing similar bounds for the quotients of
inverse trigonometric and inverse hyperbolic functions, which can be useful in the theory of
analytical inequalities. The exponential bounds were sharper than the polynomial bounds.

Wilker-type and Huygens-type inequalities for inverse trigonometric and inverse
hyperbolic function quotients may also be obtained.
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