@ axioms

Article

Coefficient Bounds and Fekete-Szego Inequalities for a
Two Families of Bi-Univalent Functions Related to
Gegenbauer Polynomials

Yahya Almalki *(9, Abbas Kareem Wanas 2**(, Timilehin Gideon Shaba ', Alina Alb Lupas **

and Mohamed Abdalla >t

check for
updates

Citation: Almalki, Y.; Wanas, A.K,;
Shaba, T.G.; Alb Lupas, A.; Abdalla,
M. Coefficient Bounds and
Fekete-Szego Inequalities for a Two
Families of Bi-Univalent Functions
Related to Gegenbauer Polynomials.
Axioms 2023,12,1018. https://
doi.org/10.3390/axioms12111018

Academic Editor: Clemente Cesarano

Received: 7 September 2023
Revised: 19 October 2023
Accepted: 27 October 2023
Published: 29 October 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, College of Science, King Khalid University, Abha 61413, Saudi Arabia
Department of Mathematics, College of Science, University of Al-Qadisiyah, Al Diwaniyah 58001, Iraq
Department of Physical Sciences, Landmark University, Omu-Aran 251103, Nigeria;

Department of Mathematics and Computer Science, University of Oradea, Str. Universitatii nr. 1,
410087 Oradea, Romania

Department of Mathematics, Faculty of Science, South Valley University, Qena 83523, Egypt

*  Correspondence: abbas.kareem.w@qu.edu.iq

These authors contributed equally to this work.

W N =

Abstract: The purpose of this article is to introduce and study certain families of normalized cer-
tain functions with symmetric points connected to Gegenbauer polynomials. Moreover, we deter-
mine the upper bounds for the initial Taylor—-Maclaurin coefficients |a;| and |a3| and resolve the
Fekete-Szegoproblem for these functions. In addition, we establish links to a few of the earlier
discovered outcomes.
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1. Introduction

In [1], Legendre studied orthogonal polynomials comprehensively. These polynomials
are recognized to be crucial in solving approximation theory problems. They occur in the
theory of differential and integral equations as well as in mathematical statistics, automatic
control and axially symmetric potential theory and are known from [2,3] and other articles.
In a practical sense, the Gegenbauer polynomials are special cases of orthogonal polynomi-
als. They are representatively related with typically real functions, Tr as discovered in [4].
Because of the relation Tr = coSg and its function of estimating coefficient bounds, real
functions typically play a significant role in geometric function theory. Here, Sg stands for
the family of univalent functions in the unit disk with real coefficients, and coSg stands for
the closed convex hull of Sg.

On this subject in geometric function theory, the so-called Fekete-Szego-type inequali-
ties (or problems) study the estimate for |a3 - ya%’ for holomorphic univalent functions
(cf. [5]).

Assume that A refers to the collection of functions f, which are holomorphic in the
open unit disk U = {#€ C : |y| < 1} that have the type

fln)=n+ iaw”- (1)

n=2

Further, the subfamily of A in U is symbolized by S.
From [6], we have

fHfm) =n (yeu)
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and

£(r1©) = (1E <m0 nin = 7).

where
g@) =18 =¢—m&+ (2ﬂ§ - ﬂa)ég - (511% — Bayaz + a4)§4 +... )

and f~!is an inverse of f € S.

A function f € A is named bi-univalent in U if both f and its inverse f ! are univalent
in U. Suppose X indicates the collection of bi-univalent functions in U given by (1). From
Srivastava et al.’s [7] pioneering work on the topic, a large number of works connected
with this topic have been discussed (see, for example, [4,8-47]). The family X is not empty,
as can be shown. Several examples of functions from the collection ¥ are

o 110g<1+;7> and —log(1l—7)

1—-79 2 1—-79
and their inverses are
¢ e —1 e¢ —1
, and ,
1+¢& 7 eX+1 b
respectively. As other examples without X, we have
2
n Ui
=5 and =P

Until now, the study of the estimates problem for functions f € X associated with the
following Taylor-Maclaurin coefficients |a,|, (n = 3,4, ...) is still open.

In [48], the authors investigated the family S;. of starlike functions under the following
condition:

Re 20f'(n)
(Fon—F=)

The family C. represents all convex functions if

>0, nel.

Red — (2uf'(n)"
(£ —F=m)

Let f and g be holomorphic functions in U. We say that the function f is named
subordinate to g if there exists a Schwarz function ¢ holomorphic in U with §(0) = 0 and
I€(n)] <1 (n € U) such that f(17) = g(&(n)). This subordination is indicated by f < g or
f(n) < g(n) (n € U). Itis well known that (see [49]) if ¢ is a univalent function in U, then
f < gifand only if f(0) = g(0) and f(U) C g(U).

The Gegenbauer polynomial Hs(7, T) is defined by [50,51] (also, see [52])

>0, nel.

1

Hs(,7) = —————
5(’7 ) (1—2T77+172)5

te[-1,1], nely,

where J is a nonzero real constant. For fixed 7, the analytic function H;, depending on 7,
has the following expansion involving Gegenbauer polynomials GJ(7) as coefficients:

1 [e)
Hs(,7) = ——————= =) Gu(0)",
s(1,7) (1—2tn+ 172)5 =0 )
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When 6 = 0, then we obtain the generating function of the Gegenbauer polynomial in
the form

Ho(n,7) =1~ log(1 =2ty +7%) = }_ G(x)y"
n=0

When § is more than —% [3,53], the recurrence relations of Gegenbauer polynomials
are given as

Gi(r) = %[ZT(n +6—1)(1) — (n+25—2)(1)] Gh_y,
with the initial values

Go(t) =26(6+1)1> -6 Gi(t) =26t and GY(7)=1. ©)

Remark 1. Some special cases of G () are the following:
(1) Taking 6 = 1, we obtain the Chebyshev polynomials.
(2) When 6 = % we obtain the Legendre polynomials.

2. Main Results
To start, we define the families M3 (a, T, ) and N$°(«, T, 6) as follows.

Definition 1. For0 <a <1,T € (%, 1} and 6 # 0, a function f € X is said to be in the family
MSE(a, T,0) if it fulfills the following subordinations:

!

2 () 2(nf ) - 20 f" () + 24 (1)
S =FE (s - F=0) o (fon) - 7)) + @ —a) (£ - F0)
1
OO ey
and
L B G 40) 202" (€) + 28 (§)
80 =8(=0)  (32)-5(-0) az(32)-2(-7)) +(1-w)(3(2) -2(-?))
< Hs(¢,7) = !

(1-2tg+¢2)°’
where the function ¢ = f~ 1 is defined by (2).

Taking 6 = 1 in Definition 1, the family Mj3%(«, t,6) reduces to the result of Wanas and
Majeed (see [54]).

Definition 2. For0<a <1,T € (%, 1} and 6 # 0, a function f € X is said to be in the family
N (a, T, 6) if it fulfills the following subordinations:

2

2|0 f" () + (1) f () +1f (1 }

"

w(nz(f(w—f(—n)) (£0n) )>+ (1 =) (f0n) = F=7)

IO
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and
2 7

2[ag%" (&) + (@ +1)& g"(8) + 8 (2)]

o(2(s@ - 5(0) + (5 -3(D) ) + 1~ we(s0) - 5(-0)
1

(1-2t¢+¢&2)°’

!

< Hs(g, 1) =
where the function g = f~1 is given by (2).
As special case, 6 = 1 in Definition 2 gives the family S5 («, T) (cf. [55]).
Theorem 1. Fort € (%,1}, 0<a<landd #0,let f € Abein the family M5 (x,7,05). Then,

laa] < T +/2|6|T |0]

\/\5(2 —w)? - 2[5(5+ 1)(2 - a)? — 82(3 —za)}ﬂ‘

and - 5
0°T o|lT

< .

|a3|— (2—0{)2_'—3*2"‘

Proof. Let f € M55 («,7,6). Then, u,v: U — U can be given by
u(n) :u117+u2;72+u3113+... (nel) 4)

and
o) =+l vl ... (el )
with #(0) = v(0) =0, |u(y)| <1, |v(¢)] <1,1,¢ € U such that

!/

2'7f/(17)7 n 2(nf () o Zaﬂzf///(ﬂ)'*‘z'?f/(’?)
F=fE0) - (fa)—FD) an(F@—FCM) +1—a)(Fon)—F(—7)) (6)
=14+ G (T)u(n) + G5 (T)u*(n) + ...
and )
w@ 2@ 205" (£)4265' (8)
$O=3(-8)  (30-5(-7)  &(s@-s(-0) +1-0) (50 -3(-7)) )
=1+G)(1)v(&) + G ()0 (&) + ... .
Combining (4)—(7), we deduce that
2'7f'('z>7 n 2(nf' () o 20“72f”,(17)+2'7f'(rz)
F=F0) 7 (fop—F) an(Fo)—F=m) +(1—a)(FO)—F (7)) 8)
=1+ G (T)un + [GS(T)uz + G (T)ud| % + . ..
and )
af@ | Aw©) 20%g” (¢)+205 (¢)
SO0 (g@)-5(7))  at(s@-3(-2)) +1-2)(32)-3(-7)) )

=1+ gf(r)vlgf + [Qf(r)vz + gg(r)vﬂ 4.
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It is known that if |u(z)| < 1and |v({)| < 1,7,¢ € U, then
|uj] <1 and |v;| <1 foreach ie N.

Comparing the corresponding coefficients in (8) and (9), we deduce that

2(2 —a)ay = G$(T)uy,

2(3 —2a)as = G (T)uz + G4 (1)1,

—2(2—a)ay = G (T)v

and

2(3 —20)(2a3 — a3) = G4 (T)vy + G4 ()02,

From (11) and (13), we have
uy = —01

and

8(2 — a)a3 = (gfm)z (u% + v%)

Adding (12) to (14) yields

4(3 —2a)a3 = G (7)) (up + v2) + G4(7) (u% + v%)

Substituting the value of u% + v{- from (16) in (17), we have

l4(3 —20) — 8%(5“)

O 5 2] 2 =
(@r#Q )]2

Through further calculations using (3), (10) and (18), we conclude that

gf(r)(uz + 7).

0] < |0]T/2|0]T

\/)5(2 —a)? —2[3(6+1)(2—a)? - 23— 20)] 2| |

Subtracting (14) by (12), we observe that

4(3 —2a) (a3 — a3) = G(7) (2 — v2) + G4 () (u

In view of (15) and (16), we obtain from (19) that

2
(91())
8(2 — n)?
Thus, applying (3), we obtain

6%1? |0]T

_ 2, .2 gf(f)
a3 = (1 +28) + 4(3 — 2a)

las| < 5+

2-w)
O

When 6 = 1, we have the result in [54].

3—2a°

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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Corollary 1 ([54]). For0 <a <land T € (%, 1}, let f € A bein the family F3°(«, 7). Then,

V21
\/‘ (2 —)® —2(2a2 — 6 + 5)72

laz| <

and

2 T

(2—a)2+3—206'

laz| <

Theorem 2. For T € (%,1}, 0<a<Tlandé #0,let f € Abein the family Ni(«,7,6). Then,

] < 16|7\/2]3]T

\/’5(0c +2)7 = 2[8(6 + 1)(a +2)” — (4 +3)]r2‘

and
6212 |0]T

az| < .
las] < (x+2)* 4a+3

Proof. Let f € N3°(a,7,0). Thenu,v: U — U
2[0073f"/(17)+(vc+1)'72f"(17)+17f'(f7)]
a(172(f(n)*f(*ﬁ))”Jr(f(n)*f(*ﬁ)))+(1*ﬂc)17(f(f7)*f(*ﬁ)), (20)
=1+ G{(t)u(n) + G5 (T)u?(n) + ...

and
2y

2/08%" (©)+(a41)Es" (048 ()]
o(2(s0-5(0) + (5@ -5(0) ) +0-0e(s@ (D) (21)

=1+G(1)o(&) + G (T)* (@) +... ,
where u and v are defined as in (4) and (5), respectively. Combining (20) and (21) yields

2 [wWSf”'(n)wL(wH)nzf” (17)+17f'(77)]

a(ﬂz (f(f?)—f(—ﬁ))ﬁ+(f('7)—f(—ﬁ))) +(1=a)y (f(zn)~f(=7) (22)

=14+ G (T)mz + [GS(T)u + G (T)ud| % + ...

and ,
z[ac3g”’<¢>+<a+1)¢ g (é)+¢g’<¢>}

a<§z (8(5)_ﬁ>”+<8(5)—ﬁ>>+(1—a)§(g(g)_ﬁ) )
= 14 G{()nd + (6] (0 + GO+

Comparing the corresponding coefficients in (22) and (23), we observe that

2(w+2)ay = G (T)u, (24)
2(4a +3)az = Gf (T)uz + G5 (H)uf, (25)

—2(a+2)ay = G3(1)vy (26)
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and
2(4o + 3)(251% —a3) = gf(r)vz + gg(r)v%. (27)

In view of (24) and (26), we have
Uy = -0 (28)

and )
8(a+2)%a3 = (9)(1)) (14 + ). 29)

If we add (25) to (27), we conclude that
4(4a +3)a3 = G (7)) (up +v2) + G4(7) (u% + v%) (30)

Substituting the value of u% + v% from (29) into (30), we arrive at

873 (1) 2| 2 6
4(da+3) — —2L (a +2)*| a5 = G (1) (uz + v2),
(95(r))°
or, equivalently,
B = (99(0) (2 + 02) -
2= 5())2 266 (+)
4(40+3)(G9(1))" — 8(a +2)°G3 (1)
Through further calculations using (3), (10) and (31), we find that
0] < T /2|6|T |4] .
\/)m 122 - 2[5(5 F1)(w+2) — 2(4a + 3)}72]
Next, if we subtract (27) from (25), we deduce that
440 +3) (03— a3) = G (7) (2 — 02) + G4(7) (1} — o}).. (32)

In light of (28) and (29), we obtain from (32) that

) 2 6
a3 = é(g;(:)z))z(u%+v%) - 4(%’4(?3) (u2 — v2).

Thus, applying (3), we obtain

522 15|t

az| < .
193] < (x+2)% 4a+3

O

Taking 6 = 1 in Theorem 2, we reduce to the results by Wanas and Yalcin [55] as follows.
Corollary 2 ([55]). ForO0 <a <1landt e (%,1}, let f € Abein the family S$.(«, T). Then,

V2t

laz| <
\/‘ (a+2)% —2(242 4 4a 4 5) 12

and
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2 T

T
+ .
(a+2>2 40 43

laz| <

Following, we give the “Fekete-Szegd problem” for the families M5 (a, 7,4) and

N3(a,t,6).

Theorem 3. For0<a <1, 7€ (%, 1} , u€ Rand § is a nonzero real constant. Let f € A be in
the family M55 (a, T,0). Then,

T|é] .
3—2u’

for [p—1] < 2(31211)

o [SR@2—w)’ - (3-20)]

o172 ’

2
az — uay| <
‘ 3TH 2‘ - 2T3|(53|\;471\ .
|6(2—a)*—2[6(5+1) (2—a)*—02(3—20)] 2|

)2 5
for \p—1| > 2(3120() ‘(2 ) _2[(0;1)(2_“)2_ (3_20‘)}‘.

612

Proof. From (18) and (19), we obtain

(99(0)’ (u2 4 v2) g3 (1) (12 — v2)
4(3—20)(G0(1)) —8(2 —w)?Gi(r)  4(3—2w)

=010 (¥ + g3y )+ (¥ 532 o)

a3 — paz = (1—p)

where

‘as—#a%‘ < .
aolly(l, el > gatey

After some computations, we obtain

|
3J2|a; ,
for |V - 1‘ < 2(3i2,x) (2(5_5) - 2|:(5j5_1) (2 - a)Z - (3 - 2“>:| ’
Y A I
‘a3 WZ’ = 263|6%|p—1] _
|6(2—a)*—2[6(5+1) (2—a)*—02(3—20)] 2]
N2
for [ —1] > yrly | 555 - 2[%1) 2-a)?-(3- 2@} ‘

O
For 6 = 1, Theorem 3 yields the family 73°(«, T), defined by Wanas and Majeed [54].
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Corollary 3 ([54]). ForO0 <a <1,T € (%,1} and pe R, let f € A be in the family F3°(a, T).

Then,
T .
3—-2u’ 5
2
for |u—1| < 72(3120() Cai Tf) —2(2a% — 6a +5)‘
— 2| <
‘ag, ‘uaz‘ - 278 |u—1| .
[2(3—2a) 12— (2—a)*(472-1)|
2 2
for |1 =1] > y5tg ‘( X 2(20% — 6 +5)‘

For y = 1, Theorem 3 gives the next corollary:

Corollary 4. For0 < a < 1,7 € (%,1} and 6 # 0, let f € A be in the family M5 (a,7,9).

Then,
7|9
3-2ua

‘ﬂs —11%‘ <

Theorem4. For0<a <1, T € (%,1}, e Rand 6 #0,let f € Abein thefamily/\/'g’c(uc, T,9).
Then,

|| .
4a+37

for [p—1] < 2(4u}+3)

o2

(@2’ [ D) (0 +2)2 — (4o + 3)] ‘

2
az — ua,| <
‘ 3T H 2‘ = 26|63 |—1
[6(a+2)"—2[8(5+1) (a+2)"—02 (4a+3) | 72

2
for |u—1| > 2(4;%) (a+2) _2[((5;1)(“4_2)2_(4“4_3)}‘

o2

Proof. From (31) and (32), we find that

(G2(1)) (r + v2) N G9() (u2 — v2)

az — a3 = (1 —
T e @) 8w+ 2Py | A+

=010 (o0 + g3y )a+ (900~ gy o)

(93(0)"(1—p) |
4 [(4a +3)(69(1))* — 2(x +2)%G8 (r)}

where

p(p) =

According to (3), we deduce that

=, 0< o) < gk

o <
aplle(ml, el = qmrsy
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After some computations, we obtain

79|
40437

2)? 541
for [jt—1] < szt | 5 —2[< : )(oc+2)2—(4zx—|—3)H

2
as — uay| <
‘ 3T H 2‘ - 273|683 |u—1

|(a+2)"—2[8(5+1) (a+2)"—02 (4a+3) | 72
2
for |p—1| > -1 ’ (a2 _ z[“;” (a +2)% — (4 +3)} ‘

2(4a+3) | o2

O

When § = 1 in Theorem 4, we obtain the results in [55] for the family S («, t).

Corollary 5 ([55]). For0 <a <1,T€ (%,1} and pc R, let f € A be in the family S5 («, T).
Then,

T .
4n+37 )

2

for [u—1] < 2(40}7”) % —2(2a% +4a +5)

— ua? <
‘113 ‘uaz‘ - 273 u—1|
[2(40+3) 72— (a+2)* (472 -1)

22
for |u—1] > 72(40}%) L;) —2(2w2+4tx+5)

| 7

Theorem 4 turns into the following corollary at y = 1:

Corollary 6. For 0 < a < 1,7 € (%,1} and § # 0, let f € A be in the family N3 («,7T,6).

Then,
7|9

4o +3°

‘ag—a% <

3. Conclusions

The primary goal was to define new families M3¢(x, 7,6) and N3¢(w, T, 6) of holomor-
phic and bi-univalent functions with respect to symmetric points, which are defined by
Gegenbauer polynomials. We investigated the Taylor-Maclaurin coefficient inequalities of
functions in these new families and viewed the famous Fekete-Szego inequalities. Further,
by specifying the parameters, the consequences of these families have been mentioned.
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