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1. Introduction

In this paper, the higher-order nonlinear Schrédinger equation (HNLS)
iy + Attyy + bty + ity + AuPou +iB(JulPru) +iy(JulPr) u= f(t,x), 1)

posed on an interval I = (0, R) is considered. Here, 4, b, A, B and v are real constants;
po,p1 > 1, u = u(t,x) and f are complex-valued functions (as well as all other functions
below, unless otherwise stated); and |u| is the modulus of the complex number u.

For an arbitrary T > 0 in a rectangle Qr = (0, T) X I, consider an initial-boundary
value problem for Equation (1) with an initial condition

u(0,x) =up(x), x€l[0,R], )

and boundary conditions
u(t,0) = p(t),

where the function / is unknown and must be chosen such that the corresponding solution
to problem (1)—(3) satisfies the condition of terminal overdetermination

u(t,R) = v(t), ux(t,R)=h(t), telo,T], 3)

u(T,x) =ur(x), x€][0,R], 4)

for a given function ur. The problem of such a type is usually called the boundary-
controllability problem.
Equation (1) is a generalized combination of the nonlinear Schrédinger equation (NLS)

iy + avyx + AulPu =0
and the Korteweg—de Vries equation (KdV)
Ur + by + tyyy + uuy = 0.

It has various physical applications; in particular, it models the propagation of fem-
tosecond optical pulses in a monomode optical fiber, accounting for additional effects such
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as third-order dispersion, self-steeping of the pulse and self-frequency shifts (see [1-4] and
the references therein).

The first result on the boundary controllability for the KdV equation on a boundary
interval appeared in the pioneer paper by L. Rosier [5]. In the case b = 1, initial condition (2)
and boundary conditions (3) for u = v = 0, it was proved that under a small ug, ur € Ly(I),
there existed a solution under the restriction on the length of the interval

2 2
R#Znﬂiigiiy Wkl € N

In paper [6], this result on the local exact controllability was extended to the truncated
HNLS equation with cubic nonlinearity

iUy + Allyy + bty + Uyyy + |u|2u =0

again under homogeneous boundary conditions (3), under restriction on the length of
the interval
K2 +kl+12

R #2 _—,
727 3b + a2

Vk,I €N, ®)
and under the conditions b > 0, |a| < 3 (in fact, in the equation considered in [6], there
was a positive coefficient before the third derivative, but it can be easily eliminated by the
scaling with respect to ¢, which is possible since the time interval is arbitrary). The argument
repeated the one from [5].

In the present paper, the same result is established for the general HNLS Equation (1)
under nonhomogeneous boundary conditions (3) and without any conditions on the coeffi-
cients a and b.

In [5], it was shown that if R = 271+/(k? + kI + 12) /3 for certain natural numbers k
and /, the corresponding problem for the linearized KdV equation

Up+ Uy +Ugxx =0

was not exactly controllable; that is, for any T > 0, there existed a finite-dimensional
subspace of L,(I) such that for any function u7 from this subspace, any h € L(0, T) and
uy = 0, u = v = 0 for the corresponding solution to the initial-boundary value problem
satisfied u|,_,. 7 ur.

Surprisingly, for the KdV equation itself, the situation is not so. In [7], it was shown
that if R = 27k for a certain natural k, the problem was locally exactly controllable in the
same sense as in [5] (similar results for other values of R were obtained in [8]). Moreover,
in [9], the result of the local exact controllability was established for any R but only for large
values of T (T > Tgr). However, in the recent paper [10], it was shown that the property
of the local exact controllability was wrong for all T > 0 and R. For the HNLS model, the
results of such a type are an open problem.

Results on controllability for the KdV equation on a bounded interval with other
controls can be found in [11-14]. For the HNLS model, the results of such a type are an
open problem also.

Results on controllability for other models of the KdV type were obtained; for example,
in [15] (systems), [16] (higher-order equations) and [17] (a multidimensional case).

Note that in the recent paper [18], the inverse initial-boundary value problem (1)-(3)
was considered with an integral overdetermination

A%@@an:mm teloT],

for the given functions w and ¢. Either the boundary function k or the function F on
the right-hand side f(t,x) = F(t)g(t, x) for the given function ¢ were chosen as controls.
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The results on well posedness under either small input data or small time intervals were
established.

In [19], a direct initial-boundary value problem on a bounded interval with homo-
geneous boundary conditions (3) for Equation (1) in the case pg = p1 = p was studied.
For p € [1,2] and the initial function uy € H(I), 0 < s < 3, the results on the global
existence and uniqueness of mild solutions were obtained. For uy € Ly(I) the result on the
global existence was extended either to p € (2,3) or p € (2,4), v = 0. Nonhomogeneous
boundary conditions were considered in [20] in the real case and nonlinearity uu,. Note
also that in [18], there is a brief survey of other results concerning the direct initial-boundary
value problems for Equation (1).

Solutions to the considered problems are constructed in a special functional space

X(Qr) = C([0, TJ; Lo(I)) N Lo (0, T; H'(I)),
endowed with the norm

H”HX(QT) = sup ||”(ff')||L2(1) + H”XHLZ(QT)-
te(0,T)

For r > 0, denote by X;(Qr) the closed ball {u € X(Qr) : [[ullx(g,) < 7}-
Next, we introduce the notion of a weak solution to problem (1)—(3).

Definition 1. Let uy € Ly(I), u,v,h € Lp(0,T), f € L1(Qr). A function u € X(Qr) is called a
weak solution to problem (1)—(3) if u(t,0) = u(t), u(t,R) = v(t) and for all test functions ¢(t, x),
such that ¢ € C1([0, T); Ly (1)) N C([0, T); (H3 N Hy) (1)), ¢|,_r = 0, x| ,_y = O, the functions
|u|Pou, |u|Pru, [u|Pruy € L1(Qr), and the following integral identity is verified:

//Q [iu(,bt—l—auxq)x—l—ibugbx—iuxgbxx—/\|u|p0u4>+iﬁ\u\plucpx—b—iﬂu\pl(uqb)x
T
R T
+fg|dxat+i [ uogl_gdx+i [ hpsl _pdt=0. ©

Remark 1. Note that ¢, ¢y € C(Qr), ¢x € C(I; L2(0,T)); therefore, the integrals in (6) exist.

To describe the properties of the boundary data y and v, introduce the fractional-
order Sobolev spaces. Let f(&) = F[f](&) and F~![f](¢) be the direct and inverse Fourier
transforms of a function f, respectively. In particular, for f € S(R)

@) = [ s, FUAM = o [ (@) de

:27‘[.R

For s € R, define the fractional-order Sobolev space

H(R) = {f: F {1+ [5]")f(&)] € La(R)}
and for certain T > 0, let H*(0, T') be a space of restrictions on (0, T) of functions from

H*(R).
Now we can pass to the main result of the paper.

Theorem 1. Let po € [1,4], p1 € [1,2], uo, ur € Lo(I), w,v € H3(0,T), f € L1(0,T; Lo(I)).
Assume also that condition (5) is satisfied if 3b 4+ a®> > 0 . Denote

co = l[uollryr) + lurllcyy + 1l gy + 1Vl + 1F Ly 0,122 7)

Then, there exists & > 0 such that under the assumption co < 9, there exists a function h € L(0,T)
and the corresponding unique solution to problem (1)—(3) u € X(Qr) verifying condition (4).
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Remark 2. The smoothness assumption u,v € HY/3(0, T) on the boundary data is natural, since
if one considers the initial value problem

Ut 4+ Uxxx =0, U|t:0 = UO(x) € LZ(R)r

then, by [21], its solution v € C(R; Ly(R) (which can be constructed via the Fourier transform)
satisfies the following relations for any x € R:

ID}0(, %) |, ) = lox (- 0) 1,y = cllvollry )
(here, the symbol D’ f = F~Y[|Z|°f(Z)] denotes the Riesz potential).

Further, we use the following simple interpolating inequality: there exists a constant
¢ = ¢(R, q) such that for any ¢ € H'(I),

1ol < o112 1912 +cllely ®)

where the second term on the right-hand side is absent if ¢ € H}(I).
This paper is organized as follows. In Section 2, results on the corresponding linear
problem are presented, and Section 3 contains the proof of the nonlinear results.

2. Auxiliary Linear Problem

Besides the nonlinear problem, consider its linear analog and start with the following
one with homogeneous boundary conditions:

lut + AUy + lbux + iuxxx - f(t, X), (9)

”|t=0 = up(x), “|x=o = ”|x:R = ux\x:R =0. (10)
Define an operator
A:D(A) = Ly(I), y— Aly) = —y" +iay" — by’
with the domain D(A) = {y € H3(I) : y(0) = y(R) = y'(R) = 0}.

Lemma 1. The operator A generates a continuous semigroup of contractions {etA,t >0} in
Ly(I).
Proof. This assertion is proved in ([6], Lemma 4.1) but under the restriction |a| < 3.

However, the slight correction of that proof provides the desired result. In fact, the operator
A is obviously closed. Next, fory € D(A),

R
(A, ¥) 1) = /0 (—=y" +iay" — by )y dx.

Here,
R " / 2 R /1
= [ vrs = <P+ [y ax,
R 1 R 112
. iy :_,/ iz,
1/0 ygde=—i | [y°dx
R i R /4
— jdx = iy dx,
/oyy /Oy?/
therefore,

1
R(AY, Y1, = *§|yl(0)|2 <0
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and so the operator A is dissipative. Next, the operator A*y = vy — iay” + by’ with the
domain D(A*) = {y € H3(I) : y(0) = 3/ (0) = y(R) = 0} and similarly for y € D(A*):

. 1
R W), = =5 (R)P <0.

Therefore, the operator A* is also dissipative. The application of the Lumer—Phillips
theorem (see [22]) finishes the proof. [

Remark 3. Note that the weak solution to problem (9) and (10) can be considered in the space
L1(0, T; Ly(I)) in the sense of an integral identity

//Qr u(iy — ary + by + iryy ) dxdt + //Qr fodxdt +i/OR uod|,_odx =0,

valid for any test function from Definition 1. Then, the general theory of semigroups (see [22])
provides that for ug € Ly(I), f € L1(0, T; La(1)), there exists a weak solution u € C([0, T]; L(I))
to problem (9) and (10),

t
u(t,-) = euy —i—/o e(th)Af(T,')dT,

lulleqo, o)) < lolliyry + Il 0,750(1)) (11)

which is unique in L (0, T; Ly(I)). Moreover, for ug € D(A), f € C'([0, T; Ly(I)), this solution
is reqular; that is, u € C1([0, T]; Lo(I)) N C([0, T]; D(A)).

Lemma 2. Let ug € Ly(I), f = fo — fix, where fo € L1(0,T; La(1)), f1 € Lo(Qr). Then, there
exists a unique weak solution to problem (9) and (10) u € X(Qr) and a function 6 € L,(0,T),

such that for a certain constant ¢ = c¢(T), nondecreasing with respect to T,

lullx(ap) + 10101y < cUluolliyy + N follyo,miea (1)) + 11 llo00)) (12)

and fora.e. t € (0,T),

i (R R
It Po(x) dx 102 +3 [ e’ dx
R R R R
:b/ |u|2p’dx+2a%/ uxﬁp’dx+2%/ foapdx+2%/ Aliap)sdx, (13)
0 0 0 0

where one can choose both p(x) = 1 and p(x) = 1+ x. Moreover, if uy € D(A) and f €

CH[0, T); Lo (1)), then 6 = uy|,_.

Proof. First, consider regular solutions in the case ug € D(A), f € C1([0, T]; Ly(I)). Then,
multiplying equality (9) by 2ii(t, x)p(x), extracting the imaginary part and integrating one,
we obtain an equality

R t
/ |u(t,x)|2p(x)dx+/ |ux(T,0)|2dT—|—3//Q lux 20’ dxdt
0 0 t

R
:/ |u0|2pdx+b// \u|2p’dxdT—|—2a§// uyitp’ dxdt
0 Q: Q:

+23 //Qt foitp dxdt + 23 //Qr f1(ip)x dxdt. (14)

Choose p(x) = 1+ x; then,

R ‘R R
‘211/ uxﬁdx’ < az/ |u|2dx+/ luy|? dx,
0 Jo 0
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R R R
‘2/0 fl(ﬂp)xdx‘ < ((1+R)2+1)/0 |f1|2dx+/\ux|2dx+/o lu|? dx,

and equality (14) provides estimate (12) in the regular case. This estimate gives an opportu-
nity to establish the existence of a weak solution with property (12) in the general case via
closure. Moreover, equality (14) is also verified. In particular, this equality implies that the
function ||u(t,-)p!/? H%Z( 1 is absolutely continuous on [0, T], and then (13) follows. [I

Corollary 1. There exists a linear bounded operator P : Ly(I) — Ly(0,T) such that for any
up € La(I),
[ Puollr,0,r) < 1ol y1)s (15)

for the corresponding weak solution u € X(Qr) to problem (9) and (10) in the case fo = f1 =0,

1
||u0||%2(1) < fH”H%Z(QT) + ||P”0||%2(0,T)/ (16)

and Puy = uy ifug € D(A).

|x:0

Proof. In the case |a| < 3, this assertion was proved in ([6], Lemma 4.2). Choosing (13)
p(x) = 1, we obtain estimate (15) for Puy = 6. Next, again for p(x) = 1, multiplying
equality (13) by (T — t) and integrating with respect to t, we derive an equality

R T
// |u|2dxdt—T/ |u0|2dx+/ (T— D)]6(t)|>dt =0,
Qr 0 0

which implies inequality (16). O

Three following lemmas are proved in [6] in the case |a| < 3, b > 0. The proof in the
general case is similar; however, we present it here in a more transparent way. The first
auxiliary lemma is concerned with the properties of the operator A.

Lemma 3. Let the functiony € D(A),y # 0, be the eigenfunction of the operator A and y'(0) = 0.
Then, 3b +a? > 0 and R = 27t/ (k? + kI + 12) / (3b + a?2) for certain natural numbers k and .

Proof. Let s = y"(0), o = y”(R), Ay = Ay for certain A € C.
Extend the function y by zero outside the segment [0, R]; note that y € H2(R). Then,
in 8'(R),
Ay +y" —iay” + by’ = x5y — o6R,

where Jy,, denotes the Dirac measure at the point xg. Applying the Fourier transform, we
derive an equality '
(A —ig® +iag? +ib§)J(§) = 2 — oe ¢,

whence for p = iA,
e — e iRE
$—al2—bi+p

Since the function y has compact support, the function i/ can be extended to the entire
function on C. Note that (»,0) # (0,0); otherwise, y = 0. The roots of the function
s — oe~ RS are simple and have the form &, + 27t1/R for a certain complex number ¢y and
integer number 1. Then, the roots of the function & — a&? — b& + p must also be simple
and coincide with the roots of the numerator. As a result, for a certain complex number ¢y
and natural k, I, the roots of the denominator can be written in such a form:

y() =i

2n 27
Go, G1= Co+kf, & = (k+l)f.
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Exploiting the Vieta formulas

Sot+C1+8=a, o1+ 80G2+ 8182 = —b,
we express ¢ from the first one, substitute it into the second one and derive an equality:

4 2
% +3b = (k2+kl+12)R—”2.

O

Remark 4. It can be shown that the restriction on the size of the interval is also sufficient for the
existence of such eigenfunctions, but this is not used further.

Lemma 4. For T > 0, let M denote the space of initial functions ug € Ly(I) such that Puy = 0
in Ly(0,T). Then, My = {0} for all T > 0 if 3b + a* < 0 or inequality (5) is satisfied if
3b+a? > 0.

Proof. Itis obvious that M C M7 if T < T'.

For any T > 0, the set M is a finite-dimensional vector space. In fact, if ug, is a
sequence in a unitball {y € Mt : [ly[|,(;) < 1}, it follows from (12) that the corresponding
sequence of weak solutions {u, } is bounded in L, (0, T; H(I))) and, therefore, the set

Upt = —Upxxx + i@Upxx — bllpy (17)

is bounded in Ly (0, T; H~2(I)). With the use of the continuous embeddings H'(I) C
Ly(I) € H™2(I), where the first one is compact, by the standard argument (see [23]) we
obtain that the set u, is relatively compact in Ly(Qr). Extracting the subsequence, we
derive that it is convergent in L (Qr), whence it follows from (16) that the corresponding
subsequence of g, is convergent in L (I). It means that the considered unit ball is compact,
and the Riesz theorem (see [24]) implies that the space M has a finite dimension.

T’ > 0 is given. To prove that My = {0}, it is sufficient to find T € (0, T’) such
that Mt = {0}. Since the map T — dim (M) is nonincreasing and step-like, there exists
T,e >0suchthatT < T+e < T"and dim M7 = dim Mr,.. Letuy € Mrandt € (0,¢).
Since et4e™ g = et Ay, for T > 0 and 1y € M7, then

etAug — up

; e Mr. (18)

Let Gr = {u = e™ug : T € [0, T],ug € M1} C C([0,T]; Lo(I)). Since u € H'(0, T +
€; H72(1)), there exists
u(t+t) —u(7)

. — ! : g2
t1—1>n420—t u'(t) inLy(0, T; H=(I)).

On the other hand, by (18).

u(t+t) —u(r) _ oTA eug — ug

S
; ; Or

for t € (0,€) and Gr is closed in Ly (0, T; H~2(I)) since dimGr < co. Therefore, u’ €
C([0, T); Lo(I)) and u € C'([0, T]; Ly(I)). In particular,

€ MU . Lo(I).
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Therefore,

ug € D(A), Aug=u'(0) € M1, Pug=uy| _,€C[0,T]

x=
(the last property holds since u € C([0, T]; H*>(I))). Hence,
u4(0) = ux(0,0) = 0.

Since dim Mt < oo, if Mt # {0}, the map uy € My — Aug € Mr has at least one
nontrivial eigenfunction, which contradicts Lemma 3. [

Lemma 5. Let either 3b + a? < 0 or 3b + a® > 0 and inequality (5) be satisfied. Then, for any
T > 0, there exists a constant ¢ = c¢(T, R) such that for any ug € Ly(I),

[0 l[z,(ry < cllPuollz,(0,7)- (19)

Proof. We argue by contradiction. If (19) is not verified, there exists a sequence {1, } ,en
such that [[ugn| 1,y = 1 Vn and ||Pug|[r,0,r) — 0 when n — +o0. As in the proof of
the previous lemma, the corresponding sequence of weak solutions {u, } is bounded in
L,(0, T; H(I)), and according to (17), the sequence uy; is bounded in L,(0, T; H=2(I)).
Again as in the proof of the previous lemma, extract a subsequence of {u, }, for simplicity
also denoted as {uy, }, such that it is convergent in Ly(Qr). Then, by (16), {uo, } converges
in Ly(I) to the certain function 1. Inequality (15) implies that Pug, — Pug in Ly(0, T).
Then, |lugllr, (1) = 1 and || Puol|r,(o,r) = 0, which contradicts Lemma 4. [

Now consider the nonhomogeneous linear equation
iUy + Allyy + bty + TUxry = fo(t, x) — f1x (£, x). (20)

The notion of a weak solution to the corresponding initial-boundary-value problem
with initial and boundary conditions (2) and (3) is similar to Definition 1. In particular,
the corresponding integral identity (for the same test functions as in Definition 1) is written
as follows:

//Q [iucpt + aux gy + ibudy — itix Py + fop + fl(l)x} dxdt

R T
i [ uogl,_gdv+i [ gl _pdt=0. @)
The following result is established in [18].
Lemma 6. Let ug € Ly(I), u,v € HY/3(0,T), h € Ly(0,T), fo € L1(0, T; Ly (1)), f1 € La(Q7).

Then, there exists a unique weak solution u = S(uo, i, v, h, fo, f1) € X(Qr) to problem (20), (2),
(3) and

[ullx(op) < e(T) MuO”Lz(I) + 1l s,y + vl + 17l Ly0,1)
+ Lfollz, 0,7;15(1)) + Hfl”Lz(QT)}/ (22)
for a certain constant ¢(T), nondecreasing with respect to T.

Remark 5. Let
St(uo, 1, v, h, fo, f1) = S(MO,#,V,h,fo,ﬁ)’t:T
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Then, it follows from (22) that

1S (st0, v, 1, for f)lLy(0.0y < (T | stoll gy + Il insa oy + IV lnisgory
+ 11l 0,1y + Lfoll L, 0,750 (1)) + Hf1||L2(QT)]~ (23)
Note also that S(ug,0,0,0,0,0) = {e!4ug : t € [0, T]}.
Corollary 2. Let the hypothesis of Lemma 6 be satisfied; then, for u = S(ug, p, v, h, fo, f1) and

any function ¢ € C1([0,T]; Lo(I)) N C([0, T}; (H3 N H)(I)), 4>x]x:0 = 0, the following iden-
tity holds:

R
//Q [u(ngt — ﬂ(Pxx + lb(Px + i(,bxxx) +f0¢ + flfpx} dxdt + 1/0 u0¢|t:0 dx
R T T
- i/o (ugp)|,_p dx +/0 Wlinr — agpr)| o dt + i/o (hpx = vra)|,_pdt = 0. (24)

Proof. Let #(x) be a cut-off function; namely, # is an infinitely smooth nondecreasing function
on R such that #(x) = 0for x < 0,5(x) = 1forx > 1and #(x) +#(1 — x) = 1. Denote
Pe(t,x) = ¢(t,x)5((T — t)/¢); then, ¢, satisfies the assumptions on the test functions from
Definition 1. Write the corresponding equality (21):

//Q [iu¢et + aux ey + ibWPsx - iux¢sxx + f0¢e + f1¢ex} dxdt

R T
+z’/0 u0¢€|t:0dx+i/o hpex| g dt = 0.

Here,

paltx) =t x0n () = got o ().
Since u¢ € C([0, T]; L1(I),

—7// ugny’ dxdt—> / (up)|,_pdx

when ¢ — 4-0. Therefore, passing to the limit when ¢ — 40 and integrating by parts, we
derive equality (24). O

Now we are able to establish a result on boundary controllability in the linear case.

Theorem 2. Let ug, ur € Ly(I), u,v € HY3(0,T), fo € L1(0, T; Ly (1)), fi € La(Qr). Assume
also that the 3b + a* > 0 condition (5) is satisfied. Then, there exists a function h € L»(0,T) and
the corresponding unique solution to problem (20), (2), (3) u € X(Qr), verifying condition (4).

Proof. Assume first thatug =0,y =v =0, fo = f1 = 0. For h € L(0,T), consider the
solution # = 5(0,0,0,1,0,0) = Sph € X(Qr) of the corresponding problem (20), (2), (3); let
Sorh = Soh| T Then, estimate (23) implies that Syt is the linear bounded operator from
LZ(O, T) to Lz(I).

Consider the backward problem in Qr:

‘P a(Pxx + lbfo + Z"Pxxx =0, (25)
Plir =o(x), @[, _g=¢x|,_o= 0. (26)

x=R
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Then, this problem is equivalent to the problem for the function ¢(t, x) = ¢(T —t,R — x):
i4~)t + a(f?xx + lb(f?x + Z'axxx =0,
Plicg =P () =po(R=x), ¢[,_=9[,_p = x|, =0.

Let
(Ago) (t) = —(Pogpo) (T — t).

Then, it follows from Corollary 1 that A¢g = ¢x| _ if ¢o € D(A*) and from inequali-
ties (15) and (19) that

[APollr,0,m) < Polly 1) < cllAgollz,0,m)- (27)

In the case ¢y € D(A*), the corresponding solution to problem (25) and (26) satisfies
the assumptions on the functions ¢ from Corollary 2. Write equality (24) for u = Sph and ¢,
then

R T
/0 Sorh - o dx = /O I - Ao dt. (28)

By continuity, this equality can be extended to the case h € L,(0,T), ¢ € Lo(I). Let
B = Spr o A; then, according to (27) and the aforementioned properties of the operator Sor,
the operator B is bounded in Ly (I). Moreover, (27) and (28) provide that

R o T By 1 2
(Bo, $0)1,(1) :/0 (SOTOA)%'(Pde:/O | Agol* dt = 5 l[polli, 1y-

The application of the Lax-Milgram theorem (see, [24]) implies that the operator B is
invertible and B~! is bounded in L, (I). Let

=AoB L (29)

This operator is bounded from L;(I) to L, (0, T). Then, h = Tur ensures the desired
result in the considered case since

(SoroT)ur = (Soro Ao B Mur = ur.
In the general case, the desired solution is constructed by formulas
h =T (ur — St(uo, 1,v,0, fo, f1)),  u = S(uo, 1, v,0, fo, f1) + Soh. (30)
O

Remark 6. Note that the function h can not be defined in a unique way. Indeed, choose h # 0 in
Ly(0, T/2). Move the time origin to the point T /2, and for ug = St,2(0,0,0,k,0,0) and ur = 0,
construct the solution to the corresponding boundary-controllability problem, which is, of course,
nontrivial. However, h = 0 and u = 0 solve the same problem.

3. Nonlinear Problem
Now we pass to the nonlinear equation and first of all establish three auxiliary estimates.

Lemma 7. Let p € [1,4]; then, for any functions u,v, € X(Qr),
4-p)/4 P
|||u‘pUHL1(0,T;L2(1)) < C(T( Ay T)””HX(QT)HUHX(QT)- (31)

Proof. Applying the interpolating inequality (8), we find that

il < Il Wolliyry < e (sl Il + Nully o ol G32)
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and, applying the Holder inequality, we find that

/2
H ||MX||€2(1) HUHLz(I) HL] (0,T)

< TP A esssup| llu(t, ) 122 [0t ) yqn | 1272
sssu [ 0 ) Il
< TP ) o ol x(op)-

Finally,

mwmmwhmmﬁm<n§wﬂw<NLwaﬂuﬂ
tel0,T

< Tlully o lollxcar)-

O
Lemma 8. Let p € [1,2]; then, for any functions u,v € X(Qr),
o], o) < (T2 4 T2l o lollxn (33)

Proof. Applying estimate (32) and the Holder inequality, we find that

/2
el 121 a0l y0,m)
< T(2-p)/4 esssup | |lu(t, )||p/2 [o(t, )y | llu Hp/z
te[O,T][ ! } Halen
< T(zfp)/4||u”§((QT)HUHX(QT)‘
Finally,

et} ol o) < T2 esssupllutt, )17 gy ot iy
t€[0,T]
< TV2)ully g, Iolx(n-
O
Lemma 9. Let p € [1,2]; then, for any functions u,v,w € X(Qr),
Nl Yowa ]l o sy < CTEPAL T2 5L ollan @lxgn: 69

Proof. Applying interpolating inequality (8), we find that

— -1
[N [P T [ P
1)/2 1)/2 1/2 1/2
< c(llusll ) nnp el Y lox 72 oM E/2) ol lwell -

Here, because of the restriction on p,
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and, applying the Holder inequality, we find that

ol 2 e 172, ey I 2 201272, o
< TP esssup| (e, )17 oGt V32 [l o0 ol fop s acon
te[0,T)
< T P/4\|u||X(Q lollx(op lIwllx(r)-
Finally,

M2 ol loxll a7, o

< 1 2esssup | [lu(t, )1} o0t )y | ol aon)
te[0,T]

< T2l Iollxian lolixiar)-
O

Proof of existence part of Theorem 1. For a function v € X(Qr), set

foo(t,x;0) = f(t,x) — Alp|PPu,  fo1(t, x;0) = iy|v|Proy, (35)
fo(t,x;0) = foo(t, x;0) + for(t, x;0),  fi(t, x;0) =i(B+ v)|v|Po (36)

and consider the corresponding controllability problem for Equation (20). Lemmas 7-9
provide that fo € L1(0,T;L2(I)), f1 € L2(Qr). Then, Theorem 2 implies that there exists a
function h € L,(0, T) and the corresponding unique solution u# € X(Qr) to problem (20),
(2), (3), verifying condition (4). Therefore, on the space X(Qr), one can define a map ©,
where u = Ov is given by formula (30). Moreover, according to (31),

1
[l foo (5 0) I 0,72 (1)) < NNy o,i0(1)) +c(T)||v||§f(gT) (37)
and according to (33) and (34),
1
1 fo1 G o)y 0,700y 1AL G 0 p0p) < €(T)[0 ||p1+ : (38)
Apply Lemma 6; then, inequality (22) and formula (30) imply that
1 1
1©0llx(q,) < c(T)eo +e(T) (ol o + ol Eey, ). (39)
where the value of ¢ is given by (7).
Next, for any functions v1, v, € X(Qr),
| foo(t, x;01) — foo(t, x;02)| < c(Jv1]P0 + |v2]P0) |01 — vy, (40)

[for (t, ;01) = for(t, x;02)| < c(Jo|P* + [02]P1) |01, — V2]
+c(|vl|’f’1_1 + 102|171 (Jore| + |o2x|) |01 — 02|, (41)

If1(t 501) — fi(t, x02)| < c[og | + 02 |PY) [o1 — 02, (42)



Axioms 2023, 12,1127 13 of 15

therefore, similarly to (37)

[ foo (-, 5 01) = foo (5 02) [, (0,50 (1))

< (M) (1l o) + 02150, 121 — 22llx(ay)-

and similarly to (38)

I fo1 (-, 5 01) = for (s s v2) |y 0,msma () 11 (oo 01) = f1( 5 02) [y 00
< C(T)(HUlH?(l(QT) + ||02||§(1(QT)) o1 — UZHX(QT)‘

Since

Qv — Ovy = 5(0,0,0,0, fo(t, x;01) — fo(t, x;02), f1(t, x01) — fa(t, x;02))
—(So or)(s(o, 0,0,0, folt, x;01) — fo(t,x;02), fi(t, x;01) — fu(t x; vz))>,

it follows similarly to (39) that

@v1 — @va]x (o)
< c(T) (Hz’lH?(O(QT) + ”leé?(QT) + HUZHI;(O(QT) + H02||§(0(QT)) o1 — Z’2||X(QT)- (43)

Now choose r > 0 such that

1
Po < -
TS L

and then § > 0 such that .

0 2e0T)

Then it follows from (39) and (43) that on the ball X,(Qr), the map © is a contraction.
Its unique fixed point u € X(Qr) is the desired solution. [

The contraction principle used in the previous proof ensures the uniqueness of the
solution u only in the ball X,(Qr). The next lemma provides uniqueness in the whole
space X(Qr), which finishes the proof of Theorem 1.

Lemma 10. A weak solution to problem (1)—(3) is unique in the space X(Qr) if po € [1,4],
p1 € [1,2}.

Proof. Let u, i1 € X(Qr) be two weak solutions to the same problem (1)—(3). Denote
w = u — u; then, the function w € X(Qr) is the weak solution to the problem of the (9) and

(10) type for f = fo — f1x, where

fo(i’,x) = foo(i’,x,'u) —foo(t,x,‘ﬁ) +f01(t,x;u) —f01(t, x;ﬁ),
fi(t,x) = fi(t, x;u) — f1(t, x;10),

given by formulas (35) and (36), similarly to the previous proof fy € L1(0, T; Lo(I)), f1 €
Ly(Qr). Then, the corresponding equality (13) in the case p(x) = 1 + x yields that

d (R R R R
E/ (1+x)|w(t,x)|2dx+3/ lwy|?dx = b/ |w|2dx+2u%/ Wy dx
0 0 0 0

R R
+2%/0 (1+x)f0wdx+2%/0 fi((1+x)wx + @) dx.  (44)
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To estimate the last two integrals on the right-hand side of (44), apply inequalities
(40)—(42). Then,

R
‘/ (1 +x) (foo(t, x;u) — foo(t, x; 10) wdx’ < csup(|ulPo + |u|”0)/0 lw|? dx,

xel

R R
‘/0 (1 +x)(fr(t,x;u) — fi(t x;10) wxdx‘ < csup(|ulPt + |u|pl)/0 |ww,y | dx

xel

R R
Se/o |wx|2dx+c(s)sup(|u|2p1+|L7|2p1)/0 w|? dx,

xel

where € > 0 can be chosen arbitrarily small,

R
‘/ (1 +x) (for (£, x5 1) — for (¢, x; 10) wdx‘ < csup(|ul” +|u|”1)/ |wwy| dx
xel 0

R
+Csup[(\u|”1_l+\u|”1_1)|w|]/ (Jx] + |iEc]) 0] i,
xel

where the first term on the right-hand side is already estimated above, while the second
one does not exceed

R 1/4 o R N 1/2
C(/o |wx|2dx) esssup(|u|”1*1+|u|p1 1)(/0 (|ux|2+|ux|2)dx>

xel

R 3/4 R
X (/0 |w|? dx) < 5/0 |wy|? dx + c(e) [esssup(|u|4(”171) + [P

xel
R 2 ~ 2 R 2
[ (s + 1) dx] [P dx

(here, estimate (8) is used in the case of the space H(l)(l )). Note that according to (8),
u,u € Lg(0,T; Loo(I)). Then, since po,2p1,4(p1 — 1) < 4, it follows from (44) that

%/()R(l +x)|w(t,x)[*dx < w(t) /OR(1 +x)|w(t, x) 2 dx,

for a certain function w € L1(0,T). The application of the Gronwall lemma yields that
w=0. 0O
Funding: This paper was supported by the Russian Science Foundation grant 23-21-00101.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The author appreciates the helpful comments of the reviewers, which signifi-
cantly contributed to improving the initial version of the paper.

Conflicts of Interest: The author declares no conflict of interest.

1. Fibich, G. Adiabatic law for self-focusing of optical beams. Opt. Lett. 1996, 21, 1735-1737. [CrossRef] [PubMed]
2. Hasegawa, A.; Kodama, Y. Nonlinear pulse propagation in a monomode dielectric guide. IEEE ]. Quantum Electron. 1987, 23,

510-524.

S

Kodama, Y. Optical solitons in a monomode fiber. J. Stat. Phys. 1985, 39, 597—-614. [CrossRef]

4. Kumar, H.; Chand, F. Dark and bright solitary waves solutions of the higher order nonlinear Schrodinger equation with
self-steeping and self-frequency shift effects. J. Nonlinear Opt. Phys. Mater. 2013, 22, 1350001. [CrossRef]

5. Rosier, L. Exact boundary contollability for the Korteweg—de Vries equation on a bounded domain. ESAIM Control Optim. Calc.
Var. 1997, 2, 33-55. [CrossRef]


http://doi.org/10.1364/OL.21.001735
http://www.ncbi.nlm.nih.gov/pubmed/19881784
http://dx.doi.org/10.1007/BF01008354
http://dx.doi.org/10.1142/S021886351350001X
http://dx.doi.org/10.1051/cocv:1997102

Axioms 2023, 12,1127 15 of 15

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

Ceballos, V.J.C.; Pavez, FR.; Vera Villagran, O.V. Exact boundary controllability for higher order nonlinear Schrédinger equations
with constant coefficients. Electron. ]. Differ. Equ. 2005, 2005, 1-31.

Coron, J.-M.; Crépeau, E. Exact boundary controllability of a nonlinear KdV equation with critical lengths. J. Eur. Math. Soc. 2004,
6, 367-398. [CrossRef] [PubMed]

Cerpa, E. Exact controllability of a nonlinear Korteweg—de Vries equation on a critical spatial domain. SIAM ]. Control Optim.
2007, 46, 877-899. [CrossRef]

Cerpa, E.; Crépeau, E. Boundary controllability for the nonlinear Korteweg-de Vries equation on any critical domain. Ann. Inst.
Henri Poincaré Anal. Non Linéaire 2009, 26, 457-475. [CrossRef]

Coron, ].-M.; Koenig, A.; Nguyen, H.-M. On the small-time local controllability of a KdV system for critical lengths. arXiv 2020,
arXiv:2010.044478v1.

Rosier, L.; Zhang, B.-Y. Control and stabilization of the Korteweg-de Vries equation: Recent progresses. J. Syst. Sci. Complex. 2009,
22,647-682. [CrossRef]

Glass, O.; Guerrero, S. Controllability of the Kortrweg—de Vries equation from the right Dirichlet boundary condition. Syst.
Control Lett. 2010, 59, 390-395. [CrossRef]

Capistrano-Filho, R.A.; Pazoto, A.F,; Rosier, L. Internal controllability of the Korteweg—de Vries equation on a bounded domain.
ESAIM Control Optim. Calc. Var. 2015, 21, 1076-1107. [CrossRef]

Caicedo, M.A; Capistrano-Filho, R.A.; Zhang, B.-Y. Neumann boundary controllability of the Korteweg-de Vries equation on a
bounded domain. SIAM J. Control Optim. 2017, 55, 3503-3532. [CrossRef]

Micu, S.; Ortega, J.H.; Pazoto, A.F. On the controllability of a coupled system of two Korteweg-de Vries equations. Comm.
Contemp. Math. 2009, 11, 799-827. [CrossRef]

Glass, O.; Guerrero, S. On the controllability of the fifth order Korteweg—de Vries equation. Ann. Inst. Henri Poincaré Anal. Non
Linéaire 2009, 26, 2181-2209. [CrossRef]

Faminskii, A.V. Initial-boundary value problems in a rectangle for two-dimensional Zakharov—Kuznetsov equation. J. Math. Anal.
Appl. 2018, 463, 760-793. [CrossRef]

Faminskii, A.V.; Martynov, E.V. Inverse problems for the higher order nonlinear Schrodinger equation. J. Math. Sci. 2023, 274,
475-492. [CrossRef]

Cavalcanti, M.M.; Corréa, W.C.; Faminskii, A.V.; Sepulvéda, C.M.A.; Véjar-Asem, R. Well-posedness and asymptotic behavior of
a generalized higher order nonlinear Schrodinger equation with localized dissipation. Comp. Math. Appl. 2021, 96, 188-208.
Faminskii, A.V.; Larkin, N.A. Initial-boundary value problems for quasilinear dispersive equations posed on a bounded interval.
Electron. ]. Differ. Equ. 2010, 2010, 1-20.

Kenig, C.E.; Ponce, G.; Vega, L. Well-posedness and scattering results for the generalized Korteweg—de Vries equation via the
contraction principle. Commun. Pure Appl. Math. 1993, 46, 527-620. [CrossRef]

Pazy, A. Semigroups of Linear Operators and Applications to Partial Differential Equations; Applied Mathematical Sciences; Springer:
New York, NY, USA, 1983.

Lions, ].L. Quelques Méthodes de Résolution des Problemes aux Limites Non Linéaires; Dunod and Gauthier-Villars: Paris, France, 1969.
Yosida, K. Functional Analysis; Springer: Berlin/Heidelberg, Germany, 1965.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.4171/jems/13
http://www.ncbi.nlm.nih.gov/pubmed/31086610
http://dx.doi.org/10.1137/06065369X
http://dx.doi.org/10.1016/j.anihpc.2007.11.003
http://dx.doi.org/10.1007/s11424-009-9194-2
http://dx.doi.org/10.1016/j.sysconle.2010.05.001
http://dx.doi.org/10.1051/cocv/2014059
http://dx.doi.org/10.1137/15M103755X
http://dx.doi.org/10.1142/S0219199709003600
http://dx.doi.org/10.1016/j.anihpc.2009.01.010
http://dx.doi.org/10.1016/j.jmaa.2018.03.048
http://dx.doi.org/10.1007/s10958-023-06614-8
http://dx.doi.org/10.1002/cpa.3160460405

	Introduction
	Auxiliary Linear Problem
	Nonlinear Problem
	References

