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1. Introduction

The algebraic axiomatic system of quantum logic is the subject of many research
papers [1]. Classical quantum logics consist of all orthogonal projections (=idempotents) of
a complex Hilbert space. In quantum logic, the states (=probability measures) are described
by Gleason’s theorem [2], and [3].

Let IT be a set of all orthogonal (=self-adjoint) projections in a separable Hilbert space
H, dimH > 3. Let the function y : [T — R™ be such that u(¥; P;) = ¥; #(P;). Then, there is
a unique non-negative trace-class (nuclear) operator T such that y(P) = tr(TP).

Note that Gleason’s theorem (countable-additive) measurements may be extended
to a linear normal functional on B(H)-algebra. In this sense, the measurement may be
called linear. Gleason’s theorem has been generalized to orthogonal projections from von
Neumann algebras (see, for example, [4]) and to real-orthogonal projections (see [5]).

The following question remains open: are there logics in Hilbert space other than
orthogonal projections, which allow for one to develop a theory of quantum mechanics as
efficiently as the logic of orthogonal projections?

The papers known to the author on unbounded measures of projections mainly belong
to Kazan mathematicians. These results are most fully presented in the PH thesis of
G.Lugovaya [6]. In this paper, the most attention is paid to measures for projections in
B(H). Since the algebra B(H) is discrete, the methods developed by G.Lugovaya are not
applicable to algebras of a continuous type, particularly algebras of type I1.

Vector fields were studied i [7], and orthogonal vector fields were studied in article [8].

Our goal is to develop an analogue of the classical measures in orthogonal projections
of Hilbert space that leads to a normal, semi-finite weight and serves as a good analogue of
the integral.

Let H be a separable complex Hilbert space with scalar product (-,-); B(H) is a
set of all linear bounded operators on H; I is a unity on B(H). Let A € B(H). Then,
|A| = (A*A)1/2. Using Py 4, we can denote the orthogonal projection on AH. Let A, B be
bounded self-adjoint operators in B(H). We write that A < B, if (Ax, x) < (Bx, x) for all
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x € H. PL =1 — Pisused for any P € I, P L Qif PQ = 0. Two projections, P and Q, are
said to be in a general position if PAQ = PAQ+ = P A Q.

Let M C B(H) be such thatif A € M, then A* € M. The set M’ = {B € B(H) :
BA = AB, VA € M} is said to be commutant of M. If M = M”, then M is said to be
von Neumann algebra on H. Basic information about von Neumann algebras can be found
in [9].

Let M™ be a set of all non-negative operators from M, and let IT be a set of all
orthogonal projections from M. Projections P, Q € II are said to be equivalent (when
writing P ~ Q), if there is a unitary operator U € M such that U*PU = Q.

Von Neumann algebra M is a type I algebra if there is an abelian orthogonal projection
with central cover that leads to unity I on M. For instance, B(H) is a von Neumann algebra
of type I.

Von Neumann algebra M is a type 11 algebra if any projection P may be “divided”
into two equivalent sub-projections Py, P», P = P; + P5, and P; ~ P,, and there is a faithful,
normal, and semi-finite trace on M™. (In particular, for a definition Neumann algebras of
of types I, 11, I1I of, see page 126 of [9]).

Note that P =}, P;, P, P; € Il implies P; L Pj, i.e., P;P; = 0. An operator T is said to
be attached to algebra M, if U*TU = T for any unitary operator U from the commutant
M. Let P € I1. Place Mp = {PAP : A € M}. Let us identify operator A € Mp in PH
with operator AP € M in H.

Alineal D C H is said to be strongly dense (with respect von Neumann algebra M) if
there is a sequence of orthogonal projections P, € M that increases to the unity I, such that
T(I — Py)pn—+eo \y0and P,H C DZ. Here, 7 is a faithful, normal, semi-finite trace on M.

It is known that, for any sequence of strongly dense lineals {Dn }, the lineal N,,D;, is
strongly dense. Let P € I, P # 0 and let D be a strongly dense lineal. Then, PH N D is
strongly dense for the PH lineal.

For an unbounded self-adjoint operator T > 0 attached to the algebra M, the value
7(Tp), p € TI can be determined using equation 7(Tp) = lim.\ o 7(T/?pTL/?). Here,
Te=T(I+€T) !, e>0.

We can offer another option that is equivalent to the first. Let T = f0+°° Ad(ey) be a
spectral decomposition of T. Then, T(Tp) = limu—,+eo T(pTup). Here, Ty, = [, Ad(ey).

Let us denote the set of all integrables (square-integrable) with respect to T operators
by L1(t, M) (by L2(T, M)).

A function a(x,y) — C with a(x +z,y) = a(x,y) +a(z,y), a(x,y) = a(y,x) and
a(Ax,y) = Aa(x,y) Vx,y € H,and A € Cis said to be a bilinear form (b.f.).

The structure of the article is as follows: the first section §1, discusses sufficient
conditions for extending a measure from the ideal of projections to the weight; the second
section §2 demonstrates the possibility of extending an infinitely valued measure to a
weight.

Main results. Ideals of projections and their properties

Definition 1. Let P, Q € I The set MM C I1 is said to be ideal (of projections), if
(i) P < Q, Q € M follow P € M;
(ii) P, Q € Mand ||PQ|| < 1 follow PV Q € M.
(iii) sup{P: P € M} = L.

Note that condition (iif) is only necessary to the uniqueness of the continued measures.
Definition 2. The function ¢ : M — [0, +oo] with

(i) (A + B) = ¢(A) + ¢(B),

(ii) p(AA) = Ap(A), A € C,0c0 = 0.
is called the weight.

The weight is said to be:
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faithful, if $(A) = 0 follows A = 0;

semi-finite if [in{A € M™ : ¢(A) < 400} is an ultra-weakly dense set on M;

normal if A; /' A € M follows ¢(A) = sup; p(A;);

trace if p(A*A) = p(AA*) VA € M.

Let us denote M, = {P € IT: 7(P) < +oo}. M is a lattice and ideal of projections.
Further, we can see that any measure is regular on this ideal for von Neumann algebra of
type I1I.

First, we will study the set of projections on which any weight is finite.

Proposition 1. Let P, Q € II be such that |PQ|| < 1. Then a(PV Q) < (P + Q) for same
a>0.

Proof. By ||PQ|| < 1, the operator P + Q has a bounded inverse on (P V Q)H. Place
¢ = |PQ||. For any x € H, we have |[(PV Q)x|| >(1 — ¢)'/2||Px||. According to this,
(PVQ—P)QH = (PV Q — P)H. Therefore if x € (P V Q)H, then there exists x; € QH,
such that (PV Q — P)(x —x7) = 0. Thus, x — x; € PH. Thus, we established that
(P+ Q)H = (P V Q)H. This proves the Proposition. []

By complicating the proof of Proposition 1, we can significantly strengthen it.

Proposition 2. Let P, Q € I1 be such that | PQ|| < 1. Then,

PvQ< (P+ Q).

1
]
Proof. (1) Let us first establish the inequality that occurs when projectors P, Q are one-
dimensional and dimH = 2. Note, PV Q = I. Then, PQP = (coszoc)P, where o €
(0,7t/2), i.e., ||[PQP|| = cos®a. The spectral decomposition of self-adjoint operator P + Q
isP+Q=(1—cosa)(I —F)+ (1+ cosa)F = (1 — cosa) + (2cosa)F; here, F is a suitable
one-dimensional projection. Thus, P+ Q > (1 — ||[PQJ|)I.

(2) Let the projections P, Q occur in the general position and let us denote, using
M(P, Q), the minimal von Neumann algebra generated by P, Q. In a separable Hilbert
space H M(P,Q), undergo a central decomposition into a direct integral of factors of
type I [9] Hapter I. P = f/? prdAand Q = ff grdA, and Py, Q, almost everywhere in
one-dimensional projectors || paqa|l < ||PQ||. Furthermore,

S S 1 1
PvQ= [ PivQuar< [ (1= [PQIT (pa+an)dr = (1 - [PQI)TI(P+ Q).

(3) Let us consider the general case of P, Q. Then, P = Py + P, and Q = Q1 + Qy,
where P, = P A Q', Qo = Q A P+, in addition to the projections P;, Q1, which are in a
general position. Finally, let us apply step (2). O

Lemma 1. Let ¢ be a weight on von Neumann algebra M.

(i) Let P, Q € II be such that: $(P) < +oo, $(Q) < o0 and ||PQ| < 1. Then
(P V Q) < +oo.

(ii) Let ¢ be semi-finite; then, sup{P : ¢(P) < +oo} = L

Proof. (i) The operator P + Q has a bounded inverse operator in PH + QH. Therefore,
a > 0 occurs, such that a(PV Q) < P+ Q. Thus ¢(a(PV Q)) < ¢(P+ Q). Hence,
$(PVQ) < +eo.

According to the definition of the semi-finiteness of a weight, (ii) holds. [J

2. Measures on Ideals
Let us denote, using Mp, theset {Q: Q € M, Q < P}
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Definition 3. The function y : M — R is said to be a measure if u(Y; P;) = Y, u(P;), P; € M.

Let u : M — R" be a measure. Let B> 0, B € M, B = PBP, P € M and fe,\d/\be the
spectral decomposition of B. Place i/ (B) = [ p(ey)dA.

The measure y : M — R* is said to be:

finite(=bounded) if sup{u(P) : P € M} < +oo,

infinite(=unbounded) if sup{u(P) : P € M} = +oo,

regular if there is weight ¢, such that y(P) = ¢(P) forall P € M.

Let p1 : My — R and p : M — R serve as measures. The measure yy is said to be a
continuation of y if M C My and p1 (P) = pu(P) for all P € M. In this case, we write u < pj.

Remark 1. Any measure y on a finite algebra of type Il in separable Hilbert space is reqular. If,
in addition, y is finite, then u(P) = t(A,P). Here, T is a faithful, normal, semi-finite trace and
Ay € Ly(t, M) is a unique, non-negative operator (see [4]).

Let M be a type 11 von Neumann algebra and p : 9 — R be a measure. Let P € I1. Put
Mp = {Q € M : Q < P}. We say that projection P has a finite measure (finite y-measure) if

sup{Q:Q€Mp} =P and u(P)=sup{u(Q):Q € Mp}

Theorem 1. Let y : 9 — R be a measure. Let I be the largest hereditary class of projections of
finite y-measure. Then, M is the ideal of projections and there is a unique measure iy on M, such
that yu < yy.

Proof. Let us show that P, Q € M and ||PQ|| < § < 1 entails PV Q € M. Using ||PQ| <
0 < 1, subspace (P V Q)H is the direct sum of subspaces PH, QH. Hence, any vector f €
(PV Q — Q)H can be represented as f = fp + fg. Here, fp € PH, fo € QH. The function
A:f— fp(f € (PVQ— Q)H) is a restricted operator (since || fp[|> < (1 — ||PQ|) Y f]|%)-

This means that for any projection G, G < PV Q — Q, the operator is AG € M. Let
us choose a projection F, F # 0, such that F < P 4, and projection E, E # 0, such that
E < Prgr. We will obtain FVE € Mand 0 # (FV E) A G € M. Hence, any projection G,
G < (PV Q — Q) contains a non-zero projection from 9. It is now clear that this similarly
holds for any projection G, G < PV Q. According to Proposition 1,

p((FVE)AG) < p(FVE) < a(E(P) +F(Q))-

It follows from this inequality that every projection G < PV Q has a finite y-measure.
Hence, 9 is the ideal. The countable additivity of the function % is obvious. Theorem 1 is
proved. O

Definition 4. The measure 1 of Theorem 1 is said to be a closed measure.

Note that the closure of a measure does not change its regularity.

Let T = [ Ade) be non-negative self-adjoint operator associated with M, (i.e., e, € M
for all A). The function T(TP) — [0, 4o0] is said to be the measure associated with T.

There are projection ideals in which not every measure is regular. Therefore, the fol-
lowing theorem is of interest.

Theorem 2. In the von Neumann algebra of type I1 for any measure v : My — RT, there is a
non-negative operator Ty, such that u(Q) = t(T,Q), V Q € M.

We first introduce some notations and provide auxiliary assertions. Let p : 9 — R™
be a measurement. Put

0, (Q) = inf{a (< 400) : u(Q') <at(Q'),VQ e MNM,, Q' < Q,Q" # 0}

N(P,a) ={Q e M NM: u(Q) >at(Q),Q < P}.
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Sa={P €M :a,(I-P) <a}.

We note the following elementary property: If Q1 L Qp then a, (Qq + Q2) < &, (Q1) +
2, (Q2) (< +00) We will use the following proposition

Corollary 1. Let y : M; — R be a measure in the algebra of type 11 and a, (I) < +oo. Then,
operator T, € M is found, such that u(Q) = t(T,Q) V Q.

Proof. Let«a,(P) < ¢ VP. Place
D) = Ugem (La(Mp) N Mg), P =VoemQ.

Let us define the bilinear form t(x,y) = u'(y*x), x, y € D(9M). Bilinear form #(-, -), defined
on the lineal D (M) of operators that densely occur in a Hilbert space £,(Mp), is bounded,
ie., sup|y=1t(x,x) < c. According to continuity, the form t(, -) can be extended to the
bilinear form (;-) on £(Mp). Operator 0 < T, € M is found, such that £(x,y) = 7(y*xT},)
(see [10], p. 118). Let P € M. Put P = ¥ P, P;P; = 4;;P;, and P € D(M). By applying
Lemma 13.1 [10], we complete the proof. [

It is clear that T;, > 0. Let us first find out the structure of the set S;, a > 0.

Lemma 2. Let y : M — R be a measure in the algebra of type 11 and a > 0. If N, some set
of mutually orthogonal projections from N(I,a) and 0 < 2b < t(V{Q,Q € N}), occurs, then
P € I1 can be found, such that

T(P) = b and 2u(P) > at(P) (1)

Proof. Let thelemma’s requirements be satisfied. Let X be some finite set from N, such that
b<t(V{Q:(Q € X)}). Let L1(7, Mp) be a set of all integrable by 7 operators with the
norm ||B|j; = (|B|). For any P € 90, there exists an operator Bﬁ for which T(BE) = u(P)

and u(Q) = T(BIIZQ), Q < P.PlaceZ=V{Q:Q € X} and let |B5Q| = [ Ade, be the
spectral representation of \BE,Q|. Then,

at(Z) = ) at(Q) < ) pu(Q) = 1B

QeX QeX
Ifu(l—ey) = H|B§Q|(I—6A)||1 <at(I—ey),A >0, then A < aand
wer+Z—1)=1BiQllex+Z—1I)|ls <at(ex+Z—1), YA >0
Hence,
wZ)=pI—er) +ulex+Z—1) <at(Z), p(I—er) = at(l—ey), YA >0

Letb < 7(Z). If b > (I — e4g), then any projection P € II, such that T7(P) = b and
I —e;g < P < Z projections will be desirable because

at(P) < at(Z) < w(Z) = |IBf |l = B Pl = pu(P).

If b < (I —eyp), then thereis A > 0 with T(I —e,49) < b < 7(I —¢,). Therefore, any
projection P € ITsuch that T(P) =band I —ey,, < P < I—e, will be desired. O

Lemma 3. Let u : My — RT be a measure in the algebra of type Il. Then, there exists a > 0,
such that S, # @.

Proof. However, for any a > 0 and any Py € 9., there is a projection, Q, which means
QeMy, Q<I—-Pyand u(Q) > at(Q). Let us denote, using N, the maximal, mutually
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orthogonal set from N(I,a). Place P, = V{Q : Q € N}. Itis clear that P, ¢ 9. Let
us choose a sequence of positive numbers, a, and by, such that a, * +oco, Y b, < +0c0
and Y_a,b, = +o0. According to Lemma 2, there exists P; € I1, such that 7(P;) = b; and
u(Pr) > art(Py).

Let us suppose that the projection P,,_; is already chosen. Let us carry out the same
reasoning as before, choosing the projection P, such that

k=n
T(Py) =bu, Pp€N(I— Y. P ay).
k=1

Place P = Y, P,. Then, u(P) = _u(Py) = ¥, bn < +oo,ie., P < I. In addition,
u(P) =Y, u(Py) > Y, ant(Py) > Y, anby, = +00. We obtain a contradiction. [

Lemma 4. Let i : M — R be a measure of the algebra of type I1. For any e > 0, a > 0 and
P € S,, such that T(P) < e.

The proof is easy to carry out using the opposite reasoning. We omit the proof.

Corollary 2. For any € > 0, there exists a > 0 and a maximal set of mutually orthogonal
projections N from N(I,a) with t(V{Q: Q€ N}) <e,V{Q: Qe N} €S,.

Lemma 5. Let y : MM — R be a measure in the algebra of type 11. Then, there exists a sequence
of projections { Py} C M, such that P, \, 0 and ay (I — Py) < 400V 1.

Proof. Let the sequences {a,} and Q, € S,, be such that 7(Q,) < 27". Put Py, = Vj~,, Q.
Then, the sequence {P, } is the desired one. The lemma is proved. [

Proof of Theorem 2. Let y : M, — R be a measure of the algebra of type II. Let { P, } be
the sequence obtained from Lemma 5. According to Corollary 1, the sequence operators
T € M, such that u(Q) = (T;Q) V Q < I — P,. We can assume that T = P,T};P,. It is
clear that T} = P,T}/'P, if n < m. This means that the sequence {T};} is fundamental in
measure T. limy—, 1o T}; = T can be obtained by measure . Itis clear that 1(Q) = (T, Q),
vQ. O

A similar property, which is already in Neumann algebras of type I, is not true.

Theorem 3. Let M be the set of all finite-dimensional orthogonal projections in infinite-dimensional
separable Hilbert space H. Let y : M; — +R™ be a measure. In addition, let {e;}* be the
orthonormal basis in H, such that

u(P) = nh_r){}o W (EqPEy) (2)

Here, E,, is orthogonal projection on subspace Hy, generated by ey k = 1,2, .. .. Then, there
exists the bounded operator B, such that y(P) = tr(BP) VP.

Proof. Place a(k,i) = p'((-,ex)e;). The proof known to the author is based on the fact that
the matrix ||a(k,7)|| defines a closed symmetric operator B, which is defined everywhere.
Therefore, it is bounded. Hence, j¢(BP) = tr(PB). O

Note that, without condition (2), the theorem is not true

Theorem 3 was previously proved by Stinespring W.E. ([11] Theorem 2.1) He ob-
tained this proof using the fact that equality (S+ N, T+ N) = u/(TS*), here N = {T ¢
F, W (T*T) = 0}, and the set F of all finite-dimensional operators from F /N, deter-
mine the structure of a pre-Hilbert space in the left module. Having replenished this
space, considering the * —representation of the ring F, Stinespringe obtained a number of
necessary estimates.
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Differences between the properties of measures in algebras of type I and II are ex-
plainedby the following;:

Measures in the algebras of type I are finitely additive. Therefore, singular (or, of
course, additive) measures are not excluded. Such measures are identically zero on finite-
dimensional projectors. Therefore, we needed an additional condition (2).

The measures in algebras of type II are countably additive.

In the mathematical literature, the ideals Cy(I") of measurable operators are studied as
an analog of the ideal of completely continuous operators. Let A be measurable operator,
and |A| = [ AdE, is spectral decomposition of |A|. Then, A € Cy(T) if, and only if, for any
A>0,7(I—E)) < oo

Let jt : 9 — RT be a measure of the algebra of type I1. Place

mQ)
7(Q)
Theorem 4. The measure y : MM — R, which is to be associated with the operator from Co(T), is

sufficient for any B > 0 and every of set mutually orthogonal projections { Py} from N(I, B): this
shows that T(Y,, Py) < +c0.

N(IB) = {Q e M : inf > B vQ < Q.

Proof. Let the condition of this theorem be satisfied. For some 8 > 0, we chose a maximal
family {P,} of pairwise orthogonal projections from W(B). Using 7(¥; Py) < 400, we
obtained u(Q) < Bt(Q) for any Q € 9, such that Q < I — Y, P,. According to Remark
1, we can deduce that there is a sequence of projectors {Q;,} € M for which Q,, Y., Py
and a(Qp) < +o0.

Then, forany Q € M, Q < (I =Y, Py) + Qn = Cy, we have a(Q) < +o0. According
to Remark 1, there is a sequence of bounded operators (0 <)B,, € M, such that B,C, = By,
and for any P € 9, the equalities (P) = 7(B,P) and B, = C,B,,,C, hold, if m > n. Hence,
the sequence { B, } is fundamental according to the measure 7. Let B, — B, by the measure
7. Operator B is measurable and non-negative. For any n, we have C,BC,, = B,,. Hence, it
follows that y is associated with B.

Let B = [ AdE, be the spectral decomposition of B. Let us show that 7(I — E;) < 400
for any A > 0. Let {Q, } be maximal set of mutually orthogonal projections from N (I, A).
Then, forany Q € M, Q < I —Y, Qn, we have 7(Q) < +oo. Thus, B/2G is bounded, and
|B2G|| < AV/% here, G=1—Y, Q.

Let us suppose that (I — E;) = +o0. Then, (I — E;) A G # 0. Therefore, ||B/2G| >
A1/2_ Contradiction. The Theorem is proved. [

Remark 2. The condition of Theorem 4 is not necessary.

Proof. Let (P]ffl ,—1) be a set of mutually orthogonal projections of factor N of type I,

such that T(P}) = 1, k = 1,n. Let us construct this using induction P, ;. Place P, = Pj.
Assume P, ;1 has already been constructed, and let V € N be a partially isometric
operator, such that VV* =P, ,_1, V;V = Pk, Put

1 1
Py = Eprlf + (1= )P+

1 *
; (1= )V + V).

= =

Let us denote, using 9t : toR ™, the measure associated with K € CJ. Here,

[e9) o 1 n
K=Y n*Pyu+ Y E(Z Pk —P,,).
1 n=1 k=1

1,00

According to this construction, (Y51 Y}_; P¥) = ~+oo. At the same time, (PX)}] | €

N(I,1).
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Therefore, we can obtain an example of a measure that is associated with a measurable
operator from Cy(7y) but does not satisfy the condition of Theorem 4. [

Bilinear forms and measures Let T > 0 be a self-adjoining operator that is associated
with M. Let Mt = {P € I1: 7(TP) < +oo}. Note: (a) the function 7(T-) is understood
in the sense of article [12]; (b) M; = ;. The set Wit is the ideal of projections and
u:P e Mr— v(TP)is a closed measure.

Let M be an ideal. Let us denote, using M. (M), the set

{P € M : thereisafinitesubsetZ C MM N M, suchthat P < VoezQ}.

It is known that M1 (9M) is a projection ideal and, for any P € 9. (9M), the value
of the measurement y is calculated according to u(Q) = ©(TpQ), V Q < P. Here, Tp is
nonnegative operator attached to M.

Let us assume that a bilinear form a(-, -) with domain D(a) is attached to M if, for
any unitary operator U € M/, f € D(a) entails Uf € D(a) and a(f,g) = a(Uf,Ug), f,
g € D(a).

Proposition 3. Let y : 9 — R be a measure. Then, the equality

au(f.8) = (Ty*f, Ty/?g), f, g€ D(Ty?).

defines b.f. on the lineal Dy = Upeom, (o) D(Tll,/z) attached to M.

Coversely, let a be b.f., and let M, be the set projections from M such that, for any P € M,
we have:

(a) The set PH N D(a) is strongly dense with respect to M p;

(b) There is 0 < Ap € Lyi(t, M), such that a(f,g) = (A}*f, AY/?g). Here, f,g €
D(a) N PH.

Then, 9, is ideal and the function p,(-) = T(Ap-) : M, — R is the measure.

The idea of describing measures in terms of bilinear forms belongs to Sherstnev [13].
Proposition 3 is another version of the assertion that was proved by him.

Further, we assume that the set of projections satisfies the axioms of (i), (ii), and the
ideal, with the exception of (iii).

Note that the equality PA Q =0,V Q € M (M) is equivalent to

( U QH)NnPH=0.
QeMi- (M)

Proposition 4. Let 9 — R be a measure and let this projection occur P € 1, such that
PAQ = 0forall Q € 9. Then, the measure y’ : M’ — R is shown, such that P € I and p' is
a continuation of y.

Proof. Let the conditions of the theorem be satisfied. Let the lineal Dy and bilinear form ay
be constructed. Then, Dy, N PH = 0. Let us choose 0 < A € £4(t, M), such that A = AP.
Let us construct b.f. a(f, g). Place

a(fi + g1, fo+ &) = (AY2f1, AV2 o) + a,(81,82), V fi, f» € PH, 81,82 € Dy.

Let M1, be ideal and p, be the measure constructed in Proposition 3. Then, (2t NM) C M.
For any Q € M, N M, we have u,(Q) = u(Q). Itis clear that P € M, and M C M,.
The measure 7i : M, — RT is the measure that was sought. O

Definition 5. The measure y : 9N — R is said to be a locally finite measure if VP € I1 contains
QeM Q #0,such that Q < P.
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Earlier, we introduced an order relation for these measures. Note that, accoding to the
Zorn lemma, every measure has a maximal continuation. We can now characterize the
maximum measures.

Theorem 5. The measure y : M — R is maximal if, and only if, it is a closed and locally finite
measure.

Proof. The maximal measure must be closed and locally finite.

Conversely, let the measure p : 9T — R be closed and locally finite. Let the measure
#' 9 — RT be a continuation of . From the local finiteness of u it follows that, for any
Pc 9, thereisQ < P,Q € M, ie,Pisa hereditary finite y- measure projection. The
closedness of y implies P € M. Hence, M’ =M. O

Corollary 3. The reqular measure pp; My — R is maximal if, and only if, for any P € 11, there
exists such a projection Q € T that QH C D(T"/?) and T'/2Q is bounded.

Note that, in factors of type I and II, the corollary is only satisfied by measurable
operators. The regular maximal measures are characterized by the fact that, for the weights
with which these measures are associated, the semifiniteness of the weight can be defined
in the same way as for traces, i.e., forany S € M* ¢(S) = sup{¢(T) : T € MT: T <
S, ¢(T) < +oo}.

3. o-Finite Measure

Let us provide one more definition of an infinite measure.

Definition 6. The function p : I1 :— [0,+oo] with u(P) = Y u(P;) when P = Y_P; and
#(I) = oo is said to be o-a finite measure if a P, € I1, such that P, /* I and u(P,) < 4o for
any n.

We can offer an elementary description of o-finite measures in finite algebras of type I1.

Remark 3. Let y be a o-finite measure in finite von Neumann algebra M of type I1. Then, there
is a unique nonnegative self-adjoint operator T, € L1(7, M) attached to algebra M, such that

#(Q) =7(QT), Q € IL

Proof. Let the sequence P, ' I and u(P,) < +oco Vn. Place Q, = Q A P, for all n and
Q € IL Then, Q, " Q. According to the Gleason analogy, u(P) = t(T,P), VP, P < P,.
Here, 0 < T, = P, T,,P,. According to the finiteness of the algebra M, the sequence {T), } is
fundamental according to the measure 7. Let T, = limT, by 7. For any Q € I1I

#(Q) = limp(Qn) = im 7(QnTy) = lim T(QTy,).
0

Our goal is to show that o-finite measure extends to the weight. Let us start with the
property taken from Lemma 1.

Proposition 5. Let M be a von Neumann algebra of type 11, and y be the o-finite measure on I1.
Then, {P € I1: u(P) < +oo} is the ideal of the projections.

We need completely different arguments for the proof of Proposition 6. We will need a
lemma, due to Lugovay [14]. Note that the idea of the proof of this lemma, as well as of
the work [15], is inspired by the geometric idea of the work [3]. Let BP"(H) be the set of all
orthogonal projectors.
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Lemma 6 ([14]). LetdimH = 3and let y : BP"(H) — [0, +00] be an unbounded measure. Use the
following orthogonal projections: p, dimp = 2, u(p) < +coand q, dimq =1, and p(q) < +oo.
Then, q < p.

Proof. Without loss of generality, we can assume that:

(a) H is a real space;

(b) the measure takes only two values: 0 and +co.

Assume the opposite: p # g. Let S be the united sphere in Hand p : S — {0, +o0} be
a reper function corresponding to our measure

p(&) = u((-¢)%), ¢S5

Let K = pH N S and the vector 7 € S be such that g = (-.77)7 and the angle «, (&« > 0)
between the vector 7 and the plane pH is less than 7. We introduce a rectangular coordinate
system into H, so that the vector 7 lies in the X0Y plane with the angle 7 to the vector
(1,0,0) if the angle is counted counterclockwise.

We will write the coordinates of the points S in the spherical system coordinates
(¢,0), where ¢ is Longitude 0 < ¢ < 27) and 6 is Latitude (—m/2 < 6 < 71/2). Thus,
7 = (0,&/2). Let L be a great circle on sphere S, which touches the circle of Latitude a/2
in the point 7. Note that p({) = 0 for any point € L. Let us first show that € > 0 occurs
such that

vOvE = (9,0) (0] < e = p(Z) = 0). 3)

To do this, we estimate the angle 6 for which the vector { = (¢, 0) lies on a great circle
passing through two orthogonal vectors (¢1,601) € K, (¢2,602) € L. The condition ensuring
that the points (¢,0), (¢1,601), (¢2,62) lie on one large circle has the form:

cos@ cosp cost sing  sinf
cosby cospy cosby singy sinbi| =0 (4)
costy cospy cosBy singy sinby

We consider the orthogonality of the vectors (¢1,61), (¢2,602) and whether the circles
K, L, respectively, belong to the planes z = —xtg(a/2), z = xtg(a/2) we obtained from (4)
the equation:

x%(tgf + tgacosg) — 2xsingtga + (1 — tg’a)(tgh — tgucosp) = 0.

From here
tg%0 < sin*gtg’a/ (1 — tg’a) + cos® ptg*a

It follows from this inequality that, for any ¢ (0 < ¢ < 2m), there is €(¢) > 0, such
that p({) = 0 for any { = (¢, 6), with the condition |6] < e(¢). Hence, thereis e > 0, (¢ is
independent of ¢) for which (3).

Let us prove that, from (3), the p must be equal to zero in the band (0] < «, & > 71/4.
From here, the assertion of our lemma will follow. For this, we chose {1 = (71/2,0),
{» =(0,7t/4),l3 = (0,—7/4). We have

u(l) = pu(pz,) + u(pg,) + upg) = (1) +0(82) +p(g3) = 0.

This will contradict the unboundedness of the measure.
Consider two orthogonal vectors (0,€), (¢, —€) on the sphere S, such that cosg =
tg?(€). The great circle passing through these points lies in the plane

xsingtge — ytge(1+ cosg) — zsing = 0.

This great circle touches the circle of the sphere S Latitude €;. Here, cosee; = v/co0s2e,
(such that 1 > ¢).
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Note that the reper function p = 0; therefore, this could occur at any point in the
sphere S lying in the strip |#] < €;. Repeat this procedure for angle €;. We can obtain
cosey = /c0s2e1 = \/2c0s2e — 1 < cos2e. Thus, €; > 2¢. [

It is not difficult to see that the proof of lemma 6 can be carried out in terms of vectors
as well as projections.

Note that the proof of Lemma 6 can e generalized to the direct integral of factors of
type Is.

We can interpret the proof of lemma 6 as the proof of lemma 7 (this lemma will be
needed to prove Proposition 5). Note that Propositions 1-3 and Lemma 7 are statements of
the same order.

Lemma 7. Let dimH = 3, and let y : BP"(H) — [0, +o0] be a measure. This allows for the
orthogonal projections p, (dimp = 2, u(p) < +00), q, (dimg =1, u(q) < +o0) and ||qp|| < 1.
Then, y is a finite measure.

We can then proove Proposition 5.

Proof. It is only necessary to show that if P, Q € ITis such that:

(i) p(P) < 400, u(Q) < +oo and (ii) |PQ|| < 1. Then, u(P Vv Q) < +oo.

Let P, Q be in a general position,ie, PAQ = (1-P)AQ=PA(I-Q) =0.

Note that the condition implies P = Pppg and Q = Ppgp. This means that P ~ Q. Itis
sufficient for us to prove that (P Vv Q — P) < +oo.

(1) First, we assume that P, Q € M. Let (PVQ—P)Q = W|(PV Q — P)Q| and
QP = V|QP| be a polar decomposition of (P V Q — P)Q and QP, respectively.

To bring the notation closer to the proof of Lemma 6, let us use Z to denote the
projection PV Q — P.

Let us find projections Z1, Zp, such that Z; ~ Zp, Z1 + Z, = Z (hence, 7(Z;) =
(1/2)t(Z2)i=1,2). Let Q; < Qbe such that Z; = Py(ppro_q)q,- Place P; = Papg,, i =1,2.
Using the construction, P; ~ P;.

Let us use R(P;, Q;) to denote the von Neumann algebra generated by P;, Q; and VP,
W*Z; with unity P + Z;.

It is well-known ([9]) that there is a central representatron R(P;, Q) f L(t for
the direct integral of factors of the type I3, i.e., P; = f P(t)dm(t) and Q; = f Q
Here, P(t), Q(t) are projections that occur almost everywhere in the measure m. It clear
that PVQ —P = f@(l(t) — P(t))dm(t) and P + X; are unity operators in R(P;, Q;).

Place ||PQ|| = ¢, ¢ < 1. Then, |P(t)Q(#)]| < ||Q V P|| almost everywhere in the
measure m. This means that we can restate the proof of Lemma 6 in terms of a direct
integral. By doing this, we obtain the statement of Lemma 7. Thus, u(Z;) < oo, for all i.
Hence, u(PV Q — P) = u(Zy) 4+ p(Z2) < 40 and (P V Q) < 4co. Applying Proposition
2, we obtain the following enhancement (P V Q) < (1 — ||PQ|) "' (u(P) + u(Q))

(2) Let P, Q ¢ M. Let sequences P, ,* Pand Q, / Q and P, Q, C M. We have
1P.Qull < |PQ]. Hence,

u(PvQ)= hrran(Pn VQn) < hfln(l - HPnQn||)71(hfan(Pn) +1i£n,u(Qn)) <

(1= IPQINTH(1(P) + 1(Q))-

(3) The last inequality carries over to the general case of projections P, Q. Proposition
5is proved. 0O

Let us continue the study of the o-finite measure. Our goal is to continue the mea-
sure. Considering Proposition 5, we could use the results of §1. However, we will use
another method.
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Let us denote, using M (M,,), the set
{P €11: there is finite subset & C M MMy, such that P < VoeapQ}

It is clear that the set M (9,) is a lattice. It is clear that the restriction of y on the
reduction algebra Mp, P € 9 (M) is a o-finite measure. Operator Tp = TpP exists, such
that u(Q) = 7(TpQ) V Q < P. Put

D,= |J (D(TY*(\PH)
PEM ()

The set Dy, is a strongly dense set.
Here, the equality ¢(f,g) = (TL/2f, T/?g) is P € M (M) and f, g € PH, defining a
bilinear form.

Definition 7. An operator X € M is said to be integrable, if there exists Ax € L (1, M),
such that for any Q € M, we have t(XV/2f,X1/2¢) = (Axf,g). Here, f, g derive from some
strongly dense set with respect to M. Let us denote the set H)% Pr

Let M; be the set of all integrable operators.

Proposition 6. The set M is a hereditary cone. If P € 9y, then P € M.

Proof. (1) Let us establish the heredity of M;f. Let0 <Y < X € M}, Y € M™. Let
A € M, such that Y1/2 = X1/2A*, Let Q be the projection of Py 4+ p, meaning that P € 0t;.
As is known [10], the set H{;l n={f€PH:A*f¢c H)% /2 } is strongly dense with respect
to Mp and forany f,g € H$1/z

HYV2F,Y12g) = H(XV2A" £, X1 A%g) = (AxA"f, A"g) = (AAXA*f g).

The operator Ay = AAxA* is desired. The heredity of MPT is proven.

Note that Ax_y = BAxB*, here B € M, such that (X — Y)/2 = X1/2B*,

(2) Let X, Y € M,!. Letus prove that Z = X +Y € M. There exists A, B € M
with X1/2 = 7ZV/2A* and YV/2 = Z1/2B*. In addition, the operator A*A + B*B is an
orthogonal projection on AZ [9] and X'/2A + Y/2B = Z1/2. For any Q € M, the lineal
{f € QH : (XY2A+Y2B)f € D,} is strongly dense with respect to M. Hence,
the lineal

NS, ={fe€QH:Z"*f € Q,} N{f € QH : Af € D(Ax), Bf € D(Ay)}.
is also strongly dense. We substitute the operator Z'/2 for X'/2A + Y'/2B. We obtain
t(Zl/fo, Zl/ZQf) < 2[t(X1/2Af,X1/2Af) + i’(Yl/zBf, Yl/zBf)] _

= 2[(AxAf, AF) + (AyBF,Bf)] = 2(A*Ax A + B*AyB)QF, Qf). (5)

forany f € N, 51 /2~ According to this definition, Ug<p N, 51 /> is a strongly dense lineal in
PH for any P € I1. Place K = A*AxA + B*AyB. Note that K € £;(t, M). Hence, for any
€ > 0, there exists Pe € ITwith 7(I — P¢) < € and KP, is bounded. By (2), the restriction
of t(Z)1/2.,Z1/2.) on UQSPeNgl/z is bounded. Hence, operator A = P-A. € M™ exists,
such that

HZV2f,71%8) = (Acf,8), f. 8 € Ugr NG

Place € = 1/n. We chose an increasing sequence P; /,, * I. Then, A1y, = Py /A1 /0 P1/ms
m < n and A; /, is fundamental by 7. Place A;,,, — A by 7. Of course, A > 0. Using (3),
T(A1/n) < 27(K). Hence, T(A) < T(K). Put Az = A.
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For any Q € 91, the linear D = U,(Q A Py,,)H is strongly dense with respect to
M. Therefore, the lineals D N D(Az) and HZQl/2 = J\/’ZQU2 N DN D(Ay) are similar. For
any f,g € HZQ1/2 there is n, such that f, g € Py,,H. Then, t(Z/2f,7V/2¢) = (A1/.f,8) =
(Af,g). We used the equality Ay,,, = Py, APy ;. Therefore, ./\/l:{ is a hereditary cone.

Let P € 9. Then, operator Ap = ApP € L;(t, M) occurs, such that u(Q) =
T(ApQ), V Q < P. Analogous with the previous equation, we can see that P € M. The
proposition is proved. [J

Place p(X) = +o0if X € MP\M}, and pu(X) = 7(Ax), if X € M.
Let us remember that Ay = AAxA*, Ax_y = BAxB*. Operator B'B + A*A = Pis
the orthogonal projection on (B*B + A*A)H and AxP = Ax. Hence,

u(X) = 1(AxP) = 1(Ax(B'B+ A" A)) = (6)

T(BAxB*) + T(AAxA*) = u(X = Y) + u(Y).

Hence, the corollary is true
Corollary 4. The function y(-) is a weight that continues the measure ju.

Proposition 7. The weight u(-) is normal if {X,} C M and X, /* X € M.} have a strong
operator topology. Then, u(X,) / u(X).

Proof. Let the proposition conditions be fulfilled. According to (6) u(X) = u(X,) + u(X —
X,). Hence, u(X,) < u(X) and u(X,) < u(X,41) for all n. To prove Proposition 6, we
used the following property: Ax_x, = B,AxB;, here B, € M, ||B,|| < 1, such that
(X - Xn)l/2 = Xl/ZB; = B,XY2. As X—X, \, 0, then B, — Oisa strong operator
topology. Therefore, i(X — X;,) = 7(ByAxB;;) \, 0. Thus, u(X,) / u(X). O

Another example of measures of projections and the logics of projections is provided
by the consideration of perfect Hilbert algebras and Tomita’s theory [16].

The proofs of the corresponding assertions for perfect algebras known to the author
are quite extensive and are not the aim of this paper.
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