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Abstract

:

Recently, the use of mixed models for analyzing real data sets with infinite domains has gained favor. However, only a specific type of mixture model using mostly maximum likelihood estimation technique has been exercised in the literature, and fitting the mixture models for bounded data (between zero and one) has been neglected. In statistical mechanics, unit distributions are widely utilized to explain practical numeric values ranging between zero and one. We presented a classical examination for the trade share data set using a mixture of two log-Bilal distributions (MLBDs). We examine the features and statistical estimation of the MLBD in connection with three techniques. The sensitivity of the presented estimators with respect to model parameters, weighting proportions, sample size, and different evaluation methodologies has also been discussed. A simulation investigation is also used to endorse the estimation results. The findings on maximum likelihood estimation were more persuasive than those of existing mixture models. The flexibility and importance of the proposed distribution are illustrated by means of real datasets.
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1. Introduction


Finite mixture distributions have a rich legacy in statistics. Newcomb [1] originated the idea of the finite mixture models for modelling outliers. The finite mixture distribution is a potent and adaptable probabilistic modelling framework for both univariate and multivariate data. The mixture model is broadly recognized in the field of statistical data modelling [2]. Pearson [3] used a mixture of two univariate Gaussian models to evaluate model parameters using the method of moments to examine a dataset comprising forehead-to-body length ratios for 1000 crabs. When a mixture model replaces a poor single model, the fitting effect of the load data (such as the wheel loader) improves [4]. Since then, several scholars have investigated finite mixture models in diverse circumstances. The load range probability density function can be characterized as a mixture of Weibull models [5,6]. Ni Yiqing [7] modelled the stress range using three types of finite mixture models (normal, lognormal, and Weibull). Radhakrishna et al. [8] investigated the moment and maximum likelihood estimators of the uncertain parameters of a mixture of the generalized gamma model. To forecast the collapse of a mechanical framework with multiple risks modes, Zhang et al. [9] introduced a mixture Weibull proportional hazard model. In contrast, [10] described the exponential mixture model and the increasing failure rate of Gamma models. Damsesy et al. [11] estimated the reliability and malfunction rate of an electronic system using a mixture of two Lindley models. [12] on the other hand presented and explored a finite mixture of Lindley models and its stress–strength reliability. Several scholars who deal with mixture modelling in various practical concerns are listed below: Mohammadi et al. [13,14], Ateya [15], and Sindhu et al. [16]. Other research findings are [17,18,19,20,21,22,23].



Since the family of exponential models is significant in several application scenarios, we will investigate a mixture of two log-Bilal (LB) distributions that belong to this family and are utilized in several implementations. In this respect, the Lindley model is useful for characterizing diverse sets of lifespan data and reliability. Even though the beta model is commonly utilized to model data sets with bounded intervals, it fails to model extremely left-skewed and leptokurtic data sets. The LB distribution eradicates the shortcomings of existing models for modelling extremely skewed data sets. This model is required because it offers more versatility than established models for the shapes of the hazard function (HF), and this distribution completes well in modelling lifespan data and is a better option than other models [24]. The different estimation methods for analysis of unknown parameters are used to investigate the efficiency of different methodologies in distribution studies. Recently Sindhu et al. [25] tried to use different estimation methods to estimate the mixture distribution. The highlights of their study have proposed that the mixture model is a potential candidate for modelling COVID-19 and other associated data sets.



From the cited literature, it has been revealed that many researchers have been focused on mixture distributions over an infinite domain, but not much attention has been given to model data sets on bounded intervals with mixture models. So, in this research work, we determined to present this novel mixture model and explain its characteristics and implementations from a different perspective. Hence, we develop and investigate the MLBD in detail. We also explain the assessment of the unspecified parameters of the mixture model, employing appropriate techniques such as the maximum likelihood least-squares estimation (LSE) and weighted least-squares estimation (WLSE). Lastly, we conduct some simulation experiments and apply a real-world dataset to the MLBDs. As a necessary consequence, we use goodness-of-fit strategies with some plots of a histogram and likelihood function for the dataset to endorse and highlight data fitting via some packages in the R programming language. The novelty of the current work is described in the following lines.



	
To construct a new two-component mixture of a LB distribution which has simple- and closed-form equations for its statistical characteristic.



	
We illustrate some graphs of the unimodal and bimodal cases of the mixture model density and hazard rate functions.



	
The properties of the MLBDs are obtained in explicit forms without any special mathematical functions.



	
The main focus of this work is to analyze the different method of estimation and to carry out a comparative study for estimation for the mixture model. This comparison will be expressed with the help of statistical graphs.



	
The feasibility and effectiveness of this model is proven through the simulation study and a real dataset.







2. Model Analysis and General Properties of the MLBDs


The mixture distribution function of the MLBDs of component densities with weighting proportions   ( δ ,  δ ˜  )   has the following PDF (probability density function).


  f    y  Δ   = δ  f 1     y   ξ 1    +  δ ˜   f 2     y   ξ 2    ,  δ ˜  = 1 − δ .  



(1)




which complies with the following limitations:


  0 < δ < 1    and    δ +  δ ˜  = 1 .  








where   Δ =      ξ 1  ,  ξ 2     T    signifies a vector of component unexplained parameters. Constant ξ symbolizes for a weighting proportion, and    f i     y   ξ i      symbolizes a component PDF of log-Bilal distribution (LBD). The LBD is expressed by the random variable (r.v) Y that has the presenting PDF.


  f    y   ξ i    =  6   ξ i     y   2   ξ i    − 1     1 −  y   1   ξ i        , 0 ≤ y ≤ 1 ,  ξ i  > 0 ,  



(2)




where ξi denotes the scale parameter. The CDF (Cumulative Distribution Function) of the MLBD is


  F    y  Δ   =   ∑  i = 1  2    δ i   F i     y   ξ i      ,  










  where F    y   ξ i    = 3  y   2   ξ i      − 2  y   3   ξ i      , 0 ≤ y ≤ 1 ,  ξ i  > 0 .  



(3)







Hazard rate functions (HRF) are essential components of lifetime distributions. Most applications use this information to show how failure risk shifts over time. It may be helpful to have prior knowledge about the shape of the hazard when choosing a model. The HRF of MLBDs is:


  HRF =   δ  6   ξ 1     y   2   ξ 1    − 1     1 −  y   1   ξ 1        +  δ ˜   6   ξ 2     y   2   ξ 2    − 1     1 −  y   1   ξ 2          δ   1 − 3  y   2   ξ 1      + 2  y   3   ξ 1        +  δ ˜    1 − 3  y   2   ξ 2      + 2  y   3   ξ 2          .  



(4)







2.1. Mean and Variance:


The Mean of MLBDs in (1) is simply given as


   E  Y  = δ    6    2 +  ξ 1      3 +  ξ 1        +  δ ˜     6    2 +  ξ 2      3 +  ξ 2        .   



(5)







Whereas the variance is described as


  V  Y  = δ   3  ξ 1    2     ξ 1    2  + 10  ξ 1  + 13          ξ 1    2  + 5  ξ 1  + 6    2    2  ξ 1    2  + 5  ξ 1  + 3     +  δ ˜    3  ξ 2    2     ξ 2    2  + 10  ξ 2  + 13          ξ 2    2  + 5  ξ 2  + 6    2    2  ξ 2    2  + 5  ξ 2  + 3     .  



(6)








2.2. kth Moments


The kth Moments of theMLBDsis presented as


   E    Y k    =    ∫ 0 1    y k       ∑  i = 1  2    δ i   f i     y   ξ i      d y ,   k = 1 , 2 , 3 …   



(7)









   E    Y k    = 6    δ    k  ξ 1  + 2     k  ξ 1  + 3     +     δ  ~      k  ξ 2  + 2     k  ξ 2  + 3       .   



(8)








2.3. mth Order Negative Moments


The mth Order Negative Moment can be simply obtained by substituting k with “m” in (8), as shown below


   E    Y  − m     = 6    δ    2 − m  ξ 1      3 − m  ξ 1      +   δ ˜     2 − m  ξ 2      3 − m  ξ 2        .   



(9)








2.4. Factorial Moments: The Factorial Moments Can Be Measured Using [26] Result as Given



   E   Y   Y − 1     Y − 2   …   Y −   υ − 1       =   ∑  u = 0   υ − 1        − 1    u   Θ u    E    Y  υ − u     ,   



(10)





here    Θ u    denotes the non-null real numbers. The   E    Y  υ − u       can be simply determined by substituting k with “m” in (8), as


  E    Y  υ − u     = 6    δ    2 +   υ − u    ξ 1      3 +   υ − u    ξ 1      +   δ ˜     2 +   υ − u    ξ 2      3 +   υ − u    ξ 2        .  



(11)








2.5. Mode and Median


It can be demonstrated that equations for acquiring the mode and median of the MLBDs are


   δ    y   2   ξ 1    − 2     2 +    ξ 1  − 3    y   1   ξ 1      −  ξ 1       ξ 1    2    +  δ ˜     y   2   ξ 2    − 2     2 +    ξ 2  − 3    y   1   ξ 2      −  ξ 2       ξ 2    2    = 0 ,   



(12)






   and   δ   3  y   2   ξ 1      − 2  y   3   ξ 1        +  δ ˜    3  y   2   ξ 2      − 2  y   3   ξ 2        = 0.5 .   



(13)








2.6. Incomplete Moments


The kthIncomplete Moment of Y is


    m k   t  = E      Y k    y < t   =    ∫ 0 t    y k       ∑  i = 1  2    δ i   f i     y   ξ i      d y ,   k = 1 , 2 , 3 …   










    m k   t  = 6 δ      t   2   ξ 1    + k     k  ξ 1  + 2   −    t   3   ξ 1    + k     k  ξ 1  + 3     + 6  δ ˜       t   2   ξ 2    + k     k  ξ 2  + 2   −    t   3   ξ 2    + k     k  ξ 2  + 3     .   



(14)







The incomplete moments of random variables are useful techniques for measuring inequalities, such as the Gini coefficient (see, [27] for details).



Figure 1a–e shows the PDF configurations of the MLBDs for both unimodal and bimodal contexts. Figure 1a–d depicts the PDF of the MLBDs unimodal case at the specified values of parameters and Figure 1e captures the structure of the MLBDs bimodal case with the    ξ 1  = 1.8 ,  ξ 2  = 0.3    and    δ = 0.6 .  



The visual behavior of the hrf h(y) of the MLBDs is shown in Figure 2a–d. The hazard rate of the MLBDs distribution comes in a variety of shapes, including, increasing, and bathtub curves, all of which are appealing features for any lifespan model. Figure 3 and Figure 4 display the mean plots of the MLBDs distribution, showing decreasing behavior. The variance plots of the MLBDs are shown in Figure 5, where they exhibit increasing and upside-down behavior.





3. Estimation


We go over the method for estimating the parameters of the MLBDs using four estimation methods. These certain approaches are MLE (maximum likelihood estimation), LSE (least-squares estimation), and WLSE (weighted least-squares estimation). The rest of this section contains more information on these estimation techniques.



3.1. Maximum Likelihood


Let    Y 1  ,  Y 2  , … ,  Y n    be a random sample from the MLBDs and corresponding given values    y 1  ,  y 2  , … ,  y n    from the MLBD with parameters   δ ,  ξ 1     and     ξ 2  .   The log-likelihood function of MLBDs is


  l    y  δ ,  ξ 1  ,  ξ 2    =  ∑  i = 1  n  ln   δ  6   ξ 1     y i      2   ξ 1    − 1     1 −  y i      1   ξ 1        +  δ ˜   6   ξ 2     y i      2   ξ 2    − 1     1 −  y i      1   ξ 2          .  



(15)







By differentiating (15) with respect to    ξ 1  ,  ξ 2     and    δ   gives


    ∂ l    y  δ ,  ξ 1  ,  ξ 2      ∂  ξ 1    =  ∑  i = 1  n     δ   ξ 1    2         y i      3   ξ 1    − 1   −  y i      2   ξ 1    − 1     +  y i      2   ξ 1    − 1   log  y i       3  y i      1   ξ 1      − 2    ξ 1              δ   ξ 1     y i      2   ξ 1    − 1     1 −  y i      1   ξ 1        +   δ ˜    ξ 2     y i      2   ξ 2    − 1     1 −  y i      1   ξ 2            ,  



(16)






    ∂ l    y  δ ,  ξ 1  ,  ξ 2      ∂  ξ 2    =  ∑  i = 1  n      δ ˜    ξ 2    2         y i      3   ξ 2    − 1   −  y i      2   ξ 2    − 1     +  y i      2   ξ 2    − 1   log  y i       3  y i      1   ξ 2      − 2    ξ 2              δ   ξ 1     y i      2   ξ 1    − 1     1 −  y i      1   ξ 1        +   δ ˜    ξ 2     y i      2   ξ 2    − 1     1 −  y i      1   ξ 2            ,  



(17)






    ∂ l    y  δ ,  ξ 1  ,  ξ 2      ∂ δ   =  ∑  i = 1  n         y i      2   ξ 1    − 1      ξ 1      1 −  y i      1   ξ 1        −    y i      2   ξ 2    − 1      ξ 2      1 −  y i      1   ξ 2               δ   ξ 1     y i      2   ξ 1    − 1     1 −  y i      1   ξ 1        +   δ ˜    ξ 2     y i      2   ξ 2    − 1     1 −  y i      1   ξ 2            .  



(18)







The MLEs of parameters, is the solution of (16)–(18) for zero. There is no clear and specific analytic expression for (11). As a matter of fact, it can be addressed iteratively, or the direct maximization of (15) can be considered as an alternative. Similarly, the immediate maximization of (15) is selected by utilizing the optimum tool of the R programming language.




3.2. Least Squares


Let    y   1    ,  y   2    , … ,  y   n      be the arranged values of    y 1  ,  y 2  , … ,  y n    having MLBDs. The LSE of   δ ,  ξ 1  ,  ξ 2    is assessed by minimizing.


  L S ( δ ,  ξ 1  ,  ξ 2  ) =  ∑  i = 1  n      F      y  ( i )      δ 1  ,  ξ 1  ,  ξ 2    −  i  n + 1      2  ,  



(19)




where   F      y  ( i )     δ ,  ξ 1  ,  ξ 2      is in (3). Then,


  L S ( δ ,  ξ 1  ,  ξ 2  ) =  ∑  i = 1  n      δ   3  y   i        2   ξ 1      − 2  y   i        3   ξ 1        +  δ ˜    3  y   i        2   ξ 2      − 2  y   i        3   ξ 2        −  i  n + 1      2  .  



(20)








3.3. Weighted Least Squares


The minimization of (21) gives the WLS estimators of parameters   δ ,  ξ 1  ,  ξ 2   .


  W L S ( δ ,  ξ 1  ,  ξ 2  ) =  ∑  i = 1  n        n + 1    2    n + 2     i   n − i + 1           δ   3  y   i        2   ξ 1      − 2  y   i        3   ξ 1        +  δ ˜    3  y   i        2   ξ 2      − 2  y   i        3   ξ 2          −  i  n + 1      2  .  



(21)









4. Simulation Study and Comparisons


We examine the effectiveness of the MLE, LSE, and WLSE mechanisms in assessing the parameters of the MLBDs. As a result, we conduct Monte Carlo (MC) simulation investigations on the unimodal and bimodal cases of a MLBDs.



Four simulation experiments are performed in order to examine the effectiveness of MLEs, LSEs, and WLSEs of the MLBDs. The simulation algorithm is explained in the steps below:




	
Utilizing various weighting factor  δ  and model parameters for the unimodal        ξ 1  ,  ξ 2  , δ   = a   0.15 , 0.30 , 0.4   , b   1.25 , 0.5 , 0.6   , c   1.15 , 1.3 , 0.4       and bimodal      ξ 1  ,  ξ 2  , δ   = e   1.8 , 0.3 , 0.6     scenarios, develop random samples of sizes   30 , 40 , … , 800   from the mixture model MLBDs. The random samples for the simulation are obtained in the following step.



	
Start generating one variable u from the   U ( 0 , 1 )   distribution using (runif) in R.



	
If   u ≤ δ ,   then we create a random variable from the first component (LBD with    ξ 1   ). If   u > δ  , we develop a random variable from the second component (LBD with    ξ 2   ).



	
Continue with (2) till we have the requisite sample of size n.



	
Using 1000 replications, keep repeating steps 1 to 4 again. Compute the MLEs, LSEs, and WLSEs for the 1000 samples; if     Θ ˜  j    for   j = 1 , 2 , … , 1000 ,   to acquire numerical outcomes for the simulation experiment, the statistical software R is employed. The following quantities are used to interpret the simulation results.










    B i a  s Θ   n  =  1  1000     ∑   j = 1   1000       Θ ˜  j  − Θ   ,     M S  E Θ   n  =  1  1000     ∑   j = 1   1000         Θ ˜  j  − Θ    2  ,     M R  E Θ   n  =  1  1000     ∑   j = 1   1000       Θ ˜  j  / Θ   .    



(22)







These quantitative metrics, such as the mean squared errors (MSEs) and mean relative errors (MREs), are utilized to evaluate the various methods of determining the ideal model under pre-ascertained possibilities (see, Zeng et al., [28]). If the forecasting models produce an asymptotically unbiased estimate, we can expect MSEs and biases to reach zero. MREs, in contrast, will be very close to one. Figure 6, Figure 7, Figure 8 and Figure 9 depict the simulation findings. These graphs show that the MLE technique approaches the optimum condition of biases, MSEs, and MREs quicker than other evaluation techniques for component parameters and weighted factors. As a direct consequence, the MLE method is superior to other methods for estimating the MLBD parameters.




5. Empirical Studies


The data set, called the trade share data set, takes into account the readings of the variable trade share in the well-known “Determinants of Economic Growth Data.” Up to 61 countries’ growth rates, as well as characteristics that may be associated with growth, are studied. As an online supplement to [29], the data are publicly available. In [30], scholars investigate this data set as well. The data on trade share is right-skewed or almost symmetrical and the value of excess kurtosis shows distribution is thin-tailed or close to platykurtic with a moderate standard deviation, as seen in Table 1.



We investigate this data set using a fitting strategy as our primary statistical study. The MLBDs distribution has been validated with the mixture of two unit-Lindley models [31] and a mixture of two log-X Lindley models [25] on a real-world data set to demonstrate its capabilities. As comparison criteria, the fitted distributions are compared by utilizing goodness-of-fit indicators such as AIC (Akaike information), CAIC (consistent Akaike information), the log likelihood (l (.)) value where l (.) represents the maximized score of the log-likelihood function, and BIC (Bayesian information). Table 2 displays the outcomes of the estimations, model adequacy measures, and data fitting statistics. It is worth noting that the MLBDs model produces the greatest log-likelihood value [32,33]. The optimal model for the data sets is one with the lowest values of these model adequacy metrics but the highest value of the log-likelihood function. Figure 10 combines boxplot and histograms to depict the quantile characteristics and layout of the data set. In addition, a strip chart for the data set is also shown in Figure 10. The strip chart produces one-dimensional scatter plots (also referred as dot plots) of the input data. When sample sizes are small, these plots are useful replacements for boxplots. The projections of the modelled CDF, SF, and P–P plots for the data set are also discussed in Figure 11 and Figure 12.



For this data, the estimated variance–covariance matrix   V c o v  .    of the MLBDs is given using


  V c o v     ξ ^  1  ,   ξ ^  2  ,  δ ^    =       5.014848 ×   10    − 4         − 6.373193  ×   10    − 7         − 6.668650  ×   10    − 7           − 6.373193  ×   10    − 7        7.298717 ×   10    − 3        8.452811 ×   10    − 5           − 6.668650  ×   10    − 7        8.452811 ×   10    − 5        2.687247 ×   10    − 4          .  



(23)







The estimated parameters maximize the log-likelihood function, as seen in Figure 11. With Mathematica 12, we estimate the roots with the help of the NMaximize function that invariably determines the global maximum, not the local maximum. We also confirmed these findings by plotting the log-likelihood function; as shown, the deep-pink dot indicates that the estimates are at their highest points across the curve.



Result Reveals from the Analysis of the Dataset


As a result, we can infer that the MLBDs model conforms better than the other contending models.



	
Table 2 reveals that the MLBDs distribution contains the lowest scores with the highest value of the log-likelihood function when compared to certain other distributions on all information metrics.



	
Furthermore, when the distribution is the MLBDs, the value of l (.) is the highest. As a result, we can conclude that MLBDs better fits the trade share dataset.



	
The PP plot in Figure 11 indicates that the proposed model is a good match and model for dataset.



	
The estimated CDF and SF of the model plots are shown in Figure 11 indicate that the proposed model is a good fit for data set.



	
The log-likelihood function has a global maximum root for the model parameters, as demonstrated in Figure 11.








6. Conclusions


We studied a mixture of two one-parameter log-Bilals (MLBDs) in this investigation utilizing three estimate methods: the MLE, LSE, and WLSE. Additionally, some additional statistical characteristics of the MLBDs model were noticed. A total of 1000 replications were used in a simulation investigation to evaluate and compare the effectiveness of the estimation methodologies. As a result, we revealed that when assessing the model’s unknown parameters, the MLE technique executed better than the alternatives in terms of accuracy and consistency. This innovative model has been applied in trade share data. The histogram, CDF, SF, and PP curves/plots are also useful for determining the best fit to confine datasets. We illustrated that the MLBDs model is appropriate and successful for data modelling, and that it performs better with the mixture of two unit-Lindley and two log-X Lindley using a real dataset. We may utilize the proposed model to model diverse real data sets in a variety of areas in the future, such as medical diagnosis, systems engineering, survival research, and so forth.
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Figure 1. The visualization of PDF of MLBDs (unimodal and bimodal cases) with specified parameters. 
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Figure 2. The visualization of HRF of the MLBDs model (unimodal and bimodal cases) with given parameters. 
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Figure 3. 3D profile of mean of MLBDs with rising   δ  . 
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Figure 4. 3D profile of mean of MLBDs with rising    ξ 1     and     ξ 2   . 
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Figure 5. 3D profile of variance of MLBDs with rising   δ ,  ξ 1     and     ξ 2   . 
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Figure 6. The visualization of the MC simulation investigations for Set a. 
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Figure 7. The visualization of the MC simulation investigations for Set b. 
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Figure 8. The visualization of the MC simulation investigations for Set c. 
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Figure 9. The visualization of the MC simulation investigations for Set e. 






Figure 9. The visualization of the MC simulation investigations for Set e.



[image: Axioms 12 00309 g009]







[image: Axioms 12 00309 g010 550] 





Figure 10. Histogram and box plot for the trade share dataset. 
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Figure 11. The visualization of the profile-likelihood functions for three parameters for real-life application and the P-P plot. 
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Figure 12. Estimated CDF and SF plots of MLBD for the trade share dataset. 
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Table 1. Descriptive analysis for the trade share dataset.
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	Data
	n
	Mean
	Median
	Standard Deviation
	Skewness
	Kurtosis
	Min
	Max





	I
	61
	0.5142
	0.5278
	0.1935
	0.0059
	−0.5304
	0.1405
	0.9794
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Table 2. Estimates (MLEs) and SEs, l (.), along with goodness-of-fit measures, associated with the model parameters, for the trade share dataset.
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	Distributions
	
	MLEs
	LL
	AIC
	BIC
	CAIC





	Mixture of two one-parameter log-Bilals (MLBDs)
	     ξ ^  1    
	0.02545
	13.26968
	−20.5394
	−14.2065
	−20.1183



	
	     ξ ^  2    
	0.91683
	
	
	
	



	
	  δ  
	0.01097
	
	
	
	



	Mixture of two one-parameter unit-Lindleys
	     ξ ^  1    
	0.04300
	12.94698
	−19.8940
	−13.5613
	−19.4729



	
	     ξ ^  2    
	1.04685
	
	
	
	



	
	  δ  
	0.01713
	
	
	
	



	Mixture of two one-parameter log-X Lindleys
	     ξ ^  1    
	0.00343
	2.7187
	0.562600
	6.89522
	0.98365



	
	     ξ ^  2    
	1.53000
	
	
	
	



	
	  δ  
	0.00621
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