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1. Introduction and Preliminaries

Fixed point theory is a vital branch of nonlinear analysis. It has also been used
extensively in the study of all kinds of scientific problems, such as fractional differen-
tial equations, stochastic operator theory, engineering mathematics, dynamical systems,
physics, computer science, models in economy and related areas (see [1,2]). One of the
most important results in fixed point theory is the Banach contraction principle [3], which
is used in metric spaces. Nowadays, with the indefatigable efforts of several generations,
it has been generalized to many other spaces, such as fuzzy metric space, Menger space,
b-metric space, probabilistic metric space and so on (see [2,4-12]). It is worth mentioning
that a generalization of this principle in the context of probabilistic metric spaces was per-
formed by Ciri¢ [13], where quasi-contractive mappings were introduced and the triangle
norm T,; was used. In recent years, the pioneering fixed point theorem of Sehgal and
Bharucha-Reid [14,15] is a strong incentive and motivation for the further development
of the principle on probabilistic metric spaces. There are plenty of papers (see [12,16-21])
motivated by the above results. On the other hand, the theory of probabilistic metric spaces
is the first area where the triangular norm plays a significant role. Therein, the concept
of triangle norm was first introduced by Menger in [22] by initiating it from the basic
triangle inequality. The original set of axioms is the content and core known today as
triangle conorms, and it is necessary to make some changes. Schweeizer and Sklar [23]
gave the final definition of triangular norms. In modern society, triangular norms have
been affirmed to be an important operation in several fields as well, such as fuzzy logic
theory, general measure theory, differential equation theory and so on.

Generally speaking, fixed point theorems in the framework of probabilistic metric
spaces are interesting for two reasons: how much we can “relax” the contractive condition
without “narrowing” the class of triangular norms too much, and vice versa. It is well-
known that when using the minimum triangular norm, the contractive condition is the
most “relaxed”. However, because the minimum triangular norm is the strongest, fixed
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point theorem with such a strong condition on the triangular norm is the least interesting.
In addition, most fixed point theorems that have been proven in metric spaces can be
“translated” to probabilistic metric spaces if the triangular norm minimum is used. That is
why it is a huge challenge for finding the “optimal relationship” between the contractive
condition and the choice of the triangular norm with a potential additional condition on
the probabilistic distribution function itself.

Based on the above statements, in this paper, we propose an additional condition
both on the metric itself and on the triangular norm in probabilistic metric spaces. Many
corollaries, examples and applications are also shown.

First of all, for the sake of readers, in what follows we recall some notions and
known results.

Definition 1 ([24]). The mapping T : [0, 1> — [0, 1] is a triangular norm if, for all a,b,c,d €
[0, 1], the following conditions are satisfied:

(m) ©(a, 1) = a;
(©2) ©(a, b) = (b, a);
(3)

)a>c,b>d=1(a,b)>1(c,d).
Basic examples of triangular norms are as follows:

Tm(a, b) = min{a, b}, 15(a, b) =a-b, 7y(a, b) = max{a+b—1, 0}.

In 1983, Schweizer and Sklar introduced the concept of triangular conorm as dual
operations to the triangular norm.

Definition 2 ([23]). The mapping { : [0, 1> — [0, 1] is a triangular conorm if, for all a,b,c €
[0, 1], the following conditions are satisfied:

(€1) C(a, b) = (b, a);
(€2) ¢(a, £(b, ) = £(C(a, b), c);
(¢3) C(a, b) < Z(a, c) forb < c.

The connection between triangular norm and triangular conorm is given by the
following result.

Proposition 1 ([24]). The function { : [0, 1]> — [0, 1] is a triangular conorm if and only if there
is a triangular norm T such that for each (a, b) € [0, 1)%,{(a, b)) =1 —t(1 —a, 1 —b).

The opposite statement is also true. Basic examples of triangular conorms are the
following ones:

Cm(a, b) = max{a, b}, {y(a, b) = a+b—ab, {;(a, b) = min{a +b, 1}.

Triangular norms of h-type (see [5]) represent a very important class, especially in the
theory of fixed point.

Definition 3. Let T be a triangular norm and t, : [0, 1] — [0, 1] a mapping defined in the
following way:

7(a) = t(a, a), ty41(a) = t(t(a), a), n € N, a € [0, 1].
A triangular norm T is h-type if the family {1, (a)},cn is equi-continuous at the point
a = 1, that is, if for every 6 € (0, 1) there exists p(6) € (0, 1) such that a > 1 — p(0) implies
Ty(a) > 1—6 foreveryn € N.

Using Definition 3, for every (a1, a3, ...,a,) € [0, 1], we have

T4 =ay, T4 = (T2 11al, an) = t(ay, ..., a,).
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Because the sequence {7 ,4;},cn is non-decreasing and bounded from below, we
obtain
00 3 n
Tioqa; = lim 774,
i=1"1 e 1=171

for every {a;};cn € [0, 1]. The analogous case could be applied to triangular conorms.

Proposition 2 ([11]). Let {a},en be a sequence in [0, 1] such that im a, = 1 and let the
n—oo

triangular norm T be h-type. Then,

lim 2 a; = lim t™°a,,; = 1.
oo I=RTL T T =1

For some families of triangular norms 7, there exists a sequence {a, },cy such that
lim a, = 1land lim t2° _a; = 1.
n—co n—oo =N

Definition 4 ([11]). The triangular norm T is called geometrically convergent if for some
ag € (0, 1), it satisfies '
lim 72, (1 —ap) = 1. (1)

n—oo

It is proved from [2] that (1) implies nlgn 72, (1 —a') = 1foreverya € (0, 1).

Proposition 3 ([11]). Let T be a triangular norm and ¢ : (0, 1] — [0, oo) a mapping. If, for some
5€(0,1)andalla € [0, 1], b € [1 -4, 1], the following is satisfied,

7(a, b) —7(a, )| < 9(b),

then for every sequence {a, },en in [0, 1] such that lim a, =1, the following implication is valid:
n—,oo

Y ¢(an) <o = lim 12, (a; —ay) = 0.
n=1

n—o0

Definition 5 ([11]). The triangular norm T is strict if it is continuous and strictly monotone, i.e., if
T(a,b) < t(a,c) whenever a,b,c € (0,1) and b < c.

A simple example of a strict triangle norm is T = T,.

Example 1. The Dombi, Aczél-Alsina and Sugeno—Weber families of triangular norms are defined
as follows:

74(a, b), A=0;
) Tm(a, b), A = oo;
W Py =g T e

Td(a/ b)/ A=0;
(ii) {4 (a, b) = { T (a, b), A = oo
e~ ((—log a)*+(~log b)A)l/A, A € (0, o).
T4(a, b), =-1;
(iii) 73" (a, b) = { Ty(a, b), A = oo
max(0, Hbﬁ%/\”b), A€ (-1, c0).

where t4(a, b) = Ty (a, b) if max(a, b) = 1 and t4(a, b) = 0, otherwise.

The following proposition is given in [11].
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Proposition 4. Let (T)?)AE(O,w)r (T/{qA)/\e(O,oo) and (Tgw)/\e(—l, o] be Dombi, Aczél-Alsina and
Sugeno—Weber families of triangular norms, respectively, and {a, },en a sequence in (0, 1] such
that 71lgn ay = 1. Then, the following equivalences hold:

(a) of;(lfa) < 00 = lim (77),a; = 1, where x € {D, AA};

i=1 n—oo
< . SWyeo - _
(b) El(l—ai) <oo<:>nh_r)ro10('r/\ )2 ai = 1.

Definition 6 ([5]). The continuous triangular norm t : [0, 1]> — [0, 1] is said to be an
Archimedean triangle norm if T(a, a) < a, for every a € (0, 1).

Theorem 1 ([11]). (@)  The function T : [0,1]2 — [0,1] is a continuous Archimedean triangular
norm if and only if there exists a continuous and strictly decreasing function a :[0,1] — [0, o0)
called an additive generator of T with a(1) = 0 and T(a,b) = a~!(min{a(a) +a(b),a(0)}),
foranya, b € [0,1].

(b)  The function T : [0,1]> — [0,1] is a continuous Archimedean triangular norm if and
only if there exists a continuous and strictly increasing function m :[0,1] — [0,1] called a
multiplicative generator of Twithm(1) = 1and T(a,b) = m~!(max{m(a) -m(b), m(0)}),
forany a, b € [0,1].

Remark 1. Triangular norm T is strict if and only if m(0) = 0.

Proposition 5 ([11]). Let T be a strict triangular norm with an additive generator a and the
corresponding multiplicative generator 0. Let {ay },en be a sequence in (0, 1) such that lgr1 ay, = 1.
n—oo

Then,

(a) lim Yo, ala) =0,

(b) hm HZ ,m(a) =1

hold if and only zfnlgr.}o T2, a; =1

Definition 7 ([23]). Let Q) be a nonempty set and A" be the set of all distribution functions.
Suppose that Fpy = Q x Q — AT is a mapping and Fpu(p, q) = fpq for each (p, q) €
Q x Q. The ordered pair (Q), Fpm) is called a probabilistic metric space if the following conditions
are satisfied:

(pmo) fpq(0) =0, forall p, g € C;

(pr1) fpq(t) = f p(t) forallp, q € Q, t >0;

(pma2) fpq(t) = gfandonly ifp=gqforallp,qeQ, t>0;

(pm3) fpq(t) = Land fo.(s) = Limply f,,(t +s) =1, forall p, q, v € Qandall t, s > 0.

Definition 8. Let (), Fpu) be a probabilistic metric space. The sequence {py}nen from Q) is
called a Cauchy sequence if for every t > 0 and w € (0, 1), there exists ny(t, w) € N such that
Fousm pu(t) > 1 —w, foreach n > ny(t, w) and each m € N.

If the probabilistic metric space (Q), Fpn) is such that every Cauchy sequence in () converges
to Q, then (Q), Fp) is called a complete space.

Definition 9. Let (Q), Fpn) be a probabilistic metric space and T a triangular norm. The or-
dered triple (Q), Fym, T) is called a generalized Menger probabilistic metric space if the following
inequality is satisfied:

(pmy) fpr(t+5) > T(fpq(t), far(s)) forall p, q, v € Qandallt, s > 0.
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Definition 10. If (Q0, Fpu, T) is a complete Menger probabilistic metric space with a continuous
triangular norm T, then Q) is called a Hausdorff topological space with topology induced by the
family (e, A)-environment

O={0p(e, A):pee>0,A1€(0,1)},

wherein

Remark 2. Ifsup t(a, a) = 1, then the family { O} defined on Q) is a metrizable topology.

a<l

One of the most important generalizations of probabilistic metric spaces is represented
by fuzzy metric space which was introduced by Kramosil and Michalek [25]. They defined
the notion of fuzzy metric space using the notion of a fuzzy number and gave a connection
between probabilistic metric spaces and fuzzy metric spaces.

The fuzzy number u is the mapping of u : R — [0, 1]. We say that the fuzzy number u
is normal if there exists fy € R such that u(ty) = 1, and it is convex if for each f1, t, € R
and for each p € [0, 1] the following is satisfied:

u(pty + (1 —p)tp) > min(u(ty), u(t)).

By £, we denote all fuzzy numbers that satisfy the condition that they are semi-
continuous, normal and convex from above, where

Et={u:uecé& ult)=0, forall t <0}

For the fuzzy number u, the a-cutting level is defined as follows, [u], = {t : t €
R, u(t) > a} (« € (0, 1]), where [a%, b*] is a nonempty closed interval if a*, b* € R and
semi-open interval (—co, b*], [a%, c0) if a* = —o0 or b* = +o0.

Let L, R : [0, 1] x [0, 1] — [0, 1] be symmetric, non-decreasing in both argument
functions, satisfying L(0, 0) = 0 and R(1, 1) = 1. Let Q be a nonempty set, d : Q> — £+ a
mapping satisfying for each a € (0, 1], and for (k, i) € Q?, one has

[d(k, i)]a = [Aalk, 1), pa(k, )] ,& € (0, 1].
Fuzzy metric space is defined as an ordered quadruple (Q), d, L, R) where d is the fuzzy
metric if the following conditions are satisfied:
(f1) d(k, i) = Ijp, <= k=1, foreachk, i€ ()
(f2) d(k, i) = d(i, k), foreachk,ic Q;
(faa) d(k, z)(s +t) > L(d(k, i)(s), d(i, z)(t)), whenever s < Aq(k, i), t < Aq(i, z) and
s+t <Ak, ,z), foreachk, i,z € O
(fap) d(k, z)(s+t) < R(d(k,i)(s), d(i, z)(t)), whenever s > Aq(k, i), t > A(i, z) and
s+t > Aq(k, z), foreachk, i,z € Q.
Every general Menger space (Q), Fpu, T) is also a fuzzy metric space (Q), d, L, R) if

. N 0, u< sup{s : Fk,i(s) = 0} = Uk,
Ak, 1){u) = { 1—Fei(u), u>ug.

The functions R and L are defined as follows:
L=0, R(a,b)=1—71t(1—a,1->)(a, be|0,1]).
If uh_r}rgo d(k, i)(u) =0 for everyk, i € Q),
then (Q, Fpm, T) is a Menger space, where 7(a, b) =1 —R(1 —a,1—b), foreacha, b €
[0, 1], and the mapping F, is defined by
) - 0, S<)\1(k, i),
fei(s) = { 1—d(k, i)(s), s> A(k i),

wherek, i € (), s € R.
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The following lemma from [10] gives the connection between fuzzy metric spaces and
probabilistic metric spaces.

Lemma 1. Let (Q), d, L, R) be a fuzzy metric space, v : [0, 1] — [0, 1] a continuous, monotonically
decreasing function such that v(1) = 0 and v(0) = 1 and d and R satisfy the following conditions:

(a) lem d(k, i)(s) = 0, foreach k, i € Q);

(b) R(a,1)=1,R(a, 0)=a,foreacha € [0, 1];
(¢) R isassociative.

Then, (Q, Fpm, T) is a generalized Menger space, where Fyn, and T are defined as follows:

1' _ 0, z'fs < /\1(k, i)/
f(k, i)(s) {Ul[d(k, i)(s)], ifs> Ak, i),

(a, b) = v [R(f(a), f(b))], (a,b € [0, 1))

As we know, one of the most important results from fixed point theory is Banach’s
contraction principle in metric spaces:

Each Banach g-contraction ¢ : M — M in the complete metric space (M, dy,) has a
unique fixed point.

Sehgal and Bharucha-Reid generalized the concept of the Banach g-contraction in the
framework of probabilistic metric spaces.

Definition 11 ([15]). Let (Q), Fpu) be a probabilistic metric space. The mapping & : Q0 — Q) is
said to be a probabilistic Banach g-contraction if there exists q € (0, 1) such that

fepea(t) = fog (%) ()

foreachp, g € Qandt > 0.

2. Main Results

Once more, we emphasize the fixed point theorem of Sehgal and Bharucha-Reid [15]
and its importance for fixed point investigations in the framework of probabilistic metric
spaces. In the rest of this paper, it is not necessary to suppose that a triangle norm is
Archimedean. It is a big challenge even today to find a weaker condition for the triangular
norm than the triangular norm minimum, so that the Banach g-contraction, as well as its
generalizations, are valid. In the following theorems, we give an additional condition that
enables this statement.

Theorem 2. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1and ¢ : Q) — Q) be a probabilistic Banach q-contraction such that for some
po € Q and some k > 0, it satisfies

1
90 froep(® =0(5), t> 1, ®
where 1 : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If the triangular
norm T satisfies the condition . o j
4 Tim 7,7 () = 1, @

where g € (0, 1), then there is a unique fixed point z such that z = lgr1 ¢"po.
n—oo

Proof. Let pg € () satisfy condition (3) and define a sequence p,+1 = {pn, n € Ny. Then,
by (2), we have

Fouion ) 2 foupas (%) > 2 f‘fPo,Po(qin)' t>0,neN.
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Next, it is necessary to prove that {¢"po},cn is a Cauchy sequence. Let § € (g,1).

Because the series ) &' is convergent, it follows that there exists 11(e) € N such that
i=1
ol .
Y 4" <e. Then, for each n > n; and m € N, one has

i:nl

o .
fé” por(:nerpO (8) Z fgn p0/§n+rnp0 ( Z 5l>
1=n

n+m—1

f@”Poé”*’”Po( i;n 5i)

Y]

> L(T( .. ”5 (fg"l?o/énﬂpo (&M, ... ,f§n+m—1p0,§n+mp0 (5n+m71))
(m—1)—times
5 pntm—1
> T(T T (fpolépo( }---zfpméPO(W))'

an
— q
(m—1)—times

Letg = < € (0,1), and then

SR

fenpoentmp (€) = T(T(...T (fpo,é‘rio (gln)""fpo,gpo (gnfml», n>ny, meN. (5)
—_—

(m—1)—times

By (3), there is G > 0 and k > 0 such that ¢(fp, ep, (t)) < G- tlk, t>1,ie., fpep,(t) >
p (G- tlk), t > 1. Concretely, for t = gln > 1, we have

Froiro (gi) >y 1 (G(¢")"), neN. (6)

Choose ny € N such that Gg" € [0, s), n > ny. Using (5) and (6) for n > max{ny, ny}
and m € N, it follows that

Ferporimpy(€) = T (T (971(G™), (G ), (G
N——

(m—1)—times

Let 5o be a constant such that G¢€%0 < ¢. Then, using (5) for n > max{ny, ny} and
m € N, we have

Fenssopgensotmg, (€) = T(T(.. (T (YT (GH0)), (1 (GFmotly) L (71 (G gFIsotm=ly)
(m—1)—times

> 12,9 (6)5)-

Based on the condition (4), we conclude that {¢" pg } ,en is a Cauchy sequence.
Letz = r}l—I)Iolo ¢"po. We want to show that z = ¢z. Using (2), we have

fépnéz(t) > fpuz (é)

Letting n — oo, we conclude that f, & () > féz,z(é), and so z = ¢z.
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Finally, we prove the uniqueness of fixed point. Indeed, suppose that there exists
v # z such that v = {v. Then, from (2), we have

t
fz,v(t) = f;‘z,év(t) > fz,v(a),
which follows thatz = v. O

Remark 3. In [26], the following statement was made: if condition (4) holds for some ¢y € (0,1),
then it holds for every ¢ € (0,1).

Remark 4. Theorem 2 follows via the following condition (which treats triangular norms and
distribution functions mutually),

nlgl;lo Tiﬁnfprr (tn) =1,
for every s-increasing sequence {t,} and every p,r € Q, instead of conditions (3) and (4). It seems
that condition (4) is more appropriate to deal with different types of triangular norms which is one
of the main goals of the current paper.

Let ¢(x) = 1 — x. It is easy to check that condition (3) holds for distribution functions of
half-normally or exponentially distributed random variables.

Example 2. Let QO = [0,1], {(p) = g, a>1, fpr(t)
and P(x) =1 — x. In view of

= preQt>0,1T="1
t—|—|p—r|p P

_ 1t > t
t+ﬁ|p_7’| t+q|p—r

t
fgp,ér(t> | = fp,r(a), p,r S Q, t > 0,

it follows that ¢ is a probabilistic Banach g-contraction with q € [%, 1).
Condition (3) is fulfilled because of

_ 14
lp(fp,ﬁp(t)) - ﬁtk-l-}? <

Let a; = ¥~ 1((¢)*) = 1 — (¢))*. Then, ofj (1 —a;) < oo, and because the following
i=1
equivalence holds,

[e0] [e9) [e9)
H”i>0‘:>y}§§on“i:“:>x(l_ai) < oo,
i=1 i=n i=1

we conclude that all conditions of the previous theorem are satisfied and hence p = 0 is the unique

fixed point of ¢.

Corollary 1. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1. Let § : Q) — Q) be a probabilistic Banach q-contraction such that for some
po € Q and some k > 0, it satisfies

P funen®=0(5), t>1,

where ¥ : [0, 1] — [0, s] is a continuous, decreasing function such that p(1) = 0. If ¢ : (0, 1] —
[0, 00) is a function such that for some & € (0, 1) the following is satisfied,

I7(a, b) — (a, 1)| < p(b), a € [0,1], be [1-4,1],
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and Z (P~ 1((cHF)) < oo, for some ¢ € (0, 1), then there is a unique fixed point z of mapping &

and z = hm Q’”po

Proof. Based on Proposition 3, condition Z o(p~1((cHH) < co implies lim 7 (g =

1, and hence all conditions of the prev1ous theorem are satisfied. [

The following corollary is a fuzzy metric version of Theorem 2.

Corollary 2. Let (Q), d, L, R) be a complete fuzzy metric space such that tlim d(p, r)(t) =
—» 00

0, p,r€Q, R(a,1)=1,a€[0,1], R(a,0) =a, a € [0, 1], and R is continuous at (0, 0).
Let ¢ : () — X be a probabilistic Banach g-contraction such that for some pg € Q) and some k > 0,

it satisfies .
d(PO/ gPO)(t) = O(t?)’ t>1.
If lim R ((c¥)') = 0 for ¢ € (0, 1), then there exists a unique fixed point z of & and

n
== Jim &

Proof. If we choose {(x) = 1 — x, together with Lemma 1, then all conditions of Theorem 2
are satisfied. The proof is completed. [

As it is pointed out, we deal with triangular norms via condition (4) and, therefore, in
the following corollaries it will be relaxed (or omitted). By Theorem 2 and Proposition 2, it
follows the subsequent corollary where the triangular norms of h-type are used.

Corollary 3. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = Land  : Q0 — Q) be a probabilistic Banach g-contraction such that for some
po € Q and some k > 0, it satisfies

1
o fpoep(t) = O(t—k), t>1,
where P : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If the triangular

norm T is of h-type, then there is a unique fixed point z of ¢ and z = nlglgo ¢"po.

So, in the previous corollary we deal with a triangular norm of h-type, while in the
next one T is a strict triangular norm. Note that, for example, T, is not strict, while 7,
and 75V are strict triangular norms.

Corollary 4. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1and the triangular norm 7 is strict with additive generator a (multiplicative

generator m). Let & : Q) — Q) be a probabilistic Banach g-contraction and ¢ : [0, 1] — [0, s] be
a continuous, decreasing function with (1) = 0 such that for some pg € Q) and some k > 0, it

satisfies 1
lIJ Ofpo,gpo(t) - O(g{), t > 1
If there exits ¢ € (0, 1) such that

- 1/ ivky g /(iKY —
fim ¥y (699 =0 (fim [Tm(y"((c)) = 1),
then there is a unique fixed point z of ¢ and z = liﬁm ¢"po.
n—oo

Proof. Using Proposition 5, we conclude that all conditions of Theorem 2 are satisfied. [J
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Further, different contractive conditions are suggested instead of the Banach g-contraction
under the same class of triangular norms. The following conditions introduced in Theorem 2
are used, with the contractive condition in the spirit of one suggested in [27].

Theorem 3. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1 and the mapping & : O — Q) satisfy the following contractive condition

fép,ér()>mm{fpr< )fgpp( )fgrr( )}, p,re, t>0, (7)

for some g € (0,1). Suppose that for some py € Q and some k > 0, condition (3) is satisfied, where

¢ : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If the triangular norm

T satisfies condition (4), then there is a unique fixed point z of mapping ¢ and z = li_r>n ¢"po.
n—oo

Proof. Take py € () determined in (3) and define a sequence p,11 = {pu, n € N. Then,
by (7), we have

an+1'Pn(t) > m {fpn Pn— 1( ) Spniipn (;)’fpn:prl*l (2) }, neN, t>0.

Since fp, 100 (t) > fpoir,pn ( ) > fp,i1pa () leads to a contradiction, then we conclude that

Fouion®) 2 fpupas (é) > 2 fpoxépo(qin)f neN, t>0.

Further, the proof that {¢" po},en is a Cauchy sequence is analogous as in Theorem 2
due to the conditions (3) and (4).
Letz = nlgn ¢"po. Suppose that z # ¢z. Using (7), we have

fr:pn,f;z(t) > min {fm,z(%)/fpnﬂ,pn (%)ng,z(%) }, neN, t>0.

Letting n — oo, we obtain a contradiction on account of f, ¢ (t) > fgz,z(g) > fre(t)
and so z = ¢z.

Finally, we prove the uniqueness of fixed point. To this end, suppose that there exists
v # z such that v = {v. Then, from (7), we have

fZ,U(t):fé’z,Cv()>m1n{fzv( )fzz( )fvz;( )}, t>0,

ie., fzp(f) > fzv(é) andsoz=v. O

,yl
Example 3. Let QO = [0,1], {(p) = g,fw(t) = e_‘pf, pr € Ot > 0,7 = 1, and
P(x) =1 — x. We need to check condition (7), i.e., the relation is written as

\p r\ _qlp=rl _ap q
e >m1n{e e 2te2t} p,reQ, t>0.

Due to the symmetric role of p and r without loss of generality, we suppose that p > r and
split the discussion into two cases, p > 2r and r < p < 2r.If p > 2r, we have

_lp=rl _qlp—
e 2 >e 1T ,t>0,

while for r < p < 2r, it follows that

e Z

and both inequalities are correct when q € [3,1).
Condition (3) is fulfilled because for arbitrary po € (0,1) and k > 0, one has

_n 1
P(fpogm(t) =1—e 2 < t>1.
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Let a; = v~ 1((c)*) = 1 — (¢")*. Then, OZO; (1 —a;) < oo, and because the following
i=1
equivalence holds,

¢ o0 o
[Joi>0= lim [Jai=1<= ) (1—4a;) < oo,
i=1 " i=1
we conclude that all conditions of Theorem 3 are satisfied and p = 0 is the unique fixed point of ¢.

Remark 5. Condition (7) could be extended with term f, gr( ) without changing the triangular

norm, but if we want to add the symmetric term fz, r( ) too, then the class of triangular norm
must be narrowed.

Theorem 4. Let (Q), Fpm, Tn) be a complete Menger probabilistic metric space such that
sup,_q T(a,a) = land & : Q — Q) be a mapping satisfying

fopar(®) 2 min {for (). fen (3) Sonr () feor (5) o (5) ®)

for some q € (0,1) and every p,r € Q, t > 0. Suppose that for some py € Q and some k > 0
condition (3) is satisfied, where ¢ : [0, 1] — [0, s] is a continuous, decreasing function such that
(1) = 0. Then, there is a unique fixed point z of § and z = lim &"po.

n—oo

Theorem 5. Let (O, Fpu, Tp) be a complete Menger probabilistic metric space such that
sup,., T(a,a) = land ¢ : QO — Q) be a mapping satisfying the following contractive condition,

fép,@r( ) >mln{fpr( ) fépp( ) fijrr( ) fpgr( ) fr,:jp(zqt)}/ )

for some q € (0,1) and every p,r € Q, t > 0. Suppose that for some py € Q and some k > 0
condition (3) is satisfied where 1 : [0, 1] — [0, s] is a continuous, decreasing function such that
(1) = 0. If the triangular norm T satisfies

R = D P
,}grgoi;(l P H((6)") < o,
where ¢ € (0, 1), then there is a unique fixed point z of § and z = ILm ¢"po.
n—oo

Theorem 6. Let (Q), Fpm, T) be a complete Menger probabilistic metric space such that
sup,_q T(a,a) = land & : QO — Q) be a mapping satisfying

feperl®) >mm{f,,,( G A C WA 3 e A 21 } 1)
q

é
fepr(5) < foer(5)

for some q € (0,1) and every p,r € Q, t > 0. Suppose that for some py € Q and some k > 0
condition (3) is satisfied, where ¢ : [0, 1] — [0, s] is a continuous, decreasing function such that
(1) = 0. If the triangular norm T satisfies (4), then there is a unique fixed point z of ¢ and
= fim 2

Proof. Let pg € Q) satisfy condition (3) and let p,,41 = {pu, n € N. By (10),forn € N, ¢t > 0,
we have

— t
Spnirpa(t) 2 min{fpn,pn1(;)'fpn+1,pn(;) Spupu- 1( ) fon, Pn(;)lz fpfj?;l'pj(lt()q> },
ni1Pn-1\g

which implies that



Axioms 2023, 12, 660

12 of 16

t t
anH,Pnt 2 an,an (6) Ze 2 fpo,(;'po (q?), ne N, t> 0.

Using conditions (3) and (4) as in Theorem 2, one could prove that {¢"po},en is a
Cauchy sequence.
Letz = nh_r}rolo ¢"po and suppose that z # ¢z. By (10), we arrive at

o020 o () () (1) D D)

for every n € Nand t > 0. If we take n — oo in the last inequality, it follows that

fz,@z( ) > mln{l 1 f@zz( ) fzéz( ) } :féz,z<$) >fz,§z(t)/

thatis, z = ¢z.
Finally, we start to prove the uniqueness of fixed point. As a matter of fact, suppose
that there exists v # z such that v = ¢v. By (7), we obtain

fz,v(t):fgz,gv()>mln{fzv< )fzz( )fvv( )fzv( ) le(t)}_fz,v(;),t>0/
q

which means thatz = v. O

Corollary 5. Let (Q0, Fpm, (T4 ) re(0,00)) be a complete Menger probabilistic metric space such that
sup,_q Tx(a,a) = Land § : O — Q) be a probabilistic Banach g-contraction, where x € {D, AA}.
Suppose that, for some py € Q and some k > 0, condition (3) is satisfied, where  : [0, 1] — [0, s]

is a continuous, decreasing function such that (1) = 0. If E (1— ¢~ 1((cF))) converges for
i=1
€ (0,1), then there is a unique fixed point z of { such that z = lim &"po.
n—oo

Proof. Let ¢ € (0,1) and A € (0, o). By Proposition 4, ¥ (1 — ¢~1((¢F)}))* < oo and
i=1

}111_13010 ()2, 91 ((¢")") = 1 are equivalent, and then the assertion holds by Theorem 2. [

Remark 6. If (x) = ¢~ 1(x) = 1 — x, then the series Z (1—yp~ Y )) = § (¢')* converges

i=1

to ¢ € (0,1) and the condition could be omitted by Corollary 5.

Theorem 7. Let (Q), Fpm, T) be a complete Menger probabilistic metric space such that
sup,q T(a,a) = 1and § : QO — Q) be a probabilistic Banach q-contraction such that for some
po € Q) and some k > 0, it satisfies

Yo frogp(t) = O((gé))k), t>1, (11)

where ¥ : [0, 1] — [0, s] is a continuous, decreasing function such that {(1) = 0, and g :
(0,00) — R is a function such that g(x) + g(y) = g(x - y). If, for some Q > 0, the triangular
norm T satisfies

lim %, qu(g) —1, (12)

n—oo

then there is a unique fixed point z of ¢ such that z = lgn ¢"po.
n—oo

Proof. Lety € (g, 1) and d = % Then, 6 € (g, 1) and of: ' < 0. So, for some ny = ny(e) €
i=1

oo .
N, we obtain ) ¢' <e.

i=ny
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Take pg € Q) such that (11) is fulfilled and, similar as in the proof of Theorem 2, for
n > n1, m € N, one has

ferpognmpo(€) 2 fenpo gnempy ( 2 (si)
1=n

n+m-1

> fopoironm ( En 5)

+1 +m—1
> T(T(. T (fé"r?o,@'"“po (5”), fcn+1polgn+2p0 ((571 ), . ,f§n+m—1p0/fn+mp0(5n m ))
(m—1)—times

(o i () e )i )
(m—1)—times

By (11), there exists M > 0 such that

Spoipo(t) = w‘l((gé\f))k), E>1,
Lett = Vln > 1. Because g(t") = ng(t), n € N, for Q = (g(l\f))k > 0, we have that
fPorCPo(Vln> > lpl(nk(g]\(/ill))k) = llfl (%), n € N.
Now,
QY oy Q . 0
f@"PO/CHmPO(S) > T(T(... (T (¢ 1(nk)’ P 1<(n +1)k>’ i 1((n e 1)k))

forn > ng(e, A). So, {&"po}nen is a Cauchy sequence.

Because ¢ is a probabilistic Banach g-contraction (and consequently it is a continuous
mapping), analogous as in the proof of Theorem 2, it follows that ¢ exists a unique fixed
point z = nlglc}o ¢"po. O

Remark 7. If we take that g(x) = In x, then by Theorem 7 we obtain Theorem 3 from [26].
Corollary 6. Let (Q, Fpm, (T3") Ae(—1,00]) be a complete Menger probabilistic metric space such

that sup,_q Ty (a,a) = Land ¢ : QO — Q) be a probabilistic Banach q-contraction such that, for
some po € Q) and some k > 0, it satisfies

#Umin() = 0o ) 2> 11> 1

(o]
where ¥ : [0, 1] — [0, s| is a continuous, decreasing function such that (1) = 0. If Y- (1 —
i=1

1/)‘1(%)) converges for some Q > 0, then there is a unique fixed point z of ¢ such that
z = lim ¢"pp.
n—oo
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[e0]
Proof. Let T = T;". By Proposition 4, '21(1 - lp’l(igk)) is equivalent to
i=

lim (T5W)® (1[)‘1(%)) =1, and hence the assertion follows by Theorem 7. [

n—co 1=n

o0 o
Remark 8. If ¢(x) = 1 — x, then the series y_ (1 — gb_l(%)) =Y ,Qk converges when k > 1, so
i= i=1
it is unnecessary to impose the condition in the previous corollary.

3. Applications to Decomposable Measures

The following definitions are given in [11]. Let A be the c-algebra of subsets of the
given set (). The classical measure is a set function m : A — [0, +-o0] such that m(@) = 0 and

m (U Ai) = Z m(A,-),

i=1 i=1
for each sequence {A;};cn of mutually disjoint sets from A. In the special case when
m: A—[0,1] and m(Q) = 1, m is a probability measure and is marked with P.

Definition 12. Let ¢ be a triangular conorm. We say that the {-decomposable measure m is a set
function m : A — [0,1] such that m(@) = 0and m(AU B) = {(m(A), m(B)), where A,B € A
and ANB = Q.

Definition 13. Let { be a left continuous triangular conorm. The collective functionm : A — [0,1]
is a {-decomposable measure if m(@D) = 0 and

i=1
for each sequence{ A;}icn from A whose elements are mutually disjoint gatherings.

The set function from the previous example is a 0-{;-decomposable measure. We say
that a {-decomposable measure m is monotone if for A,B € A, A C B implies
m(A) < m(B). A measure m is an (NSA)-type if and only if s o m is a finite additive
measure, where s is an additive generator for the triangular conorm ¢, which is continuous,
not strict, Archimedean and in relation to which m is decomposable (s(I) = 1).

Proposition 6 ([11]). Let (Q), A, m) be a measurable space, where m is a continuous, {-decomposable
measure (NSA)-type with a monotonically increasing generator s. Then, ({, Fpm, T) is a Menger
space, where Fpy, and the triangular norm T are defined as follows:

(Fpm(f(, Y) = fry i fry() =m{w, w €, d(X(w),Y(w)) <u}, X,Yel uek,
and t(a, b) = s~ (max(0,s(a) +s(b) — 1)), a,b € [0,1].

The following is a straightforward application of Theorem 2 to a decomposable
measure.

Corollary 7. Let (Q), A, m) be a measurable space, where m is a continuous, s-decomposable
measure (NSA)-type with monotone increasing additive generator s. Let (M, d) be a complete,
separable metric space and ¢ : (0 x M — M be a continuous random operator such that for some
g € (0, 1), it satisfies

m({w]w e Q, d(f X(w), fY(w)) <u}) = m{w|w e Q, dX(w), Y(w)) < g})
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for all measurable mappings X, Y : QO — M and each u > 0. If there is a measurable mapping
U : Q) — M such that for some k > 0, it satisfies

P(m(d(T, E0) < 1)) = o(tlk), F>1,

where ¢ : [0, 1] — [0, b] (b > 0) is a continuous, decreasing function such that (1) = 0 and the
triangular norm T defined by

(1, v) = s 1(max(0, s(u) +s(v) — 1)), u, v € [0,1]

satisfies the condition HIEI(}O 2 9 1((¢M)) =1, ¢ € (0, 1), then there is a random fixed point for
the operator ¢.

Remark 9. Let (Q, A, m), (M, d) and g be the same as in Corollary 7 for some t-conorm 3",
A € (=1, o), where 03" is a Sugeno—Weber family of t-conorms as follows:

o™ (a, b) = owm(a, b), if A = coand 03" (a, b) = min(1, a + b+ Aab), if A € (—1, o).

Put &(x) = 1 — x. Because the triangular norm 73", A € (—1, c0) is geometrically convergent, it
implies the existence of the random fixed point of the random operator § : QO x M — M.

4. Conclusions

For more than a century, fixed point theory has widespread and significant applications
in many fields at the core of many branches of pure and applied mathematics, including
convex analysis, variational analysis, nonlinear ordinary and partial differential equations,
critical point theory, nonlinear optimization, fractional calculus and so on. It is known
that plenty of problems caused by the real world are often due to seeking to find a fixed
point and then using different mathematical techniques. In this work, a technique is
furnished, based on nontrivial results in generalized Menger probabilistic metric spaces.
We establish several fixed point theorems with illustrative examples in the framework of
such spaces. We make a conclusion that our results in this paper generalize and improve
many known results in the existing literature. Additionally, we apply our results to cope
with the decomposable measures. We make sure that the idea of further elaborating our
method, which is presented throughout this paper, is quite important and can be applied to
probability theory and nonlinear fractional differential equations in the upcoming future.
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