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Abstract: In this paper, we consider some relations related to the representations of starlike and
convex functions, and obtain some sufficient conditions for starlike and convex functions by using
the theory of differential subordination. Actually, we generalize a result by Suffridge for analytic
functions with missing coefficients and then we apply that generalization for obtaining the different
methods to the implications of starlike or convex functions. Our results generalize and improve the
previous results in the literature.
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1. Introduction

check for We let H denote the class of analytic functions in the open unit disk U = {z € C :
updates |z| < 1} and define
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where 7 is a positive integer number, 2 € C and B € C are fixed numbers. Moreover
we assume

App ={f €H: f(z) =2+ b" +a,12"2 + ...},

where 7 is a positive integer number and b € C is a fixed number. In addition, we set
Ajp = Ap. Assume f and g be in H. We say that the function f is subordinate to g, denoted
by f < g, if there exists an analytic function w in U, with w(0) = 0 and |w(z)| < |z] < 1,
such that f(z) = g(w(z)). Moreover, if ¢ is an univalent function in U, then f < g if and
only if f(0) =0and f(U) C g(U).

By considering the function
as follows:

Let f € Aand —1 < B < A < 1. Then it is said that f € S*[A, B] if and only if

1+ Az
1+Bz”

we can generalize the class of starlike functions

zf'(z) 1+ Az
f(z) = 1+ Bz

(z € U). 1)
Through (1), it can be easily observed that %igj with —1 < B < A < 1 maps the
open unit disc U onto the open disc with the center C = (1 — AB) /(1 — B?) and the radius

R = (A= B)/(1-B?). Thus, forall f € S*[A, B], the relation 1= < %2 < 124

holds and hence S*[A,B] C S*(1=4). Moreover for the different values of A and B,
other types of the class A such as the class §*[1, —1], which is equivalent to the class S*,
also for 0 < zx < 1, the class S*[1 — 2a, —1] which is equivalent to 5*(a) and S*[«, 0] =

{f cA: - 1‘ < a} are obtained.

The theory of differential subordination has a key role in the study of geometric
function theory. In 1935 Goluzin []] considered the subordination zp'(z) < h(z) and proved
that if /1 is convex then p(z) fo t)t~1dt. Furthermore, in 1970 Suffridge [2]
showed that Goluzin’s result is true 1f his starhke Moreover, Miller and Mocanu by writing
many research papers in this direction extended the concept of differential subordination
(see for example [3] and references therein). Further, many authors have recently using
different combinations of the representations of starlike and convex functions have obtained
the simple conditions for starlikeness and convexity of analytic functions. In [4], Silverman
gained the results for analytic functions including the terms as the quotient of the analytic
representations of convex and starlike functions. For instance, Silverman proved that

GbCS*( )where0<b§1and

Gy=<feA: ) -1/ <bzeUj;.

1+v1+8b

o
fz)

Next, Obradovic and Tuneski [5], in view of ; +b > e m, improved the work

of Silverman. Indeed, they established G, C S* (175 +b) C S*(m> for0 < b <1

Nunokawa et al. [6], by applying the Silverman’s quotient function [4], proved that f could
be strongly starlike, strongly convex or starlike in U. In [7-10], the authors have studied
some conditions for the analytic functions to belong to the class S*[A, B]. In [11], some
results related to the above discussion, with respect to n-symmetric points of functions,
have been given. Inspired by [9,10], in this paper, we will extend and improve some results
obtained in [9,10] and then we will determine some conditions which by means of them, a
function belongs to the class S*[A, B].

The contents of this article are regulated as follows: In Section 3, initially, we will prove
a theorem that is the extension of a little change to the Suffridge theorem [3]. Next, we bring
some applications of this theorem as the main results, making the functions be in the class
S*[A, B]. These results extend and improve some results in [10]. In Section 4, we intend
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to bring some sufficient conditions for starlikeness of analytic functions. We also produce
the functions belonging to the class S*[A, B] by considering other conditions, and so we
include some corollaries from the result acquired. Furthermore, these results extend and
improve some results in [9]. Moreover, Suffridge’s result is used in recent investigations
like [12-15]. Note that some results related to this article for analytic functions with fixed
initial coefficients are also mentioned.

In the continuation of the argument, in order to prove the main results, we require to
remind a definition and two basic lemmas:

Definition 1. (see [3]) Let Q denote the set of functions q that are analytic and injective on
U\E(q), where

E(g) := {§ € dU: lgII%q(Z) = oo},
and are such that q'({) # 0 for { € dU\E(q).

Lemma 1. (see [3]) Let g € Q with q(0) = a, and let p(z) = a + a,z" + ... be analytic in U
with p(z) # a and n > 1. If p is not subordinate to q, then there exist points zg = roe’® € U and
Co € OU\E(q), and an m > n > 1 for which p(U,,) C q(U),

(i) p(z0) = q(Zo),
(it) zop'(z0) = mgoq' (Zo), and

zop” (20) 209" (o)
(i) Re{1+ A} > mone{1 4 S

Lemma 2. (see [16]) Let g € Q with q(0) = aand p € H.[a, n] with p(z) # a. If there exist a
point zy € U such that p(zg) € q(oU) and p({z : |z| < |zo|}) C q(U), then

zop' (20) = mZoq'(Co)

and

where g~ (p(z0)) = o = €% and

2. Main Results
First, we mention a lemma which is slightly different from the original one, ([3], Th 3.4 h).

Lemma 3. Let q be univalent in U and functions 6 and ¢ be analytic in a domain D containing
q(U) and ¢(z) # 0 for z € q(U). Moreover, let

(i) Q(z) = zq'(z)¢p[gq(z)] be starlike and

(ii) me(f;[[g((j))]]) > 0.

If p € Hgla,n], with p(0) = q(0), p(U) C D and
0lp(2)] +zp'(2)9lp(2)] < 6lq(2)] + nzq'(2)9la(2)], @
then p < g and p(z) = q(z") is the best dominant.

Proof. Let us define (z) = 0[q(z)] + nzq'(z)¢p[g(z)]. It easy to verify that the conditions
(i) and (ii) imply that & is close-to-convex and hence univalent in U. Now using the
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same argument as the proof of ([3], Th 3.4h), we get our result and we omit the details of
the proof. O

By considering 0(z) = 0 in Lemma 3, we extend a little change of the Suffridge
theorem [3] as follows:

Corollary 1. Let g be univalent in U and q(0) = a. Moreover, let ¢ be analytic in a domain D
containing q(U) and let p € Hla, n]. If zq'(2)$p[q(z)] is starlike in U, then

zp'(2)¢p(2)] < nz4'(2)9la(z)] = p(z) < q(2). ®)
and q is the best (a, n)-dominant.

Using the same argument of Lemma 3 and applying Lemma 1, we obtain the following
theorem, and we omit its proof:

Theorem 1. Let q be univalent in U and q(0) = a. Furthermore, let ¢ be analytic in a domain D
containing q(U) and let p € Hgla,n] with 0 < B < |q'(0)|. If zq'(z)¢[q(2)] is starlike in U, then

P Eolp@)] < (n+ {LOL=E ) Gola@)] = ) <q(a)

By putting ¢ = 1 in Lemma 3 and Theorem 1, we reach to the following corollaries:
Corollary 2. Let q be convex univalent in U with q(0) = a. If p € H[a, n] and
zp'(z) < nzq'(z) = h(z),
then p < q.

Corollary 3. Let q be convex univalent in U with q(0) = a. If p € Hgla,n] with0 < p <
19'(0)| and

zp'(z) < (n + W)zq’(z) = h(z),
then p < q.

Corollary 4. Let p € H[1,n]. Suppose that A and B are real numbers with —1 < B < A < 1. If

zp'(z) , (A-B)z
4
) I Az @
then p < 142,
Proof. Let us define g(z) = ﬁ and q(z) = %iizz A simple computation and (4) yield
/ (B—A)z _ /
zg'(z) < n(l TAzE nzq'(z).

On the other hand, ¢ is convex in U with g(0) = 1, consequently by applying Corol-

lary 2, we deduce that % < 1382 and hence p < 142, O

By applying the same argument as Corollary 4, and using Corollary 3 we have:
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Corollary 5. Let p € Hﬁ[l, n], and A and B be real numbers with —1 < B < A < 1and

B-A<LBEL0.]
f d zp'(z) A—B+pB\ (A—B)z
<<n+A—B—ﬁ>0+A@T

1+Az

then p < 1552

Setting p(z) = ZJJ:;S) in Corollary 4, we obtain:

Corollary 6. Let f € A,,. Moreover, let A and B be real numbers with —1 < B < A < 1. If

2" (2)

I+ 50
O
6

(A—B)z

1m0
S A

'(2) < 14Az

then = B T+Bz"

Setting p(z) = ZJ{QS) in Corollary 5, we obtain:

Corollary 7. Let f € A, , and A and B be real numbers with —1 < B < A < 1and B;A
b<0.If

4 ) - -
T A—B+nb\ (A—B)z
B0 -<1+(n+A—B—nb (11 Az)2’

then }I(()) =< 111‘;3‘;

Putting A = 1 in Corollary 6, we get to the following corollary:

Corollary 8. Let f € A,,. Moreover, let B be a real number with —1 < B < 1. If

'), ()
e P GED)

forallt > 1+ @, we have

zf'(z) 1 1
f(z)_1+B’ v €Uk

Putting A = 1 in Corollary 7, we come to the following corollary:

Corollary 9. Let f € A,, . Moreover, let B be a real number with —1 < B < 1 and 3;1 <b<LO0.If

2f"(z) , ,2f'(2)
1+ 02) #tf() (zel)
forulltzl—k(n—i-% g*ZZ)( T B) then
zf'(z) 1 1
) _1+B’< v €U

Remark 1. Corollary 4, Corollary 6 and Corollary 8, respectively, extend and improve Lemma 2.2,
Theorem 2.3 and Corollary 2.4 in [10].



Axioms 2023, 12,743

60f 11

3. Further Results about Analytic Functions to Settle in the Class S*[A, B]
It is well known that for f € A, the condition |zf"(z)/f'(z)| < 2 is sufficient for

starlikeness of f. In this section, we will extend this result and will also try to bring other
sufficient conditions for starlikeness.

Theorem 2. Let A and B be real numbers with —1 < B < A < 1. Suppose that p € H[1, n] and
p(z) #0inU. If
zp'(z) (A=B)(n+1+ Az)z
1< ,
PE T (1+B2)(1+ Az)

then
1+ Az

14 Bz’

p(z) <

Proof. Let us define 0(z) =z —1, ¢(z) = L and q(z) = %ig; . For proving this theorem,

it is sufficient to show that the conditions of Lemma 3 hold. However, we note that the
condition (i) is equivalent to

zQ'(2)
R > 0,
Q@)
where Q(z) = %. Since
zQ'(z) < Bz Az > 1—|A]|B|
R =Rel1— — >0,
Q) ' 1Bz 1+4z) A+1A)A+B])

we attain the assertion of condition (i). On the other hand, from

/
9%(9 [q(z)]) :%e<1+BZ> -0,
¢la(z)] 1+ Az
we observe (ii). Moreover, the condition (2) is correct and consequently the proof
is completed. O

By putting A =1,B = —1and p(z) = Zﬁg) in Theorem 2 we obtain:

Corollary 10. Let O = {w = —1+ti : |t| > /n(n+2)} and f € A, with f - f' # 0in
0\{0). I )
$'G)

f'(z)
then f is starlike.
Proof. Let us define h(z) = % By some calculations, one can observe that /(e'*) =
-1+ %l However, the function g(#) := €St akes the the minimum value at

the point ty = cos_l(%) and so |g(t)| > |g(to)| = v/n(n+2). Hence, h maps unit disk
onto the complement of (3 and the proof is completed. [

By using Corollary 10, we have:

Corollary 11. Let f € A, with f - f' # 0in U\{0}. If

(i) Z}[;,((ZZ)) <n+1,or
(ii) ‘Jm(zjf,(iz)))’ < J/n(nt2),

then f is starlike and the result is sharp for the function f(z) = L2,

1-—z"
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By putting A =0, B= —1and p(z) = ZJ{;S) in Theorem 2, we obtain:

Corollary 12. Let f € A, with f - f' # 0in U\{0}. If

()23

then f is starlike of order 1/2 and the result is sharp for the function f(z) 1

= 1=z

We remark that Corollary 12 is the generalization of Marx-Strohhicker Theorem

(see [17]). By putting A =0,0 < b= —B < land p(z) = ZJJ:;S) in Theorem 2 we gain:

Corollary 13. Let 0 < b < 1,f € A, with f - f' # 0in U\{0}. If

zf"(z)  (n+1)b? (n+1)b
fi(z)  1—12 1—-02 "’
then £2) . )
o) 11| S 1o

and the result is sharp for the function f(z) = .

Theorem 3. Let f € A, with f - f' # 0in U\{0}. Moreover, let A and B be real numbers with
~1<B<A<O0.If

ZJ{,’;S) < N(A,B,n) z}{;iz)') (z € ), ®)
where
N(a,Bn) = BEPUERED,
then

zf'(z) 1+ Az
fz) “1+Bz

In particular, if

An+3)+ A%(n—1) - A3 -1
(n+2)+A(n—2) sB<Asy, ©)

then f is convex in U.

Proof. Let us define p(z) = ZJ;E?Z)) and ¢(z) = %Ifé It can be readily observed that

p € H[1,n] and g is convex univalent in U. We claim that p < g, otherwise there exist
points zy € Uand {y € 0U\E(g), and an m > n > 1 such that

p(z0) = q(Go) and  zop'(z0) = mZoq' (Zo)- )
With some calculations and so utilizing (5), one can obtain

|zp'(z) + p(z) — 1] < N(A, B,n) (z € U). 8)
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By letting (g = e't, where 0 < t < 27t and using (8), we have

p(z0) + z0p (z0) — 11> = [(o) + mZoq’ (Go) — 1|2
2

1 it

= —-="(B-A)(1 —_—

e )( +m1+Aelf)
:(A7B)Z(m+1)2+A2+2A(m+1)cost
(1+2Acost+ A%)2
Letting x = cos t and defining
(m+1)%+ A2+ 2A(m+1)x
= -1<x<1
8(%) (1+2Ax + A2)2 ;o (Hl=xs=])

we have

(m+1)2(m+1)—1) — A2(m —1) +2A(m + 1)x
(14+2Ax + A?)3

¢'(x) =-2A > 0. ©)

In view of (9) we deduce that g is an increasing function and takes its minimum at the
point —1. Hence

m _ 2
8(x) = g(=1) = ((1“%\)12)

for all —1 < x < 1. Therefore

Z(A_B)(n—l—l—A)

o) + 209/ (z0) 1] = (4 - 5) WL ey T

(1-A)?

which contradicts (8), and so this give the result. Since Z}(;S) =< ﬁgg, we have

ZJJ:;S) % (z € V). (10)
Now combining (5), (6) and (10), we have
2f"(z)|  (A—B)(n—A+1)1+A
@) | < —A72  1+B =V

and so f is convex. [

With the same approach as the previous theorem and by applying Lemma 1, we attain
the following theorem which we omit the proof of.

Theorem 4. Let f € A, with f - f' # 0in U\{0}. Moreover, let A and B be real numbers with
~1<B<A<0and0<b< 4B [f

2" (2) ENEILE
72) < N(A,B,n,b) ) ’ (z€U),
where
_ (A-B)[(A-B+bn)(n—A+1)+A—B— bn]
N(4,B,mb) = (1—A)2(A—B+nb) /
then

zf'(z) 1+ Az
f(2) “ 118z
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In particular, if b = % and

An+3)+A%(n—1) - A3 -1
(n+2)+ A(n—2) -

then f is convex in U.

By putting A = 0 and letting N(0,B,n) = (n +1)1>%, we obtain B = “-!, where

4 a7

N(A,B,n) is given in Theorem 4. Now let « > 0. Since —1 < B < A < 0, we have
% < & < 1. Hence we gain:

IN I

Corollary 14. Let f € A, with f - f' #0in U\{0} and J < a < 1. If

T <TG een
then £2)
f(z) = (1—a)z’
z2f"(2)

and f € S*(«). In particular, zf% < w, then

) < 1, and f is convex in U.
Remark 2. Theorem 4 and Corollary 14 extend and improve Theorem 1 and Corollary 1 in [9],
respectively.

By setting A =0,b = _TB and letting N (0, B, n, %) =(n+ 1)177”‘, we obtain B = "‘T_l,
where N(A, B,n,b) is given in Theorem 4. Now let « > 0. Since —1 < B < A < 0, we have
% < a < 1. So we obtain:

Corollary 15. Let f € A 1 with f - f' # 0in U\{0} and L <a<1If

Q)| _ el @]
e e B
then ()
zf'(z «
f(z) = (1—a)z’
zf"(2)

and f € S*(«). In particular, #% < a, then

ey | < 1, and f is convex in U.

Corollary 16. Let f € A be an odd function with f - f' # 0in U\{0}. If } < a < 1and

zf"(2) zf'(2)
f'(2) f(2)

then f € S*(«). In particular, if § < & <1, then Zf’”(iz))

3(1—uw)

(z e ),

< land f is convex in U.

Proof. Since f is odd function, we have f(z) = z + Yp° ; ag, 1225+

Corollary 15, the desired result is obtained. O

. Puttingn = 2 in

Example 1. Let f(z) = }sin Az with |A| < %. We know that f is an odd analytic function. On
the other hand, one can see that

f"(2)f(z)

(f'(2))?

= |tan® Az| < tan? |A| (z € U).
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Therefore making use of Corollary 16, if % <wa < land |A] < arctan < 30— a)) then
f € $*(a). In addition, if # < a < 1and |A| < arctan <\/3(10‘7_“)), then f is convex.
Finally we prove the following result:
Theorem 5. Let a > 45 and f € A, with f - f' # 0in U\{0}. If

=

then f is a starlike function.

<4
2

(z e ), (11)

(n+2) ‘1 + ZJ’:;S)

Proof. Let us define p(z) = Z]/:((j) and q(z) = 122, We will show that p < g. Suppose that
p is not subordinate to 4. Then from Lemma 1 there exist two points zyp € U and ¢y € 0U
such that p(zp) = q(go) and zop'(zo) = mloq’'(&o), where m > n. Thus, p(zg) = it with

t e Rand & = g (p(z0)) = ﬁll Furthermore with some calculations we find that

LD (o E)
i) ! (’“”p(z) 1)'

and so

1 — g2/ (20) 2 1—a(p(zo) + zop' (20) 1) 2

UCON I pC0)
1+ 2 G p(zo) +1

2
1—a(zt+m(1+t )i— 1)
it+1

- (1+ a)? + a2 (t + n42)2

- 1+ 12

T 4(1+ o)t + 402t + n2a?(1 + 12)?
N 4t2(1 + 12) '

If we denote

4(1 4 a)?x + 4a2x? + n?a?(1 + x)?
4x(1+x) ’

h(x) = a’n +

where x = t2, then it is easy to check that ///(x) < 0, then / is a decreasing function, Hence
h(x) > %(n +2)% and
1— ‘XZOfN(ZO)
f'(z0) E
e |~ 22
f(z0)

However, this contradicts (11). Hence the proof is completed. [

4. Conclusions

In this paper, we have proved a result similar to Suffridge’s theorem and given
some applications related to this result. Moreover, we have investigated some sufficient
conditions for starlikeness of analytic functions and functions that are in the class S*[A, B].
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