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Abstract: In this study, we obtained a system of eigenfunctions and eigenvalues for the mixed ho-
mogeneous Sturm-Liouville problem of a second-order differential equation containing a fractional
derivative operator. The fractional differentiation operator was considered according to two defi-
nitions: Gerasimov-Caputo and Riemann-Liouville-Visualizations of the system of eigenfunctions,
the biorthogonal system, and the distribution of eigenvalues on the real axis were presented. The
numerical behavior of eigenvalues was studied depending on the order of the fractional derivative
for both definitions of the fractional derivative.
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1. Introduction

Differential equations containing fractional derivatives are actively used in construct-
ing mathematical models for various phenomena and processes, followed by studying the
properties and behavior of the solutions of these equations. Such processes include research
on continuous media with memory, filtration of fluids in fractal geometries, physical aspects
of stochastic transport and diffusion, mathematical models of viscoelastic materials, models
of damped oscillations with fractional damping (e.g., vibrations of rock formations during
earthquakes or vibrations of nanoscale sensors), models of nonlocal physical processes and
fractal phenomena, climate models, and so on. For a long time, the encyclopedia of frac-
tional calculus was the monograph [1]. Currently, the most detailed publication, presenting
the fundamental theoretical principles of fractional calculus and various examples of its
practical applications, can be considered [2]. Monographs [3–9] are also devoted to the
application of differential equations with fractional derivatives in constructing models of
physical processes.

Especially intensively developed at present is the direction related to the use of differ-
ential equations containing fractional differentiation operators in constructing viscoelastic
models of solid bodies (for example, [10,11]). A detailed review of viscoelastic models with
fractional derivatives and their historical development is given in [12,13].

In addition to direct problems—the study of the properties of solutions of differen-
tial equations containing fractional derivatives—inverse problems are always relevant—
determining the type of equation that serves as the best mathematical model for the studied
process. In particular, the problem of selecting the order of the fractional derivative included
in differential equations used as rheological models is addressed in works [14–24].

2. Materials and Methods

Let us consider a differential equation containing a fractional-order operator used as
a model for viscoelasticity (a Linear Fractionally Damped Oscillator). Such an equation
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is used [25–30] for modeling the changes in deformational and strength characteristics of
various viscoelastic materials. This second-order equation contains a fractional derivative
of order less than two:

w′′ (t) + c Dα
otw(t) + λ w(t) = 0, t ∈ [0; T]. (1)

Here w(t) represents the displacement of a fixed point (construction material) at a
given time t;

T—end of the time period under consideration;
Dα

otw(t)—represents the Gerasimov-Caputo or Riemann-Liouville fractional differen-
tiation operator of order α.

c, λ, and α—constants. In [22], the following physical interpretation is proposed for
these constants:

c—represents the material’s viscosity modulus,
λ—represents the material’s stiffness modulus,
α—represents the viscoelasticity parameter of the material.
The fractional differentiation operators are defined as follows [31–33]. The left-sided

Gerasimov-Caputo fractional derivative:

GCDα
otw(t) =

{ 1
Γ(2−α)

∫ t
0 (t− τ)1−αw′′(τ)dτ, 1 < α < 2

1
Γ(1−α)

∫ t
0 (t− τ)−αw′(τ)dτ, 0 < α < 1

The left-sided Riemann-Liouville fractional derivative:

RLDα
otw(t) =

{
1

Γ(2−α)
d2

dt2

∫ t
0 (t− τ)1−αw(τ)dτ, 1 < α < 2

1
Γ(1−α)

d
dt

∫ t
0 (t− τ)−αw(τ)dτ, 0 < α < 1

Here Γ represents the Euler gamma function.
We will consider the behavior of a fixed point in a viscoelastic material subjected to an

impulsive load at the initial moment of time. Therefore, we impose the following mixed,
homogeneous boundary conditions:

w(0) = 0, w′(T) = 0, (2)

which means that the displacement of the point is zero at the initial moment of time, and it
is given an initial velocity upon impact. The velocity of the point becomes zero at the final
moment of time (at the moment of cessation of oscillation).

The solution to problems (1)–(2) with homogeneous first-type boundary conditions
(Dirichlet problem) is provided in [34].

The general solution of Equation (1) can be found, as in [35], by solving a second-order
Volterra equation using a sequence of recursive kernels and expressing it as a power series.

3. Results

The general solution of Equation (1) in the case of the Gerasimov-Caputo fractional
derivative, in the form of a power series, is given by:

GCw(t) = A

t− λt3

6 + ∑∞
n=1(−1)n+1 ∑n

k=0

(
n
k

)
ckλn+1−kt2n+3−kα

Γ(2n+4−kα)

+

+B

1− λt2

2 + ∑∞
n=1(−1)n+1 ∑ n

k=0

(
n
k

)
ckλn+1−kt2n+2−kα

Γ(2n+3−kα)


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Here
(

n
k

)
= n!

k!(n−k)! represents a binomial coefficient.

Using the boundary conditions, it follows: from the first that B = 0 and from the
second that the eigenvalues of the problems (1)–(2) are the zeros of the function ΛGC

α (λ):

ΛGC
α (λ) = 1− λT2

2
+ ∑ ∞

n=1(−1)n+1 ∑ n
k=0

(
n
k

)
ckλn+1−kT2n+2−kα

Γ(2n + 3− kα)
. (3)

Figure 1 shows the graph of the function ΛGC
α (λ) for various values of the fractional

derivative order with T = 1 and c = 0.2.

Axioms 2023, 12, x FOR PEER REVIEW 3 of 10 
 

Here ቀ𝑛𝑘ቁ = ௡!௞!(௡ି௞)! represents a binomial coefficient. 
Using the boundary conditions, it follows: from the first that 𝐵 = 0 and from the 

second that the eigenvalues of the problems (1)–(2) are the zeros of the function Λఈீ஼(𝜆): Λఈீ஼(𝜆) = 1 − ఒ்మଶ + ∑ (−1)௡ାଵ ∑ ቀ௡௞ቁ௖ೖఒ೙శభషೖ்మ೙శమషೖഀ୻(ଶ௡ାଷି௞ఈ)௡௞ୀ଴ஶ௡ୀଵ .  (3) 

Figure 1 shows the graph of the function Λఈீ஼(𝜆) for various values of the fractional 
derivative order with T = 1 and c = 0.2. 

 
Figure 1. Graphs of the function Λఈீ஼(𝜆) with T = 1 and c = 0.2 for α = 0.5, α = 1, and α = 1.5. 

Table 1 presents the first ten eigenvalues of the problems (1)–(2) for T = 1 and c = 0.2 
obtained through numerical simulation using MATLAB. 

Table 1. Eigenvalues of the problems (1)–(2) for T = 1 and c = 0.2 with various values of the fractional 
derivative order according to Gerasimov-Caputo. 

 𝝀𝟏 𝝀𝟐 𝝀𝟑 𝝀𝟒 𝝀𝟓 𝝀𝟔 𝝀𝟕 𝝀𝟖 𝝀𝟗 𝝀𝟏𝟎 𝛼 = 0.6 2.59 21.99 61.41 120.47 199.37 297.97 416.35 554.43 712.29 890.15 𝛼 = 0.9 2.65 22.27 61.67 120.81 199.69 298.31 416.69 554.79 712.63 890.37 𝛼 = 1.2 2.73 22.85 62.67 122.29 201.63 300.75 419.61 558.23 716.59 894.83 𝛼 = 1.5 2.81 23.87 65.05 126.41 207.77 309.17 430.55 571.91 733.21 914.29 

According to the values in Table 1, as the fractional derivative order increases, the 
eigenvalues increase slightly. The maximum relative deviation is observed in the second 
eigenvalue: max௞ୀଵ,ଵ଴തതതതതത ఒೖ(ఈୀଵ.ହ)ିఒೖ(ఈୀ଴.଺)ఒೖതതതത ∙ 100% = ఒమ(ఈୀଵ.ହ)ିఒమ(ఈୀ଴.଺)ఒమതതതത · 100% = 8.3%  

The system of eigenfunctions for the problems (1)–(2) with the Gerasimov-Caputo 
fractional derivative is given by: 𝑊௠ீ ஼(𝑡) = 𝑡 − ఒ೘௧య଺ + ∑ (−1)௡ାଵ ∑ ቀ௡௞ቁ௖ೖఒ೘೙శభషೖ௧మ೙శయషೖഀ୻(ଶ௡ାସି௞ఈ)௡௞ୀ଴ஶ௡ୀଵ , (4) 𝜆௠ represents the eigenvalues with 𝑚 = 1, 2, … 

Figure 1. Graphs of the function ΛGC
α (λ) with T = 1 and c = 0.2 for α = 0.5, α = 1, and α = 1.5.

Table 1 presents the first ten eigenvalues of the problems (1)–(2) for T = 1 and c = 0.2
obtained through numerical simulation using MATLAB.

Table 1. Eigenvalues of the problems (1)–(2) for T = 1 and c = 0.2 with various values of the fractional
derivative order according to Gerasimov-Caputo.

λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8 λ9 λ10

α = 0.6 2.59 21.99 61.41 120.47 199.37 297.97 416.35 554.43 712.29 890.15
α = 0.9 2.65 22.27 61.67 120.81 199.69 298.31 416.69 554.79 712.63 890.37
α = 1.2 2.73 22.85 62.67 122.29 201.63 300.75 419.61 558.23 716.59 894.83
α = 1.5 2.81 23.87 65.05 126.41 207.77 309.17 430.55 571.91 733.21 914.29

According to the values in Table 1, as the fractional derivative order increases, the
eigenvalues increase slightly. The maximum relative deviation is observed in the second
eigenvalue:

max
k=1,10

λk(α = 1.5)− λk(α = 0.6)
λk

·100% =
λ2(α = 1.5)− λ2(α = 0.6)

λ2
·100% = 8.3%

The system of eigenfunctions for the problems (1)–(2) with the Gerasimov-Caputo
fractional derivative is given by:

WGC
m (t) = t− λmt3

6
+ ∑ ∞

n=1(−1)n+1 ∑ n
k=0

(
n
k

)
ckλn+1−k

m t2n+3−kα

Γ(2n + 4− kα)
, (4)
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λm represents the eigenvalues with m = 1, 2, . . .
Thus, solutions to problem (1) satisfying boundary conditions (2) are found. That

is, we obtain the equations of motion of a fixed point of a viscoelastic body to which a
non-zero velocity is given at the initial moment (rest position) of time, and at the final
moment of time T, the velocity is zero.

Figure 2 illustrates the graphs of the first 6 eigenfunctions for the problems (1)–(2)
with a fractional derivative order of α = 1.2 according to Gerasimov-Caputo, with T = 1
and c = 0.2. The values of functions WGC

1 (t) ÷WGC
6 (t) were computed using numerical

simulation in MATLAB, where a partial sum of the series was taken instead of the full sum.
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Figure 2. Graphs of the first 6 eigenfunctions for the problems (1)–(2) with a fractional derivative
order of α = 1.2 according to Gerasimov-Caputo, with T = 1 and c = 0.2.

Figure 3 displays the graphs of the seventh eigenfunction for the problems (1)–(2) with
fractional derivative orders of α = 0.6 (solid line) and α = 1.5 (dashed line) according to
Gerasimov-Caputo, with T = 1 and c = 0.2. From the figure, it can be observed that the
eigenfunction corresponding to a higher fractional derivative order decays faster at local
maxima and minima. It is worth noting that similar conclusions hold for all the cases
studied by the authors with T = 1, c ∈ [0.1; 1.0], and α ∈ [0.1; 1.8].
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The system of eigenfunctions
{

WGC
m (t)

}
m=1,2,... is complete in L2, but not orthogo-

nal [34]. Let us construct a biorthogonal system for it using the approach from [36]. To obtain
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a biorthogonal system for the system
{

WGC
m (t)

}∞
m=1, we consider the adjoint equation to (1).

For this purpose, we examine the operator:

A( f ) = f ′′ + c·GCDα
ot f .

Then, the adjoint operator to A is denoted as A∗, such that:

〈A( f ), g〉 = 〈 f ,A∗(g)〉.

where the scalar product is defined as:

〈 f , g〉 =
∫ T

0
f (t)·g(t)dt

Assuming the functions f and g satisfy the boundary conditions (2), we have:

〈A( f ), g〉 = 〈 f ′′ + c·GCDα
ot f , g〉.

Using the self-adjointness of the repeated differentiation operator, we have:

〈 f ′′ , g〉 =
T∫

0

f ′′ (t)g(t)dt = f ′(t)g(t)
∣∣T
0 − f (t)g′(t)

∣∣T
0 +

T∫
0

f (t)g′′(t)dt = 〈 f , g′′〉.

The linearity of the fractional differentiation operator gives:

〈 f ′′ + c·GCDα
ot f , g〉 = 〈 f ′′ , g〉+ 〈c·GCDα

ot f , g〉 = 〈 f ′′ , g〉+ c·〈GCDα
ot f , g〉

By changing the integration limits in the double integral, we have

〈GCDα
ot f , g〉 = 1

Γ(2− α)

∫ T

0

{∫ T

τ
(t− τ)1−αg(t)dt

}
f ′′ (τ)dτ.

Let us denote:

U(τ) =
∫ T

τ
(t− τ)1−αg(t)dt,

then, using the boundary conditions,∫ T
0 U(τ) f ′′ (τ)dτ = U(τ) f ′(τ)|T0 −

∫ T
0 U′(τ) f ′(τ)dτ = U(0) f ′(0)−

−
{

U′(τ) f (τ)|T0 −
∫ T

0 U′′ (τ) f (τ)dτ
}
= U(0) f ′(0)−U′(T) f (T) +

∫ T
0 U′′ (τ) f (τ)dτ.

Furthermore, by using the relation between the right-sided fractional derivatives
according to Gerasimov-Caputo and Riemann-Liouville derivatives, we obtain:

U′′ (τ) = d2

dτ2

∫ T
τ (t− τ)1−αg(t)dt =

∫ T
τ (t− τ)1−αg′′(t)dt−

− g(T)τ−α

Γ(1−α)
− g′(T)τ1−α

Γ(2−α)
= GCDα

tT −
g(T)τ−α

Γ(1−α)
.

Therefore,

〈Dα
ox f , g〉 = 1

Γ(2−α)

{
U(0) f ′(0)−U′(T) f (T) +

∫ T
0 U′′ (τ) f (τ)dτ

}
=

= U(0) f ′(0)−U′(T) f (T)
Γ(2−α)

− g(T)
Γ(2−α)Γ(1−α)

∫ T
0 τ−α f (τ)dτ +

∫ T
0

GCDα
tT · f (τ)dτ

Thus, the adjoint operator takes the following form:

A∗(g) = g′′ + c·GCDα
tT .
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The adjoint boundary value problem on the interval t ∈ [0; T] for the Gerasimov-
Caputo fractional derivative definition of (1)–(2) is given by:

w̃′′(t) + c·GCDα
tTw̃(t) + λ·w̃(t) = 0, (5)

w̃′(0) = w̃(T) = 0. (6)

The general solution of Equation (5), obtained through the solution of the second-kind
Volterra equation using a sequence of recurrent kernels, is given by:

w̃(t) = A

(T − t)− λ(T−t)3

6 + ∑ ∞
n=1(−1)n+1 ∑ n

k=0

(
n
k

)
ckλn+1−k(T−t)2n+3−kα

Γ(2n+4−kα)

+

+B

1− λ(T−t)2

2 + ∑ ∞
n=1(−1)n+1 ∑ n

k=0

(
n
k

)
ckλn+1−k(T−t)2n+2−kα

Γ(2n+3−kα)

.

Substituting t = T and using (6), we have B = 0.
Differentiating the obtained series, we have:

w̃′(t) = A

−1 +
λ(T − t)2

2
+ ∑ ∞

n=1(−1)n ∑ n
k=0

(
n
k

)
ckλn+1−k(T − t)2n+2−kα

Γ(2n + 3− kα)

.

Next, we use the second boundary condition:

w′(0) = A

−1 +
λT2

2
+ ∑ ∞

n=1(−1)n ∑ n
k=0

(
n
k

)
ckλn+1−kT2n+2−kα

Γ(2n + 3− kα)

 = 0.

Hence, the eigenvalues coincide, and the eigenfunctions of the adjoint problem have
the form:

W̃GC
m (t) = (T − t)− λm(T − t)3

6
+∑ ∞

n=1(−1)n+1 ∑ n
k=0

(
n
k

)
ckλn+1−k

m (T − t)2n+3−kα

Γ(2n + 4− kα)
(7)

Figure 4 shows the graphs of
{

WGC
m (t)

}
m=1;4—the first four eigenfunctions of the

problems (1)–(2) in black, and the graphs of
{

W̃GC
m (t)

}
m=1;4

—the first four eigenfunctions

of the adjoint problem (5)–(6) in gray for the fractional derivative with order α = 1.2
according to Gerasimov-Caputo with T = 1 and c = 0.2.

To prove the orthogonality of the systems
{

WGC
m (t)

}
m=1;2;3;... and

{
W̃GC

m (t)
}

m=1;2;3;...

let us consider two eigenfunctions WGC
m , W̃GC

m and their corresponding (non-equal) eigen-
values λm, λk:

λm〈WGC
m , W̃GC

m 〉 = 〈λmWGC
m , W̃GC

m 〉 = 〈AWGC
m , W̃GC

m 〉 =
= 〈WGC

m ,A∗W̃GC
m 〉 = 〈WGC

m , λkW̃GC
m 〉 = λk〈WGC

m , W̃GC
m 〉.

Therefore, 〈WGC
m , W̃GC

m 〉 = 0 for any k 6= m, which means that W̃GC
m (x)—are the

functions from the system that are biorthogonal to the system
{

WGC
m (x)

}
m=1;2;3;....
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{

WGC
m (t)

}
m=1;4 (black) и

{
W̃GC

m (t)
}

m=1;4
(gray) for the fractional derivative

with order α = 1.2 according to Gerasimov-Caputo with T = 1 and c = 0.2.

The solution of problems (1)–(2) is given by:

w(t) = ∑ ∞
m=1 AmWGC

m (t).

The coefficients Am can be found using the standard approach, employing the inner
product in L2:

〈w, W̃GC
m 〉 = ∑∞

m=1 Am〈WGC
m , W̃GC

m 〉 =
{

Am〈WGC
m , W̃GC

m 〉, m = k
0, m 6= k

Am = 〈w,W̃GC
m 〉

〈WGC
m ,W̃GC

m 〉
.

Thus, we have the representation:

w(t) = ∑ ∞
m=1

〈w, W̃GC
m 〉

〈WGC
m , W̃GC

m 〉
WGC

m (t).

Similar calculations can be carried out if the fractional differentiation operator is defined
according to Riemann-Liouville. In this case, the eigenvalues are zeros of the function:

ΛRL
α (λ) = 1 + ∑ ∞

n=1(−1)n ∑ n
k=0

(
n
k

)
ckλn−kT2n−kα

Γ(2n + 1− kα)
.

Table 2 presents the first ten eigenvalues of the problem (1)–(2) for T = 1, c = 0.2, and
various values of the order of the fractional derivative according to Riemann-Liouville.

Table 2. Eigenvalues of problems (1)–(2) for T = 1, c = 0.2 at various values of the order of the
fractional derivative according to Riemann-Liouville.

λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8 λ9 λ10

α = 0.5 2.23 21.87 61.27 120.41 199.31 297.95 416.33 554.47 712.33 890.12
α = 1.0 2.27 22.01 61.49 120.71 199.67 298.37 416.81 554.97 712.89 890.73
α = 1.5 2.51 23.23 64.27 125.45 206.71 307.99 427.27 570.53 731.75 912.65
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According to the values in Table 2, as the order of the fractional derivative increases,
the eigenvalues slightly increase. The maximum relative deviation is observed in the first
eigenvalue:

max
k=1,10

λk(α = 1.5)− λk(α = 0.5)
λk

·100% =
λ1(α = 1.5)− λ1(α = 0.1)

λ1
·100% = 12%

It should be noted that according to the values from Tables 1 and 2, the eigenvalues
corresponding to different fractional differentiation operators with the same order of the
fractional derivative (specifically, α = 1.5) do not coincide. The maximum relative deviation
is observed in the first eigenvalue and amounts to 11%.

Next, the system of eigenfunctions of problems (1)–(2) in the case of defining the
fractional differentiation operator according to Riemann-Liouville takes the form:

WRL
m (t) = t + ∑ ∞

n=1(−1)n ∑ n
k=0

(
n
k

)
ckλn−k

m t2n+1−kα

Γ(2n + 2− kα)
,

In conclusion, let us consider the classical particular case: when α = 1, problems (1)–(2)
transform into Sturm-Liouville problems for a second-order equation containing the first
derivative:

w′′ (t) + c w′(t) + λ w(t) = 0; t ∈ [0; T], (8)

w(0) = 0; w′(T) = 0. (9)

The eigenvalues λn of problems (8)–(9) are zeros of the function:

Λ(λ) =

√
λ−

( c
2

)2
cos

(
T

√
λ−

( c
2

)2
)
− c

2
sin

(
T

√
λ−

( c
2

)2
)

. (10)

The eigenfunctions of problems (8)–(9) are given by:

wn(t) = e−
c
2 t sin

(
t

√
λn −

( c
2

)2
)

.

It should be noted that the eigenvalues calculated in the MATLAB software using
the function Λ(λ) for the values T = 1, c ∈ [0.1; 1.0] with a step of 0.1 coincide with the
eigenvalues calculated using the function ΛRL

1 (λ).

4. Discussion

In viscoelasticity models (see, for example, [37]), the quantity c
2 is referred to as the

coefficient of relative damping (over one period τn of the trigonometric component, the
natural logarithm of the eigenfunction decreases c

2 τn times ), c—is the coefficient of losses,

and
√

λn −
( c

2
)2—is the (circular) frequency of damped eigenoscillations (the quantity

divided by 2π is inversely proportional to the period τn of the trigonometric component
of the eigenfunction). When building mathematical models of viscoelasticity using the
apparatus of fractional differentiation, it is clear that both the damping coefficient and the
frequency of damped eigenoscillations should contain the order of the fractional derivative.
In our view, the relative damping depends on two parameters, c and α, and the frequency
of damped eigenoscillations on three parameters, λm (eigenvalues), c and α.Therefore, the
physical meaning of the coefficients in Equation (1) used in [22] appears to be justified by
the authors.



Axioms 2023, 12, 779 9 of 10

5. Conclusions

In this study, a mixed homogeneous Sturm-Liouville problem for a second-order differ-
ential equation containing a fractional differentiation operator was analyzed, considering
two definitions: Gerasimov-Caputo and Riemann-Liouville.

A system of eigenfunctions and eigenvalues for the considered mixed boundary value
problem was obtained.

A conjugate boundary value problem for the fractional derivative according to Gerasimov-
Caputo was constructed.

A system biorthogonal to the found system of eigenfunctions was constructed in the
case when the fractional derivative is defined according to Gerasimov-Caputo.

The numerical behavior of eigenvalues was studied depending on the order of the
fractional derivative for both definitions of the fractional derivative.

Visualizations of the system of eigenfunctions, the biorthogonal system, and the
distribution of eigenvalues on the real axis were presented.
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