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1. Introduction

Nonlinear integrable evolution equations are important in many application fields,
such as mathematics and theoretical physics. Deriving the nonlinear integrable evolution
equations is a key subject. Magri [1] proposed that integrable systems can be obtained
by applying Lax representation and zero curvature representation. Tu [2] found another
effective method to generate integrable hierarchies of equations and the corresponding
Hamiltonian structures. Ma [3,4] called this method the Tu scheme. By applying the Tu
scheme, many important isospectral integrable systems were obtained [5-12]. It is obvious
that non-isospectral equations play a significant role in mathematics and theoretical physics.
Ma [13] offered a universally applicable method of constructing Lax representations for
isospectral and non-isospectral hierarchies of evolution equations. In [14], he gave a sys-
tematic method to construct integrable systems from the zero curvature representation
non-isospectral flows associated with a given isospectral hierarchy of integrable systems.
By using the Lenard recursive scheme, Qiao [15] displayed the hierarchies of generalized
nonlinear evolution equations associated with the Harry-Dym spectral problem and con-
structed the corresponding generalized Lax representations by solving a key operator
equation. Based on the methods, a large number of non-isospectral integrable systems are
considered [16-18].

As we all know, integrable couplings originated from an investigation on soliton
equations and have received increasing attention. The authors in [19] constructed a suit-
able transformation of Lax pairs to obtain the integrable coupling of TD hierarchy, which
is called the direct method (see [20] for reference). Ma once provided a method to con-
struct integrable couplings associated with the non-semisimple Lie algebra, which has the
triangular block matrix form

My (my,my) = ( m 0 >,

mp 1

where m; and my are two arbitrary square matrices of the same order. By applying this
non-semi-simple Lie algebra, many isospectral or non-isospectral integrable couplings
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have been deduced [21-25]. Wang [26] extended the above non-semi-simple Lie algebra to
generalized non-semi-simple Lie algebra, which has the following form:

m Em
My(my,my) = ( m; m12 >,

where ¢ is a constant. The generalized non-semi-simple Lie algebra, which depends on ep-
silon in a non-trivial way, is applied to construct the integrable couplings of isospectral and
non-isopectral problems, the generalized integrable coupling of the MKdV isospectral prob-
lem and the Ablowitz-Kaup-Newell-Segur non-isopectral problem were constructed. Based
on generalized non-semi-simple Lie algebra, a series of integrable coupling systems were
obtained, such as two non-isospectral hierarchies of the Ablowitz-Kaup-Newell-Segur type
and Kaup-Newell type, non-isospectral generalized nonlinear Schrodinger hierarchies [27].
Motivated by the generalized non-semi-simple Lie algebra, a new non-semi-simple Lie
algebra that can extend the classical spectral problems to the multi-component spectral prob-
lems was determined. Wang [28] extended the integrable coupling MKdV isospectral and
Ablowitz-Kaup-Newell-Segur non-isospectral hierarchies to the N-dimensional isospectral
MKdV and non-isospectral Ablowitz-Kaup-Newell-Segur hierarchies. N-dimensional non-
isospectral KAV and non-isospectral generalized nonlinear Schrodinger hierarchies were
generated, respectively, in [27,29].

The rest of this papper is organized as follows. In Section 2, with the help of the simple
Lie algebra and the non-isospectral problem, we derive a non-isospectral TD hierarchy
from zero curvature equations, and the Bi-Hamiltonian structure is presented by making
use of the trace identity. In Section 3, using generalized non-semi-simple Lie algebra, by
considering the extended non-isospectral problem and solving the extended zero curvature
equation, the integrable coupling of a non-isospectral TD hierarchy is obtained. By applying
Z§ trace identity, we obtained the corresponding Bi-Hamiltonian structures. In Section 4, we
present a multi-component non-semi-simple Lie algebra that can be used to generate higher-
dimensional isospectral and non-isospectral integrable hierarchies. We consider the special
case of ¢ = 0 and derive the multi-component non-isospectral TD integrable coupling
hierarchy by solving the enlarged zero curvature equations, for which the Bi-Hamiltonian
structures are obtained. Section 5 provides the conclusions and discussions.

2. A Nonisospectral TD Integrable Hierarchy

Denote a simple Lie algebra, A, as follows:
A= span{hl, hz, ]’l3, h4}

The basis of Lie algebra can be constituted by the following matrices:

hlz(é 8) hz=<8 2) h3=<8 (1)) h4=<‘1’ 8) M

and this satisfies the commutator relations
[h1,ha] =0, [hy,hs3] = —[ho, h3] = h3, [h, hy] = —[ho, hy] = —hy, [h3,hy) = hy — hy,

where [a,b] = ab — ba,a,b € A.
We consider the 2 x 2 matrix spectral problem:

Yr =My, M= ( _Aq” 1 ) = — Al + Al + iy + q(hs + hy),
Yy =Ny, N = ( i;l _ba ) = —ahy + ahy + bhs + chy, 2)
Av=Y km(t)A7™,

m>0
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where ¢ = (1, ¢2)",u = (q,7)".
To derive a nonlinear integrable hierarchy, the following stationary zero curvature

equation needs to be solved

oM

By substituting M and N in (2) into (3), we obtain

ay =q(c—0b) — Ay,
by = —2bA + b — 2qa, 4)
Cx = 2cA —rc+2qa.

By assuminga = Y, agA~", b= ) buyA™",c= ), cuA™™, inserting them into (4), and
m>0 m>0 m>0
comparing the same powers of A, we have

Amx = q(cm - bm) - km(t)/
by = —2by 11 +1by — 2g9ay, (5)
Cmx = 2041 — YCm + 24am,

which leads to the following recurrence relations:
am = 9y H(qem — qbm) — km(t)x,
b1 = 5 (rby — by — 29a1), (6)
Cmi1l = E(rcm + Cmx — 2qam).
By taking the initial conditions
ay=-1, bp=0, c¢g=0 ky=0,
and imposing the integrable conditions
ailg=r=0 =0, bily==0=0, cilg==0=0, i>0,
{aj, bj,ci|li > 0} can be gained from the relations in (6). First, we list three sets as follows:
bi=9q, ca=q a=-k)x
b= gk (X + 30— 0), ¢ = gka(Ox + 20 +42), @ = 38~ ka(D),
by = kalt)x + 5 (rqx — ¥ — QK (8) + (20— e — () + ) — 47,
¢3 = qka(t)x + %(mx +xqx + ki () + %(rzq + 1 + (1g)x + ) — %ff,

_ 1
a3 =97 'q(xqx + q)kp (t) + 5”12 —ks(t)x,

Denoting
n n
N = Zo(am(—m ) AT 4 by ATT 4 g AT, A = Y R (A
m=

Then, (3) can be decomposed as

%—Z/\\/IAEQ =N+ [MNE] = = S2A 4 N

g _ [M, N(,”)] @)
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The gradations of the left-hand side of (7) are obtained as follows:

oM

deg I

AL >0, degN{” >0, deg([M N{"]) >0,

One can find that the minimum gradation of the left-hand side of (7) is zero. The maximum
gradation of the right-hand side of (7) has no choice but to be zero. Thus, we obtain the
following equation by taking the gradations of these terms to be zero:

OM  (n)

ﬁ/\t,-‘r -

n

N+ [MNE| = 26,4105 = 260511,

”

Then, we take the modified term A, = g~ !(b,11 + c,+1)h1 so that for N = N(f) + Ay
By solving the non-isospectral zero curvature equation

oM, oM

OV, (n) _ pq() ] —
S+ oA N +[M,N } 0,

we obtain the well-known non-isospectral TD hierarchy:

{ Gty = Cnr1 = bug1 = 47141 + kg1 (1)), 8)
rt, = 0[q 7 (cpsa + buy1)].

Here, we have used the first equation of (5).
The first nontrivial system in the hierarchy (8) is as follows:

2 = (x4 + k1 (6) + 3 (02 + (19)2),

) 9)
re, = 2ko(t) + (xrx + 1)k (t) + 5(r2 + 47 ax — 20°)s.
Set ki (t) = ko(t) = 0,t = 2f, and (9) reduces to
I, = 10+ (1), w0
1”[2 = (72 + qiqux - 2‘72)36/
which is the TD equation [2].
When n = 3, (8) becomes
1 1 5
Gt = (5%qrx + 1 + xrq ke (8) + (xqx + @)k2(t) + 7 (Fxx — 64792 +3r(r9)2),
1 1
rey = 2k3(t) + 0 (xry +1)ka(t) + a(ixq_qux + Exrz +q g, — 20" txggy — 207 1g2)ky (8) (1)

1 _ _
+ 1(7’3 + 3q 17’x‘7x + 37!] 1‘7xx + ey — 6q27')x-

Letky(t) = ka(t) = k3(t) = 0,r = 0,t = —4t,q = ig, (11) reduces to
Ty + e + 6070 = 0,
which is the MKdV equation.

Bi-Hamiltonian Structures

In this subsection, we apply the trace identity discussed in [2] to consider the Bi-
Hamiltonian structure of the nonlinear integrable hierarchy (8).
We calculate the following quantities:

oM oM oM
T —hy + hy, N = h3 + hy, 5 = hy,
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oM oM oM
tr(NaA> = —Zﬂ, tr(Naq> —b+C; tI'(Nar> =da.
Bearing in mind that the trace identity
5 oM d oM aM\\"
— — Jdx =A"T AT tr{ N— |, tr( N—
5u/tr<Na/\) * oA <r< 3 )r< E)r)> ’
we arrive at 3
) - b+c
I — T\
50 / 2adx = A 3 A)\ < . ) .
By comparing the coefficients of A~"~! in the above equation, we obtain
) b +c
(su/_zﬂer]dx_('Y_m)( mam " )
We figured out y = 0 via inserting m = 1 into the above equation. Thus, we have
0 [ amy2 1( b1+ comi O0Hp 11
— dx = = =—">, 12
oul mr1™ 2( P Su (12)

where Hy 11 = | f&”—j;fdx. A recurrence relationship is generated by a direct calculation,
as follows

( b1 + Corin ) _ L< b + e ) + Rk () + Roksa (1), m >0, (13)
Am+1 Gm

1 r g lo—4q 1/ og7! A
L_2<8_1q8 o~ 1ro > R‘z(a—lr » Ro=1 4 )

According to (12) and (13), the non-isospectral TD hierarchy (8) can be represented as the
following:

( q ) _ ( q_lgaan+1+kn+1(t)) ) _ ]< bpi1 + Cnta ) + Ryky41(t)

r a[q 1<bn+1 + Cn+1>] An+1

0H
=1 2] =5 + Rikysa (1)

where

6H
= I<2L (Sun + Rkn(t) + Rokn+1(t)) + R]kn+1(i’)

5Hﬂ
ou

(PR ) 3 IR + ok (1) + Rauia ),
i=0

—=: Q=" + JRkn(t) 4+ (JRo + Ry )kp11(t)

with R; and the Hamiltonian operators | and Q as follows:

-1 -1 -1
(9 B 0 g o B 0 q—ro
= (Y ) 1= (o T )@= (o s )

3. An Integrable Coupling of the TD Non-Isospectral Hierarchy

Similar to [26], in terms of the definition of Lie algebra, the Lie algebra A can be
enlarged into a higher-dimensional Lie algebra.
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The enlarged Lie algebra A1, = span{/;}?_, has the following basis:

1 0 0O 00 0O

-~ hy O 0 00O -~ h, O 01 00
hl: = , I’l2: = ’

(Ohl) 0010 <0h2) 0000

0 00O 00 01

01 00 0 0 0O

E_(h3 0>_ 0000 E_(h40>_ 1000
57 \Vo0 k) 000 1| ™ 0 hy 0000 |
00 00 0010

0 0 ¢ O 00 00O

-~ 0 emn 0 00O -~ 0 ehy 0 0 0 ¢
h5: = ,h6= ’
<h10><1000 <h20> 0000
00 00O 01 00

0 0 0 e 00 00O

E—(O £h3)_ 0000) E_(o £h4> 00 ¢ 0
7“\hy 0 ) o100 " \mn o 000 0|
0 0 0O 1 0 0 O

where the commutator is given by

hah7) = —hs +he, [ha,hg] =0, [hs,he] =0, [hs,hy] = ehs,
ES/ES = —€E4, [E6/E7] = —€E3, [Eélﬁs] = €E4, [E7, Es] = 8@1 —Ez)-

ko] =0, (I, hs] =hs, [l ha] = —hs, [, h5] =0, [h1, he] =0,

(h1,h7) = hy, [h1,hg) = —hg, [ho, h3] = —hs, [ho,ha] = ha, [ho, hs] =0,
o, he) =0, [ha,h7] = —h7, [ha,hs) = hs, [ha,ha] =hy —hy, [3,lis) = —hiy,
3, ) = 7, [h3, i) =0, [h3,hg) = hs —he, [ha 5] =hs, [ha, he] = —hs,

(4, h7]

(5, hs]

Assume Gy = span{ﬁl,ﬁz,ﬁg,ﬁ4}, G, = span{ﬁ5,ﬁ6,ﬁy,ﬁg}, then Ajp = G @ Gy. Itis
obvious that
[G1,G1] € G1, [G1,G2] € Gy, [Go, Go] € Gy

We introduce an enlarged non-isospectral problem:

Ppy=Uy, U= 7)&«1 + /\Ez + 1’1%1 + qlﬁg + qlﬁ4 — AE5 + AE6 + 7’27’;5 + QQE7 + qZEg,

Wy =V, V =ahy — ahy + bhy + chy + dhs — dhe + ehy + fhg, (14)
A=Y km(£)A7™,
m>0
where

. U1 SUZ . V1 €V2
u<U2 Uy ) V("z Vi )
U = —Ahy + Ahy +r1h + Q1h3 + q1h4, U, = —Ahy + Ahy + 1ok + QQh3 + L]zh4,
Vi = ahy —ahy + bhy + chy, Vo =ahy —ahy +Eh3 + Chy.

(15)

and 1 = (ql,rl,qz,rz)T. Choosinga = Y. apyA™™ b= Y bpyA ", c= Y cyrA™ "0 =

m>0 m>0 m>0
Y auA"b = Y byAT™,C = Y, ¢uA™™, and solving the stationary zero curvature
m>0 m>0 m=>0
equation
ou
Ve=—M+[U,V], (16)

oA
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we have

Amx = ql(cm bM) +85]2(Cm - bm) km( ),

by = —2by 41 — 2£bm+1 + r1by + srzb — 2q10y; — 2€q20m,

Cmx = 2Cip11 +A2£cm+1 71Cm — €aCm + 2q1am + 2€q20m, (17)
me = q1(€m - bm)j‘ qz(cm :bm) - km(t)r

by = —2by1 — 2bya1 + 11bw + 12bm — 2018w — 2q2am,

Cox = 2Cm41 + 2041 — 1Cm — 72Cm + 29180 + 29245,

A straightforward computation yields the following recursion equations:

B =0 (41 (e — bun) + e42(Eo —bw)] —kn(t)x, ~
by = 2(8 i) [binx — 8bmx +2q1(am — €am) — 11 (bm — ebm) + (292 (@m — am) — r2(bm — bm))]r
Cntl = 575 1 = [€Cmx — Cmx + 201 (am — €Gm) — 11(cm — €Cm) + €292 (@m — am) — 12(Cu — cm))],
am = _1[11 rg\—bm)‘l“h(cm_bm)] — ki (t)x, R N
bi1 2(8171 (binx — bux + 2q2(am — €8) — 12(b — €bw) + 2q1 (@ — am) — 11 (b — b)) |,

Cmx — Cmx + 22 (am — €8y) — 12(Cm — €6m) + 261 (@m — am) — 11(Cn — )]

(18)

)
Cm+1 2(51_1) [ mx

Assuming
ao=-1, bp=0, co=0, ko=0, dy=-1, bp=0, G =0,
then (18) gives rise to
bi=q, ca=q, bi=q, G=q a=-k)x &=-k(x

by = gk (t)x + ) [91x — €q2x — 11(q1 — €92) — er2(92 — q1)],

2(e—1

1
2 = qiki(t)x + 7_1)[6% = q1x — 111 — eq2) — era(q2 — q1)],

2(e

by = ok (£)x + ] [q2x — q12 — 72(q1 — €92) —1(92 — q1)],

2(e—1

~ 1
2 = qokq(f)x + 1) (912 — qox — 12(q1 — €q2) —r1(92 — q1)],

a = — g7 +eq3 + 2eq0(q1 — 42)] — ka(#)x,

2(e—1) [

i = (ell)[ — &5 + 2q2(eq2 — q1)] — ka(£)x,

Note that _ - - ~
VJ(rn) :amhl)lnim — ath/\nim + bmh3Anim + th4/\”*m

+ Zl\mﬁ5/\nim — amE6An7m -|-/b\m7/li7)xnim + Emﬁg}\nim,
then, we have
_yl) ou ) (] _ aﬂ() (n)
V4 S [u,v+ } -5 [uv }
= 2(byi1 + €byi1)hs — 2(cpp1 + €61
+2(byy1 + b))y — 2(cup1 + Cuy)hs.

Letting
v — v 4 &,
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and the modified term

A — [91(ns1 + €bui1 + cng1 + €Cup1) — eqa(bugr + buy1 +cuy1 + E\nJrl)]Zl
n = 2

7 — 5‘7%
. [91(bpy1 + byt +cng1 +Cug1) — q2(buy1 + byt +cpy1 + €6y 41)]hs
2 2 4
q1 — €43

the non-isospectral zero curvature equation

U\ (n)  1,(n) m] _
Us, + 5 M = Vi +uv®] <o,

gives the integrable coupling of non-isospectral TD hierarchy

qit, = Cu+1 + SEH+1 — bi’l+l — ‘("/b\i’H»l
_ 91 (anx + €nx) — €q2(Anx + @nx) + (91 — €q2)kn(t) + €(91 — G2)kn(t)

7

97 — &3
i =9 <‘71 (buy1+ebyy1 +cuy1 + 1) — €92(bpy1 +bur + i + E\n+1)>
n 2 2 7
ql - qu (19)

~

2ty = Cnt1 + Cnp1 — b1 — bppa
_ §1(@nx + Gnx) = 2(Anx + €nx) + (91— g2)kn(t) + (91 — €g2)kn(t)

7

95 — &3
ry =0 (‘11(bn+1 +bpy1+ cni1 +Cur1) — q2(bng1 + by +cpr + €3n+1))
n 2 2 .
41 — €

When n = 2, (19) leads to
a1, = (X910 +q1)k1(F)
1
+ 1) [271(€q2,x — q1,x) +2er2(q1x — Go,x) + qi(eray — r1,x) +€92(r1,x — rZ,x):| ,

1, = 2ka(t) + (11 + x71,2) k1 (£)

_ _ 2 2.4 2 4
i 5 17 - 9 [281’11’2 _ 1’% _ sr% — dequgy — ql(’h,xx sqZ,xx) + €q22(l]j,xx2 qZ,xx) +2e°q; q1 :| ,
(8 ) ql qu (20)

G20, = (Xq2,x + q2)k1 (£)
1
+ 2e=1) [2V1(¢71,x —qo,x) +2r2(eq2,x — q1,0) + 91 (11,0 — 72,0) + G2(Er2x — 1’1,x)} ,

o1, = 2k (t) + (r2 + x19 ) k1 (1)

+

919150 — G2,0x) + 92(q1,0x — Eq2,xx) + 2645 — 2&7‘%}
g — €3

Let ¢ = O; the first and second equations in (20) coincide with (9). Therefore, the system

(20) is an integrable coupling of the TD non-isospectral equations. Thus, (19) is an inte-

grable coupling of the TD non-isospectral hierarchy. Let n = 3, and choose a suitable

transformation; then, (19) becomes a coupled mKdV equation.

1 2., .2
— - 4
(e 1)8 [rl +ery — 2riry + 44192 +
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Bi-Hamiltonian Structures

With the aid of the following Z5-trace identities, which were discussed in [26], we shall
construct the Bi-Hamiltonian structures of the integrable coupling of the non-isospectral
hierarchy (19):

AU, o\, AU, au;
5 /(tr i 8A>+t(V28A))dx_ "t ( Vi) + (Ve ))
)

ou ou ol ol @)
— V- 1 V. a2 — T \Y V. V- 2
5~/(i‘1’( 18)\)+€tr( 28/\ ))dx A a)\)\ < ( 1a~)+£i‘( za~))

From (15), we obtain

ol

ol ol

~ ol
r(V; r(V- =b+c, tr(V; +tr(V- b+ec,
(B 52 (g ) (ME2) +tr(nh) =
o, ol N ol ol
(Vlal)th(Vzarl) a, (V1az)+f(Vzaz) a,
alll BUZ au] ou, 2 T
r(V; +etr(Vo—=)=b+c¢, tr(Vi—) +etr(Vo—= e(b+0),
(1aq) (28q1> (1aq2) ( aq2> ( )
ou ol ou ou .
tr(Vi=L) +etr(Vo=2) =a, tr(Vi=—2) +etr(Vo=2) = €@,
8 81 a a2

ol ol N ol o, .
tr(\g a)t) tr(Vy 8/\) —2(a+a), tr(\n a)\)—f—et r(Vay 8)\) —2(a+ €a).

Substituting the above equations into (21) and collecting the terms with the same powers
of A produces

by + B
i/—z(a Fapag)dx = (y—m)|
Ihi m+1 m—+1 =\ bm + Cm ’
Am
by +cm
i/fz(a +eBe1)dx = (7 —m) m
S m+1 m+1 =7 €(bm + Em)
ey
Set m = 1; we have v = 0. Therefore, we conclude that
byt + Gt
i / Am+2 +ﬂm+2d 1 [ _ O0Hp 11
ou m+1 2 bya1 + Cpaa ou
a
m+1 (22)
b1+ cmta
i/ A2 +eam+2d 1  Amy1 5Hm+1
51/7 m —+ 1 2 €(bm+] + Em+1) (511 ’
S/u\m+1

where

Hyiq = / am+;liﬂlm+2dx By = / am+;—:_€ilm+2dx.

From (18), we obtain two kind of recursive relationships:
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~ ~

b1+ Cuta b + C
To+1 =L n + Rykp(t) + Rokpsq(t), m>0 23
b1+ cmp1 B 1k (£) + Rok1(£), = (23)
Am+1 am
bm+1 + Cmr1 b + ¢
Am+1 ~ Am ~ ~
~ e =1L ~ N + Rik,, (1) + Rok t), m>0, 24
€(bmy1+ Cuy1) ! e(by + C) 1k (£) 0km11(t) = (24)
€41 &y

where the recursion operator L becomes

Ly Lp L Ly

¥ 1 Ly Ly Ly Ly

Ly=5—=| 7 e ,
2(e—1) | eliz el Lin Lip
elos elps Lo Lo

with n
~ ~ e ~
Lyy=—r1+ery, Lip= _a(q; jg)a +4q1 —4eqy, Liz=r1—1o,
183
~ + ~ _
Ly =0( 1721 qu)a —4q1+4q2, Ly =97 (eq2 — q1)9,
q1 — €3
Lop=09"Yera—11)9, Lyz=0""(q1—q2)0, Loa=0 '(r1 —12)0,
and
92 n
—0 0
(qil—eq%) (fi%—lsq%) 0 0
~71 907 'ry Afl 0y ' 5 X =~ x
B T el A W A
11 — €q3 q1 — €q; X ex
9 1 ed " 1rp
Then, the hierarchy in (19) determines the following two kinds of Bi-Hamiltonian structures.
The first one is
q1 (“n+1,x + SanJrl,x) - 8‘12(“71+1,x + an+1,x) + (g1 — eq2) k1 +e(q1 — 92)kn1
2_ .2
N T N R
q1 9 (ql(bn-i-l + ebyi1 + Cni1 + €ni1) — €92(buga + bpg1 + Cnga + Cn+1)>
n _ R ‘ﬁ — &q3
q2 q1 (anJrl,x + an+l,x) - q2(“n+1,x + san+1,x) + (ql - q2)kn+l + (5]1 — SqZ)kn+1
2/, 97 — &3
9 <‘71(bn+1 +bus1 + i1 + 1) — 92(bugr +ebuy1 + g1 + €5n+1))
97 — &3
buy1 + Gt
=T @ty Ry = 27, 2EnH1 | Rk
J1 Byir -+ Cnin + Rkpy1 =:2 55 Rknt
Ap4+1
~ - 6H, = - - ~ 6H, =+~ S
= J1(2Ly 57 T Rikn(t) + Rokp+1(t)) + Rkyia (t) =: Q=+ JiR1kn(t) + (JiRo + R)kp 1
/51 + 1
=RhLy |, |+ DAL (Riki(t) + Rokiga (1)) + Rk,
1 + C1 —

i=0

a1
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with the Hamiltonian operators 71, Ql, and ﬁ, as follows:

0 (171 172 111 - 8‘7; 5

‘h - 5‘72 ‘h — €3
q1 —q2 ( 1~ SQ2>
€ 0 0
7 = <vﬁ—€q% ) %—sqz - ,
0 lh tha fh lhza
‘11 - E”Iz ‘11 —&q;
J (‘71 — &2 0 ( 0
95 — &5 eqz
eQi1 Q. Qiz Qu (14 e)g1 — 2eq,
O, = 1 | eQn ¢Qn Qi Qu _ 0
e-1 Qi Qu Qu Qnu —eg | 2n—(1+e)q |

Qs Qu Qun O» 0

Qu = qz 12 50L01 + fh 7 0Ly, Q= —1 5Ly + lh qi Las,
q1 — ‘72 ‘71 ’1 ‘71 € 2 ‘71 €q;
O = (111 %)aL L 41 €q2 2500, O = (’11 fiz)aL 4 111 €q2 250,
‘h - ‘12 ’71 ‘72 ‘71 - 112 lh ‘7
Qm—a<q1 LI2)L +3(q1 Eq2>L13, sz—a(ql q2>L +a<ql £q2>L14,
‘71_ ‘?2 511_ ’72 ’11_ ‘72 ‘71_ ‘72

q1
4]
q2
2

tTl

Q23_€a(ql q2>113+a
‘71_ ‘72

(41 &q2
’71_ ‘72

~ e ~
>L11, Qo4 —€a< n_ 1 >L14+a<q; q§>L12~
95 — &5 q1 — €43

Similarly, for the second component, we have

q1 (anJrl,x + £ﬁn+l,x) — &2 (an+1,x + anJrl,x)

+ (91 — e92)kpq1 + €(q1 — 92) kg1

2.2
N 91 — &2 N
3 (q1(bn+1 +ebyy1+ 1 +€Cuq1) — eqa(byg1 + buy1 + g1 +Cug) )
_ ~ 95 — €43
71 (an+1,x +ani1,x) — q2(Any1x + EanJrl x) (91 — q2)kny1 + (91 — eq2)kp 11
‘11 - 5‘12 R
a(bh( pt1 F Dyt + Cppr + Cn+1) q2(bus1 + €byin + cup1 + €Cn+1)>
‘11 - 5‘1%
b1+ cuta
~ a
=N ana ) + Rkyy1 = 2]1 "H + Rk 41
n n
€1
~ -~ 6H, = ~ - . -
= h(ZLlW + Rykn(t) + Rokyy1(t)) + Rky1 = Q1 2+ T1(Rikn(t) + +Rokys1 (1)) + Rk
by + 1
TTn n 4 TTn—i/p 2 >3
= J1L7 e(by + 1) + Y L (Riki(t) + Rokisq () + Rk,
i=0
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Qu

Qi3

Q=

with the Hamiltonian operators J; and QL as follows:

0 N5, 0 )
’71 - 8‘72 ‘11 - 5‘72
a(m—ﬂp) 0 a(m—tp) 0
i - 97 — &g a5 — €03
! 0 f1—q2 5 0 AP
’ﬁ - 5‘7% (‘71 - 8’12)
071—072> 0 a( q1 — €g2 ) 0
(‘71 - 5‘12 5(‘1% - 5‘7%)
E911 eQiz Qi3 Qu
O, = L | eQu eQx Qo3 Qu

e-=1] Qi (214 Qu Qu ’
Qs Qu Qn O»

= o qz Loy + 15— 3Ly, Q=12 50004 + e 1Y
= ‘72 e(q; — eq3) q — &5 e(q; — eq3)
qz qz 1+ q; q% Ly, Qu= q21 — 6]22 Ly + qz q; Lo,

cu-o(§-
(-3

2 1 2 1 2 1 2

3<q1 — )zn, Qn = 3( o )z14 +a<q1 — >Z121
) e(q7 — eq3) 43 — e43 e(q7 — eq3)

)E +3(ql £q2>L13, Qz4=a<q1 q2>L12+a(ql q2>L14
—e3) 97 — &3 97 — &3 97 — &3

4. A Muti-Components Integrable TD Nonisospectral Hierarchy

In order to obtain the muti-components non-isospectral problem, we introduce the Lie
algebra Ajn associated with the N-component non-isospectral problem.

First of all, a brief introduction to the Lie algebra A;y related to the Lie algebra A will
be given. Let us define a N x N square matrix:

mq emy  emy-_1 - €My EM3 Emy
my mq EMyN e EMy €My Ems
ms myp mq e EMg €My EMmy
M(mllmZIH' rmN) = (25)
mMmN-2 MN-3 MN—4 -+ My EMN EMN-1
MN-1 MN-2 MN-3 -+ My 1M EMN
my  MN-1 My-2 - M3 M my

= [ml/mZI' o rmN] ’

where m, (1 < n < N) represents n arbitrary square matrices of the same order.
For the arbitrary matrices P = [Py, P, - - -, Py]T,Q = [Q1,Q2, - - ,Qn]", one has the

Lie product:
Rq eRy eRn_1 -+ €Ry €Rj3 eR»
Rz Rl 8RN cee SR5 €R4 £R3
R3 Rz R1 s €R6 €R5 8R4
PQ=| : ;o 11 | =[RuRy o RAT
Rn-2 RN-3 Rn-4 -+ Ry &Ry €Ry-1
RN-1 Rn—2 Rn-3 -+ Ro Ry €Ry

Ry Ry-1 Ry—2 -+ R3 R Ry
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where
Ri= Y [P,Qjl+ce Y [PQ
k+j=1+1 s+=I+1+N
1<k,j<I I4+1<st<N
is subject to
L_[1 1<IsN-1,
10, I=N.
Similarly, the matrix product PQ can be easily written as
PQ=[PiQi+0ce )Y, PQu ), PQj+oe Y PQy
sH=2+4N k+j=3 sH=3+N
2<s,t<N 1<k,j<2 3<s,t<N
o, Y PQitoe Y PQu-, Y PR
k+j=I s+t=I+1+N ktj=1+1
1<k,j<I [+1<s5,t<N 1<k,j<N
Whene =0, [Ry,Rp, -, RN]T is a lower triangular matrix, R; = Y [P, Q;], and
k+j=1+1
1<k,j<I
T
PQ=[PQi, Y. PQj---, Y, BQ; Y., PQjl".
k+j=3 k+j=I k+j=1+1
1<k,j<2 1<k,j<I 1<k,j<N

Secondly, we denote Ay = span{ﬁi}?fl, with commutators

h\l:M(hlror"'ro)r EZZM(hZ/O/"’/O)r 7/1\3:]\/1(113101"'10)/ E4:M(h4,0,“',0),
hs = M(0,hy,---,0), he=M(0,hy,---,0), hy=M(0,h3,---,0), hg=M(0,hy,---,0),

han—3 = M(0,0, -+ ,hy), Tan_2 = M(0,0,--- ,hy),
il\4N*1 = M(0,0, e /hS)/ 7/1\41\[ = M(OIOI o /h4)/

[ﬁ4173zﬁ4k72} = {ﬁufsrmkfs} = Pl\4l,2,il\4k,2] = [Ellflzﬁz}kfl] = [ﬁu,%k} =0, Lk=1,2,---,N,

[ a1—3, hag 1] :—[241 2 ha 1] = Eﬁ“‘*"l)‘l’ 1sksN-I+1],
it B i B €h4(k+1717N)71/ N—l+2 S k S N,

[A4l : mk} _ 24,("*’*1)*3 _ﬁ4(k+/151)72r 1<k<N-I+1,
e(hykr1-1-N)-3 = Mageri-1-n)—2), N—I+2<k<N.

)

=

)

=

. SO “hgpioy, 1<k<N—I1+1,
| = — | Hayo, | = Akt+1-1)
41=3 4’<] [4’ 2 4"] { —ehyg-1-ny N—1+2<k<N,

Let Gy = SPan{ﬁ4k—3ﬁ4k—zﬁ4k—1ﬁ4k},k =12, N, then Ay =G 2G @ - --
@N. Thus, we obtain

0, 2<s+t<N+1,

s alea B
GG S Coraan, 0 { L Na2<ertedN

s,t=1,2,---,N.
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In terms of Ay under the case of ¢ = 0, we introduce the following N-component
non-isospectral problem:

—~ ~ N ~ ~ ~ ~ —~
pe=Uyp, U= l;[—)\hu—s + Ahyy—p + rihyy 3+ qi(hy—1 + hay)),

14 14 N L 7 7 26
pe=Vy, V= El[ﬂlhzu-s — athgy_p + bihy_1 + cihy), (26)
Av =Y ku(H)AT™,

m>0

~ ~ o~ ~ 1T ~ o~ ~ 1T
Whereﬁ: (qlrrlquIrZI' o IQN/VN)TIU - |:u1/ uZ/' o IUN:| rV = |:V1/ VZ/' v /VN:| and

ﬁ[ = —Ahy + Ahy + 11l + ql(h3 + h4), ‘71 = ajhy — ajhy 4 bihs + cihy.

By choosing
a) = 2 alm)\’m,bl = Z blm)\im,cl = Z Clm)\im, (27)

m>0 m>0 m>0

and solving the stationary zero curvature equation

~ U PO
VX - ﬁ)\t + [u/ V]/ (28)

we arrive at the following recursion equations:

Am,x = Z [%’(ij - bjm)} - km(t)/
itj=l+1
1<ij<I
blm,x =-2 Z bp,erlr (29)
1<p<i
Clmx =2 Z Cpm+1s
1<p<i
which are equal to
A= Y. 0 [qi(cim — bjm)] — km(t)x,
i+j=I+1
1<i,j<I
1
bimi1 = E(”lblm — bimyx — 29101m),
1
bimi1 = 5 [0g-1ymx = bimx = 20180m + 1ibim — Y. (2ak(ajm — aj—1m) — 1k (Bjm — bji—1,m))],
ktj=l+1
1<k<l (30)
1<j<I
1
Clm+1 = E(Clm,x — 2411 + T1C1m),
1
Clm+1 = E[Clm,x —Cl-1)mx — 2q181m + T1C1m — 2 (qu<ajm - aj—l,m) - rk(cjm - Cj—l,m))]'
k+j=l+1
1<k<l
1<j<I

By choosing the initial data
0110:—1, bl():o, CZOZO, k():O, l:1,2,'-~,N,
letting

alk’qk:rk:O =0, blk‘qk:rk:O =0, Clk|t]k:1’k:0 =0, I = 1,2,---,N,
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and using the recursion relations (30), we can obtain
bn=q, cn=q, an=—ki(t)x,
1
bip = qiki(t)x + 5 (r1g1 = q1,0),

1
bip = qki()x = S —qax —na = ), (g —gi-0),
ket j=l+1
1<k<l
1<j<lI

1
c1p = qiki(f)x + 5(71‘71 +q1,x),

1
a2 = qiki (D)% = 510 = qie =111 = Yo nlgi—gi-1)l,

k+j=1+1
1<k<l
1<j<I
1.5
Bi-12 = 5 lai—2 Y. qi(qj—aj41)] — ka(t)x,
i+j=21—1
1<i<[#3]

1
o2 = 5 [—aqi +quq1—2 Y. qi(q; — qj+1)] — ka(t)x,
=2l
;<£‘<21

By denoting

. ou R N k R k R

_VJ(:x + ET)‘% + [U, VJ(rn)] =2}, ( bpniihac—1— Y, Cp,n+1h4k>-
k=1 \p=1 p=1
We choose the modification term as
Ap=q,") [ Y. (bpn+1+ Cp,n+1)] hyi—3
i=1 Lp=1

S -1k ok ~
+ ) (=1)"qy Z [ Z [Z (bp,n-i-l + Cp,n+1)q51qsz e 'q5k1]} hyi 3.

k=2 i=2 Lsy 4 tsp=i+k—1 p=1

§;>2,1=1,-- k-1
sk>0

By taking V(") = \7&1) +A,, the non-isospectral zero curvature equation

A 00w g Ta om]
Oy, + 53N N+ [0, 7] =0

leads to the following N-component non-isospectral TD hierarchy:
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j
ity = Z (Cp,nJrl - bp,nJrl =4q; Zaznx + jkn (t)
p=1 i=1
-1 4
+ Z( 1 _l Z [Z Apn,xfsyGsy =+ Gs;_q + Sids; sy " * s 1 kn(t)],
Syt s=jti—1 p=1
s1>2,1=1,+,i—1
S,'>0 (31)
i ;
1— —1
Tity = Z(_l) Iq; Z [Z (bp,nﬂ + Cp,n+l)q51q52 s,y
i=2 S1+ets=jtia1 p=1
§>2,1=1, i—1
Si>0

i
+ aqfl Z(Cl,n—‘rl + bi’n_;'_l), j = 1’ e ,N'
i=1

Letting N = n = 2, system (31) is reduced to system (19), in which ¢ = 0. Under the case
of n = 2, we can infer that the system is a new N-component non-isospectral TD system.
Therefore, (31) is a N-component non-isospectral TD integrable hierarchy.

Bi-Hamiltonian Structures

In order to furnish the Hamiltonian structures of the N-component non-isospectral
TD hierarchy (31), we will use the Z§;-trace identity

~

) / - oUj; 0 ~ au
= Z tr(Ve==L)dx = A™7— A" Z tr(Ve—==2).
L I A A it o (32)
1<k j<I 1<k,j<I
From (26), we have R
. oU;
Z f?’(Vkij) = -2 Z ap,
ktj=1+1 oA 1<p<l (33)
1<k,j<I
and ( )
Y (bp+cp
. oU;
Y o) = : (34)
k+j=1+1 ol Loa
1<k j<I 1<p<i
By substituting (33) and (34) into (32), we have
4 J 1<Zp:<l(bp o)
-2 dx = A77 A7 == .
i | 1<2<l ) Y a (35)
p= 1<p<l

By inserting (27) into (35) and comparing the coefficients of A, we obtain

s ) Z l(bp,m +Cp,m)
<p<
al/l / -2 § ﬂp m+1dx - (')/ m) Z Ay m . (36)

1<p<l 1§p§l
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By fixing the constant m = 1 in the above equation, we conclude that v = 0. Then, we

obtain
Y Apm+2 b +c PN
£/1<p<l pm dxi} 15721( p,m+1 p,m+l) B ‘SHl,erl (37)
o m—+1 2 )y Ap,m+1 - oou
1<p<l
Therefore,
) Ap,m+2
~ 1<p<l
Hl,m+1 == /de, l == 1,2, ,N.

With the aid of (30) and (37), the Bi-Hamiltonian structures of hierarchy (31) are obtained

as follows:
qfl (aln-i-l,x + kn+1 (t))
gy (c1me1 + bins)]
_ a +k t
zll Lh 1(a1n+1,x + A2n+1,x + 2kn+1(t)) - qZ( 1n+1,xq2 n+1( ))
1
2
z X Z (Cp n+1 1 bp, n+1) s
2 = 5 51>+252 SOp 1
. _ Sy >
: i ,;1(Ci,n+1 +bipyr) — 5
N i= . n
N .
n A (38)
B
El,l
Hy,
5 E3’1 n
2511171577 Hyy Z T (Rukn(t) + Rokni1(t)) + Rk (£),
Hyn-1a
Hn1
where J; is the Hamiltonian operator:
J11 0 - 00
Ji2 Ju -+ 0 0
1= : : o |
Jin-1 Jin-2 Jiz T2
hn TiNn—1 Jiu T
0o _19
(0 g9 _ g _( 0 Co 3.
]11 - ( aql—l 0 1112 - _% 0 s ]11 - aC s I= 3/ /N/
g

D

§1+ s =I+i—2
§;>2,j=1,+,i~1

!
:—7+2 l ! 71 Gs19sy " " s 1
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Uhl

_ q2
2q 1_
boog

=
|

N .
—1 i—1 ,—1
Ng; '+ ¥ (1) g > Siflsy s, -+ Gsis
i=2 14+ +s;=N+i—1
§;>2,]=1, ,i—1
S,‘>0

0

Q1 =NL1and ®; = 11T,

5. Conclusions and Discussion

In this paper, we consider three kinds of Lie algebras: classical Lie algebras, A, the en-
larged Lie algebras, Ay, and Lie algebras, A1y, which are associated with the N-component
non-isospectral problem. Based on these Lie algebras, we derive three classes of non-
isospectral TD hierarchies, and the corresponding Bi-Hamiltonian structures are established
by using trace identity. It should be noted that the first nontrivial system in the first kind of
TD hierarchy can be reduced to the TD equation, and the second nontrivial member can
be reduced to the mKdV equation. We find that the second kind of integrable coupling
of the TD hierarchy can be reduced to the integrable coupling of TD equations and the
coupled mKdV equations. The method we used in this paper can be applied to generate
other multi-component non-isospectral integrable hierarchies in the future.
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