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1. Introduction

Nonlinear integrable evolution equations are important in many application fields,
such as mathematics and theoretical physics. Deriving the nonlinear integrable evolution
equations is a key subject. Magri [1] proposed that integrable systems can be obtained
by applying Lax representation and zero curvature representation. Tu [2] found another
effective method to generate integrable hierarchies of equations and the corresponding
Hamiltonian structures. Ma [3,4] called this method the Tu scheme. By applying the Tu
scheme, many important isospectral integrable systems were obtained [5–12]. It is obvious
that non-isospectral equations play a significant role in mathematics and theoretical physics.
Ma [13] offered a universally applicable method of constructing Lax representations for
isospectral and non-isospectral hierarchies of evolution equations. In [14], he gave a sys-
tematic method to construct integrable systems from the zero curvature representation
non-isospectral flows associated with a given isospectral hierarchy of integrable systems.
By using the Lenard recursive scheme, Qiao [15] displayed the hierarchies of generalized
nonlinear evolution equations associated with the Harry-Dym spectral problem and con-
structed the corresponding generalized Lax representations by solving a key operator
equation. Based on the methods, a large number of non-isospectral integrable systems are
considered [16–18].

As we all know, integrable couplings originated from an investigation on soliton
equations and have received increasing attention. The authors in [19] constructed a suit-
able transformation of Lax pairs to obtain the integrable coupling of TD hierarchy, which
is called the direct method (see [20] for reference). Ma once provided a method to con-
struct integrable couplings associated with the non-semisimple Lie algebra, which has the
triangular block matrix form

M1(m1, m2) =

(
m1 0
m2 m1

)
,

where m1 and m2 are two arbitrary square matrices of the same order. By applying this
non-semi-simple Lie algebra, many isospectral or non-isospectral integrable couplings
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have been deduced [21–25]. Wang [26] extended the above non-semi-simple Lie algebra to
generalized non-semi-simple Lie algebra, which has the following form:

M2(m1, m2) =

(
m1 εm2
m2 m1

)
,

where ε is a constant. The generalized non-semi-simple Lie algebra, which depends on ep-
silon in a non-trivial way, is applied to construct the integrable couplings of isospectral and
non-isopectral problems, the generalized integrable coupling of the MKdV isospectral prob-
lem and the Ablowitz-Kaup-Newell-Segur non-isopectral problem were constructed. Based
on generalized non-semi-simple Lie algebra, a series of integrable coupling systems were
obtained, such as two non-isospectral hierarchies of the Ablowitz-Kaup-Newell-Segur type
and Kaup-Newell type, non-isospectral generalized nonlinear Schrödinger hierarchies [27].
Motivated by the generalized non-semi-simple Lie algebra, a new non-semi-simple Lie
algebra that can extend the classical spectral problems to the multi-component spectral prob-
lems was determined. Wang [28] extended the integrable coupling MKdV isospectral and
Ablowitz-Kaup-Newell-Segur non-isospectral hierarchies to the N-dimensional isospectral
MKdV and non-isospectral Ablowitz-Kaup-Newell-Segur hierarchies. N-dimensional non-
isospectral KdV and non-isospectral generalized nonlinear Schrödinger hierarchies were
generated, respectively, in [27,29].

The rest of this papper is organized as follows. In Section 2, with the help of the simple
Lie algebra and the non-isospectral problem, we derive a non-isospectral TD hierarchy
from zero curvature equations, and the Bi-Hamiltonian structure is presented by making
use of the trace identity. In Section 3, using generalized non-semi-simple Lie algebra, by
considering the extended non-isospectral problem and solving the extended zero curvature
equation, the integrable coupling of a non-isospectral TD hierarchy is obtained. By applying
Zε

2 trace identity, we obtained the corresponding Bi-Hamiltonian structures. In Section 4, we
present a multi-component non-semi-simple Lie algebra that can be used to generate higher-
dimensional isospectral and non-isospectral integrable hierarchies. We consider the special
case of ε = 0 and derive the multi-component non-isospectral TD integrable coupling
hierarchy by solving the enlarged zero curvature equations, for which the Bi-Hamiltonian
structures are obtained. Section 5 provides the conclusions and discussions.

2. A Nonisospectral TD Integrable Hierarchy

Denote a simple Lie algebra, A, as follows:

A = span{h1, h2, h3, h4}.

The basis of Lie algebra can be constituted by the following matrices:

h1 =

(
1 0
0 0

)
, h2 =

(
0 0
0 1

)
, h3 =

(
0 1
0 0

)
, h4 =

(
0 0
1 0

)
, (1)

and this satisfies the commutator relations

[h1, h2] = 0, [h1, h3] = −[h2, h3] = h3, [h1, h4] = −[h2, h4] = −h4, [h3, h4] = h1 − h2,

where [a, b] = ab − ba, a, b ∈ A.
We consider the 2 × 2 matrix spectral problem:

ψx = Mψ, M =

(
−λ + r q

q λ

)
= −λh1 + λh2 + rh1 + q(h3 + h4),

ψt = Nψ, N =

(
a b
c −a

)
= −ah1 + ah2 + bh3 + ch4,

λt = ∑
m≥0

km(t)λ−m,

(2)
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where ψ = (ψ1, ψ2)
T , u = (q, r)T .

To derive a nonlinear integrable hierarchy, the following stationary zero curvature
equation needs to be solved

Nx =
∂M
∂λ

λt + [M, N]. (3)

By substituting M and N in (2) into (3), we obtain
ax = q(c − b)− λt,
bx = −2bλ + rb − 2qa,
cx = 2cλ − rc + 2qa.

(4)

By assuming a = ∑
m≥0

amλ−m, b = ∑
m≥0

bmλ−m, c = ∑
m≥0

cmλ−m, inserting them into (4), and

comparing the same powers of λ, we have
amx = q(cm − bm)− km(t),
bmx = −2bm+1 + rbm − 2qam,
cmx = 2cm+1 − rcm + 2qam,

(5)

which leads to the following recurrence relations:
am = ∂−1

x (qcm − qbm)− km(t)x,

bm+1 =
1
2
(rbm − bmx − 2qam),

cm+1 =
1
2
(rcm + cmx − 2qam).

(6)

By taking the initial conditions

a0 = −1, b0 = 0, c0 = 0 k0 = 0,

and imposing the integrable conditions

ai|q=r=0 = 0, bi|q=r=0 = 0, ci|q=r=0 = 0, i ≥ 0,

{ai, bi, ci|i > 0} can be gained from the relations in (6). First, we list three sets as follows:

b1 = q, c1 = q, a1 = −k1(t)x,

b2 = qk1(t)x +
1
2
(rq − qx), c2 = qk1(t)x +

1
2
(rq + qx), a2 =

1
2

q2 − k2(t)x,

b3 = qk2(t)x +
1
2
(rqx − xqx − q)k1(t) +

1
4
(r2q − rqx − (rq)x + qxx)−

1
2

q3,

c3 = qk2(t)x +
1
2
(rqx + xqx + q)k1(t) +

1
4
(r2q + rqx + (rq)x + qxx)−

1
2

q3,

a3 = ∂−1q(xqx + q)k1(t) +
1
2

rq2 − k3(t)x,

· · · .

Denoting

N(n)
+ =

n

∑
m=0

(am(−h1 + h2)λ
n−m + bmh3λn−m + cmh4λn−m), λ

(n)
t,+ =

n

∑
m=0

km(t)λn−m,

Then, (3) can be decomposed as

∂M
∂λ

λ
(n)
t,+ − N(n)

x,+ +
[

M, N(n)
+

]
= −∂M

∂λ
λ
(n)
t,− + N(n)

x,− −
[

M, N(n)
−

]
. (7)
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The gradations of the left-hand side of (7) are obtained as follows:

deg
∂M
∂λ

λ
(n)
t,+ ≥ 0, deg N(n)

+ ≥ 0, deg
([

M, N(n)
+

])
≥ 0.

One can find that the minimum gradation of the left-hand side of (7) is zero. The maximum
gradation of the right-hand side of (7) has no choice but to be zero. Thus, we obtain the
following equation by taking the gradations of these terms to be zero:

∂M
∂λ

λ
(n)
t,+ − N(n)

+,x +
[

M, N(n)
+

]
= 2bn+1h3 − 2cn+1h4.

Then, we take the modified term △n = q−1(bn+1 + cn+1)h1 so that for N(n) = N(n)
+ +△n.

By solving the non-isospectral zero curvature equation

∂M
∂u

ut +
∂M
∂λ

λ
(n)
t − N(n)

x +
[

M, N(n)
]
= 0,

we obtain the well-known non-isospectral TD hierarchy:{
qtn = cn+1 − bn+1 = q−1(∂an+1 + kn+1(t)),
rtn = ∂[q−1(cn+1 + bn+1)].

(8)

Here, we have used the first equation of (5).
The first nontrivial system in the hierarchy (8) is as follows:

qt2 = (xqx + q)k1(t) +
1
2
(rqx + (rq)x),

rt2 = 2k2(t) + (xrx + r)k1(t) +
1
2
(r2 + q−1qxx − 2q2)x.

(9)

Set k1(t) = k2(t) = 0, t = 2t̃, and (9) reduces to{
qt̃2

= rqx + (rq)x,
rt̃2

= (r2 + q−1qxx − 2q2)x,
(10)

which is the TD equation [2].
When n = 3, (8) becomes

qt3 = (
1
2

xqrx + rq + xrqx)k1(t) + (xqx + q)k2(t) +
1
4
(qxxx − 6q2qx + 3r(rq)x),

rt3 = 2k3(t) + ∂(xrx + r)k2(t) + ∂(
1
2

xq−1qxx +
1
2

xr2 + q−1qx − 2∂−1xqqx − 2∂−1q2)k1(t)

+
1
4
(r3 + 3q−1rxqx + 3rq−1qxx + rxx − 6q2r)x.

(11)

Let k1(t) = k2(t) = k3(t) = 0, r = 0, t = −4t̃, q = iq̃, (11) reduces to

q̃t̃3
+ q̃xxx + 6q̃2q̃x = 0,

which is the MKdV equation.

Bi-Hamiltonian Structures

In this subsection, we apply the trace identity discussed in [2] to consider the Bi-
Hamiltonian structure of the nonlinear integrable hierarchy (8).

We calculate the following quantities:

∂M
∂λ

= −h1 + h2,
∂M
∂q

= h3 + h4,
∂M
∂r

= h1,
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tr
(

N
∂M
∂λ

)
= −2a, tr

(
N

∂M
∂q

)
= b + c, tr

(
N

∂M
∂r

)
= a.

Bearing in mind that the trace identity

δ

δu

∫
tr
(

N
∂M
∂λ

)
dx = λ−γ ∂

∂λ
λγ

(
tr
(

N
∂M
∂q

)
, tr

(
N

∂M
∂r

))T

,

we arrive at
δ

δu

∫
−2adx = λ−γ ∂

∂λ
λγ

(
b + c

a

)
.

By comparing the coefficients of λ−m−1 in the above equation, we obtain

δ

δu

∫
−2am+1dx = (γ − m)

(
bm + cm

am

)
.

We figured out γ = 0 via inserting m = 1 into the above equation. Thus, we have

δ

δu

∫ am+2

m + 1
dx =

1
2

(
bm+1 + cm+1

am+1

)
=

δHm+1

δu
, (12)

where Hm+1 =
∫ am+2

m+1 dx. A recurrence relationship is generated by a direct calculation,
as follows(

bm+1 + cm+1
am+1

)
= L

(
bm + cm

am

)
+ Rkm(t) + R0km+1(t), m ≥ 0, (13)

where

L =
1
2

(
r ∂q−1∂ − 4q

∂−1q∂ ∂−1r∂

)
, R =

1
2

(
∂q−1

∂−1r

)
, R0 =

(
0
x

)
.

According to (12) and (13), the non-isospectral TD hierarchy (8) can be represented as the
following:(

q
r

)
tn

=

(
q−1(∂an+1 + kn+1(t))
∂[q−1(bn+1 + cn+1)]

)
= J

(
bn+1 + cn+1

an+1

)
+ R1kn+1(t)

=: 2J
δHn+1

δu
+ R1kn+1(t)

= J
(

2L
δHn

δu
+ Rkn(t) + R0kn+1(t)

)
+ R1kn+1(t)

=: Q
δHn

δu
+ JRkn(t) + (JR0 + R1)kn+1(t)

= JLn
(

b1 + c1
a1

)
+

n

∑
i=0

JLn−i(Rki(t) + R0ki+1(t)) + R1kn+1(t),

with R1 and the Hamiltonian operators J and Q as follows:

R1 =

(
q−1

0

)
, J =

(
0 q−1∂

∂q−1 0

)
, Q =

(
∂ q−1r∂

∂q−1r (∂q−1)2∂ − 4∂

)
.

3. An Integrable Coupling of the TD Non-Isospectral Hierarchy

Similar to [26], in terms of the definition of Lie algebra, the Lie algebra A can be
enlarged into a higher-dimensional Lie algebra.
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The enlarged Lie algebra A12 = span{hi}8
i=1 has the following basis:

h̃1 =

(
h1 0
0 h1

)
=


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

, h̃2 =

(
h2 0
0 h2

)
=


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

,

h̃3 =

(
h3 0
0 h3

)
=


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

, h̃4 =

(
h4 0
0 h4

)
=


0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0

,

h̃5 =

(
0 εh1
h1 0

)
=


0 0 ε 0
0 0 0 0
1 0 0 0
0 0 0 0

, h̃6 =

(
0 εh2
h2 0

)
=


0 0 0 0
0 0 0 ε
0 0 0 0
0 1 0 0

,

h̃7 =

(
0 εh3
h3 0

)
=


0 0 0 ε
0 0 0 0
0 1 0 0
0 0 0 0

, h̃8 =

(
0 εh4
h4 0

)
=


0 0 0 0
0 0 ε 0
0 0 0 0
1 0 0 0

,

where the commutator is given by

[h̃1, h̃2] = 0, [h̃1, h̃3] = h̃3, [h̃1, h̃4] = −h̃4, [h̃1, h̃5] = 0, [h̃1, h̃6] = 0,

[h̃1, h̃7] = h̃7, [h̃1, h̃8] = −h̃8, [h̃2, h̃3] = −h̃3, [h̃2, h̃4] = h̃4, [h̃2, h̃5] = 0,

[h̃2, h̃6] = 0, [h̃2, h̃7] = −h̃7, [h̃2, h̃8] = h̃8, [h̃3, h̃4] = h̃1 − h̃2, [h̃3, h̃5] = −h̃7,

[h̃3, h̃6] = h̃7, [h̃3, h̃7] = 0, [h̃3, h̃8] = h̃5 − h̃6, [h̃4, h̃5] = h̃8, [h̃4, h̃6] = −h̃8,

[h̃4, h̃7] = −h̃5 + h̃6, [h̃4, h̃8] = 0, [h̃5, h̃6] = 0, [h̃5, h̃7] = εh̃3,

[h̃5, h̃8] = −εh̃4, [h̃6, h̃7] = −εh̃3, [h̃6, h̃8] = εh̃4, [h̃7, h̃8] = ε(h̃1 − h̃2).

Assume G1 = span{h̃1, h̃2, h̃3, h̃4}, G2 = span{h̃5, h̃6, h̃7, h̃8}, then A12 = G1 ⊕ G2. It is
obvious that

[G1, G1] ⊆ G1, [G1, G2] ⊆ G2, [G2, G2] ⊆ G1.

We introduce an enlarged non-isospectral problem:
ψx = Uψ, U = −λh̃1 + λh̃2 + r1h̃1 + q1h̃3 + q1h̃4 − λh̃5 + λh̃6 + r2h̃5 + q2h̃7 + q2h̃8,
ψt = Vψ, V = ah̃1 − ah̃2 + bh̃3 + ch̃4 + dh̃5 − dh̃6 + eh̃7 + f h̃8,
λt = ∑

m≥0
km(t)λ−m,

(14)

where

U =

(
U1 εU2
U2 U1

)
, V =

(
V1 εV2
V2 V1

)
,

U1 = −λh1 + λh2 + r1h1 + q1h3 + q1h4, U2 = −λh1 + λh2 + r2h1 + q2h3 + q2h4,

V1 = ah1 − ah2 + bh3 + ch4, V2 = âh1 − âh2 + b̂h3 + ĉh4.

(15)

and ũ = (q1, r1, q2, r2)
T . Choosing a = ∑

m≥0
amλ−m, b = ∑

m≥0
bmλ−m, c = ∑

m≥0
cmλ−m, â =

∑
m≥0

âmλ−m, b̂ = ∑
m≥0

b̂mλ−m, ĉ = ∑
m≥0

ĉmλ−m, and solving the stationary zero curvature

equation

Vx =
∂U
∂λ

λt + [U, V], (16)



Axioms 2024, 13, 282 7 of 19

we have 

amx = q1(cm − bm) + εq2(ĉm − b̂m)− km(t),
bmx = −2bm+1 − 2εb̂m+1 + r1bm + εr2b̂m − 2q1am − 2εq2 âm,
cmx = 2cm+1 + 2εĉm+1 − r1cm − εr2 ĉm + 2q1am + 2εq2 âm,
âmx = q1(ĉm − b̂m) + q2(cm − bm)− km(t),
b̂mx = −2bm+1 − 2b̂m+1 + r1b̂m + r2bm − 2q1 âm − 2q2am,
ĉmx = 2cm+1 + 2ĉm+1 − r1 ĉm − r2cm + 2q1 âm + 2q2am.

(17)

A straightforward computation yields the following recursion equations:

am = ∂−1[q1(cm − bm) + εq2(ĉm − b̂m)]− km(t)x,
bm+1 = 1

2(ε−1) [bmx − εb̂mx + 2q1(am − εâm)− r1(bm − εb̂m) + ε(2q2(âm − am)− r2(b̂m − bm))
]
,

cm+1 = 1
2(ε−1) [εĉmx − cmx + 2q1(am − εâm)− r1(cm − εĉm) + ε(2q2(âm − am)− r2(ĉm − cm))

]
,

âm = ∂−1[q1(ĉm − b̂m) + q2(cm − bm)]− km(t)x,
b̂m+1 = 1

2(ε−1) [b̂mx − bmx + 2q2(am − εâm)− r2(bm − εb̂m) + 2q1(âm − am)− r1(b̂m − bm)
]
,

ĉm+1 = 1
2(ε−1) [cmx − ĉmx + 2q2(am − εâm)− r2(cm − εĉm) + 2q1(âm − am)− r1(ĉm − cm)

]
.

(18)

Assuming

a0 = −1, b0 = 0, c0 = 0, k0 = 0, â0 = −1, b̂0 = 0, ĉ0 = 0,

then (18) gives rise to

b1 = q1, c1 = q1, b̂1 = q2, ĉ1 = q2, a1 = −k1(t)x, â1 = −k1(t)x,

b2 = q1k1(t)x +
1

2(ε − 1)
[q1x − εq2x − r1(q1 − εq2)− εr2(q2 − q1)],

c2 = q1k1(t)x +
1

2(ε − 1)
[εq2x − q1x − r1(q1 − εq2)− εr2(q2 − q1)],

b̂2 = q2k1(t)x +
1

2(ε − 1)
[q2x − q1x − r2(q1 − εq2)− r1(q2 − q1)],

ĉ2 = q2k1(t)x +
1

2(ε − 1)
[q1x − q2x − r2(q1 − εq2)− r1(q2 − q1)],

a2 =
1

2(ε − 1)
[
− q2

1 + εq2
2 + 2εq2(q1 − q2)]− k2(t)x,

â2 =
1

2(ε − 1)
[
q2

1 − εq2
2 + 2q2(εq2 − q1)]− k2(t)x,

· · · .

Note that
V(n)
+ =am h̃1λn−m − am h̃2λn−m + bm h̃3λn−m + cm h̃4λn−m

+ âm h̃5λn−m − âm h̃6λn−m + b̂m h̃7λn−m + ĉm h̃8λn−m,

then, we have

−V(n)
+,x +

∂U
∂λ

λ
(n)
t,+ +

[
U, V(n)

+

]
= V(n)

−,x −
∂U
∂λ

λ
(n)
t,− −

[
U, V(n)

−

]
= 2(bn+1 + εb̂n+1)h̃3 − 2(cn+1 + εĉn+1)h̃4

+ 2(bn+1 + b̂n+1)h̃7 − 2(cn+1 + ĉn+1)h̃8.

Letting
V(n) = V(n)

+ + ∆̃n
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and the modified term

∆̃n =
[q1(bn+1 + εb̂n+1 + cn+1 + εĉn+1)− εq2(bn+1 + b̂n+1 + cn+1 + ĉn+1)]h̃1

q2
1 − εq2

2

+
[q1(bn+1 + b̂n+1 + cn+1 + ĉn+1)− q2(bn+1 + εb̂n+1 + cn+1 + εĉn+1)]h̃5

q2
1 − εq2

2
,

the non-isospectral zero curvature equation

Utn +
∂U
∂λ

λ
(n)
t − V(n)

x +
[
U, V(n)

]
= 0,

gives the integrable coupling of non-isospectral TD hierarchy

q1tn = cn+1 + εĉn+1 − bn+1 − εb̂n+1

=
q1(an,x + εân,x)− εq2(an,x + ân,x) + (q1 − εq2)kn(t) + ε(q1 − q2)kn(t)

q2
1 − εq2

2
,

r1tn = ∂

(
q1(bn+1 + εb̂n+1 + cn+1 + εĉn+1)− εq2(bn+1 + b̂n+1 + cn+1 + ĉn+1)

q2
1 − εq2

2

)
,

q2tn = cn+1 + ĉn+1 − bn+1 − b̂n+1

=
q1(an,x + ân,x)− q2(an,x + εân,x) + (q1 − q2)kn(t) + (q1 − εq2)kn(t)

q2
1 − εq2

2
,

r2tn = ∂

(
q1(bn+1 + b̂n+1 + cn+1 + ĉn+1)− q2(bn+1 + εb̂n+1 + cn+1 + εĉn+1)

q2
1 − εq2

2

)
.

(19)

When n = 2, (19) leads to

q1,t2 = (xq1,x + q1)k1(t)

+
1

2(ε − 1)

[
2r1(εq2,x − q1,x) + 2εr2(q1,x − q2,x) + q1(εr2,x − r1,x) + εq2(r1,x − r2,x)

]
,

r1,t2 = 2k2(t) + (r1 + xr1,x)k1(t)

+
1

2(ε − 1)
∂

[
2εr1r2 − r2

1 − εr2
2 − 4εq1q2 −

q1(q1,xx − εq2,xx) + εq2(q1,xx − q2,xx) + 2ε2q4
2 − 2q4

1
q2

1 − εq2
2

]
,

q2,t2 = (xq2,x + q2)k1(t)

+
1

2(ε − 1)

[
2r1(q1,x − q2,x) + 2r2(εq2,x − q1,x) + q1(r1,x − r2,x) + q2(εr2,x − r1,x)

]
,

r2,t2 = 2k2(t) + (r2 + xr2,x)k1(t)

+
1

2(ε − 1)
∂

[
r2

1 + εr2
2 − 2r1r2 + 4q1q2 +

q1(q1,xx − q2,xx) + q2(q1,xx − εq2,xx) + 2ε2q4
2 − 2q4

1
q2

1 − εq2
2

]
.

(20)

Let ε = 0; the first and second equations in (20) coincide with (9). Therefore, the system
(20) is an integrable coupling of the TD non-isospectral equations. Thus, (19) is an inte-
grable coupling of the TD non-isospectral hierarchy. Let n = 3, and choose a suitable
transformation; then, (19) becomes a coupled mKdV equation.
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Bi-Hamiltonian Structures

With the aid of the following Zε
2-trace identities, which were discussed in [26], we shall

construct the Bi-Hamiltonian structures of the integrable coupling of the non-isospectral
hierarchy (19):

δ

δũ

∫ (
tr(V1

∂U2

∂λ
) + tr(V2

∂U1

∂λ
)

)
dx = λ−γ ∂

∂λ
λγ

(
tr(V1

∂U2

∂ũ
) + tr(V2

∂U1

∂ũ
)

)
,

δ

δũ

∫ (
tr(V1

∂U1

∂λ
) + εtr(V2

∂U2

∂λ
)

)
dx = λ−γ ∂

∂λ
λγ

(
tr(V1

∂U1

∂ũ
) + εtr(V2

∂U2

∂ũ
)

)
.

(21)

From (15), we obtain

tr(V1
∂U2

∂q1
) + tr(V2

∂U1

∂q1
) = b̂ + ĉ, tr(V1

∂U2

∂q2
) + tr(V2

∂U1

∂q2
) = b + c,

tr(V1
∂U2

∂r1
) + tr(V2

∂U1

∂r1
) = â, tr(V1

∂U2

∂r2
) + tr(V2

∂U1

∂r2
) = a,

tr(V1
∂U1

∂q1
) + εtr(V2

∂U2

∂q1
) = b + c, tr(V1

∂U1

∂q2
) + εtr(V2

∂U2

∂q2
) = ε(b̂ + ĉ),

tr(V1
∂U1

∂r1
) + εtr(V2

∂U2

∂r1
) = a, tr(V1

∂U1

∂r2
) + εtr(V2

∂U2

∂r2
) = εâ,

tr(V1
∂U2

∂λ
) + tr(V2

∂U1

∂λ
) = −2(a + â), tr(V1

∂U1

∂λ
) + εtr(V2

∂U2

∂λ
) = −2(a + εâ).

Substituting the above equations into (21) and collecting the terms with the same powers
of λ produces

δ

δũ

∫
−2(am+1 + âm+1)dx = (γ − m)


b̂m + ĉm

âm
bm + cm

am

,

δ

δũ

∫
−2(am+1 + εâm+1)dx = (γ − m)


bm + cm

am

ε(b̂m + ĉm)
εâm

.

Set m = 1; we have γ = 0. Therefore, we conclude that

δ

δũ

∫ am+2 + âm+2

m + 1
dx =

1
2


b̂m+1 + ĉm+1

âm+1
bm+1 + cm+1

am+1

 =
δHm+1

δũ
,

δ

δũ

∫ am+2 + εâm+2

m + 1
dx =

1
2


bm+1 + cm+1

am+1

ε(b̂m+1 + ĉm+1)
εâm+1

 =
δĤm+1

δũ
,

(22)

where

Hm+1 =
∫ am+2 + âm+2

m + 1
dx, Ĥm+1 =

∫ am+2 + εâm+2

m + 1
dx.

From (18), we obtain two kind of recursive relationships:
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
b̂m+1 + ĉm+1

âm+1
bm+1 + cm+1

am+1

 = L̃1


b̂m + ĉm

âm
bm + cm

am

+ R̃1km(t) + R̃0km+1(t), m ≥ 0, (23)


bm+1 + cm+1

am+1

ε(b̂m+1 + ĉm+1)
εâm+1

 = L̃1


bm + cm

am

ε(b̂m + ĉm)
εâm

+ R̂1km(t) + R̂0km+1(t), m ≥ 0, (24)

where the recursion operator L̃1 becomes

L̃1 =
1

2(ε − 1)


L̃11 L̃12 L̃13 L̃14
L̃21 L̃22 L̃23 L̃24
εL̃13 εL̃14 L̃11 L̃12
εL̃23 εL̃24 L̃21 L̃22

,

with
L̃11 = −r1 + εr2, L̃12 = −∂

( q1 + εq2

q2
1 − εq2

2

)
∂ + 4q1 − 4εq2, L̃13 = r1 − r2,

L̃14 = ∂
( q1 + q2

q2
1 − εq2

2

)
∂ − 4q1 + 4q2, L̃21 = ∂−1(εq2 − q1)∂,

L̃22 = ∂−1(εr2 − r1)∂, L̃23 = ∂−1(q1 − q2)∂, L̃24 = ∂−1(r1 − r2)∂,

and

R̃1 =
1
2


−∂

( q2

q2
1 − εq2

2

)
∂−1r2

∂
( q1

q2
1 − εq2

2

)
∂−1r1

, R̂1 =
1
2


∂
( q1

q2
1 − εq2

2

)
∂−1

x r1

−ε∂
( q2

q2
1 − εq2

2

)
ε∂−1r2

, R̃0 =


0
x
0
x

, R̂0 =


0
x
0
εx

.

Then, the hierarchy in (19) determines the following two kinds of Bi-Hamiltonian structures.
The first one is


q1
r1
q2
r2


tn

=



q1(an+1,x + εân+1,x)− εq2(an+1,x + ân+1,x) + (q1 − εq2)kn+1 + ε(q1 − q2)kn+1

q2
1 − εq2

2

∂

(
q1(bn+1 + εb̂n+1 + cn+1 + εĉn+1)− εq2(bn+1 + b̂n+1 + cn+1 + ĉn+1)

q2
1 − εq2

2

)
q1(an+1,x + ân+1,x)− q2(an+1,x + εân+1,x) + (q1 − q2)kn+1 + (q1 − εq2)kn+1

q2
1 − εq2

2

∂

(
q1(bn+1 + b̂n+1 + cn+1 + ĉn+1)− q2(bn+1 + εb̂n+1 + cn+1 + εĉn+1)

q2
1 − εq2

2

)



= J̃1


b̂n+1 + ĉm+1

ân+1
bn+1 + cn+1

an+1

+ R̃kn+1 =: 2 J̃1
δHn+1

δũ
+ R̃kn+1

= J̃1(2L̃1
δHn

δũ
+ R̃1kn(t) + R̃0kn+1(t)) + R̃kn+1(t) =: Q̃1

δHn

δũ
+ J̃1R̃1kn(t) + ( J̃1R̃0 + R̃)kn+1

= J̃1 L̃n
1


b̂1 + ĉ1

â1
b1 + c1

a1

+
n

∑
i=0

J̃1 L̃n−i
1 (R̃1ki(t) + R̃0ki+1(t)) + R̃kn+1,
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with the Hamiltonian operators J̃1, Q̃1, and R̃, as follows:

J̃1 =



0
ε(q1 − q2)

q2
1 − εq2

2
∂ 0

q1 − εq2

q2
1 − εq2

2
∂

ε∂

(
q1 − q2

q2
1 − εq2

2

)
0 ∂

(
q1 − εq2

q2
1 − εq2

2

)
0

0
q1 − εq2

q2
1 − εq2

2
∂ 0

q1 − q2

q2
1 − εq2

2
∂

∂

(
q1 − εq2

q2
1 − εq2

2

)
0 ∂

(
q1 − q2

q2
1 − εq2

2

)
0


,

Q̃1 =
1

ε − 1


εQ̃11 εQ̃12 Q̃13 Q̃14
εQ̃21 εQ̃22 Q̃23 Q̃24
Q̃13 Q̃14 Q̃11 Q̃12
Q̃23 Q̃24 Q̃21 Q̃22

, R̃ =
1

q2
1 − εq2

2


(1 + ε)q1 − 2εq2

0
2q1 − (1 + ε)q2

0

,

Q̃11 =
q1 − q2

q2
1 − εq2

2
∂L̃21 +

q1 − εq2

q2
1 − εq2

2
∂L̃23, Q̃12 =

q1 − q2

q2
1 − εq2

2
∂L̃22 +

q1 − εq2

q2
1 − εq2

2
∂L̃24,

Q̃13 =
ε(q1 − q2)

q2
1 − εq2

2
∂L̃23 +

q1 − εq2

q2
1 − εq2

2
∂L̃21, Q̃14 =

ε(q1 − q2)

q2
1 − εq2

2
∂L̃24 +

q1 − εq2

q2
1 − εq2

2
∂L̃22,

Q̃21 = ∂

(
q1 − q2

q2
1 − εq2

2

)
L̃11 + ∂

(
q1 − εq2

q2
1 − εq2

2

)
L̃13, Q̃22 = ∂

(
q1 − q2

q2
1 − εq2

2

)
L̃12 + ∂

(
q1 − εq2

q2
1 − εq2

2

)
L̃14,

Q̃23 = ε∂

(
q1 − q2

q2
1 − εq2

2

)
L̃13 + ∂

(
q1 − εq2

q2
1 − εq2

2

)
L̃11, Q̃24 = ε∂

(
q1 − q2

q2
1 − εq2

2

)
L̃14 + ∂

(
q1 − εq2

q2
1 − εq2

2

)
L̃12.

Similarly, for the second component, we have


q1
r1
q2
r2


tn

=



q1(an+1,x + εân+1,x)− εq2(an+1,x + ân+1,x) + (q1 − εq2)kn+1 + ε(q1 − q2)kn+1

q2
1 − εq2

2

∂

(
q1(bn+1 + εb̂n+1 + cn+1 + εĉn+1)− εq2(bn+1 + b̂n+1 + cn+1 + ĉn+1)

q2
1 − εq2

2

)
q1(an+1,x + ân+1,x)− q2(an+1,x + εân+1,x) + (q1 − q2)kn+1 + (q1 − εq2)kn+1

q2
1 − εq2

2

∂

(
q1(bn+1 + b̂n+1 + cn+1 + ĉn+1)− q2(bn+1 + εb̂n+1 + cn+1 + εĉn+1)

q2
1 − εq2

2

)



= Ĵ1


bn+1 + cn+1

an+1

ε(b̂n+1 + ĉn+1)
εân+1

+ R̃kn+1 =: 2 Ĵ1
δĤn+1

δũ
+ R̃kn+1

= Ĵ1(2L̃1
δĤn

δũ
+ R̂1kn(t) + R̂0kn+1(t)) + R̃kn+1 =: Q̂1

δĤn

δũ
+ Ĵ1(R̂1kn(t) + +R̂0kn+1(t)) + R̃kn+1

= Ĵ1 L̃n
1


b1 + c1

a1

ε(b̂1 + ĉ1)
εâ1

+
n

∑
i=0

Ĵ1 L̃n−i(R̂1ki(t) + R̂0ki+1(t)) + R̃kn+1,
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with the Hamiltonian operators Ĵ1 and Q̂1, as follows:

Ĵ1 =



0
q1 − εq2

q2
1 − εq2

2
∂ 0

q1 − q2

q2
1 − εq2

2
∂

∂

(
q1 − εq2

q2
1 − εq2

2

)
0 ∂

(
q1 − q2

q2
1 − εq2

2

)
0

0
q1 − q2

q2
1 − εq2

2
∂ 0

q1 − εq2

ε(q2
1 − εq2

2)
∂

∂

(
q1 − q2

q2
1 − εq2

2

)
0 ∂

(
q1 − εq2

ε(q2
1 − εq2

2)

)
0


,

Q̂1 =
1

ε − 1


εQ̂11 εQ̂12 Q̂13 Q̂14
εQ̂21 εQ̂22 Q̂23 Q̂24
Q̂13 Q̂14 Q̂11 Q̂12
Q̂23 Q̂24 Q̂21 Q̂22

,

Q̂11 =
q1 − q2

q2
1 − εq2

2
∂L̃23 +

q1 − εq2

ε(q2
1 − εq2

2)
∂L̃21, Q̂12 =

q1 − q2

q2
1 − εq2

2
∂L̃24 +

q1 − εq2

ε(q2
1 − εq2

2)
∂L̃22,

Q̂13 =
q1 − q2

q2
1 − εq2

2
∂L̃21 +

q1 − εq2

q2
1 − εq2

2
∂L̃23, Q̂14 =

q1 − q2

q2
1 − εq2

2
∂L̃22 +

q1 − εq2

q2
1 − εq2

2
∂L̃24,

Q̂21 = ∂

(
q1 − q2

q2
1 − εq2

2

)
L̃13 + ∂

(
q1 − εq2

ε(q2
1 − εq2

2)

)
L̃11, Q̂22 = ∂

(
q1 − q2

q2
1 − εq2

2

)
L̃14 + ∂

(
q1 − εq2

ε(q2
1 − εq2

2)

)
L̃12,

Q̂23 = ∂

(
q1 − q2

(q2
1 − εq2

2)

)
L̃11 + ∂

(
q1 − εq2

q2
1 − εq2

2

)
L̃13, Q̂24 = ∂

(
q1 − q2

q2
1 − εq2

2

)
L̃12 + ∂

(
q1 − εq2

q2
1 − εq2

2

)
L̃14.

4. A Muti-Components Integrable TD Nonisospectral Hierarchy

In order to obtain the muti-components non-isospectral problem, we introduce the Lie
algebra A1N associated with the N-component non-isospectral problem.

First of all, a brief introduction to the Lie algebra A1N related to the Lie algebra A will
be given. Let us define a N × N square matrix:

M(m1, m2, · · · , mN) =



m1 εmN εmN−1 · · · εm4 εm3 εm2
m2 m1 εmN · · · εm5 εm4 εm3
m3 m2 m1 · · · εm6 εm5 εm4
...

...
...

. . .
...

...
...

mN−2 mN−3 mN−4 · · · m1 εmN εmN−1
mN−1 mN−2 mN−3 · · · m2 m1 εmN

mN mN−1 mN−2 · · · m3 m2 m1


=: [m1, m2, · · · , mN ]

T ,

(25)

where mn(1 ≤ n ≤ N) represents n arbitrary square matrices of the same order.
For the arbitrary matrices P = [P1, P2, · · · , PN ]

T , Q = [Q1, Q2, · · · , QN ]
T , one has the

Lie product:

[P, Q] =



R1 εRN εRN−1 · · · εR4 εR3 εR2
R2 R1 εRN · · · εR5 εR4 εR3
R3 R2 R1 · · · εR6 εR5 εR4
...

...
...

. . .
...

...
...

RN−2 RN−3 RN−4 · · · R1 εRN εRN−1
RN−1 RN−2 RN−3 · · · R2 R1 εRN

RN RN−1 RN−2 · · · R3 R2 R1


=: [R1, R2, · · · , RN ]

T ,
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where
Rl = ∑

k+j=l+1
1≤k,j≤l

[Pk, Qj] + σε ∑
s+t=l+1+N
l+1≤s,t≤N

[Ps, Qt],

is subject to

σ =

{
1, 1 ≤ l ≤ N − 1,
0, l = N.

Similarly, the matrix product PQ can be easily written as

PQ = [P1Q1 + σε ∑
s+t=2+N
2≤s,t≤N

PsQt, ∑
k+j=3

1≤k,j≤2

PkQj + σε ∑
s+t=3+N
3≤s,t≤N

PsQt,

· · · , ∑
k+j=l

1≤k,j≤l

PkQj + σε ∑
s+t=l+1+N
l+1≤s,t≤N

PsQt, · · · , ∑
k+j=l+1
1≤k,j≤N

PkQj]
T .

When ε = 0, [R1, R2, · · · , RN ]
T is a lower triangular matrix, Rl = ∑

k+j=l+1
1≤k,j≤l

[Pk, Qj], and

PQ = [P1Q1, ∑
k+j=3

1≤k,j≤2

PkQj, · · · , ∑
k+j=l

1≤k,j≤l

PkQj, ∑
k+j=l+1
1≤k,j≤N

PkQj]
T .

Secondly, we denote A1N = span{ĥi}4N
i=1, with commutators

ĥ1 = M(h1, 0, · · · , 0), ĥ2 = M(h2, 0, · · · , 0), ĥ3 = M(h3, 0, · · · , 0), ĥ4 = M(h4, 0, · · · , 0),

ĥ5 = M(0, h1, · · · , 0), ĥ6 = M(0, h2, · · · , 0), ĥ7 = M(0, h3, · · · , 0), ĥ8 = M(0, h4, · · · , 0),

· · ·
ĥ4N−3 = M(0, 0, · · · , h1), ĥ4N−2 = M(0, 0, · · · , h2),

ĥ4N−1 = M(0, 0, · · · , h3), ĥ4N = M(0, 0, · · · , h4),[
ĥ4l−3, ĥ4k−2

]
=

[
ĥ4l−3, ĥ4k−3

]
=

[
ĥ4l−2, ĥ4k−2

]
=

[
ĥ4l−1, ĥ4k−1

]
=

[
ĥ4l , ĥ4k

]
= 0, l, k = 1, 2, · · · , N,[

ĥ4l−3, ĥ4k−1

]
= −

[
ĥ4l−2, ĥ4k−1

]
=

{
ĥ4(k+l−1)−1, 1 ≤ k ≤ N − l + 1,
εĥ4(k+l−1−N)−1, N − l + 2 ≤ k ≤ N,[

ĥ4l−3, ĥ4k

]
= −

[
ĥ4l−2, ĥ4k

]
=

{
−ĥ4(k+l−1), 1 ≤ k ≤ N − l + 1,
−εĥ4(k+l−1−N), N − l + 2 ≤ k ≤ N,[

ĥ4l−1, ĥ4k

]
=

{
ĥ4(k+l−1)−3 − ĥ4(k+l−1)−2, 1 ≤ k ≤ N − l + 1,
ε(ĥ4(k+l−1−N)−3 − ĥ4(k+l−1−N)−2), N − l + 2 ≤ k ≤ N.

Let Ĝk = span
{

ĥ4k−3, ĥ4k−2, ĥ4k−1, ĥ4k

}
, k = 1, 2, · · · N, then A1N = Ĝ1 ⊕ Ĝ2 ⊕ · · · ⊕

ĜN . Thus, we obtain[
Ĝs, Ĝt

]
⊆ Ĝs+t−1−δN , δ =

{
0, 2 ≤ s + t ≤ N + 1,
1, N + 2 ≤ s + t ≤ 2N,

s, t = 1, 2, · · · , N.
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In terms of A1N under the case of ε = 0, we introduce the following N-component
non-isospectral problem:

ψx = Ûψ, Û =
N
∑

l=1
[−λĥ4l−3 + λĥ4l−2 + rl ĥ4l−3 + ql(ĥ4l−1 + ĥ4l)],

ψt = V̂ψ, V̂ =
N
∑

l=1
[al ĥ4l−3 − al ĥ4l−2 + bl ĥ4l−1 + cl ĥ4l ],

λt = ∑
m≥0

km(t)λ−m,

(26)

where û = (q1, r1, q2, r2, · · · , qN , rN)
T , Û =

[
Û1, Û2, · · · , ÛN

]T
, V̂ =

[
V̂1, V̂2, · · · , V̂N

]T
and

Ûl = −λh1 + λh2 + rlh1 + ql(h3 + h4), V̂l = alh1 − alh2 + blh3 + clh4.

By choosing
al = ∑

m≥0
almλ−m, bl = ∑

m≥0
blmλ−m, cl = ∑

m≥0
clmλ−m, (27)

and solving the stationary zero curvature equation

V̂x =
∂Û
∂λ

λt + [Û, V̂], (28)

we arrive at the following recursion equations:

alm,x = ∑
i+j=l+1
1≤i,j≤l

[qi(cjm − bjm)]− km(t),

blm,x = −2 ∑
1≤p≤l

bp,m+1,

clm,x = 2 ∑
1≤p≤l

cp,m+1,

(29)

which are equal to

alm = ∑
i+j=l+1
1≤i,j≤l

∂−1[qi(cjm − bjm)]− km(t)x,

b1,m+1 =
1
2
(r1b1m − b1m,x − 2q1a1m),

bl,m+1 =
1
2
[b(l−1)m,x − blm,x − 2qla1m + rlb1m − ∑

k+j=l+1
1≤k<l
1<j≤l

(2qk(ajm − aj−1,m)− rk(bjm − bj−1,m))],

c1,m+1 =
1
2
(c1m,x − 2q1a1m + r1c1m),

cl,m+1 =
1
2
[clm,x − c(l−1)m,x − 2qla1m + rlc1m − ∑

k+j=l+1
1≤k<l
1<j≤l

(2qk(ajm − aj−1,m)− rk(cjm − cj−1,m))].

(30)

By choosing the initial data

al0 = −1, bl0 = 0, cl0 = 0, k0 = 0, l = 1, 2, · · · , N,

letting

alk|qk=rk=0 = 0, blk|qk=rk=0 = 0, clk|qk=rk=0 = 0, l = 1, 2, · · · , N,
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and using the recursion relations (30), we can obtain

bl1 = ql , cl1 = ql , al1 = −k1(t)x,

b1,2 = q1k1(t)x +
1
2
(r1q1 − q1,x),

bl,2 = qlk1(t)x − 1
2
[ql,x − ql−1,x − rlq1 − ∑

k+j=l+1
1≤k<l
1<j≤l

rk(qj − qj−1)],

c1,2 = q1k1(t)x +
1
2
(r1q1 + q1,x),

cl,2 = qlk1(t)x − 1
2
[ql−1,x − ql,x − rlq1 − ∑

k+j=l+1
1≤k<l
1<j≤l

rk(qj − qj−1)],

a2l−1,2 =
1
2
[
q2

l − 2 ∑
i+j=2l−1

1≤i≤[ 2l−1
2 ]

qi(qj − qj+1)]− k2(t)x,

a2l,2 =
1
2
[
− q2

l + q2lq1 − 2 ∑
i+j=2l
l<i<2l

qi(qj − qj+1)]− k2(t)x,

· · · .

By denoting

V̂(n)
+ =

N

∑
k=1

n

∑
m=0

(akm ĥ4k−1λn−m + akm ĥ4k−2λn−m + bkm ĥ4k−3λn−m + ckm ĥ4kλn−m),

one can find that

−V̂(n)
+,x +

∂Û
∂λ

λ
(n)
+,t +

[
Û, V̂(n)

+

]
= 2

N

∑
k=1

( k

∑
p=1

bp,n+1ĥ4k−1 −
k

∑
p=1

cp,n+1ĥ4k

)
.

We choose the modification term as

∆̂n =q−1
1

N

∑
i=1

[ i

∑
p=1

(bp,n+1 + cp,n+1)

]
ĥ4i−3

+
N

∑
k=2

(−1)k−1q−k
1

N

∑
i=2

[
∑

s1+···+sk=i+k−1
sl≥2,l=1,··· ,k−1

sk>0

[
sk

∑
p=1

(bp,n+1 + cp,n+1)qs1 qs2 · · · qsk−1 ]

]
ĥ4i−3.

By taking V̂(n) = V̂(n)
+ + ∆̂n, the non-isospectral zero curvature equation

Ûtn +
∂Û
∂λ

λ
(n)
t − N̂x +

[
Û, V̂(n)

]
= 0

leads to the following N-component non-isospectral TD hierarchy:
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qj,tn =
j

∑
p=1

(cp,n+1 − bp,n+1) = q−1
1 (

j

∑
i=1

ain,x + jkn(t))

+
j

∑
i=2

(−1)i−1q−i
1 ∑

s1+···+si=j+i−1
sl≥2,l=1,··· ,i−1

si>0

[
si

∑
p=1

apn,xqs1 qs2 · · · qsi−1 + siqs1 qs2 · · · qsi−1 kn(t)],

rj,tn =
j

∑
i=2

(−1)i−1∂q−i
1 ∑

s1+···+si=j+i−1
sl≥2,l=1,··· ,i−1

si>0

[
si

∑
p=1

(bp,n+1 + cp,n+1)qs1 qs2 · · · qsi−1 ]

+ ∂q−1
1

j

∑
i=1

(ci,n+1 + bi,n+1), j = 1, · · · , N.

(31)

Letting N = n = 2, system (31) is reduced to system (19), in which ε = 0. Under the case
of n = 2, we can infer that the system is a new N-component non-isospectral TD system.
Therefore, (31) is a N-component non-isospectral TD integrable hierarchy.

Bi-Hamiltonian Structures

In order to furnish the Hamiltonian structures of the N-component non-isospectral
TD hierarchy (31), we will use the Zε

N-trace identity

δ

∂û

∫
∑

k+j=l+1
1≤k,j≤l

tr(V̂k
∂Ûj

∂λ
)dx = λ−γ ∂

∂λ
λγ ∑

k+j=l+1
1≤k,j≤l

tr(V̂k
∂Ûj

∂û
). (32)

From (26), we have

∑
k+j=l+1
1≤k,j≤l

tr(V̂k
∂Ûj

∂λ
) = −2 ∑

1≤p≤l
ap, (33)

and

∑
k+j=l+1
1≤k,j≤l

tr(V̂k
∂Ûj

∂û
) =

 ∑
1≤p≤l

(bp + cp)

∑
1≤p≤l

ap

. (34)

By substituting (33) and (34) into (32), we have

δ

∂û

∫
−2 ∑

1≤p≤l
apdx = λ−γ ∂

∂λ
λγ

 ∑
1≤p≤l

(bp + cp)

∑
1≤p≤l

ap

. (35)

By inserting (27) into (35) and comparing the coefficients of λ, we obtain

δ

∂û

∫
−2 ∑

1≤p≤l
ap,m+1dx = (γ − m)

 ∑
1≤p≤l

(bp,m + cp,m)

∑
1≤p≤l

ap,m

. (36)
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By fixing the constant m = 1 in the above equation, we conclude that γ = 0. Then, we
obtain

δ

∂û

∫ ∑
1≤p≤l

ap,m+2

m + 1
dx =

1
2

 ∑
1≤p≤l

(bp,m+1 + cp,m+1)

∑
1≤p≤l

ap,m+1

 =
δĤl,m+1

∂û
. (37)

Therefore,

Ĥl,m+1 =
∫ ∑

1≤p≤l
ap,m+2

m + 1
dx, l = 1, 2, · · · , N.

With the aid of (30) and (37), the Bi-Hamiltonian structures of hierarchy (31) are obtained
as follows:

ûtn =



q1
r1
q2
r2
...
qN
rN


tn

=



q−1
1 (a1n+1,x + kn+1(t))

∂[q−1
1 (c1,n+1 + b1,n+1)]

q−1
1 (a1n+1,x + a2n+1,x + 2kn+1(t))−

q2(a1n+1,x + kn+1(t))
q2

1

∂

[
q−1

1

2
∑

i=1
(ci,n+1 + bi,n+1)−

∑
s1+s2=3

s1≥2,s2>0

s2
∑

p=1
(cp,n+1 + bp,n+1)qs1

q2
1

]
...
A
B



= Φn
1 J1

δ

δû



H1,1
H2,1
H3,1
H4,1

...
HN−1,1
HN,1


+

n

∑
m=0

Φn−m
1 J1(R1kn(t) + R0kn+1(t)) + Rkn+1(t),

(38)

where J1 is the Hamiltonian operator:

J1 =


J11 0 · · · 0 0
J12 J11 · · · 0 0
...

...
...

. . .
...

J1,N−1 J1,N−2 · · · J13 J12
J1N J1,N−1 · · · J12 J11

,

J11 =

(
0 q−1

1 ∂

∂q−1
1 0

)
, J12 =

 0 − q2∂

q2
1

−∂q2

q2
1

0

, J1l =

(
0 C∂

∂C

)
, l = 3, · · · , N,

C = − ql

q2
1
+

l

∑
i=3

(−1)i−1q−i
1 ∑

s1+···+si−1=l+i−2
sj≥2,j=1,··· ,i−1

qs1 qs2 · · · qsi−1 ,
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R =



q−1
1
0

2q−1
1 − q2

q2
1

0
...

Nq−1
1 +

N
∑

i=2
(−1)i−1q−i

1 ∑
s1+···+si=N+i−1

sl≥2,l=1,··· ,i−1
si>0

siqs1 qs2 · · · qsi−1

0


,

Q1 = J1L1 and Φ1 = J1L1 J−1
1 .

5. Conclusions and Discussion

In this paper, we consider three kinds of Lie algebras: classical Lie algebras, A, the en-
larged Lie algebras, A12, and Lie algebras, A1N , which are associated with the N-component
non-isospectral problem. Based on these Lie algebras, we derive three classes of non-
isospectral TD hierarchies, and the corresponding Bi-Hamiltonian structures are established
by using trace identity. It should be noted that the first nontrivial system in the first kind of
TD hierarchy can be reduced to the TD equation, and the second nontrivial member can
be reduced to the mKdV equation. We find that the second kind of integrable coupling
of the TD hierarchy can be reduced to the integrable coupling of TD equations and the
coupled mKdV equations. The method we used in this paper can be applied to generate
other multi-component non-isospectral integrable hierarchies in the future.

Author Contributions: Methodology, H.W.; Software, J.Y.; Formal analysis, J.Y.; Writing—original
draft, J.Y.; Writing—review & editing, H.W.; Funding acquisition, H.W. All authors have read and
agreed to the published version of the manuscript.

Funding: This work was supported by the Scientific Research Start-Up Foundation of Jimei University
(Grant No. C622125), and Fujian Provincial Education Department, Grant No. JAT220172.

Data Availability Statement: The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Conflicts of Interest: The author declares that they have no conflicts of interest.

References
1. Magri, F. Nonlinear Evolution Equations and Dynamical Systems. In Springer Lecture Notes in Physics; Springer: Berlin/Heidelberg,

Germany, 1980; Volume 120, p. 233.
2. Tu, G.Z. The trace identity, a powerful tool for constructing the Hamiltonian structure of integrable systems. J. Math. Phys. 1989,

30, 330–338. [CrossRef]
3. Ma, W.X. A new hierarchy of Liouville integrable generalized Hamiltonian equations and its reduction. Chin. Contemp. Math.

1992, 13, 79–89.
4. Ma, W.X.; Chen, M. Hamiltonian and quasi-Hamiltonian structures associated with semi-direct sums of Lie algebra. J. Phys. A

2006, 39, 10787–10801. [CrossRef]
5. Tu, G.Z.; Ma, W.X. An algebraic approach for extending Hamilton operators. J. Partial. Equ. 1992, 3, 53–56.
6. Hu, X.B. An approach to generate super-extensions of integrable system. J. Phys. A 1997, 30, 619–632. [CrossRef]
7. Guo, F. A hierarchy of integrable Hamiltonian equations. Acta Math. Appl. Sinica 2000, 23, 181–187.
8. Zhang, Y. A general Boite-Pempinelli-Tu hierarchy and its bi-Hamiltonian structure. Phys. Lett. A 2003, 317, 280–286. [CrossRef]
9. Zhang, Y.F.; Mei, J.Q.; Guan, H.Y. A method for generating isospectral and nonisospectral hierarchies of equations as well as

symmetries. J. Geom. Phys. 2020, 147, 103538. [CrossRef]
10. Zhang, Y.F.; Tam, H.W. Generation of nonlinear evolution equations by reductions of the self-dual Yang-Mills equations. Commun.

Theor. Phys. 2014, 61, 203–206. [CrossRef]
11. Liu, H.; Geng, X.G. An integrable extension of TD hierarchy and generalized bi-Hamiltonian structures. Mod. Phys. Lett. B 2015,

29, 1550116. [CrossRef]

http://doi.org/10.1063/1.528449
http://dx.doi.org/10.1088/0305-4470/39/34/013
http://dx.doi.org/10.1088/0305-4470/30/2/023
http://dx.doi.org/10.1016/j.physleta.2003.08.057
http://dx.doi.org/10.1016/j.geomphys.2019.103538
http://dx.doi.org/10.1088/0253-6102/61/2/10
http://dx.doi.org/10.1142/S021798491550116X


Axioms 2024, 13, 282 19 of 19

12. Gordoa, P.R.; Pickering, A.; Zhu, Z.N. New 2+1 dimensional nonisospectral Toda lattice hierarchy. J. Math. Phys. 2007, 48, 023515.
[CrossRef]

13. Ma, W.X. Lax representations and Lax operator algebras of isospectral and nonisospectral hierarchies of evolution equations.
J. Math. Phys. 1992, 33, 2464–2476. [CrossRef]

14. Ma, W.X. A simple scheme for generating nonisospectral flows from zero curvature representation. Phys. Lett. A 1993, 179,
179–185. [CrossRef]

15. Qiao, Z.J. New hierarchies of isospectral and non-isospectral integrable NLEEs derived from the Harry-Dym spectral problem.
Phys. A 1998, 252, 377–387. [CrossRef]

16. Ma, W.X. An approach for constructing nonisospectral hierarchies of evolution equations. J. Phys. A Math. Gen. 1992, 25,
L719–L726. [CrossRef]

17. Zhang, Y.F.; Rui, W.J. A few continuous and discrete dynamical systems. Rep. Math. Phys. 2016, 78, 19–32. [CrossRef]
18. Zhao, X.H.; Tiao, B.; Li, H.M.; Guo, Y.J. Solitons, periodic waves, breathers and integrability for a non-isospectral and variable-

coefficient fifth-order Korteweg-de Vries equation in fluids. Appl. Math. Lett. 2017, 65, 48–55. [CrossRef]
19. Zhang, Y.F.; Zhang, H.Q. A direct method for integrable couplings of TD hierarchy. J. Math. Phys. 2002, 43, 466–472. [CrossRef]
20. Li, Z.; Dong, H.H. (2 + 1)-dimenstional TD hierarchy and its integrable couplings. Mod. Phys. Lett. B 2007, 7, 407–413. [CrossRef]
21. Clarkson, P.A.; Gordoa, P.R.; Pickering, A. Multicomponent equations associated to non-isospectral scattering problems. Inverse

Probl. 1997, 13, 1463–1476. [CrossRef]
22. Yu, F.J.; Zhang, H.Q. Hamiltonian structures of the integrable couplings for the multicomponent Dirac hierarchy. Appl. Math.

Comput. 2008, 197, 828–835. [CrossRef]
23. Zhang, Y.J.; Ma, W.X.; Unsal, O. A novel kind of AKNS integrable couplings and their Hamiltonain structures. Turkish J. Math.

2016, 41, 1467–1476. [CrossRef]
24. Shen, S.F.; Li, C.X.; Jin, Y.Y.; Ma, W.X. Completion of the Ablowitz-Kaup-Newell-Segur integrable coupling. J. Math. Phys. 2018,

59, 103503. [CrossRef]
25. Mcanally, M.; Ma, W.X. Two integrable couplings of a generalized D-Kaup-Newell hierarchy and their Hamiltonian and

bi-Hamiltonian structures. Nonlinear Anal. 2020, 191, 111629. [CrossRef]
26. Wang, H.F.; Zhang, Y.F. A kind of nonisospectral and isospectral integrable couplings and their Hamiltonian systems. Commun.

Nonlinear Sci. Numer. Simul. 2021, 99, 105822. [CrossRef]
27. Yu, J.D.; Wang, H.F.; Li, C.Z. A kind of multi-component nonisospectral generalized nonlinear Schrödinger hierarchies. Theoret.

Math. Phys. 2023, 21, 837–861. [CrossRef]
28. Wang, H.F.; Zhang, Y.F. A new multi-component integrable coupling and its application to isospectral and nonisospectral

problems. Commun. Nonlinear Sci. Numer. Simul. 2022, 105, 106075. [CrossRef]
29. Wang, H.F.; Zhang, Y.F. A class of extended high-dimensional nonisospectral KdV hierarchies and symmetry. J. Nonlinear Math.

Phys. 2024, accepted.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1063/1.2436983
http://dx.doi.org/10.1063/1.529616
http://dx.doi.org/10.1016/0375-9601(93)91135-R
http://dx.doi.org/10.1016/S0378-4371(97)00587-6
http://dx.doi.org/10.1088/0305-4470/25/12/003
http://dx.doi.org/10.1016/S0034-4877(16)30047-7
http://dx.doi.org/10.1016/j.aml.2016.10.003
http://dx.doi.org/10.1063/1.1398061
http://dx.doi.org/10.1142/S0217984907012815
http://dx.doi.org/10.1088/0266-5611/13/6/004
http://dx.doi.org/10.1016/j.amc.2007.08.017
http://dx.doi.org/10.3906/mat-1511-123
http://dx.doi.org/10.1063/1.4990534
http://dx.doi.org/10.1016/j.na.2019.111629
http://dx.doi.org/10.1016/j.cnsns.2021.105822
http://dx.doi.org/10.1134/S0040577923060077
http://dx.doi.org/10.1016/j.cnsns.2021.106075

	Introduction
	A Nonisospectral TD Integrable Hierarchy
	An Integrable Coupling of the TD Non-Isospectral Hierarchy
	A Muti-Components Integrable TD Nonisospectral Hierarchy
	Conclusions and Discussion
	References 

