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Abstract:



In this exploratory paper, we discuss quantitative graph-theoretical measures of network aesthetics. Related work in this area has typically focused on geometrical features (e.g., line crossings or edge bendiness) of drawings or visual representations of graphs which purportedly affect an observer’s perception. Here we take a very different approach, abandoning reliance on geometrical properties, and apply information-theoretic measures to abstract graphs and networks directly (rather than to their visual representaions) as a means of capturing classical appreciation of structural symmetry. Examples are used solely to motivate the approach to measurement, and to elucidate our symmetry-based mathematical theory of network aesthetics.
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1. Introduction


The aim of this paper is to introduce a measure of graph and network aesthetics based on symmetry, and thereby lay a foundation for a theory that applies to abstract graphs rather than drawings or visual representations of such mathematical objects. Symmetry is a basic attribute of aesthetic appreciation, and since this is captured by the automorphism group which is an important element in the analysis of abstract graphs, symmetry is a reasonable platform on which to build an aesthetic theory. It is important to note that our measure is quite independent of visual perception. However, it is useful to position the current research in the literature dealing with aesthetic measurement, so we begin with a brief review of that literature.



Measuring the aesthetics of objects has a long tradition in several disciplines. Important examples are semiotics and computational linguistics, where the aesthetics of languages has been studied extensively [1,2,3,4]. A particularly influential approach to quantitative measurement of aesthetics was developed by Birkhoff [5,6]. Birkhoff’s theory is based on the analysis of material objects such as vases whose features can represented as polygons, thus allowing for the assignment of numerical values to the features [5]. According to the theory, perception of an object depends on the following two general features [5,6]:

	
order O (e.g., symmetry of a polygon),



	
complexity C (e.g., number of straight lines of a polygon),








Birkhoff’s [5] aesthetical measure is defined by


[image: there is no content]



(1)







Of particular interest here, Birkhoff [5] applied the measure to objects whose geometry could be interpreted in terms of networks. The basis for this network interpretation is the use of polygons to represent the geometry of an object [5]. All that is needed to convert a polygon into a network (graph) is the identification of points (vertices) as “end points” in the structure. Interestingly, [5] did not use “pure” graph-theoretical features in deriving the aesthetical measure given by Equation (1). Bense [7] and Moles [8] extended Birkhoff’s theory by using information-theoretic measures and applied them to various problems in cybernetics and sociology. A review of information-theoretic measures applied to the aesthetics of paintings can be found in [9].



Birkhoff’s measure has been discussed and extended by many researchers [9,10]. Galivanter [10] stimulated much debate about the applicability of the two parameters O and C of Birkhoffs formula (see Equation (1)). Galivanter discussed the meaning of C and O, and argued that Birkhoff regarded these quantities as proxies for the effort required (C), and the tension released (O) in perceptual cognition [10]. In response to these observations, Birkhoff’s theory has been further developed (e.g., the contributions cited earlier—i.e., Bense [7] and Moles [8]) to overcome lack of interpretability and to add more conceptual rigor [10].



In [11], Purchase defines several measures of graph aesthetics based on geometrical features (e.g., edge crossings and bends) of graph drawings. Several other measures of the aesthetics of networks or network-like structures have also been defined and studied (e.g., [11,12,13]). Moreover, Ware et al. [13] review measures of graph aesthetics defined in [11], and in particular evaluate the cognitive cost to an observer of different visual representations.



A major objective guiding the design of geometry-based measures has been the desire to improve readability of diagrams and networks. Such illustrative aids play an important role in the development and analysis of software and in web graphs [14]. The indices discussed and evaluated numerically by Ware et al. [13] are based on aesthetic principles manifested by edge bends, edge crosses, maximizing the minimum angle, orthogonality, and symmetry [13]. For further details, see [12,13].



Another approach to aesthetic measurement has been taken by Dehmer et al. [15], who introduced a notation for measuring network style. This approach is based on comparative graph analysis [15]. In our current work, however, we argue that properties expressing structural features can be measured by single graph complexity measures (e.g., [16]), however difficult it may be to relate the numerical value of a measure to any specific structural features of a graph.



In what follows, we examine the question of how to measure the aesthetics of a network modeled as an abstract graph. Thus, we do not take account of geometrical properties or visual representations except for the purposes of comparison with the graph structure measures introduced. This is a purely theoretical approach to graph aesthetics which may or may not offer ways of improving the readability of drawings. The measures discussed by Ware et al. [13] are not directly comparable with the ones we wish to apply as they are based on different assumptions. The measures examined in [13] take account of geometrical properties of networks such as keeping multi-edge paths as straight as possible (i.e., avoiding zig-zag paths). Geometrical features play no role in structural measures of graphs, since such measures only take account of features such as density, symmetry, sparsity, branching, and so forth (e.g., [16,17,18]). This situation is shown by way of example in Figure 1; a purely structural graph measure cannot distinguish those two graphs. Hence, we expect our results to be different from those obtained by the methods proposed in [13], and draw appropriate conclusions for formalization of our approach (see Section “Conclusion”).


Figure 1. The same graphs but different drawings.
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2. Quantitative Methods and Network Aesthetic Measurement


Methods and measures for quantifying structural properties of networks have been examined extensively [19,20,21]. Some of these methods and measures emerged in the late 1950s and early 1960s, applying information-theoretic measures based on Shannon entropy to structural problems in chemistry and biology [21,22,23,24,25]. A well-known example is the graph entropy measure introduced by Rashevsky [25] and developed extensively by Mowshowitz [21], which is based on the vertex orbits of the automorphism group of a graph. Since automorphisms are permutations of graph elements preserving structure, this measure can be regarded as an index of symmetry [16,26]. Many other information-theoretic and non-information-theoretic graph measures for capturing features of the complexity of a network have been proposed (e.g., [19,20,27,28,29]). They have been applied in various disciplines, including discrete mathematics, computer science, mathematical chemistry, and computational biology [20,30,31] and mathematical ecology [29,32,33]. This paper focuses exclusively on measures of symmetry. Consideration of other types of measures is beyond the scope of the current work.



As noted above, Dehmer et al. [15] defined a notion of style for measuring structural properties of networks and graphs. In this work, a style has been defined as a set of graphs with intrinsic structural properties (see also [34]). In order to measure style, Dehmer et al. compared the styles (graph classes) in relation to the median graph [15,35,36]. This means that styles can be measured by comparing measurements based on the median graph with quantitative graph similarity measures [37,38].



Another way of measuring stylistic properties of (single) networks was introduced in [34]. Here it was argued—by way of example—that a stylistic property might be a structural feature of a graph characteristic of a class of graphs. Examples of such structural features representing a style are connectedness of a network [17], balanced or unbalanced properties [39], structural branching [18,40], and symmetry [21,41,42,43], but also other structural features such as the existence of directed or undirected edges and hierarchical properties [44].



The network in Figure 2a shows the Munich subway network [45,46]. This is an example of a transportation network [47] where the special hub view has been generated using the R-based network visualization tool NetBioV [48]. By contrast, the network in Figure 2b represents a transcriptional regulatory network inferred from yeast (see also [49]). These two networks are both undirected and unlabeled, and it should be noted that our definition of aesthetics focuses exclusively on structural properties, e.g., symmetry. This concept could easily be extended to include semantic and functional issues. Such an extension would generate a mapping [image: there is no content] for measuring aesthetics of structured objects based on the three parameters: structure, semantics, and function. The space of network styles (Style(G)) represents a graph class. So, the mapping enables us to find parameters (e.g., measures) for their structure, semantics, and function in a more simplified space. For example, structural properties can be mapped to the reals. We plan to define this formally and study the properties of such mappings in future work.


Figure 2. Two different networks representing different styles.
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3. Methods and Discussion


The aesthetic measure introduced by Birkhoff [5] is clearly quite different from a stylistic measure for networks. As indicated earlier, the main reason is that Birkhoff’s measure takes account of geometrical properties such as vertical and horizontal symmetry, length of lines, etc. for measuring aesthetics and harmony. By contrast, the structure of networks is solely dependent on a set of vertices and the edges joining them [50]. Attaching to a graph some geometrical and visual features [51] such as edge crossings and edge bends gives rise to the kind of measures developed by [13]. The stylistic properties we intend to capture here are restricted to the structural properties of graphs. Therefore, the meaning of aesthetical style measurement of networks is also restricted to some of their obvious structural features, such as symmetry or disorder.



3.1. Graph-Theoretical Definitions


Restricting consideration to symmetry-based measures of graphs produces results quite different from those obtained with measures utilizing geometrical symmetry—horizontal or vertical lines (e.g., Figure 3). This stems from the fact that graph-theoretical symmetry is based on the partition of the vertices of a graph given by the orbits of its automorphism group [52,53]. In order to measure the complexity of a network based on this approach, the so-called topological information content [image: there is no content] was defined by [25] and later mathematically investigated by Mowshowitz [21,54,55,56]:


[image: there is no content]



(2)






Figure 3. Geometrical symmetry: horizontal and vertical axis indicated by red lines.
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Let [image: there is no content], where V denotes the non-empty set of vertices, E the set of edges, and [image: there is no content] is the automorphism group of graph G. [image: there is no content] is the set of edge-preserving permutations of the vertices. The i-th orbit of [image: there is no content]—denoted by [image: there is no content] ([image: there is no content])—can be interpreted as a set of topologically-equivalent vertices. The collection of k orbits partitions V, and thus allows for computing the Shannon entropy of the finite probability scheme with probabilities [image: there is no content] as indicated in Equation (2). Clearly, [image: there is no content] vanishes if [image: there is no content] is transitive, and reaches the maximum value [image: there is no content] when there are no automorphisms other than the identity [50,53]. The complete graph and its complement the null graph have transitive automorphism groups, and so do graphs [image: there is no content] consisting of a single cycle with n vertices. For simplicity, we will refer to a graph whose automorphism group is transitive as a transitive graph. Note that questions of the computation of the automorphism group of a graph are beyond the scope of this paper. This computation is a hard problem, even for relatively small graphs. Recent work on computational aspects of graph isomorphism (and by extension, graph automorphism) has been reported by McKay and Piperno [57].




3.2. Results


Since every automorphism must preserve vertex degree, all transitive graphs are regular (i.e., every vertex has the same degree) [50]. However, it is far from the case that all regular graphs are transitive. In fact, for every degree value of three or more, there are regular graphs whose only automorphism is the identity. In general, the higher the value of [image: there is no content], the more asymmetric is the graph.



That means the degree of symmetry is low when most of the vertex orbits of G are singleton sets, as suggested by the fact that the maximum is attained for networks with the identity group. The following numerical examples show that [image: there is no content] gives results different from those obtained by measures taking account of geometrical properties such as path bendiness, number of crossings, average crossing angles, number of branches, and shortest path length [13].



Evidently, the measure [image: there is no content] does not reflect aesthetic factors related to geometry such as bendiness and angles, which contribute to the visual harmony of a network. An aesthetic style measure relying purely on graph-theoretical properties obviously leads to different and possibly weaker results than by using the apparatus due to Ware et al. [13].



Some graph theoretic terminology and notation need to be introduced here [50]. [image: there is no content] denotes a complete graph in which each pair of vertices is adjacent, [image: there is no content] is a star graph consisting of one vertex of degree [image: there is no content] and [image: there is no content] pendant vertices, and [image: there is no content] denotes a cycle with n vertices. Now, consider the following Figure 4. In graph-theoretical terms, the (vertex) automorphism group of [image: there is no content] is transitive, and therefore, the automorphism group of [image: there is no content] has just one orbit. Thus, [image: there is no content]. From Figure 4 it is apparent that both graphs are vertically and horizontally symmetric; yet, their index values are different (see below). In terms of the network style, we could also say that [image: there is no content] is more disordered than [image: there is no content]. More generally, we could also argue that aesthetics here correlates with simplicity of a network, which becomes obvious in the case of [image: there is no content]. The graph is regular, and therefore the simplest and most symmetric case possible.


Figure 4. Two networks [image: there is no content] and [image: there is no content] representing different styles.
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Now, calculating [image: there is no content] for [image: there is no content] gives


[image: there is no content]



(3)







Based on the symmetry of the partition given by the two vertex orbits [image: there is no content] and [image: there is no content], the degree of disorder in [image: there is no content] is obviously higher with [image: there is no content]. According to the scale we are using, [image: there is no content] is less aesthetic than [image: there is no content], as [image: there is no content] is more structurally complex. The same situation and explanation holds for Figure 5. However, we see from Figure 5b that [image: there is no content], a complete graph, whose group is transitive ([image: there is no content]), but the drawing has line crossings and therefore looks more complicated than [image: there is no content], whose index value is also


Ia(G3=S5)=−45log245+15log215≐0.72.



(4)




So, the comparison between Figure 5a and Figure 5b might suggest combining structural with “visually-oriented” measures expressing a certain kind of harmony like the ones due to Ware et al. [13].


Figure 5. Two networks [image: there is no content] and [image: there is no content] representing different styles.
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Now, consider Figure 6, Figure 7 and Figure 8. We find


[image: there is no content]



(5)






[image: there is no content]



(6)






Figure 6. Two networks [image: there is no content] and [image: there is no content] representing different styles.
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Figure 7. Two networks [image: there is no content] and [image: there is no content] representing different styles.
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Figure 8. Two networks [image: there is no content] and [image: there is no content] representing different styles.
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Furthermore, according to the Equations (3) and (4), [image: there is no content]. As a direct consequence, we define a distance measure between two graphs by


[image: there is no content]



(7)




where [image: there is no content] is a structural graph measure and [image: there is no content] a class of graphs. According to [58], Equation (7) is a graph distance measure since [image: there is no content] and [image: there is no content]. We obtain


[image: there is no content]



(8)






[image: there is no content]



(9)






[image: there is no content]



(10)







From Figure 6, we see by Equation (8) that [image: there is no content]. By contrast, the distances of the pairs of graphs shown by Figure 7 and Figure 8 vanish; see Equations (9) and (10). Then, we observe that if the graph distance vanishes (see Figure 7 and Figure 8), both graphs possess a (geometrical) horizontal and vertical symmetry axis (again, see Figure 3). Instead, the right-hand graph in Figure 6 does not have such geometrical symmetry, indicated by [image: there is no content]. This seems to be plausible, as these two graphs do not have the same symmetry structure in terms of their vertex orbits. In conclusion, we see that the graph distance measure defined above might also be useful for automatically measuring aesthetic and stylistic properties of larger networks.



Now we generalize our findings from above to highlight the differences between a symmetry-based measure and an index taking account of geometric properties. In particular, we construct a class of transitive graphs with n vertices having unbounded values on a geometry-based measure. For n=2k(k>1), the graph [image: there is no content] in this class consists of the undirected cycle [image: there is no content] and the k edges [image: there is no content]. Our geometry-based measure simply counts the number of pairs of line crossings ([image: there is no content]) in a particular visual representation or drawing of a graph. We make this choice because an aesthetic measure should reflect the perception of an observer, and line crossings in a drawing may be viewed as a geometric proxy for the perception of disorder. For example, when [image: there is no content] ([image: there is no content]), the graph consists of a [image: there is no content] and the five additional edges [image: there is no content], as shown in Figure 9. This graph has 10 pairs of line crossings, and in general, [image: there is no content] has binomial coefficient [image: there is no content] line crossings in the (analogous) visual representation.


Figure 9. Graph with ten vertices possessing a transitive group and ten line crossings.
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Clearly, the graph [image: there is no content] has the automorphism [image: there is no content], which implies it is transitive, and hence [image: there is no content]. By contrast, the geometric measure [image: there is no content] defined as the total number of pairs of line crossings in a network gives [image: there is no content]. So, as [image: there is no content] ([image: there is no content]), [image: there is no content]. The class of graphs we have defined thus shows that it is possible for different aesthetic measures to exhibit unbounded divergence. Although surprising at first glance, on reflection this example of measurement relativity is in keeping with the subjectivity of perception.



The abstract approach to graph aesthetics introduced in this paper has the virtue of providing a natural way of measuring the aesthetics of product graphs, and thus allows for investigation of the aesthetics of complex graphs constructed from simpler ones. The following theorem summarizes the situation for four well-known graph products; namely, sum, join, Cartesian product, and composition (or wreath product), denoted by ∪, +, X, and ∘, respectively [50].



Theorem 1.

Let G and H be graphs. Then


[image: there is no content]



(11)






[image: there is no content]



(12)






[image: there is no content]



(13)






[image: there is no content]



(14)









Proof. 

Each of the inequalities follows directly from results in [21]. ☐





These results show that aesthetic quality—as measured by information content—is not diminished by combining graphs in predictable ways. In the extreme cases of repetition (i.e., sums or joins of isomorphic graphs), information content—and thus aesthetic value—does not change at all. This is consistent with the aesthetic view of minimalist music in which repetition (with slight variation) figures prominently.





4. Conclusions


In this paper, we have examined aesthetic properties of abstract graphs and networks. Our work complements existing approaches discussed in Section “Introduction”. Measuring graph aesthetics has mainly been discussed in the area of information visualization where geometrical and harmonic factors like edge crossing and edge bendiness could contribute to an observer’s perception of disorder. The work reported here uses structural features of an abstract graph to define a measure of aesthetics.



We have found that by omitting the above-mentioned geometrical features to measure the harmony or aesthetics of networks, we might get weaker results. However, this is not certain because we have not applied our measures to either large graphs or to a diverse set of graphs, nor have we yet conducted an experiment to determine cognitive cost (see also [13]). Such an experiment could reveal whether incorporating the above-mentioned geometrical features [13] creates additional value and generates more subtle evaluation.



Graph-theoretical symmetry based on the automorphism group of a network might not by itself provide an acceptable measure of network aesthetics. Thus, our considerations suggest combining structural, geometrical, and harmonic properties in the definition of new super aesthetic indices. Such super indices could be used to measure network aesthetics more effectively and efficiently. However, it is also clear that measurement of the aesthetics of abstract graphs may be better served by the kind of symmetry measure proposed here, because such measures allow for systematic investigation of graph construction.
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