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Abstract:



A single-valued neutrosophic set is an instance of a neutrosophic set, which provides us an additional possibility to represent uncertainty, imprecise, incomplete and inconsistent information existing in real situations. In this research study, we present concepts of energy, Laplacian energy and signless Laplacian energy in single-valued neutrosophic graphs (SVNGs), describe some of their properties and develop relationship among them. We also consider practical examples to illustrate the applicability of the our proposed concepts.
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1. Introduction


Smarandache [1] originally introduced the notion of neutrosophic set (NS) from philosophical point of view. Wang et al. [2] put forth the notion of a single-valued neutrosophic set (SVNS) from a scientific or engineering point of view, as a subclass of the NS and an extension of intuitionistic fuzzy set (IFS) [3], and provide its various properties. The prominent characteristic of SVNS is that a truth-membership, an indeterminacy-membership and a falsity-membership degree, in [0,1] are independently assigned to each element in the set. IFSs cannot deal with all types of uncertainty, such as indeterminate and inconsistent information, existing commonly in real situations. For instance, if during a voting process there are sixteen voters, seven vote ‘aye’, six vote ‘blackball’ and three are undecided. According to single-valued neutrosophic notation, it can be represented as [image: ]. This information is beyond the scope of IFS. That is why, the concept of SVNS is more extensive than IFS. NS, particularly SVNS has attracted significant interest from researchers in recent years. It has been widely applied in various fields, including information fusion in which data are combined from different sensors [4], control theory [5], image processing [6], medical diagnosis [7], decision making [8], and graph theory [9,10].



A graph is a mathematical object containing points (vertices) and connections (edges). For instance, the vertices could represent communication centers, with edges depicting communication links. Graph spectra is one of the most important concepts of graph theory. Gutman [11] introduced the notion of energy of a graph in chemistry, because of its relevance to the total [image: ]-electron energy of certain molecules and found upper and lower bounds for the energy of graphs [12]. Later, Gutman and Zhou [13] defined the Laplacian energy of a graph as the sum of the absolute values of the differences of average vertex degree of G to the Laplacian eigenvalues of G. Signless Laplacian energy of a graph was defined in [14]. However, in many real-life applications, there is a variety of non-deterministic information due to the increase of system complexity. Sometimes, the connection between two objects cannot be fully determined and to verify the properties of the graph traditional methods are useless. Erdös [15] used the probability theory, to deal with this problem. Meanwhile, after the inception of fuzzy sets by Zadeh [16], the concept of fuzzy graph was put forth by Kaufmann [17] and Rosenfeld [18] to handle the fuzzy phenomena in graphs. Fuzzy graphs are useful in representing structures of relationships between objects, where the existence of a concrete object and relationship between two objects are uncertain or obscure. Anjali and Mathew [19] investigated the energy of a graph within the framework of fuzzy set theory. Laplacian energy of a fuzzy graph was defined by Sharbaf and Fayazi [20]. Later on, many generalized fuzzy graphs [21,22,23,24,25,26,27,28,29,30,31] have been introduced in literature. Among these extensions, the notion of intuitionistic fuzzy graph (IFG) whose vertex set and edge set specify a degree of membership, a degree of non-membership and a degree of hesitancy was proposed by Parvathi and Karunambigai [21], and Akram and Davvaz [23]. Praba et al. [32] defined the energy of IFGs. Basha and Kartheek [33] generalized the concept of the Laplacian energy of fuzzy graph to the Laplacian energy of an IFG. When description of the objects or their relations or both is indeterminate and inconsistent, it cannot be handled by fuzzy graphs and IFGs. To overcome this shortcoming of the IFGs, Akram et al. [24] extended the concept of IFGs to SVNGs and put forward many new concepts related to SVNGs and its extensions [24,25,26]. Naz et al. [10] introduced the concept of single-valued neutrosophic digraphs (SVNDGs). In this research study, we present concepts of energy, Laplacian energy and signless Laplacian energy in single-valued neutrosophic graphs (SVNGs), describe some of their properties and develop relationship among them. We also consider practical examples to illustrate the applicability of the our proposed concepts.

Definition 1.

[2] Let Z be a space of points (objects), with a generic element in Z denoted by u. A SVNS X in Z is characterized by a truth-membership function [image: ], an indeterminacy-membership function [image: ] and a falsity-membership function [image: ]. For each point [image: ], [image: ]. Therefore, a SVNS X in Z can be written as


[image: ]













Definition 2.

[24] A SVNG on a non-empty set Z is a pair [image: ], where X is a single-valued neutrosophic set (SVNS) in Z and Y is a single-valued neutrosophic relation on Z such that


[image: ]










[image: ]










[image: ]








for all [image: ]. X and Y are called the single-valued neutrosophic vertex set and the single-valued neutrosophic edge set of [image: ], respectively. Here Y is a symmetric single-valued neutrosophic relation on X. If Y is not symmetric on X, then [image: ] is called SVNDG.







We have used standard definitions and terminologies, in this paper. For more details and background, the readers are referred to [34,35,36,37,38,39,40].




2. Energy of Single-Valued Neutrosophic Graphs


In this section, we define and investigate the energy of a graph within the framework of SVNS theory and discuss its properties.

Definition 3.

The adjacency matrix [image: ] of a SVNG [image: ] is defined as a square matrix [image: ][image: ], where [image: ] and [image: ] represent the strength of relationship, strength of undecided relationship and strength of non-relationship between [image: ] and [image: ], respectively.







The adjacency matrix of a SVNG can be expressed as three matrices, first matrix contains the entries as truth-membership values, second contains the entries as indeterminacy-membership values and the third contains the entries as falsity-membership values, i.e., [image: ].

Definition 4.

The spectrum of adjacency matrix of a SVNG [image: ] is defined as [image: ], where M, N and O are the sets of eigenvalues of [image: ], [image: ] and [image: ], respectively.





Example 1.

Consider a graph [image: ], where [image: ] and [image: ]. Let [image: ] be a SVNG on V, as shown in Figure 1, defined by

Figure 1. Single-valued neutrosophic graph.



[image: Axioms 07 00050 g001]







	X
	u1
	u2
	u3
	u4
	u5
	u6
	u7



	[image: ]
	0.6
	0.4
	0.5
	0.6
	0.3
	0.2
	0.2



	[image: ]
	0.5
	0.1
	0.3
	0.4
	0.4
	0.5
	0.4



	[image: ]
	0.7
	0.3
	0.2
	0.9
	0.5
	0.6
	0.8








	Y
	u1u2
	u2u3
	u3u4
	u4u1
	u1u5
	u1u6
	u1u7
	u3u5
	u3u6
	u3u7
	u2u5
	u5u6
	u6u7
	u4u7



	[image: ]
	0.2
	0.3
	0.3
	0.5
	0.2
	0.1
	0.2
	0.2
	0.1
	0.2
	0.2
	0.2
	0.1
	0.2



	[image: ]
	0.1
	0.1
	0.2
	0.3
	0.4
	0.3
	0.3
	0.3
	0.3
	0.2
	0.1
	0.1
	0.4
	0.3



	[image: ]
	0.4
	0.3
	0.7
	0.6
	0.6
	0.6
	0.7
	0.4
	0.4
	0.5
	0.4
	0.6
	0.7
	0.7








The adjacency matrix of a SVNG given in Figure 1, is


[image: ]











The spectrum of a SVNG [image: ], given in Figure 1 is as follows:


[image: ]











Therefore,


[image: ]













Definition 5.

The energy of a SVNG [image: ] is defined as


[image: ]













Definition 6.

Two SVNGs with the same number of vertices and the same energy are called equienergetic.





Theorem 1.

Let [image: ] be a SVNG and [image: ] be its adjacency matrix. If [image: ], [image: ] and [image: ] are the eigenvalues of [image: ], [image: ] and [image: ], respectively. Then

	
[image: ] and [image: ]



	
[image: ], [image: ] and [image: ].










Proof. 


	
Since [image: ] is a symmetric matrix whose trace is zero, so its eigenvalues are real with zero sum.



	
By matrix trace properties, we have


[image: ]








where


[image: ]











Hence [image: ] Analogously, we can show that [image: ] and [image: ]. ☐










Example 2.

Consider a SVNG [image: ] on [image: ], as shown in Figure 1. Then [image: ], [image: ] and [image: ].



Therefore, [image: ]. Also we have


[image: ]










[image: ]










[image: ]










[image: ]










[image: ]










[image: ]















We now give upper and lower bounds on energy of a SVNG [image: ], in terms of the number of vertices and the sum of squares of truth-membership, indeterminacy-membership and falsity-membership values of edges.

Theorem 2.

Let [image: ] be a SVNG on n vertices with adjacency matrix [image: ]. Then

	(i) 

	
[image: ]




	(ii) 

	
[image: ]




	(iii) 

	
[image: ]






where [image: ] and [image: ] are the determinant of [image: ] and [image: ], respectively.





Proof. 

(i) Upper bound:



Apply Cauchy-Schwarz inequality to the n numbers [image: ] and [image: ], then


[image: ]



(2.1)






[image: ]



(2.2)







By comparing the coefficients of [image: ] in the characteristic polynomial


[image: ]








we have


[image: ]



(2.3)







Substituting (2.3) in (2.2), we obtain


[image: ]



(2.4)







Substituting (2.4) in (2.1), we obtain


[image: ]











Therefore,


[image: ]











(ii) Lower bound:


[image: ]











Since [image: ], [image: ], so,


[image: ]








also since


[image: ]








so,


[image: ]











Thus,


[image: ]











Analogously, we can show that [image: ] and [image: ] ☐





Example 3.

(Illustration to Theorem 2) For the SVNG [image: ], given in Figure 1


[image: ]
















3. Laplacian Energy of Single-Valued Neutrosophic Graphs


In this section, we define and investigate the Laplacian energy of a graph under single-valued neutrosophic environment and investigate its properties.

Definition 7.

Let [image: ] be a SVNG on n vertices. The degree matrix, [image: ] of [image: ] is a [image: ] diagonal matrix defined as:


[image: ]













Definition 8.

The Laplacian matrix of a SVNG [image: ] is defined as [image: ], where [image: ] is an adjacency matrix and [image: ] is a degree matrix of a SVNG [image: ].





Definition 9.

The spectrum of Laplacian matrix of a SVNG [image: ] is defined as [image: ], where [image: ], [image: ] and [image: ] are the sets of Laplacian eigenvalues of [image: ], [image: ] and [image: ], respectively.





Example 4.

Consider a SVNG [image: ] of a graph [image: ], where [image: ] and [image: ], as shown in Figure 2.

Figure 2. Single-valued neutrosophic graph.



[image: Axioms 07 00050 g002]







The adjacency and the Laplacian matrices of the SVNG shown in Figure 2 are as follows:


[image: ]










[image: ]











The Laplacian spectrum of a SVNG [image: ], given in Figure 2 is


[image: ]











Therefore,


[image: ]













Theorem 3.

Let [image: ] be a SVNG and let [image: ] be the Laplacian matrix of [image: ]. If [image: ], [image: ] and [image: ] are the eigenvalues of [image: ], [image: ] and [image: ], respectively. Then

	
[image: ] and [image: ]



	
[image: ], [image: ] and [image: ].










Proof. 


	
Since [image: ] is a symmetric matrix with non-negative Laplacian eigenvalues, such that


[image: ]











Similarly, it is easy to show that, [image: ] and [image: ]



	
By definition of Laplacian matrix, we have


[image: ]
















By trace properties of a matrix, we have


[image: ]








where


[image: ]











Therefore,


[image: ]











Analogously, we can show that [image: ] and [image: ]. ☐





Definition 10.

The Laplacian energy of a SVNG [image: ] is defined as


[image: ]








where


[image: ]













Theorem 4.

Let [image: ] be a SVNG and let [image: ] be the Laplacian matrix of [image: ]. If [image: ], [image: ] and [image: ] are the eigenvalues of [image: ], [image: ] and [image: ], respectively, and [image: ] Then


[image: ]








where


[image: ]










[image: ]










[image: ]













Example 5.

Consider a SVNG [image: ] on [image: ], as shown in Figure 2. Then [image: ]



Therefore, [image: ]. Also we have


[image: ]










[image: ]










[image: ]










[image: ]













Theorem 5.

Let [image: ] be a SVNG on n vertices and let [image: ] be the Laplacian matrix of [image: ]. Then

	(i) 

	
[image: ]




	(ii) 

	
[image: ]




	(iii) 

	
[image: ].











Proof. 

Apply Cauchy-Schwarz inequality to the n numbers [image: ] and [image: ], we have


[image: ]










[image: ]











Since [image: ] therefore, [image: ]



Analogously, it is easy to show that [image: ] and [image: ]. ☐





Theorem 6.

Let [image: ] be a SVNG on n vertices and let [image: ] be the Laplacian matrix of [image: ]. Then

	(i) 

	
[image: ]




	(ii) 

	
[image: ]




	(iii) 

	
[image: ].











Proof. 



[image: ]










[image: ]








Since [image: ] therefore, [image: ].



Similarly, it is easy to show that [image: ] and [image: ] ☐





Theorem 7.

Let [image: ] be a SVNG on n vertices and let [image: ] be the Laplacian matrix of [image: ]. Then

	(i) 

	
[image: ]




	(ii) 

	
[image: ];




	(iii) 

	
[image: ]











Proof. 

Using Cauchy-Schwarz inequality, we get


[image: ]










[image: ]










[image: ]










[image: ]











Since [image: ] therefore


[image: ]



(3.1)







Similarly, we can show that [image: ] and [image: ] ☐





Theorem 8.

If the SVNG [image: ] is regular, then

	(i) 

	
[image: ]




	(ii) 

	
[image: ]




	(iii) 

	
[image: ]











Proof. 

Let [image: ] be a regular SVNG, then


[image: ]



(3.2)







Substituting (3.2) in (3.1), we get [image: ].



Similarly, it is easy to show that [image: ] and [image: ] ☐





Theorem 9.

Let [image: ] be a SVNG on n vertices with Laplacian matrix [image: ]. Then


[image: ]








where [image: ][image: ] and [image: ]








4. Signless Laplacian Energy of Single-Valued Neutrosophic Graphs


Definition 11.

The signless Laplacian matrix of a SVNG [image: ] is defined as [image: ], where [image: ] and [image: ] are the degree matrix and the adjacency matrix, respectively, of a SVNG [image: ].





Definition 12.

The spectrum of signless Laplacian matrix of a SVNG [image: ] is defined as [image: ], where [image: ], [image: ] and [image: ] are the sets of signless Laplacian eigenvalues of [image: ], [image: ] and [image: ], respectively.





Example 6.

Consider a SVNG [image: ] of a graph [image: ], where [image: ] and [image: ], as shown in Figure 3.

Figure 3. Single-valued neutrosophic graph.



[image: Axioms 07 00050 g003]







The adjacency and the signless Laplacian matrices of the SVNG, shown in Figure 3 are as follows:


[image: ]










[image: ]











The signless Laplacian spectrum of a SVNG [image: ], given in Figure 3 is


[image: ]











Therefore,


[image: ]













Theorem 10.

Let [image: ] be a SVNG and let [image: ] be the signless Laplacian matrix of [image: ]. If [image: ], [image: ] and [image: ] are the eigenvalues of [image: ], [image: ] and [image: ], respectively. Then

	1. 

	
[image: ] and [image: ]




	2. 

	
[image: ], [image: ] and [image: ].











Proof. 

Proof follows at once from proof of Theorem 3. ☐





Definition 13.

The signless Laplacian energy of a SVNG [image: ] is defined as


[image: ]








where


[image: ]













Theorem 11.

Let [image: ] be a SVNG and let [image: ] be the signless Laplacian matrix of [image: ]. If [image: ], [image: ] and [image: ] are the eigenvalues of [image: ], [image: ] and [image: ], respectively, and [image: ] Then


[image: ]








where


[image: ]













Example 7.

Consider a SVNG [image: ] on [image: ], as shown in Figure 3. Then [image: ]



Therefore, [image: ]. Also we have


[image: ]










[image: ]













Theorem 12.

Let [image: ] be a SVNG on n vertices with signless Laplacian matrix [image: ]. Then


[image: ]










[image: ]










[image: ]








where [image: ][image: ] and [image: ]






5. Relation among Energy, Laplacian Energy and Signless Laplacian Energy of SVNGs


This section discusses the relationship among energy, Laplacian energy and signless Laplacian energy of SVNGs.

Theorem 13.

Let [image: ] be a SVNG on n vertices and let [image: ], [image: ] and [image: ] be the adjacency, the Laplacian and the signless Laplacian matrices of [image: ], respectively. Then [image: ].





Proof. 

Clearly,


[image: ]



(5.1)






[image: ]



(5.2)







From Equations (5.1) and (5.2), we get


[image: ]











Then,


[image: ]











Also


[image: ]











By well known property of energy of a graph,


[image: ]



(5.3)






[image: ]



(5.4)







Combining (5.3) and (5.4), we get [image: ]. Analogously, we can show that [image: ] and [image: ] Hence [image: ]. ☐





Theorem 14.

If the SVNG [image: ] is regular. Then [image: ].





Theorem 15.

Let [image: ] be a SVNG on n vertices and let [image: ] and [image: ] be the Laplacian and the signless Laplacian matrices of [image: ], respectively. Then


[image: ]













Theorem 16.

Let [image: ] be a SVNG on n vertices and let [image: ] and [image: ] be the Laplacian and the signless Laplacian matrices of [image: ], respectively. Then


[image: ]










[image: ]










[image: ]








where r is the number of non-zero eigenvalues of SVNG [image: ].





Theorem 17.

Let [image: ] be a SVNG on n vertices and let [image: ] be the Laplacian matrix of [image: ]. Then


[image: ]










[image: ]










[image: ]













Theorem 18.

Let [image: ] be a SVNG on n vertices and let [image: ] be the signless Laplacian matrix of [image: ]. Then


[image: ]










[image: ]










[image: ]













Theorem 19.

Let [image: ] be a connected SVNG on n vertices and let [image: ] be the signless Laplacian matrix of [image: ]. Then


[image: ]










[image: ]










[image: ]
















6. Application of Energy of SVNGs in Group Decision-Making


Group decision-making is a commonly used tool in human activities, which determines the optimal alternative from a given finite set of alternatives using the evaluation information given by a group of decision makers or experts. With the rapid development of society, group decision-making plays an increasingly important role when dealing with the decision-making problems. Recently, many scholars have investigated the approaches for group decision-making based on different kinds of decision information. However, in order to reflect the relationships among the alternatives, we need to make pairwise comparisons for all the alternatives in the process of decision- making. Preference relation is a powerful quantitative decision technique that support experts in expressing their preferences over the given alternatives. For a set of alternatives [image: ], the experts compare each pair of alternatives and construct preference relations, respectively. If every element in the preference relations is a single-valued neutrosophic number, then the concept of the single-valued neutrosophic preference relation (SVNPR) can be put forth as follows:

Definition 14.

A SVNPR on the set [image: ] is represented by a matrix [image: ], where [image: ] for all [image: ]. For convenience, let [image: ] where [image: ] indicates the degree to which the object [image: ] is preferred to the object [image: ], [image: ] denotes the degree to which the object [image: ] is not preferred to the object [image: ], and [image: ] is interpreted as an indeterminacy-membership degree, with the conditions:


[image: ]















A group decision-making problem concerning the ’Alliance partner selection of a software company’ is solved to illustrate the applicability of the proposed concepts of energy of SVNGs in realistic scenario.



Alliance Partner Selection of a Software Company


Eastsoft is one of the top five software companies in China [41]. It offers a rich portfolio of businesses, including product engineering solutions, industry solutions, and related software products and platform and services. It is dedicated to becoming a globally leading IT solutions and services provider through continuous improvement of organization and process, competence development of leadership and employees, and alliance and open innovation. To improve the operation and competitiveness capability in the global market, Eastsoft plans to establish a strategic alliance with a transnational corporation. After numerous consultations, five transnational corporations would like to establish a strategic alliance with Eastsoft; they are HP [image: ], PHILIPS [image: ], EMC [image: ], SAP [image: ] and LK [image: ]. To select the desirable strategic alliance partner, three experts [image: ] are invited to participate in the decision analysis, who come from the engineering management department, the human resources department, and the finance department of Eastsoft, respectively. Based on their experiences, the experts compare each pair of alternatives and give individual judgments using the following SVNPRs [image: ]:



The SVNDGs [image: ] corresponding to SVNPRs [image: ] given in Table 1, Table 2 and Table 3, are shown in Figure 4.


Figure 4. Single-valued neutrosophic digraphs.



[image: Axioms 07 00050 g004]





Table 1. SVNPR of the expert from the engineering management department.





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]








Table 2. SVNPR of the expert from the human resources department.





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]








Table 3. SVNPR of the expert from the finance department.





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]









The energy of a SVNDG is the sum of absolute values of the real part of eigenvalues of [image: ]. The energy of each SVNDG [image: ] is calculated as:


[image: ]











Then the weight of each expert can be determined as:


[image: ]








[image: ]



Utilize the aggregation operator to fuse all the individual SVNPRs [image: ] into the collective SVNPR [image: ] as shown in Table 4. Here we apply the single-valued neutrosophic weighted averaging (SVNWA) operator [42] to fuse the individual SVNPR.


[image: ]










Table 4. The collective SVNPR of all the above individual SVNPRs.





	R
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]



	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]









Draw a directed network corresponding to a collective SVNPR above, as shown in Figure 5. Then, under the condition [image: ] a partial diagram is drawn, as shown in Figure 6.


Figure 5. Directed network of the fused SVNPR.
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Figure 6. Partial directed network of the fused SVNPR.



[image: Axioms 07 00050 g006]






Calculate the out-degrees out-d[image: ] of all criteria in a partial directed network as follows:


[image: ]











According to membership degrees of [image: ], we get the ranking of the factors [image: ] as:


[image: ]











Thus, the best choice is LK [image: ]



Now, elements of the Laplacian matrices of the SVNDGs [image: ] shown in Figure 4, are provided in Table 5, Table 6 and Table 7.


Table 5. Elements of the Laplacian matrix of the SVNDG [image: ].





	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
	[image: ]
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Table 6. Elements of the Laplacian matrix of the SVNDG [image: ].
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Table 7. Elements of the Laplacian matrix of the SVNDG [image: ].
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The Laplacian energy of each SVNDG is calculated as:
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Then the weight of each expert can be determined as:
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[image: ] based on which, using the SVNWA operator the fused SVNPR is determined, as shown in Table 8.


Table 8. The collective SVNPR of all the above individual SVNPRs.
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In the directed network corresponding to a collective SVNPR above, we select those single-valued neutrosophic numbers whose membership degrees [image: ] and resulting partial diagram is shown in Figure 7.


Figure 7. Partial directed network of the fused SVNPR.
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Calculate the out-degrees out-d [image: ] of all criteria in a partial directed network as follows:
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According to membership degrees of [image: ], we get the ranking of the factors [image: ] as:
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Thus, the best choice is LK [image: ]



Now, elements of the signless Laplacian matrices of the SVNDGs [image: ] shown in Figure 4, are given in Table 9, Table 10 and Table 11.


Table 9. Elements of the signless Laplacian matrix of the SVNDG [image: ].
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Table 10. Elements of the signless Laplacian matrix of the SVNDG [image: ].
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Table 11. Elements of the signless Laplacian matrix of the SVNDG [image: ].
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The signless Laplacian energy of each SVNDG is calculated as:
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Then the weight of each expert is
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[image: ] based on which fuse all the individual SVNPRs [image: ] into the collective SVNPR [image: ], by using the SVNWA operator, as shown in Table 12.


Table 12. The collective SVNPR of all the above individual SVNPRs.
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In the directed network corresponding to a collective SVNPR above, we select those single-valued neutrosophic numbers whose membership degrees [image: ] and resulting partial diagram is shown in Figure 8.


Figure 8. Partial directed network of the fused SVNPR.
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Calculate the out-degrees out-d[image: ] of all criteria in a partial directed network as follows:
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According to membership degrees of [image: ], we get the ranking of the factors [image: ] as:
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Thus, the best choice is LK [image: ]





7. Real Time Example


In this section, the proposed concepts of energy, Laplacian energy and signless Laplacian energy of a SVNG are explained through a real time example. We have taken the Website http://www.pantechsolutions.net modeled as a SVNG by considering the navigation of the customer. We have taken the four links: 1. microcontroller-boards, 2. log-in html, 3. and 4. project kits for our calculation. A SVNG of this site for four different time periods is considered. The energy, Laplacian energy and signless Laplacian energy of a SVNG is calculated for each of these periods. The energy, Laplacian energy and signless Laplacian energy are represented in terms of bar graphs. In the website http://www.pantechsolutions.net (accessed on 8 May 2012). the above 4 links are considered for the period 16 January 2018 to 15 February 2018 and for this graph, as shown in Figure 9, we have
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Figure 9. Single-valued neutrosophic graph [image: ].
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For the period 16 February 2018 to 15 March 2018 (see Figure 10), we have
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Figure 10. Single-valued neutrosophic graph [image: ]
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For the period 16 March 2018 to 15 April 2018 (see Figure 11), we have
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Figure 11. Single-valued neutrosophic graph [image: ]
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Finally, for the period 16 April 2018 to 15 May 2018 (see Figure 12), we have
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Figure 12. Single-valued neutrosophic graph [image: ]
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The bar graphs, shown in Figure 13, Figure 14 and Figure 15, represent the energy, Laplacian energy and signless Laplacian energy of four links for the above four periods corresponding to the truth-membership, indeterminacy-membership and falsity-membership values. From the above bar graphs, the energy, Laplacian energy and signless Laplacian energy of truth-membership for the period March to April is high as compared to other periods, the energy, Laplacian energy and signless Laplacian energy of indeterminacy-membership for the period April to May is high and, the energy, Laplacian energy and signless Laplacian energy of falsity-membership for the period March to April is high.


Figure 13. Energy of single-valued neutrosophic graphs.
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Figure 14. Laplacian energy of single-valued neutrosophic graphs.
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Figure 15. Signless Laplacian energy of single-valued neutrosophic graphs.
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8. Conclusions


A single-valued neutrosophic model is used in computer technology, networking, communication, when the concept of indeterminacy is present. In this paper, we have introduced certain novel concepts, including energy, Laplacian energy and signless Laplacian energy of SVNGs. We have derived the lower and upper bounds for the energy and Laplacian energy of a SVNG. We have obtained the relations among energy, Laplacian energy and signless Laplacian energy of a SVNG. Among the properties of energy, Laplacian energy and signless Laplacian energy of a SVNG, there is a great deal of analogy, but also some significant differences. Finally, application in group decision-making based on SVNPRs is presented to illustrate the applicability of the proposed concepts of SVNGs. These concepts are also illustrated with real time example. We are planing to extend our research work to (1) Energy of bipolar neutrosophic graphs; (2) Simplified interval-valued Pythagorean fuzzy graphs; (3) Hesitant Pythagorean fuzzy graphs; Energy of neutrosophic hypergraphs.







Author Contributions


S.N., M.A. and F.S. conceived and designed the experiments; M.A. and F.S. analyzed the data; S.N. wrote the paper.




Conflicts of Interest


The authors declare no conflict of interest.




References


	1. 
Smarandache, F. A unifying field in logics. In Neutrosophy: Neutrosophic Probability, Set and Logic; American Research Press: Rehoboth, DE, USA, 1999. [Google Scholar]

	2. 
Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Single-valued neutrosophic sets. Multisp. Multistruct. 2010, 4, 410–413. [Google Scholar]

	3. 
Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87–96. [Google Scholar]

	4. 
Bhattacharya, S. Neutrosophic information fusion applied to the options market. Invest. Manag. Financ. Innov. 2005, 1, 139–145. [Google Scholar]

	5. 
Aggarwal, S.; Biswas, R.; Ansari, A.Q. Neutrosophic modeling and control. In Proceedings of the 2010 International Conference on Computer and Communication Technology, Allahabad, India, 17–19 September 2010; pp. 718–723. [Google Scholar]

	6. 
Guo, Y.; Cheng, H.D. New neutrosophic approach to image segmentation. Pattern Recognit. 2009, 42, 587–595. [Google Scholar]

	7. 
Ye, J.; Fu, J. Multi-period medical diagnosis method using a single-valued neutrosophic similarity measure based on tangent function. Comput. Methods Programs Biomed. 2016, 123, 142–149. [Google Scholar]

	8. 
Ye, J. Multicriteria decision-making method using the correlation coefficient under single-valued neutrosophic environment. Int. J. Gen. Syst. 2013, 42, 386–394. [Google Scholar]

	9. 
Naz, S.; Rashmanlou, H.; Malik, M.A. Operations on single-valued neutrosophic graphs with application. J. Intell. Fuzzy Syst. 2017, 32, 2137–2151. [Google Scholar]

	10. 
Ashraf, S.; Naz, S.; Rashmanlou, H.; Malik, M.A. Regularity of graphs in single-valued neutrosophic environment. J. Intell. Fuzzy Syst. 2017, 33, 529–542. [Google Scholar]

	11. 
Gutman, I. The energy of a graph. Ber. Math. Stat. Sekt. Forsch. Graz. 1978, 103, 1–22. [Google Scholar]

	12. 
Gutman, I. The Energy of a Graph: Old and New Results, Algebraic Combinatorics and Applications; Springer: Berlin/Heidelberg, Germany, 2001; pp. 196–211. [Google Scholar]

	13. 
Gutman, I.; Zhou, B. Laplacian energy of a graph. In Linear Algebra and Its Applications; Elsevier: New York, NY, USA, 2006; Volume 414, pp. 29–37. [Google Scholar]

	14. 
Gutman, I.; Robbiano, M.; Martins, E.A.; Cardoso, D.M.; Medina, L.; Rojo, O. Energy of line graphs. In Linear Algebra and Its Applications; Elsevier: New York, NY, USA, 2010; Volume 433, pp. 1312–1323. [Google Scholar]

	15. 
Erdos, P. Graph theory and probability, canad. J. Math. 1959, 11, 34–38. [Google Scholar]

	16. 
Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338–353. [Google Scholar]

	17. 
Kaufmann, A. Introduction a la Theorie des Sour-Ensembles Flous; Masson et Cie: Paris, France, 1973; p. 1. [Google Scholar]

	18. 
Rosenfeld, A. Fuzzy Graphs, Fuzzy Sets and Their Applications; Zadeh, L.A., Fu, K.S., Shimura, M., Eds.; Academic Press: New York, NY, USA, 1975; pp. 77–95. [Google Scholar]

	19. 
Anjali, N.; Mathew, S. Energy of a fuzzy graph. Ann. Fuzzy Maths Inform. 2013, 6, 455–465. [Google Scholar]

	20. 
Sharbaf, S.R.; Fayazi, F. Laplacian energy of a fuzzy graph. Iran. J. Math. Chem. 2014, 5, 1–10. [Google Scholar]

	21. 
Parvathi, R.; Karunambigai, M.G. Intuitionistic fuzzy graphs. In Computational Intelligence, Theory and Applications; Springer: Berlin/Heidelberg, Germany, 2006; pp. 139–150. [Google Scholar]

	22. 
Akram, M. Bipolar fuzzy graphs. Inf. Sci. 2011, 181, 5548–5564. [Google Scholar]

	23. 
Akram, M.; Davvaz, B. Strong intuitionistic fuzzy graphs. Filomat 2012, 26, 177–196. [Google Scholar]

	24. 
Akram, M.; Malik, H.M.; Shahzadi, S.; Smarandache, F. Neutrosophic soft rough graphs with application. Axioms 2018, 7, 14. [Google Scholar]

	25. 
Akram, M.; Siddique, S. Neutrosophic competition graphs with applications. J. Intell. Fuzzy Syst. 2017, 33, 921–935. [Google Scholar]

	26. 
Akram, M.; Sitara, M.; Smarandache, F. Graph structures in bipolar neutrosophic environment. Mathematics 2017, 5, 60–80. [Google Scholar]

	27. 
Naz, S.; Ashraf, S.; Akram, M. A novel approach to decision-making with Pythagorean fuzzy information. Mathematics 2018, 6, 1–28. [Google Scholar]

	28. 
Ishfaq, N.; Sayed, S.; Akram, M.; Smarandache, F. Notions of rough neutrosophic digraphs. Mathematics 2018, 6, 18. [Google Scholar]

	29. 
Sayed, S.; Ishfaq, N.; Akram, M.; Smarandache, F. Rough neutrosophic digraphs with application. Axioms 2018, 7, 5. [Google Scholar]

	30. 
Akram, M.; Ishfaq, N.; Sayed, S.; Smarandache, F. Decision-making approach based on neutrosophic rough information. Algorithms 2018, 11, 59. [Google Scholar]

	31. 
Naz, S.; Malik, M.A.; Rashmanlou, H. Hypergraphs and transversals of hypergraphs in interval-valued intuitionistic fuzzy setting. J. Mult.-Valued Logic Soft Comput. 2018, 30, 399–417. [Google Scholar]

	32. 
Praba, B.; Chandrasekaran, V.M.; Deepa, G. Energy of an intutionistic fuzzy graph. Ital. J. Pure Appl. Math. 2014, 32, 431–444. [Google Scholar]

	33. 
Basha, S.S.; Kartheek, E. Laplacian energy of an intuitionistic fuzzy graph. Ind. J. Sci. Technol. 2015, 8, 1–7. [Google Scholar]

	34. 
Broumi, S.; Smarandache, F.; Talea, M.; Bakali, A. Single-valued neutrosophic graphs: degree, order and size. In Proceedings of the 2016 IEEE International Conference on Fuzzy Systems, Vancouver, BC, Canada, 24–29 July 2016; pp. 2444–2451. [Google Scholar]

	35. 
Broumi, S.; Bakali, A.; Talea, M.; Smarandache, F.; Kishore, K.K.; Sahin, R. Shortest path problem under interval valued neutrosophic setting. J. Fundam. Appl. Sci. 2018, 10, 168–174. [Google Scholar]

	36. 
Hamidi, M.; Saeid, A.B. Accessible single-valued neutrosophic graphs. J. Appl. Math. Comput. 2017, 1–26. [Google Scholar] [CrossRef]

	37. 
Stanujkic, D.; Zavadskas, E.K.; Smarandache, F.; Brauers, W.K.; Karabasevic, D. A neutrosophic extension of the MULTIMOORA method. Informatica 2017, 28, 181–192. [Google Scholar]

	38. 
Smarandache, F.; Ye, J. Summary of the Special Issue “Neutrosophic Information Theory and Applications” at “Information Journal”. Information 2018, 9, 49. [Google Scholar]

	39. 
Tripathi, G. A matrix extension of the Cauchy-Schwarz inequality. Econ. Lett. 1999, 63, 1–3. [Google Scholar]

	40. 
Akram, M.; Shahzadi, S. Neutrosophic soft graphs with application. J. Intell. Fuzzy Syst. 2017, 32, 841–858. [Google Scholar]

	41. 
Fan, Z.P.; Liu, Y. An approach to solve group decision-making problems with ordinal interval numbers. IEEE Trans. Syst. Man Cybern. B Cybern. 2010, 40, 1413–1423. [Google Scholar]

	42. 
Biswas, P.; Pramanik, S.; Giri, B.C. TOPSIS method for multi-attribute group decision-making under single-valued neutrosophic environment. Neural Comput. Appl. 2016, 27, 727–737. [Google Scholar]































































© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






media/file13.jpg
(0.6719, 0.5050. 0.2622)

0.5087, 0.6829, 0.2158)

0292°0°851¢°0)






media/file4.png
u1(0.4,0.6,0.3)

u7(0.5,0.4, 0.6) ' u2(0.2,0.6,0.7)

u3(0.3,0.5, 0.4)

us(0.5,0.6, 0.8) u4(0.7,0.4,0.5)





media/file30.png
B Truth—membership
[ ] Indeterminacy—membership
I Falsity—membership

Jar::eb FebTMar

Ma:ApriI

ApriITMay






media/file18.png
(u1,0.2,0.3,0.1)

(u3,0.3,0.1,0.2) (0.1,0.2,0.3) (u2,0.4,0.1,0.3)





media/file21.jpg
(u1,0.6,0.1,0.2)

(u3,0.8,0.4,0.1) (0.4,0.5,0.6)

3,0.1)





media/file31.png





media/file26.png
B Truth—membership
[ I Indeterminacy—membership
B Falsity—membership

Jar::eb FebTMar

Ma:b\pril

ApriITMay






media/file27.jpg
05

I Truth-membership
[ Indeterminacy-membership|
I Falsity-membership

Jan-Feb Feb-Mar

Mar-April

April-May






media/file3.jpg
1(0.4,0.6,0.3)

42(0.2,0.6,0.7)





media/file22.png
(u1,0.6,0.1,0.2)

(us,0.8,0.4,0.1) (0.4,0.5,0.6) (u2,0.7,0.3,0.1)





media/file19.jpg
(u1,0.6,0.3,0.2)

(u3,04,0.2,0.1) (0.2,0.7,0.4) (42,0.3,0.1,0.3)





media/file7.jpg





media/file28.png
B Truth—-membership
[ 1 Indeterminacy—membership
B Falsity—membership

Jar::eb FebTMar

Ma:ApriI

ApriITMay






media/file10.png
2912)

(0.6951, 04973, 0

> 0.342g)

7,0.559

(0.673





media/file14.png
37 0.3157)

06506, 0,55,

(0.6719,0.5050, 0.2622)

0.5087,0.6829,0.2158)






media/file11.jpg
(06951, 0.4973. 0.2912)






media/file6.png
(0.1,0.2,0.3)

u5(0.3,0.5,0.4)

u6(0.1,0.3,0.5)





media/file15.jpg
(0.6777, 0.4843,0.2943)

0.5118,0.6663, 0.2465)





nav.xhtml


  axioms-07-00050


  
    		
      axioms-07-00050
    


  




  





media/file16.png
05474, 0.5, 79)

(0-6574

(0.6777,0.4843, 0.2943)

0.5118,0.6663,0.2465)






media/file2.png





media/file20.png
(u1,0.6,0.3,0.2)

(us,0.4,0.2,0.1) (0.2,0.7,0.4) (u2,0.3,0.1,0.3)





media/file23.jpg
(u1,0.4,0.5,0.3)

(0.1,0.7,0.3) (u2,0.6,0.3,0.2)





media/file5.jpg
46{0.1,03,0.5)





media/file24.png
(u1,0.4,0.5,0.3)

(us,0.5,0.2,0.1) (0.1,0.7,0.3) (u2,0.6,0.3,0.2)





media/file29.jpg
35

25

15

05

I Truth-membership
[ Indeterminacy-membership)
N Falsity-membership

Jan-Feb Feb-Mar

Mar-—April

April-May






media/file1.jpg





media/file25.jpg
35

15

0.5

B Truth-membership
[ Indeterminacy-membership
alsity-membership

Jan-Feb Feb-Mar

Mar-April

April-May






media/file12.png
0.4973,0.2912)

k]

(0.6951






media/file9.jpg
51,0.4973,0-2912)

(0.69






media/file0.png





media/file8.png
0.3)
0.6,

47

(0.

5 0.3,0.1)
(0.5,
5)
7,0
1,0
[

0
47
3,0.

0.

(0.1,0.4,0.1)

(0.2,0.3,0.4)

D,

9.0.8,0.7)
0.9,
0.9y
27
7,0
0

Dy





media/file17.jpg
(u1,0.2,0.3,0.1)

(u3,0.3,0.1,0.2) (0.1,0.2,0.3) (2,0.4,0.1,0.3)





