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Abstract: In our paper, by using the concept of W—asymptotically J— statistical equivalence
of order & which has been previously defined, we present the definitions of W—asymptotically
J) —statistical equivalence of order a, W—strongly asymptotically [, —statistical equivalence of order
«, and W—strongly Cesaro asymptotically 7 —statistical equivalence of order « where 0 < a < 1.
We also extend these notions with a sequence of positive real numbers, p = (pi), and we investigate
how our results change if p is constant.
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1. Introduction and Background

To make it easier to understand, we prefer to give introduction section in five parts. In first
part, we give the main definitions related to statistical convergence: A—statistical convergence,
J—convergence, [J—statistical convergence, and J) — statistical convergence. In the second part,
we mention asymptotic equivalence and S} —asymptotic equivalence. In the third part, we explain
set sequences, and we give some important definitions for set sequences in the Wijsman sense. In the
fourth part, we explain how statistical convergence and .7 —convergence were expanded using the
number of a (0 < « < 1). Finally, in last part, we explain the purpose and innovations of our study.

1.1. J)—Statistical Convergence

Statistical convergence is a concept which was formally introduced by Fast [1] and Steinhaus [2],
independently. Later on, Schoenberg reintroduced this concept in his own study [3]. This new type
of convergence has been used in different areas by several authors in references [4-8]. Statistical
convergence is based on the definition of the natural density of the set K C N and we define the

natural density of K by d(K) = lim, Kol 1 this definition, K, = {k € K: k < n} and |K;| gives

n

the number of elements in K,.

Using this information, we say that a sequence (x) of real numbers is statistically convergent
to the number L if d(K(¢)) = d({k <n:|xx —L| > ¢}) = 0. In this case we write st — limx;, = L,
and usually, S denotes the set of all statistical convergent sequences.

Let A = (A,) be a positive number sequence which is non-decreasing and tending to co. Also,
for this sequence A,, 11 < A, +1, A1 = 1. We denote the set of this kind of sequence by A, and we have
the interval I, = [n — A, + 1, n] . Mursaleen [9] defined A —statistical convergence such that

1
1 _ . — > =
nhrr.}o)tn\{kelnﬂxk Ll >¢}|=0
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for any e > 0, and he denoted this new method by S,. On the other hand, Kostyrko, Saldt and
Wilezyriski [10] introduced a new type of convergence which is defined in a metric space and is called
J—convergence. This type of convergence is based on the definition of an ideal J in N.

A family of sets, J C 2V, is an ideal if the following properties are provided:

(i)© € J; (ii) A,B € J implies AUB € J; and (iii) for each A € J and each B C A implies
BeJ.

We say that J is non-trivial if N ¢ 7 and J is admissible if {n} € J for every n € N.

A family of sets, F C 2V, is a filter if the following properties are provided:

(i) @ ¢ F; (ii) if A,B € F then we have AN B € F; and (iii) for each A € F and each A C B,
we have B € F.

If 7 is anideal in N, then we have,

F(J)={ACN:N\A e J}
is a filter in N.
Definition 1. ([10]) A sequence of reals x = (xy) is J — convergent to L € R if and only if the set
Ac={keN:|x—L| >e} eJ
for each e > 0. In this case, we say that L is the J —limit of the sequence (x).

J—convergence generalizes many types of convergence such as usual convergence and statistical
convergence. If we choose the ideals Jf = {A C N: Aisfinite} and J; = {A CN: d(A) =0},
then we obtain usual convergence and statistical convergence, respectively.

Based on the statistical convergence and J —convergence, an important role was located in this
area, J—statistical convergence, which was introduced by Das, Savas and Ghosal [11] as follows:

Definition 2. ([11]) A sequence x = (xy) is J —statistically convergent to L if
1
{neN:n|{k§n:|xk—L|2£}|2(5} eJ

forevery e > 0and 6 > 0.

1.2. Asymptotic Equivalence

Asymptotic equivalence was first introduced by Pobyvanets [12] and some main definitions
and asymptotic reguler matrices were given by Marouf [13]. Bilgin [14] defined f—Asymptotically
equivalent sequences, and on the other hand, asymptotically statistically equivalent sequences
were presented by Patterson [15]. Gilimiis and Savas [16] gave the definition of J—asymptotically
A—statistically equivalent sequences by using the A = (A;,) sequence, and they were also interested in
some inclusion relations between other related spaces.

According to Marouf, if x = (x;) and y = (yx) are two non-negative sequences, we say that they
are asymptotically equivalent if

This is denoted by x ~ v.
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Definition 3. ([16]) Let J be an admissible ideal and A € A. Two number sequences x = (x) and y = (yi)
are SL (T ) —asymptotically equivalent of multiple L (or J— asymptotically \—statistically equivalent) if every

J,e >0,
1 X
{nEN.An

{keln: —L‘z%‘z&}ej.
Yk

In recent years, studies on set sequences has become popular. Firstly, usual convergence has been
extended to convergence of sequences of sets. The first definitions of this subject were based on Baronti
and Papini’s [17] work in 1986. Now, we revisit the definitions of convergence, boundedness, and the
Ceséaro summability of set sequences. Throughout the paper, (X, p) is a metric space, and A, Ay, By C X
represents non-empty closed subsets of X for all k € N.

(X, p) is a metric, x € X is a point in X, and A is any non-empty subset of X. The distance from x
to A is defined by

1.3. Set Sequences

p(x,A) = inf p(x, A).
acA

Definition 4. ([17]) In any metric space, the set sequence { Ay } is Wijsman convergent to A if
lim p(x, A1) = p(x, A)
for each x € X. We write for this case W — limy_,o, Ax = A.
We would like to give a well known example of this subject.

Example 1. In the (x,y)-plane, consider the Ay = {(x,y) : x> + y? + 2kx = 0} sequence of circles. We can
easily see that for k — oo, this sequence is Wijsman convergent to the y-axis, i.e., A = {(x,y) : x = 0}.

Definition 5. ([17]) In any metric space, the set sequence { Ay} is bounded if

sup p(x, Ag) < o0
k

for each x € X. This is shown as { Ay} € Leo.

Definition 6. ([17]) In any metric space, the set sequence { Ay} is Wijsman Cesdro summable to A if

I
,gg;klpW~%)—d@~ﬂ

foreach x € X, and { Ay} is Wijsman strongly Cesdto summable to A if

1
lim — ) [p(x, Ax) —p(x, A)[ =0
1

n—>oonk

for each x € X.

Nuray and Rhodes [18] introduced Wijsman statistical convergence for set sequences by
combining statistical convergence with this new concept. Similarly, Kisi and Nuray [19] defined
Wijsman J —convergence for set sequences with an ideal 7.
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Definition 7. ([18]) Let (X, p) be a metric space. For any non-empty closed subsets, A, Ay C X, we say that
the sequence { Ay} is Wijsman statistically convergent to A if {d(x, Ay)} is statistically convergent to d(x, A),
ie,e>0andx € X,

lim ©|{k < n: lp(x, Ay) — p(x, A)| > €} = 0.

n—oco 1

In this case, we write st — limy Ay = A or Ay — A(WS). We denote the set of all Wijsman statistically
convergent sequences by WS.

Definition 8. ([19]) Let (X, p) be a metric space and J C 2N be a proper ideal in N. For any non-empty
closed subsets, A, A, C X, we say that the sequence { Ay} is Wijsman J —convergent to A, if for each e > 0,
and x € X,, the set is

A(x,e) ={keN:|p(x,Ay) —p(x,A)| > ¢} € J.

In this case, we write Ty — lim A = A or Ay — A(Zw), and we denote the set of all Wijsman
J —convergent sequences by Jy.

Example 2. Let X = R? and { Ay} be a sequence as follows:

A= L Ay eR e 12 —2ky =0} if k£ 1
Tl {y) eR? iy = -1} if, k = n?

and
A:{(x,y)ERz:y:0}.

The sequence { Ay} is not Wijsman convergent to the set A. Howeverm if we choose the ideal J = J,
then {Ay} is Wijsman J—convergent to set A, where J; = {T C N:d(T) = 0}, and where d is the
natural density.

Definition 9. ([19]) In any metric space, let J C 2N be a non-trivial ideal and A, Ay C X. The sequence
{Ay} is said to be Wijsman J —statistically convergent to A or S (Jw )-convergent to A if

{n eN: %|{k <n:lo(x Ay) —p(x, A)| > e}| > 5} cg

for each e > 0 and each x € X and 6 > 0, and we write Ay — A (S (Jw)) . The class of all Wijsman
J — statistically convergent sequences is denoted by S (Jy) .

Recently, Hazarika and Esi [20] and Savas [21] obtained some results about asymptotically
J —statistically equivalent set sequences.

1.4. The Number «

In recent years, many concepts that are considered essential in this area has been reworked
using the alpha number. In references [22,23], by using the natural density of order «, the statistical
convergence of order a (0 < « < 1) was introduced. The new definition is not exactly parallel to that
of statistical convergence. Some other applications of this concept are the A —statistical convergence
of order a by Colak and Bektas [24], the lacunary statistical convergence of order a by Sengiil and
Et [25], the weighted statistical convergence of order a and its applications by Ghosal [26], and the
almost statistical convergence of order a by Et, Altin and Colak [27]. J —statistical convergence
and J —lacunary statistical convergence of order a were introduced by Das and Savas in 2014 [28].
In all of these studies, n was replaced by n* in the denominator in the definition of natural density,
and a different direction was given.
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In 2017, Savas [21] gave a new definition about Wijsman asymptotically [J —statistical equivalence
of order « (0 < a < 1) as follows:

Definition 10. ([21]) In any metric space, let Ay, By C X be any non-empty closed subsets such that
d(x, Ay) > 0and d(x,By) > 0 for all x € X. We say that the sequences {Ay} and {By} are Wijsman
asymptotically J — statistically equivalent of order a (0 < a < 1) to multiple L if for each ¢ > 0,5 > 0,
and x € X,

{nEN:nla’{kgn:’p(x'Ak)—L‘zs}’25}EJ.

P(x/ Bk)
. . [SL(jW)]W . . L «
In this case, we write {Ay} = ~ " {B}. Itis obvious that [SL(Jy)]" denotes the the set of all
[s"(Tw)]"
sequences such that {Ay} =~ ~  {Bg}.

1.5. Present Study

It should be mentioned that the generalization of the concept of W—asymptotically J —statistical
equivalence of order « for A = (A,) sequences has not been studied until now. So, this brings
to mind the question of how our new results will be if we use A and p sequences. This makes
the study interesting. In this study, we searched for the answer to this question. We generalized
W —asymptotically [J)—statistical equivalence of order a« and compared the properties of this new
concept with the other type of convergences without A.

2. Main Results

Following this information, we now consider our main definitions and results. Throughout the
paper, (X, p) is a metric space, J C2" is an admissible ideal, (A,) € A and A% is the a!" power of
(An)* of Ay, thatis A* = (A,)* = (Af, A5, ..., A, ...), and p = (py) is a positive real number sequence.
We use the W (Wijsman) symbol since our expressions are defined for set sequences.

Definition 11. Let Ay, By C X be non-empty closed subsets such that d(x, Ay) > 0and d(x, By) > 0 for all
x € X. Then, the sequences { Ay} and { By} are W—strongly Cesdro asymptotically J —statistically equivalent
of order « (0 < a < 1) to multiple L if for each 6 > 0 and x € X,

1 & plx, Ag) Pk
neN:— —-Ll >6,€eJ.
{ ww & | o, By
o) (jw)]”‘ a
For this situation, we write { Ay} ~ {By}, and [UL(F’) (jw)} denotes the set of all sequences

L) (7]
(A} and (B} such that {4} S g5

Now let us give our definitions with the A sequence.

Definition 12. Let Ay, By C X be non-empty closed subsets such that d(x, Ay) > 0 and d(x,By) > 0 for
all x € X. Then, the sequences { Ay} and {By} are W— asymptotically J)—statistical equivalent of order «

sk(aw)]"
(0 < a < 1) to multiple L and denoted by { Ay} [ A(NW)] {By} ifforeache > 0,0 > 0,and x € X,

1 le(x Ap)
{nEN'ML{kEI”"p(x,Bk) L‘>s}’>(5}ej.

[S5(Tw)]

We denote the set of all sequences of { Ay} and { By} such that { A} {Bi} by [SE(Tw)]"
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Definition 13. Let Ay, By C X be non-empty closed subsets such that d(x, Ay) > 0and d(x, By) > 0 for all
x € X. Then, the sequences { Ay} and { By} are W— strongly asymptotically [J,—statistically equivalent of
order o (0 < a < 1) to multiple L if for each 6 > 0 and each x € X,

Pk
L >(5}ej.

et

n kel,

p(xr Ak) _
p(x, By) k

14

We denote the set of this kind of sequence by {V/{J 2 (jw)} .
The next theorem examines the relation between Savas’ definition and our second definition.

. . . /\ﬁ 24 o
Theorem 1. (i) IfliminfZ2 > 0 then [SL(Tw)]" c [S(Tw)]".

14

.. AR L a L
(if) Ifh)gr_l)lol;lfﬁ = 1then [S5(TIw)]" C [SH(Tw)]".

o SL o
Proof. (i) Assume that 2—2 > 0and {A;} (Jw) {Bg}. Then, there exists a # > 0 such that % > n for
sufficiently large n. For every € > 0, we have,

wlksmefigmy -tz 2w {keh iRy -z )

If we think about the number of elements of the sets that provide this relation,

Moottt =g = Affrenili o]
> Sl g0l
> v e o | 1|24,

we get, forany 6 > 0,

(et frene s 1] 2 )| =)
rena|(reni[sa 1] =) 2 e

Then, we have the proof.
(ii) Let 6 > 0. Since linl> inf;‘—% =1, we have m € N such that
n—oo

%2—1‘ <%fora11n2m.Fors>0,

o(x, Ay) o1 olx, Ay)
— <mn: — > < — : — >
e e [ e B
1 1 p(x, Ag)
< —(1—-= — : —L| >
< 1-(1 5)+/\% {keln ‘P(x/Bk) Ll >¢

for all n > m. Hence,

{nGN:nl—,,‘

fr<n:[sitt 1] 24 =)

.1
- {n eN: pud o(Bs

{kel: ‘P("'Ak)) —L‘ > s}’ >$hu{L2.m}.

We know that the right side belongs to the ideal because of the theorem expression. So we have
the proof. O
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Now let us investigate how the p = (py) sequence affects the previous definitions. Initially, we use
the constant p = (p) = (p, p, p, p, -..) sequence of positive real numbers in the following two theorems.

[ ]

[Sk(Tw)]"

Theorem 2. (i) If { A} {By} then { Ay} {By}.

[sk(w)]" [ ()]

) If {Ak} {Bk} € Lo and {Ak} {Bk} then {Ak}

Il

Proof. (i) Let {A;} {By} and ¢ > 0. For each x € X,

p(x,A) L‘p > ‘P(X,Ak) _ L‘P
& | oGBY S P V€72
plx, Ak
o(x,By) L‘—

oA
> e|{ken: |y 1] 2 o]
and so,
11 p(x, Ar) ‘ 1{ ‘p(x,Ak) ' H
—L|>—1|kel,: — L >¢ep].
T V) ey ke b vl A Cl rewcy

Then, for any § > 0 we have,

{nEN:

= {keln.‘ s —L‘>s}‘25}

o(x,A
g{neN % L ol _p|" >gp5}

[Skw)]*

Therefore, { Ay} {Bx}.

(i) Assume that {A;},{By} € Lo and {A;}
‘p(XA" — L‘ < M for each x € X and all k. For each e > 0,

[Skw)]* .
{Bi}. There is an M such that

p(x,By)
1 o(x,Ar) ‘p _ 1 ‘P(X/Ak) P
% | -1 = & x - L
An keln p(x/Bk) n keln P(xer)
p(xAr)
oG B L[ ZE
+ kT (g
n kel, o(x,By)
p(xAr)
s —L|<e

IN
[

oo {248 1=}

+ e |{ene [ - <}

MP

Al

IN

{ren: gy —1f 2} +e
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and then for any ¢ > 0,

kel

{nEN /\“Z B)—L‘pzs}

.1 .| e(xAr) P
c{nen:h|{ken [t 1|2 e}| > 4} e 7.
O
Now let us examine the above theorems for a non-constant p = (pi) sequence of positive
real numbers.
Theorem 3. (i) Let p = (px) be a positive real number sequence, infp, = h and sup,p = H.
[P (7] [st(7w)]"
{Ac} -~ 7 (B} implies {Ar} {Br}-
[s5(7w)]"
(ii) Let { Ax} and { By} be bounded sequences, inf py = h, sup, p = H and € > 0. Then, { A}
L(p)
. v (aw) ]
{Bx} implies {Ac} ~ ~ ° {By}.
[V/\L(w (jw)} @
Proof. (i) Assume that {A;} ~ {Bx} and ¢ > 0. Then, we can write
p(xAy) - 1 p(xAg) El plx Ay _ |
)\?‘ ZI ‘ x Bk - /\l}l kEZI ‘ p(x/Bk) + )\% kezln ’ P(X,Bk) L
x,Ar) x,A
s s
1 el Ar) ‘pk
S %) s - L
(xAg)
peay L2
= VOl
" ( ke)l,,
x,A
Py L
> L Yy min < (e h, e)H
Y {(&" (&}
x,A
sl o
h H
> /&amm{(s) ,(€) }{keln ‘ ((xB —L‘ >£}

and so for & > 0, we have

{neN: erln.’p((’;gk L’ Zs}‘ 25}

N S
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(ii) From the theorem’s statement there is an integer (M) such that ’% — L’ < M for each
x € X and all k. For each ¢ > 0,

1 p(x Ay ’”k _ 1 p(xAp) )”k
Al keZI,, p(x,B) L - AR keZI o(x,By) L
o(x,Ay)
ir(xB:j —L‘>s
1 p(x,Ay) 7 |Pr
oo & ey L
S
p(x,Ax) h AqH
< |{ke |l - L’zg} max { M", MH |
+ {keln. ’ } max(e)’k
h H
nogH 1 | plnAn max{ (e)" (e)!"}
< max (MM} (ke 1 [8855 - 1] > s} + T

and

{nGN )Laz’i_L’ }

Q{neN:/\l {kel,,:‘p“"Ak)—L‘Z;HZWWf}6‘7'

p(x,Bx) Zmax{Mh,MH}
Finally, in the last theorem we investigate the relationship between YW — strongly asymptotically

O

J)—statistical equivalence of order a« and W-—strongly Cesdro asymptotically J —statistical
equivalence of order «.

{V/\L(p) (jW)] &

183, then {4y " g,

[VL(n) r

Theorem 4. If {A;}

Proof. Now, assume that { A} {Bx}and ¢ > 0.

n Pk Pk n—_An Pk
1 _ 1 pAY) 1 1 p(xAx)
n® E ‘ B kEZ}n P(X/Bk) T n* kzl p(xer)
Pk n—An A Pk
< 1 p(xAr) _ il ‘p(x, K _
S a kom0 —H tar X e
Pk
< 2“ P(xlAk) _ L .
- n kEZ}n P(xka)
O
According to these operations,
nEN'ii‘p(x'Ak) pk>€ C nEN'iZ p(x,Ak)ink>§ cJ
T on® k=1 P(X,Bk) - ’ Aﬁ keIn P(xer) =2 ’

3. Conclusions and Future Developments

In our paper, we obtained some different results by defining the W —asymptotically [ —statistical
equivalence of order a for A = (A,) sequences. Later on, we generalized our results by using
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a positive real number sequence p = (py). Firstly, we compared the W—asymptotically .7 —statistical
equivalence of order a and the W—asymptotically J) —statistical equivalence of order « for set
sequences. These results are important to understand the role of A. In other theorems, we investigated
the relations between W —asymptotically 7 —statistical equivalence and W —strongly asymptotically
J) —statistically equivalence of order « according to whether p is constant or not. Then, we searched
for the relation between W—strongly Cesaro asymptotically 7 —statistically equivalent sequences of
order « and W— asymptotically J) —statistical equivalent sequences of order «.

We know that the p sequence mentioned in this article is a sequence of positive integers. It is
a matter of curiosity as to how the results will be obtained if the p sequence does not provide these
conditions. On the other hand, it would be interesting to compare the results obtained using a different
sequence to A with the results in this article.
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