@ axioms m\py

Article
Some Identities for Euler and Bernoulli Polynomials
and Their Zeros

Taekyun Kim ! and Cheon Seoung Ryoo **

Department of Mathematics, Kwangwoon University, Seoul 139-701, Korea; tkkim@kw.ac.kr
Department of Mathematics, Hannam University, Daejeon 306-791, Korea
*  Correspondence: ryoocs@hnu.kr; Tel.: +82-42-629-7525

2

Received: 30 June 2018; Accepted: 11 August 2018; Published: 14 August 2018

Abstract: In this paper, we study some special polynomials which are related to Euler and Bernoulli
polynomials. In addition, we give some identities for these polynomials. Finally, we investigate the
zeros of these polynomials by using the computer.

Keywords: Appell sequence; Appell numbers and polynomials; Bernoulli and Euler polynomials;
cosine-Bernoulli and cosine-Euler polynomials; sine-Bernoulli and sine-Euler polynomials

MSC: 11B68; 11540; 11580

1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, and tangent numbers and
polynomials. The class of Appell polynomial sequences is one of the important classes of polynomial
sequences. The Appell polynomial sequences arise in numerous problems of applied mathematics,
mathematical physics and several other mathematical branches (see [1-14]). The Appell polynomials
can be defined by considering the following generating function:

£ #2 £
A(t)ext = Ao(x) + Al(x)F + AZ(x)E 4+ -4 An(x)E 4.
oo pmo ' ' (1)
=) An(x)ﬁ, (see [5,7,8]),
n=0 :
where
t £2 #
A(t):A0+A1ﬁ+A25+'“+Ana+"'/Ao#0-

Alternatively, the sequence A, (x) is Appell sequence for (g(t), t) if and only if
Le"t = i A (x)ﬂ (see [5,7,8])
g(t) = n 7’1! 7 174y 7

where
[e9) tn
g(t) =) gn 780 #0.
n=0 ’
Differentiating generating Equation (1) with respect to x and equating coefficients of ;—”!, we have

d

%An(x) =nA, 1(x),n=0,1,23,---.
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The typical examples of Appell polynomials are the Bernoulli and Euler polynomials (see [1-14]).
It is well known that the Bernoulli polynomials are defined by the generating function to be

= ¥ i) @)

When x = 0, B, = B,;(0) are called the Bernoulli numbers. The Euler polynomials are given by

the generating function to be

2 ad t"
a1t = LB )
n=

When x = 0, E;, = E;(0) are called the Euler numbers.
The Bernoulli polynomials Bﬁ,’) (x) of order r are defined by the following generating function

<ett_1> et = i Bg)(x)%, (|t| < 2m). (4)

n=0

The Frobenius—Euler polynomials of order r, denoted by Hy) (u, x), are defined as

r &) n
(elt_w = Y B ) (5)
The values at x = 0 are called Frobenius-Euler numbers of order r; when r = 1, the polynomials
or numbers are called ordinary Frobenius—Euler polynomials or numbers.
In this paper, we study some special polynomials which are related to Euler and Bernoulli
polynomials. In addition, we give some identities for these polynomials. Finally, we investigate the
zeros of these polynomials by using the computer.

2. Cosine-Bernoulli, Sine-Bernoulli, Cosine-Euler and Sine-Euler Polynomials

In this section, we define the cosine-Bernoulli, sine—Bernoulli, cosine-Euler and sine-Euler
polynomials. Now, we consider the Euler polynomials that are given by the generating function to be

e Hiy)t Z En(x + zy)—. (6)

EE
On the other hand, we observe that
et — ¥yt — ¥t (cosyt + isinyt). (7)
From Equations (6) and (7), we have

t” 2

_ (x+iy)t _ xt ;o
Z En(x +zy 71 e (cosyt +isinyt), (8)
and
i En(x — iy)ﬂ _ 2 eyt — e (cosyt —isinyt). (9)
— n et +1 ef +1

Thus, by (8) and (9), we can derive

—— " cosyt = i (En(x+zy)42-En(x—1y)> i (10)

2
et +1 —
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e (xtiy) ~ Ealx—iy) 1"
2 . v (Ea(x+iy) —En(x—iy)\ t"
. 7€ sinyt = Y;) < 5 e (11)

It follows that we define the following cosine-Euler polynomials and sine-Euler polynomials.

© (x,y) and sine-Euler polynomials E,SS) (x,vy) are defined by

Definition 1. The cosine—Euler polynomials E,,
means of the generating functions

o (C) o2 g

r;)En (x,y)n! =3 +1e cos yt, (12)
and

o (S) 2

nngn (x,y)n! =1t sinyt, (13)

respectively.
0,(n > 0). The cosine-Euler and sine-Euler

Note that E,(,C) (x,0) = Eu(x), E,(IS) (x,0) =
polynomials can be determined explicitly. A few of them are

1
Eéc)(x,y) =1, Egc) (x,y) = 3 + x,

ES9 (xy) = —x+ x> — 17,

c 1 322 3y?
Eé )(x,y) = 1_7+x3+%_3xy2’

Eic) (x,y) = x — 26> + x* 4 631 — 6x%9% + v/*,

and

B (xy) =0, EP(xy) =y,

S (x,y) = —y +2xy,

BV (x,y) = —3xy + 3% — 7,

Eis) (x,y) =y — 6x%y + 4x3y + 2% — dxy°.

By (10)—(13), we have

E©) (x,y) = En¥+ 1) ; En(x—1y)
Er(zs)(x,y) _ Eulx+iy) 2—1 En(x — iy)‘

Clearly, we can get the following explicit representations of E, (x + iy)

n

En(x+iy) =) <Z> (x +iy)"FEy,

k=0
. o\
Ealrin) = 3 () 60" "B
k=0
Let

xt S t xt o 3 &
e’ cosyt = Ck(x,y)j, e smyt:ZSk(x,y)g-
. k=0 ’

k=0



Axioms 2018, 7, 56 4 0f 19

Then, by Taylor expansions of e* cos yt and e* sinyt, we get

xt - [%] k m . k—2m, 2m tk
e cosyt:kzo (o (—1)™Mxk—2my a (15)

and
. i [%] k kom1 omin | £
esinyt = ( )(—1)’”9( ATy =, (16)
=\ = \2m+1 k!
where [ | denotes taking the integer part. By (14)—(16), we get
[5] k o 2
— _1\m.k—2m_ 2m
Culr ) = Y. (o, ) (1" 22,
m=0
and

I
— —1)" k—2m—1 2m+1, k> 0).
vy = ¥ (Zmﬂ)( yrpk-2m1 204 (k> )

The two polynomials can be determined explicitly. A few of them are
Glxy) =1, Clxy) =x, Cloy)=2"-17

y) =2 —3xy%, Cilx,y) = x* —6x%> + ¢4,
y) =" =107 +5xy",  Co(x,y) = x° — 152y + 150" — 1",
and

So(x,y) =0, Si(x,y) =y, Sa(x,y) =2xy,

S3(x,y) = 3x%y — v,  Sy(x,y) = 4x3y — 4xy?,

Ss(x,y) = 5xty — 10x%y° + 1,

Now, we observe that

e (£ )(n;w )
-%

(17)
(2 E/Coii(x, y)) i

Se(x,y) = 6x°y — 20x%y° + 6x1°.

Therefore, we obtain the following theorem:

Theorem 1. For n > 0, we have

" n
Eﬁc)(x,}/) =) (l)ElCn—l(x/y)
=0

and

EY) (x,y) = i (7) EiSu—i(x,y).
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From (12), we have

2¢" cosyt = (Z El(C (x,) ) (e' +1)

" (18)
e} n ( ) tn
=) 2 xy)+E (x,y) 0
n=0 \/=0
By (14) and (18), we get
1y () g(© ()
ey =5 (2 (7)E ey +E ) ). (19)
1=0
Therefore, we obtain the following theorem:
Theorem 2. For n > 0, we have
1 (5 (1) g© ()
Calry) =5 (2| (x,y) +Ex”’ (%,y)
1=0
and
1 (& [n
Sulxy) = 5 (2(1) ) + B y))
I=0
From (12), we note that
© "2
Y E, (l—x,y)—'—et+1e cos yt
n=0
2 X
=1 fcos (—yt)
0 ] tl (=] . pm (20)
= XD Ergy Y. (-1 Con, (x,y)
1=0 : m=0 :
) n n Y Y
=) (Z (Z>Elcnl(x/y)) ( n,) £
n=0 \I=0 :

Therefore, we obtain the following theorem:

Theorem 3. For n > 0, we have

B0 -x9) = (0" Y (7 ) ECit)

and . )
ES(1—xy) = (=1)"ES (x,y)

"HZ( )Elsn 1(x, ).



Axioms 2018, 7, 56

Now, we observe that

x+1)t

> t" 2
n!

(€)
Eﬁ E,”’(x+1,y) et+1e( cos yt
n=0
2 Xt (b
= a1 (¢ —1+1)cosyt
2
__ Xt _7xt
= 2¢" cosyt - +1e cos yt

i (2Cu(x) ~EF(xp) &
By comparing the coefficients on the both sides, we get
E (x+1,q) + B4 (xv,y) = 2Cu(x,y), (n > 0).
Therefore, we obtain the following theorem:
Theorem 4. For n > 0, we have

EF(x+1,y) + E (x,y) = 2Ca(x,y),

and
E,(f) (x+1y)+ E,(IS)(x,y) = 25,(x,y).

From (14) and (15), we have

00 tk o 2 t2m
- = — m m_-

Therefore, by Theorem 4 and (23), we obtain the following corollary:
Corollary 1. For n > 0, we have
C C
B (Ly) + By (0y) = 2(=1)"/,

and
ES) L (Ly) +ES),, (0,y) = 2(~1)"> L,

By (12), we get

I
<
Lr1e

I
8}
®
=
=|
N———
oS

6 of 19

Therefore, by comparing the coefficients on the both sides, we obtain the following theorem:

Theorem 5. Forn > 0,r € N, we have
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n
B0t = 1 () B !

k=0
and

B9 ) = 1 (1)

k=0

Taking ¥ = 1 in Theorem 5, we obtain the following corollary:

Corollary 2. For n > 0, we have

o) = 7 )+ 1 () B o),

and

Su(x,y) = E (x,y) + f (Z) E,((S)(x,y)-

From Corollary 2, we note that

C "o n C 0, ifn=2m+1,
><o,y>+k20(k)E£ (0.y) —{ A1)mgm

)My, ifn = 2m,

and

n _1\m,.2m+1 ; —
E909)+ 3 (Z)E,§S>(O,y):{ 21"y, i = 2m 1,

0, ifn =2m.
By (12), we get

d _(C) " 0 2
aEn (x,y)a—a (et+1e cosyt)

2
= o te* cos yt
n

(€) t
— E p—
- L (m00)
Comparing the coefficients on the both sides of (27), we have

d _.(C C
aEﬁ, )(x,y) = nEigf)l(x,y).

Similarly, for n > 1, we have
2 E) (x,y) = nE®), (x,y)
ax n 7 nfl 7 7
Jd _(C S
@Eﬁ, 'x,y) = —nEP, (x,y),
)
0

—yE,(is) (x,y) = nE,S(i)l (x,y).

7 of 19

(25)

(26)

(27)
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Now, we consider the Bernoulli polynomials that are given by the generating function to be

t x+ly - tn
T X:: (x+iy) .
We also have
e t" j ..
Z})B n(x + 1y)—' =+ (x+y) . e (cosyt +isinyt), (28)
n=
and
Z By(x —i —n S ! e*(cosyt — isinyt) 29
» y) P G 1¢ (cosyt—isinyt). (29)
Thus, by (28) and (29), we can derive
b oxt _ v (Bulx+iy) + Ba(x —iy) \ t"
T1° cosyt—yg( > Y (30)
e (x +iy) — Bulx — i)
t . o (Bulx+iy) = Bu(x —iy
- 16 sinyt = HZZO ( 5 n' (31)

It follows that we define the following cosine-Bernoulli and sine-Bernoulli polynomials.

Definition 2. The cosine—Bernoulli polynomials B{® (x,y) and sine-Bernoulli polynomials B (x,y) are
defined by means of the generating functions
i B(C)(x )ﬁ _ e cosyt 32
nzoi’l yn'_et—l yi, ( )
and ;
5 5 ey = Lt
Z B, (x,y)m = etjex sinyt, (33)
n=0
respectively.
By (30), (31), (32), and (33), we have
Bn(x +iy) + Bu(x —i
(O (x,y) = Bnlx+ 1) : nx—iy)
(S) (x,y) = By (x + iy) 2—1 By (x —iy) .
Note that B,(QC)(x,O) = B,(x) are the Bernoulli polynomials. The cosine-Bernoulli and

sine-Bernoulli polynomials can be determined explicitly. A few of them are

1
x,y) =1, (C)( Y) = 5t

C 1
TR N

x  3x2 312
B:gc)(x,y) E—T‘FX + g

1
(C) (x,y) = ~30 +x2 =23+t — y2 + 6x]/2 — 6352]/2 + y4,

Sxyz,
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and (s) (s) (s)
By'(x,y) =0, B (x,y)=y, By (x,y)=-y+2xy,
S
Bé )(x,y) = % —3xy + 3x2y — y3,

B (x,y) = 2xy — 6x%y + 4%y + 2% — 4xy.
From (32), we have
ST (o PR N S
Y. B, (x,y)m =7_1¢ cosyt,

n=0
(=) 1 00 m
ZBn;!> (EOCm(x,y):m> (34)

)y (;‘)( Jcit y>> A

Comparing the coefficients on the both sides of (34), we obtain the following theorem:

Theorem 6. For n > 0, we have
n

B = 1 (1) B (o),

and

PEIP (’;) BiSu—i(x,y).

1=0

By replacing x by 1 — x in (32), we get

o] n
(©) t t -
B (1- t
ngé X, y = 1° cosy

* cosyt (35)

Therefore, we obtain the following theorem:

Theorem 7. For n > 0, we have

and
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Now, we observe that

c- (©) f" (x4+1)t
Y. B, x+1q =1° cos yt
n=0
= te*! cosyt + 1e fcosyt
oo mo @ t” (36)
= Z n— 1 X, y *' + Z B
_y (©) ﬁ
= n;) (nCn,l(x,y) + By, (x,y)) ol
Thus, by (36), we get
B,SC)(x +1,y) =nCy_1(x,y) + B,(f:)(x,y), (n>1). (37)

Therefore, by (37), we obtain the following theorem:
Theorem 8. For n > 1, we have

BI (x+1,y) — B (x,y) = nCy_1(x,y),

and

B,SS)(x +1y) — B,(f) (x,y) =nS,_1(x,y).

Now, we define the new type polynomials that are given by the generating functions to be

2
1 cosyt = ZE (38)

and

sm yt = Z E (39)

respectively.

Note that E\” (0) = E,,, E{¥ (0) = 0, EXF(0,y) = EC (), ¥ (0,y) = E) (), (n > 0). The new
type polynomials can be determined explicitly. A few of them are

1 1 3 2
E7w =1 By =—5 By =-v E'W =3+,
1 542 5yt
V) =yt BO=—5-3 -3 BT =
and ) . " .
B (vy) = E(xy) =y, By (xvy)=-y, E (xy)=-y,

S S S
ENy) =y+2® EP oy =v%, E¥(xy) = -3y —59° 3.

From (38) and (39), we derive the following equations:

2 [eS) [%] k ) tk
o 1 cosyt= Y| X <2m)(—1)mEkzm]/ " a (40)

k=0 \ m=0
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and

2 w (12) g omin |
arromvi= | L <2m+1)(_1)mE"2m1y e

By (38)—(41), we get
(2]

E(C Z <2m> myZmEn on

m=0

and

[)l*

1

2

EX ) =Y
m=0

From (12), (13), (38) and (39), we derive the following theorem:

n . om
(2m—|—1>(_1) Y E, o1, (k> 0).

Theorem 9. For n > 0, we have
c Lo\ a_kn(C
Ewy = L (1) B W),

and

B9 ) = 3 () e )

k=0

11 0f 19

(41)

Now, we define the new type polynomials that are given by the generating functions to be

- i cosyt Z B

and

S smyt Z B

respectively.

(45)

Note that B! (0) = B,,, B (0) = 0, B{(0,y) = B (), B (0,y) = B{® (), (n > 0). The new

type polynomials can be determined explicitly. A few of them are

1 1
Bl (xy) = -5, B (xy) = v

3y? C 1 o
xy) =2 B (oy) = -5 -4yt B (oy) =,

and (s) (s) (s)
By (x,y) =0, B (x,y)=y, By (xy)=-y,

3

5
B (x,y) = g_y3, B (,y) =2, By =Y -2 15

6 3
From (44) and (45), we derive the following equations:

oo = 1 1 () 0B | g

and

f = (2] & m omi |
— sinyt = Z g o1 (=1)"By-am-1y Qi

(46)
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By (44)-(47), we get

(7]

(C m 2m 48
B mZ::o (271’1) Yy Bn 2mys ( )
and
Tl
Z (Zm + 1) 1)my2m+1Bn—2m—1/ (k>0). (49)

From (32), (33), (44) and (45), we derive the following theorem:

Theorem 10. For n > 0, we have

B = 1 (1) B,

k=0

and

B ) = 1 () 500,

k=0

We remember that the classical Stirling numbers of the first kind S (1, k) and S»(n, k) are defined
by the relations (see [12])

X)p = Xn: S1(n,k)x* and x" = Xn: Sa(n, k) (x)y, (50)
k=0 k=0

respectively. Here, (x), = x(x — 1) - - - (x — n + 1) denotes the falling factorial polynomial of order n.
The numbers S (n,m) also admit a representation in terms of a generating function

n

(e —1)" = m! i So(n,m)—. (51)

n!

By (12), (51) and by using Cauchy product, we get

5 Eﬁc)(x,y)% - (2) (1= (1—et)) ¥ cosyt

= et +1
_ 2 o (X - —t1
= (et+1)cosytlz()( ] )(1 e’)
_ i <x> (e — 1) 2 ~It ;
= X > 1) cosy (52)

N
Il
<}

7’100 tTl

>1252nlj2 ,

I
MS

£ (£ ()i )

where < x >=x(x+1)---(x+1—-1)(I > 1) with < x >g=1.
By comparing the coefficients on both sides of (52), we have the following theorem:

—_

|
||M8 L
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Theorem 11. For n € Z.., we have

E\ if()szzl E (—Ly) < x>,

0i=I

Z l()Szll ()( Ly) <x>.

=0i=

By (12), (38), (50), (51) and by using Cauchy product, we have

5 el = (52) (€ -+ 1% costan

t
= et +1

1=0

(=) 00 i tn
=Y () Y So(n )= Y B (y) =

1=0 =0 =0 n:

By comparing the coefficients on both sides of (53), we have the following theorem:

Theorem 12. For n € Z.., we have

By comparing the coefficients on both sides, we have the following theorem:

13 of 19

(53)
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Theorem 13. Forn € Z and r € N, we have

© (x,y) = - (1) r,r - (" g© ") (x
£ (x,) Eom 20+ 120( )E B (),
n n—I
o T ; ( )Eff>l (1)B (%)

n=0 =
- B (e Sl £ 60
B ) 1 r oy o "on ") © . g
- ;o ((1—14)’;:) <z> (=w) ,;0 <1>Hl (u’x)En—l(Z']/)> o

By comparing the coefficients on both sides, we have the following theorem:

Theorem 14. Forn € Z and r € N, we have
(C) B 1 T n 7
B0y = = L1 ()
(S) B 1 r n 7
B Cow) = gy L b (z>

(7)o w0 0E G,

(3o a0 )

By Theorems 12-14, we have the following corollary.

Corollary 3. Forn € Z, and r € N, we have

LY (4) s new

- oL () () o m ey
n n n—I n—

-1 (Eﬁ) st (") wm o

3. Distribution of Zeros of the Cosine-Euler and Sine-Euler Polynomials

This section aims to demonstrate the benefit of using numerical investigation to support theoretical
prediction and to discover a new interesting pattern of the zeros of the cosine-Euler and sine-Euler

polynomials. Using a computer, a realistic study for the cosine-Euler polynomials EE,C)(

sine—Euler polynomials E,SS) (

x,y) and

x,y) is very interesting. It is the aim of this paper to observe an interesting

(C)(

phenomenon of “scattering” of the zeros of the the cosine-Euler polynomials E;;’ (x,y) and sine-Euler
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(5)(

polynomials Ej;

and sine-Euler polynomials by using a computer. We plot the zeros of the cosine-Euler polynomials

Ey(zc) (x,y) (Figure 1).

In Figure 1 (top-left), we choose n = 30 and y = —3. In Figure 1 (top-right), we choose n = 30
and y = 0. In Figure 1 (bottom-left), we choose n = 30 and y = 1/2. In Figure 1 (bottom-right),
we choose n = 30 and y = 3.

x,¥) in a complex plane. We investigate the beautiful zeros of the cosine-Euler

We plot the zeros of the sine-Euler polynomials E,SS) (x,y) (Figure 2).

10

10

Figure 1. Zeros of Eﬁlc)(

X, Y)-

In Figure 2 (top-left), we choose n = 30 and x = —3. In Figure 2 (top-right), we choose n = 30
and x = —1. In Figure 2 (bottom-left), we choose n = 30 and x = 1. In Figure 2 (bottom-right),
we choose n = 30 and x = 3.

We observe that E,SC) (x,a),x € C has Re(x) = } reflection symmetry in addition to the usual
Im(x) = 0 reflection symmetry analytic complex functions, where a € R( Figures 1 and 2).

Since (1)
o £ (C) D) 2 aex(-y
E, 7/ (1—x,— = +
n;) w (1—x,—y) P i1 cosy
2 Vl
= me Fcosyt = Z E
we obtain

E(xy) = (—)"EF (1 —x,—y), E(xy) = (-1)"EF (1 -xy),
EX (xy) = (—)'EP (1 —x,—y), EP(xvy) = (~1)"EY(1-xy).

Hence, we have the following theorem:
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Theorem 15. Ifn =1 (mod 2), then

E;(qc)(l/?-,y) =0, B;(1C)(1/2,y) =0, forn € N.

Ifn =0 (mod 2), then
Ei(f)(l/Z,y) =0, BY(1/2,y) =0, forn € N.

Our numerical results for numbers of real and complex zeros of the cosine-Euler polynomials
L) (x,y) = 0 are displayed (Table 1).

10 T T T T 10

me o 40—0%0—07 e 0 ® ®

-5 -5
~10 -10
-30 -20 10 0 10 20 30 -30 -20 10 o 10 20 30
Re(x) Re(x)
10 10
5F 5
Imx) 0 Ime) 0
5 5
_10 . . . . _10 . . . .
-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30
Re(x) Re(x)

Figure 2. Zeros of E;;”’ (x,y).

()

Table 1. Numbers of real and complex zeros of E;;’ (x, ).

y=-3 y=2

Degree n
Real Zeros Complex Zeros Real Zeros Complex Zeros

—_
(e}
o

50 0N OoU W=
0N U W
cCoocococoocoo
S0 0No U WN R~
S OO OO OO OO

[y
o

Our numerical results for numbers of real and complex zeros of the sine-Euler polynomials
EY (x,y) = 0 are displayed (Table 2).
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(€)

Stacks of zeros of the cosine-Euler polynomials E;; /' (x,y) for 1 < n < 40 from a 3D structure are
presented (Figure 3).
In Figure 3 (left), we choose y = —3. In Figure 3 (right), we choose y = 1/2. The plot of real zeros
of the cosine-Euler polynomials E,SC) (x,y) for 1 < n < 40 structure are presented (Figure 4).
In Figure 4 (left), we choose y = —3. In Figure 4 (right), we choose y = 1/2. Stacks of zeros of the
(S)

sine-Euler polynomials E;;”’ (x,y) for 1 < n < 40 from a 3D structure are presented (Figure 5).

Table 2. Numbers of real and complex zeros of E,(ZS) (%, y).

x=-3 x=1
Degree n
Real Zeros Complex Zeros Real Zeros Complex Zeros
1 1 0 1 0
2 1 0 1 0
3 3 0 3 0
4 3 0 3 0
5 5 0 5 0
6 5 0 1 4
7 7 0 7 0
8 7 0 1 6
9 9 0 9 0
10 9 0 1 8

40 [o ]

N

n oo

-50 0 50

Figure 4. Real zeros of E,(,C) (x,y).
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Figure 5. Stacks of zeros of Eﬁ,s) (x,y),1 <n <40.

In Figure 5 (left), we choose x = —3. In Figure 3 (right), we choose x = 1. The plot of real zeros of
the sine-Euler polynomials E,(ls) (x,y) for 1 < n < 40 structure are presented (Figure 6).

40

30

n 20

Re(x)

Figure 6. Real zeros of E (x,y).

In Figure 6 (left), we choose x = —3. In Figure 6 (right), we choose x = 1.

We observe a remarkable regular structure of the complex roots of the cosine-Euler polynomials
E,(qc) (x,y). We also hope to verify a remarkable regular structure of the complex roots of the
cosine-Euler polynomials E,SC) (x,y). Next, we calculated an approximate solution satisfying

E© (x,y) = 0,x € R. The results are given in Table 3.

Table 3. Approximate solutions of Eﬁ,c) (x,=3) =0,x e R.

Degree n x

1 0.50000

2 —2.5414, 3.5414

3 —4.7678, 0.50000,  5.7678
4 —6.8305, —0.82832, 1.8283, 7.8305
5
6
7

—8.8303, —1.8336, 0.50000,  2.8336, 9.8303
-10.799, -2.7017, —0.40666, 1.4067, 3.7017, 11.799
—-12.751, —3.4960, —1.1389, 0.50000,  2.1389, 4.4960, 13.751

Next, we calculated an approximate solution satisfying E,(IS) (x,y) = 0,y € R. The results are

given in Table 4.
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Table 4. Approximate solutionsof E;,S:) (=3,y) =0,y eR.

Degree n y
1 0.00000
2 0.00000
3 —6.0000, 0, 6.0000
4 -3.3912, 0, 3.3912
5 —10.687, —2.4038, 0, 24038, 10.687
6 —5.9045, —1.8630, 0, 1.8630, 5.9045
7 —15.241, —4.1727, 15184, 0, 15184, 4.1727, 15.241
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