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Abstract: A dynamical system is a triple (A, G, «) consisting of a unital locally convex algebra A,
a topological group G, and a group homomorphism « : G — Aut(A) that induces a continuous action
of G on A. Furthermore, a unital locally convex algebra A is called a continuous inverse algebra,
or CIA for short, if its group of units A* is open in A and the inversion map ¢ : A* — AX,a+sa~!
is continuous at 14. Given a dynamical system (A, G, «) with a complete commutative CIA A and
a compact group G, we show that each character of the corresponding fixed point algebra can be
extended to a character of A.
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1. Introduction

Let o : Px G — P be a smooth action of a Lie group G on a manifold P. It is well-known
(see e.g., [1], Proposition 2.1) that ¢ induces a smooth action of G on the unital Fréchet algebra C*°(P)
of smooth functions on P defined by a; : G x C*(P) — C*(P), (g, f) — f o 0g. The corresponding
fixed point algebra is given by

C®(P)° = {f € C*(P): (Vg € G) ao(g, f) = f}.

The origin of this short article is, in a manner of speaking, “commutative geometry”, namely the
question whether each character x : C®°(P)S — C extends to a character § : C*(P) — C (cf. [2,3]).

One possible way to approach this problem is to classify the characters under consideration.
Indeed, it follows from ([1], Lemma A.1) that each character x : C*°(P) — C is an evaluation in some
point p € P, that is, of the form 6, : C*(P) — C, f — f(p). If the action ¢ is additionally free and
propet, then the orbit space P/ G has a unique manifold structure such that the canonical quotient map
qg:P — P/G, p+— [p] is a submersion. Moreover, in this situation, the map

@ :C¥(P)° = C®(P/G), f+ (lp]+— f(p))

is an isomorphism of unital Fréchet algebras showing that each character C*(P)¢ — C is of the form
91y © @ for some p € P which may simply be extended by 6.

In this note, however, we approach the above problem in a more systematic way. In fact, given a
dynamical system (A, G, «) with a complete commutative continuous inverse algebra (CIA) A and a
compact group G, we show that each character of the corresponding fixed point algebra

A :={ac A:(Vg€G) a(g)(a) =a}

extends to a character of A (Theorem 2). Our approach is motivated by the following three facts:
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(i) Our initial question is, after all, of purely topological nature.
(ii) If P is compact, then C*(P) is the prototype of a complete commutative CIA.
(iii) CIA’s provide a class of algebras for which characters are automatically continuous (cf. [4],
Lemma 2.3).

We would also like to mention that CIAs are naturally encountered in K-theory and
noncommutative geometry, usually as dense unital subalgebras of C*-algebras. Finally, we point
out that a classical result for actions of finite groups can be found in ([5], Chapter 5, §2.1, Corollary 4).

2. Preliminaries and Notations

All algebras are assumed to be complex. The spectrum of an algebra A is the set 'y :=
Hom,g (A, C)\{0} (endowed with the topology of pointwise convergence on A) and its elements
are called characters. Moreover, given a compact group G, we denote by G the (countable) set of
equivalence classes of finite-dimensional irreducible representations of G. For 7t € G we write x
for the function defined by G — C, ¢ — tr(7t(g)) and we put d := x» (1) for the corresponding
dimension. We also need the following well-known structure theorem for dynamical systems:

Lemma 1. ([6], [Lemma 3.2 and Theorem 4.22]). Let (A, G, a) be a dynamical system with a complete unital
locally convex algebra A and a compact group G. Furthermore, given w € G and a € A, let

Pr(a) i=dx [ X(g) (2(8)(@)) dg,

where dg denotes the normalized Haar measure on G. Then the following assertions hold:

(@) Foreach t € G the map Py : A — A is a continuous G-equivariant projection onto the G-invariant
subspace Ay := Pr(A). In particular, Ay is algebraically and topologically a direct summand of A.

(b)  The module direct sum Agyn := @, e Ar is a dense subalgebra of A.

3. Extension Results

In this section our main results are stated and proved. We begin with some general statements on
the extendability of ideals.

Lemma 2. Let (A, G, ) be a dynamical system with a complete unital locally convex algebra A and a compact
group G. Then the following assertions hold:

(@) If I is a proper left ideal in AC, then Agy - 1 = @D ,cc An - I defines a proper left ideal in Ag, that
contains 1.

(b) If Iis a proper closed left ideal in AC and | is the closure of Agin - I in Agy, then | is a proper closed left
ideal in Agy, that contains 1.

Proof. (a) We first observe that A® coincides with A; (where 1 stands for the equivalence class of
the trivial representation). Hence I C A€ is contained in Ag, and thus Agy, - I is the left ideal of Agy,
generated by I. Using the integral formula for P, from Lemma 1, we see that A, - I C Ay, entailing
that the sum in part (a) is direct. To see that Agy, - I is proper, we assume the contrary, that is,

14 € Afin- 1= Ar- L
nEG

Then 14 € AC implies that 14 € AC - T = I, which contradicts the fact that I is a proper left ideal
of AG. We conclude that Ag, - I is a proper left ideal in Agy, that contains I.

(b) Part (a) and the definition of | imply that ] is a closed left ideal in Ag, that contains I. To see
that ] is proper, we again assume the contrary, thatis, 14 € J. Then there exists a net (a,),er in Agp, -
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such that lim, a, = 14 and the continuity of the projection map P; : A — A onto the fixed point
algebra AC implies that

1A = Pl(lA) = Pl(li;rnav) = li,rynpl(av).

Since I is closed in A® and P(a,) € A®-1 = I for all v € T, we conclude that 14 € I.
This contradicts the fact that I is a proper ideal of A® and therefore ] is a proper closed left ideal in
Ay, that contains . O

Lemma 3. Let A be a topological algebra and B a dense subalgebra of A. If I is a proper closed left ideal in B,
then 1 is a proper closed left ideal in B = A.

Proof. It is easily seen that I is a closed left ideal in B = A. Moreover, we have I = I N B. Indeed,
the inclusion “ C ” is obvious and for the other inclusion we use the fact that I is closed in B.
Consequently, if T isnot proper, that is, I = A, then I = B, which yields a contradiction. Hence, ITisa
proper closed left ideal in A. O

We are now ready to state and prove our main extension results.

Theorem 1. (Extending ideals). Let (A, G,«) be a dynamical system with a complete unital locally convex
algebra A and a compact group G. Then each proper closed left ideal in AC is contained in a proper closed left
ideal in A.

Proof. Let I be a proper closed left ideal in A®. Then Lemma 2 (b) implies that I is contained in a
proper closed left ideal in Agj,. Since Ay, is a dense subalgebra of A by Lemma 1 (b), the claim is a
consequence of Lemma 3. [

Theorem 2. (Extending characters). Let (A, G, a) be a dynamical system with a complete commutative CIA A
and a compact group G. Then each character x : A — C is continuous and extends to a continuous character
Xx:A—C

Proof. Let x : A® — Cbe a character. Since A® carries the structure of a CIA in its own right, it follows
from ([4], Lemma 2.3) that x is continuous which shows that I := ker x is a proper closed ideal in AC.
Hence, Theorem 1 implies that I is contained in a proper closed ideal in A. In particular, it is contained
in a proper maximal ideal | of A which, according to ([7], Lemma 2.2.2) and ([4], Lemma 2.3), is the
kernel of some continuous character { : A — C. Since I is a maximal ideal in the unital algebra AG and

I=1NnAC CJnAS C AS,

we conclude that I = ] N AC. Therefore, the decomposition A® = I ® C = (J N A®) & C finally proves
that { extends xy. O

Remark 1. It is not clear how to extend Theorem 2 beyond the class of CIAs. For instance, given a non-compact
manifold P, the set C°(P) of compactly supported smooth functions on P is a proper ideal in C*(P). As such it
is contained in a proper maximal ideal in C*®°(P) that cannot be closed since C°(P) is dense in C*(p). However,
in the more general situation of a complete commutative unital locally convex algebra A, a similar arqument
as in the proof of Theorem 2 shows that each continuous character x : A — C can be extended to a character
x:A—C
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We conclude with the following two immediate corollaries.

Corollary 1. Suppose we are in the situation of Theorem 2. Then the natural map on the level of spectra
Ta = Tac, X = X)ac is surjective.

Corollary 2. Let (C®(P), G, «) be a dynamical system with a compact manifold P and a compact group G.
Then each character x : C®°(P)C — C extends to a character § : C°(P) — C.

Remark 2. Given a dynamical system (C®(P), G, «) with a compact manifold P and a compact group G,
we would like to describe T'ceo(pyc as a set of points associated to P and G. As already explained in the
introduction, it is not hard to see that I'ce pyc is homeomorphic to P/ G if G is a Lie group and a is induced
by a free and smooth action of G on P. However, even if we do not have any additional information, it is still
possible to show that the map

is a homeomorphism (see e.g., [2], Proposition 8.7) and Corollary 2 may be used to verify its surjectivity.

Funding: This research received no external funding.

Acknowledgments: The author thanks Henrik Seppédnen and Erhard Neher for useful discussions on this topic.
He would also like to express his gratitude to the referees for providing very fruitful criticism that helped to
improve the article.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Wagner, S. Free group actions from the viewpoint of dynamical systems. Miinster ]. Math. 2012, 5, 73-97.
Wagner, S. A Geometric Approach to Noncommutative Principal Torus Bundles. Proc. Lond. Math. Soc. 2013,
106, 1179-1222. [CrossRef]

3. Wagner, S. On noncommutative principal bundles with finite abelian structure group. J. Noncommut. Geom.
2014, 8, 987-1022. [CrossRef]

4.  Biller, H. Continuous Inverse Algebras with Involution. Forum Math. 2010, 22, 1033-1059. [CrossRef]

5. Bourbaki, N. Commutative Algebra: Chapters 1-7; Elements of Mathematics (Berlin); Translated from the French,
Reprint of the 1972 Edition; Springer: Berlin, Germany, 1989; p. xxiv+625.

6.  Hofmann, K.H.; Morris, S.A. The Structure of Compact Groups; De Gruyter Studies in Mathematics; A Primer
for the Student—A Handbook for the Expert, Third Edition, Revised and Augmented; De Gruyter: Berlin,
Germany, 2013; Volume 25, p. xxii+924. [CrossRef]

7. Biller, H. Continuous Inverse Algebras and Infinite-Dimensional Linear Lie Groups. Ph.D. Thesis, Technische
Universitdt Darmstadt, Darmstadt, Germany, 2004.

@ (© 2018 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://dx.doi.org/10.1112/plms/pds073
http://dx.doi.org/10.4171/JNCG/175
http://dx.doi.org/10.1515/forum.2010.056
http://dx.doi.org/10.1515/9783110296792
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries and Notations
	Extension Results
	References

