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Abstract: In this manuscript, we utilize the concept of modified w-distance mapping, which was
introduced by Alegre and Marin [Alegre, C.; Marin, ]. Modified w-distance on quasi metric spaces
and fixed point theorems on complete quasi metric spaces. Topol. Appl. 2016, 203, 120-129] in 2016
to introduce the notions of (w, ¢)-Suzuki contraction and generalized (w, ¢)-Suzuki contraction.
We employ these notions to prove some fixed point results. Moreover, we introduce an example to
show the novelty of our results. Furthermore, we introduce some applications for our results.
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1. Introduction and Preliminaries

Constructing new contractions and formulating new fixed point theorems are very important
subjects in mathematics since active researchers employ the existence and uniqueness of the fixed
point to solve some integral equations, differential equations, etc.

Banach was the first pioneer mathematician who constructed and formulated the first fixed point
theorem, which was called after him as the Banach contraction principle [1].

Suzuki [2] introduced a new contraction and generalized the Banach contraction principle.

In the rest of this paper, the letter d refers to a metric on a set B and f; refers to self-mappings
on B.

One of the important contractions is the Kannan contraction [3]:

d(f]ll,fllz) S ac[d(ll,flll) +d(lz,f1[2)] fOl‘ all ll,lz S B,

where a € [0, 1).
Moreover, Kannan proved that if f; satisfies Kannan contraction, then f; has a unique fixed point.
In 1931, Wilson [4] generalized the notion of metric spaces to a new notion called quasi
metric spaces.

Definition 1. We call q : Bx B — [0, 00) a quasi metric if q satisfies:

i) q(l,h)=0<=1L =D
and:

(ii) q(l1, lz) < q(l1,l3) +q(13, lz)fOT all 11, lz, 13 € B.

(B, q) is called a quasi metric space.
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From now on, by (B, ), we mean a quasi metric space.
Defining g, : B x B — [0, +-00) via

qm(llr 12) = maX{Q(llr 12)/ q(IZI ll)}/

we generate a metric on B.
Recall the following definitions.

Definition 2. [5,6] The sequence (ly) converges to | € B zftlimq(lt,l) = lim q(L 1) =0.
—00 n—o00

Definition 3. [6] Let (I;) be a sequence in (B, q). Then, we say that:

(i) (ly) is left-Cauchy if for any € > 0, there exists ny € N such that q(I;, 1) < eV t > m > ny.
(ii) () is right-Cauchy if for any & > 0, there exists ng € N such that (I, 1) < e¥m >t > ny.

Definition 4. [5,6] We say that (1;) is Cauchy if for any € > 0, there exists ng € N such that (I, 1) < €V
t,m > ny.

We note that (/) in (B, q) is Cauchy if and only if (/;) is right and left Cauchy.
Definition 5. [5,6] We say that (B, q) is complete if every Cauchy sequence in B is convergent.

For some theorems in quasi-metric space, see [5-9].
Alegre and Marin [10] introduced the concept of modified w-distance mappings on (B, d).

Definition 6. [10] A modified w-distance (shortened as mw-distance) on (B,q) is a function p : Bx B —
[0, 00), which satisfies:

(W1)  p(l, 1) < p(l,13) + p(l3, 1) forall 1y, 1p,13 € B;

(W2)  p(l,.): B— [0, 0) is lower semi-continuous for all | € B; and

(mW3) for each ¢ > 0, there exist v > 0 such that if p(l1,1y) < vand p(lp,13) < v, then q(11,13) < € for all
ll/ D>, l3 € B.

Definition 7. [10] We call an mw-distance function a p strong mw-distance if p is lower semi-continuous on
its second coordinate.

Remark 1. [10] If q is a quasi metric on B, then q is mw-distance.

Lemma 1. [11]Let (a:), (B¢) be two sequences of nonnegative real numbers converging to zero. Assume that
p is mw-distance. Then, we have the following:

(i) Ifp(lt,Im) < ay forany t,m € Nwith m > t, then (l;) is right Cauchy in (B, q).

(i) Ifp(lt,Im) < Bm forany t,m € Nwith t > m, then (1;) is left Cauchy in (B, q).

Remark 2. [11] The above lemma implies that if l}m p(lt, Im) = 0, then (I}) is Cauchy in (B, q).
m,t—o0

For some works on w-distance, we ask the readers to see [11-13].
Abodayeh et al. [14] generalized the definition of altering the distance function [15] to the concept
of the almost perfect function.

Definition 8. We call a non-decreasing function ¢ : [0,00) — [0, 00) almost perfect if ¢ satisfies:

(i) () =0ifand only if | = 0.
(ii)  If (Iy) is a sequence in [0, o) such that tlim ¢(ly) =0, then tlimlt =0.
— 00 — 00
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2. Main Results

We begin our work with the following definition:

Definition 9. Let ¢ : RT — R be an almost perfect function and p be modified w-distance on B. We say that
p is bounded with respect to ¢ if there exists an integer A > 0 such that:

pp(le) < Aforalll,e € B.

Definition 10. Equip (B, q) with an mw-distance mapping p. Then, we call that f1 : B — Ban (w, ¢)-Suzuki
contraction if there are an almost perfect function ¢ and a constant k € [0,1) such that for all 1,e € X and
t € N, we have:

(1—k)p (LA'T) <ple) = op(fil, fre) < kep(le),

and:

(1=K)p (A1) < ple,]) = gp(fre, il) < kep(e,]).
Now, we introduce and prove our first result.

Theorem 1. Equip (B, q) with an mw-distance mapping p. Let p be bounded with respect to the almost perfect
function @ and fy be an (w, ¢)-Suzuki contraction mapping. Suppose that:

(i) fi is continuous,
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u”) +p(fie,u™) :e € B} > 0. (1)

Then, f1 has a unique fixed point in B.

Proof. By starting with [y € B, we produce a sequence (I;) in B inductively by putting ;1 = f11; for
allt € NU{0}. Given m,t € NU {0} with m > t, then m = t + s for some s € N. From the definition,

we have:

A =k)pli—1,1m-1) A =k)p(li—1,1115-1)

< plle—1, lps1)-

Therefore, we get that:
op(lelm) = ep(fili-1, f°li-1)
= ¢p(filt—1, filirs—1)
<kop(li—1,1t15-1)- )

Repeating (2) t-times, we get that:
gp(le,ln) < K op(lo,1s). ®)

Since (B, p) is bounded with respect to ¢, then we have:
@p(lt, 1) < k' A for some integer A > 0. 4)

By letting ¢, m — oo, we get that:
lim ¢p(lt,In) = 0. (5)

t,m—o0
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By the definition of ¢, we get that:
lim p(l, 1) = 0. (6)

t,m—o0

Since m > t, Lemma 1 implies that (I;) is right Cauchy. Now, suppose that t,m € NU {0} with t > m.
Then, t = m 4+ g for some q € N. We note that:

(I=©)pUli-1,lm-1) < pUnig—1,Im-1)-

Therefore, we get that:

op(lebn) = @p(fili1, fixm—1)
op(e, 1) < K" @p(lg, lo)- ®)
Since (B, p) is bounded with respect to ¢, we get that:
ep(ln, Im) < k™A for some integer A > 0. )
By letting ¢, m — oo, we have:
tﬂgglqup(ln,lm) =0. (10)
Therefore,
lim p(l;, 1) = 0. (11)
t,m—o0

Since t > m, Lemma 1 implies that (I¢) is left Cauchy. Therefore, we deduce that (I;) is Cauchy.
The completeness of (B, q) implies that there exists an element [* € B such that [; — I*. If f; is
continuous, then I;1; = f1l; converges to f1/*. The uniqueness of the limit ensures that f1I* = I*.
Lete > 0. Since trlggloop(lt, lm) = 0, we choose kg € N such that p(It,I,y) < § foralll,m > ko. The lower

semi continuity of p implies that:

p(l,1%) < lim infp(lt,lj) <

]—00

for all n > k.

NI o

Assume that [* # f11*. Then, by (1), we have:

inf{p(e,I") + p(fre,1*) : e € B} <inf{p(l;,I*) + p(f1l;, ") : t € N}
=inf{p(l,I") + p(l}+1,17) : t e N} <,

a contradiction. Therefore, [* = f1I*. Now, assume that z* € B is a fixed point of f;. Therefore:

(1-k)p(" fi'z") = 1 —k)p(z",2") < p(z",2").

Thus,
op(z",2") = op(fiz", fiz") < kop(2",27).
Since k < 1 and ¢ is an almost perfect function, we conclude that p(z*,z*) = 0. Assume that there

exists v* € B such that v* = fiv*. Since p(z*,z*) = 0, we have:

(1-kp(z", fiz") = 1= k)p(z",2") < p(z",0").

Therefore,
pp(z",0") = pp(fz", fiv") < kep(z",0%).
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Thus, we have ¢p(z*,v*) = 0, and so, p(z*,v*) = 0. Hence, by (mW3), we have g(z*,v*) = 0.
Thus, v* = z*. Therefore, the fixed point of f; is unique. O

Corollary 1. Equip (B, q) with an mw-distance mapping p. Assume p is bounded with respect to ¢. Assume
foralle,| € B, we have:

pp(fie, fil) < ko(p(e 1)), wherek € [0,1). (12)

Furthermore, assume that:

(i) f1 is continuous,
or
(i) ifu* € Band u* # fiu*, then:

inf{p (e,u™) +p(fre,u”):ec B} >0.

Then, f1 has a unique fixed point in B.

By taking the almost perfect function ¢ in Corollary 1 as follows:
¢(e) = e, we get the following result:

Corollary 2. Equip (B, q) with an mw-distance mapping p. Assume there exists A > 0 such that p(e,1) < A
foralle,l € B. Furthermore, assume that there exists k € [0, 1) such that for all e,1 € B, we have:

p(fie, f1l) < kp(e,1), wherek € [0,1).

Furthermore, assume that:

(i) fy is continuous,
or
(i) ifu* € Band u* # fiu*, then:

inf{p (e,u™) + p(fre,u*):e € B} > 0.

Then, f1 has a unique fixed point in B.
Example 1. Let B={0,1,2,--- ,n}, where n € N. Define p,q : B x B — [0, +00) as follows:

_J 0 ife=1
9(e.1) _{ Be+1 ife#l,

and:
(o ife=1;
W’Z)_{ 1Ge+1) ife £l

Furthermore, define f1 : B — B by:

. 0 ife=0,1;
fle_{ 1 ife=2,3,---,n,

and ¢ : RT — R by:

[ 3 -1 ifle|on];
#(0) { 3 ifisn
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@ is an almost perfect function.
p is an mew-distance function on q.

(B, q) is complete.
1

1
2.
3. qisaquasi metric on B.
4
5. fi satisfies (w, ¢)-Suzuki contraction with k = el ie, Vel € B,j € N, we have:

(1 _ \}g)p (e fle) < plet) = gplfre fil) < kgp(e,D),

and:

(1= 5 (Flee) < plte) = oplil fie) < kppite)

Proof. The proofs of (1), (2), and (3) are obvious. To show that g is complete, let (I/;) be a Cauchy
sequence in B. Then, for each t,m € N, we have:

Hm q(ls, L) = 0.

m,t—00

Therefore, we deduce that [y = I,,, for all t,m € {0,1,2,- - - }, but possible for finitely many. Thus, (I;)
converges in B. Hence, (B, q) is complete. To prove (5), given ¢,! € B, we divide our proof into the
following cases: Case (1): ¢ = 0. Here, we have:

(1 - \}g)p(0,0) = <1 - \%)p(e,f{e) < p(0,I) where! =0,1,--- ,n.

If I € {0,1}, then:
ep(f10, f1l) = ¢p(0,0) =0 < (%) ep(0,1).

Ifl € {2,3,--- ,n}, then:

Therefore,
pp(0,1) = cp(

1 1 !
0,f1il)=32-1<|—)(32—-1}.
ep(£10, Ail) <ﬁ> < >
Case (2): e = 1. Here:
(1—1> (e,0) = (1—1> (1, A1) < p(1,1) where [ = 0,2,3,-- ,n
\/g P 7 \/g P 7 J1 = P 7 AN VRA
If I = 0, then we have ¢p(f1, fI) = 0. Therefore,

ep(f1,f1) =0< (\}g) <33 - 1).

Ifl =2,3,---,n, then:
ep(fil, Al) = ¢p(0,1) = (p<2) =32-1.
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Now,

Thus,

op(fil il) =31 —1< (2)4)(?) = (13> (332” - 1).

Case 3): ¢ € {2,3,--- ,n}. Here,

(1 — \%)p(e,l) = (1 — %)p(e,ﬁe) < p(e!)wherel =1,2,--- ,n.

If I =1, then:
3 3
ep(fe f1) = ¢p(1,0) = cp<2> =311

3e+1 35 -1 ife=2
qvp(e,l)—cp( 5 )—{ €

32 if3<e<n.
3 1
pp(fe f1) =32 -1< (f3)<pp(e,1)-
Ifl e {2,3,---,n},e€{2,3,--- ,n}and e # I, then:

pp(fie, fil) = pp(1,1) = ¢(0) = 0.

3e+1 3% 1 if3etl<2n
pplel) =¢( —5— | =1 Juu

372 if 3e +1 > 2n.

Similarly, we can show that:

(1- %)p (fle,e) < plle) = gp(fl, fe) < kgp(Le).

Hence, f; satisfies (w, ¢)-Suzuki contraction. Therefore, f1 has a unique fixed point. [J

Next, we introduce the definition of a generalized (w, ¢)-Suzuki contraction.

Definition 11. Equip (B, q) with an mw-distance mapping p. We call f1 : B — B a generalized (w, ¢)-Suzuki
contraction if there exists an ultra distance function ¢ and a constant k € [0,1) such that foralle,l € B, j € N,
we have:

(1=K)p (e, fle) < plel) = gp(fie, fil) < kmax{gp(e, fre), pp(L, fil)},

and: ‘
(1=K)p (flece) < pll,e) = gp(fil, fre) < kmax{op(e, fre), pp(L, fil) -

We introduce and prove the second result:

Theorem 2. Equip (X,q) with an mw-distance mapping p. Assume that p is bounded with respect
to the almost perfect function ¢. Assume that fi is a generalized (w, ¢)-Suzuki contraction mapping.
Furthermore, suppose that:

(i) fi is continuous,
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u”) +p(fre,u™) :e € B} > 0. (13)
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Then, f1 has a unique fixed point in B.

Proof. Start with Iy € B to construct () in B inductively by putting ;4
Givent,m € NU {0} with t < m, let m = t + j with j € N. We note that:

k)p(ls- 1/filt—1)

A=-k)plli—1,lp—1) =01-
< plle—1,ln-1)-

Since fi is a generalized (w, ¢)-Suzuki contraction, we have:

ep(lt,lm) = ep(fili—1, film—1)
< kmax{pp(li_1, fili-1), @P(m 1 film=1)}
= kmax{gp(l—1,1t)), pp(Ln—1,1m) }-

Now,

(1=K)p(li—2,1t-1) K)p(li-2, fili—2)

=(1-
< pli—2,14-1).

Therefore, we get that:

pp(li-1,1t) = op(fili—2, fili—1)
< kmax{@p(li—2, filt-2), pp(li—1, fili—1)}
= kmax{gp(l;-2,1i-1), ep(l+—1,1t) }-
Since k < 1, we get that:
ep(li—1,1t) < kop(li—2,li-1).
Repeating (16) t-times, we get that:

op(li-1,1) <K top(lo, 1h).

Similarly, we get that that:

km—l

ep(ln—1,1m) < op(lo, Ih).

Using Equations (14), (17), and (18), we get:

op(lt, ) < kmax{k* " p(lo, 1), k" pp(lo, 1)}

Since t < m, we get that:
op(le,Inm) < K op(lo, 1r).
The boundedness property of p with respect to ¢ implies that:

@p(lt, 1) < k' A for some integer A > 0.

By letting ¢, m — oo, we get that:
lim ¢p(lt,In) = 0.

t,m—ro0

Thus,
lim p(l;, 1,) = 0.

t,m—ro0

8of 12

= fil; for all t € NU {0}.

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

Since t < m, Lemma 1 implies that (I;) is right Cauchy. In a similar manner, we can show that (I;) is
left Cauchy. Hence, (I;) is Cauchy. The completeness of g ensures that there exists I* € B such that
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(If) converges to I*. If f; is continuous, then (/;11) = (f1l;) converges to f11*. The uniqueness of the
limit implies that f1I* = I*. Given ¢ > 0. Since tlim p(lt,Im)) = 0, there exists ny € N such that
,M—00

p(l;,Iy) < § forall t,m > ng. The lower semi continuity of p implies that:

p(I, 1") < liminfp(I;,1;) < = forall £ > ny.

1—00

N[ ™

Assume that [* # f11*, then by (13), we have:

inf{p(e,I*) + p(f1e,1*) : e € B}

< inf{p(Ly, ") + p(f1ls,1") : t € N}

=inf{p(l;, ") + p(lg41,1") :m € N} <,
a contradiction. Therefore, [* = f1I*. Assume z* € B such that f;z* = z*. First, we prove that
p(z*,z*) = 0. Since: 4

(1=-k)p(z" fiz") = 1= k)p(z",z") < p(2",2"),
then:
op(z",27) = pp(fiz", fiz") < kop(z",z").

Since k < 1 and ¢ is an almost perfect function, then p(z*,z*) = 0. Therefore,

(1=Kk)p@", fi'z") = A =k)p(z",2") < p(2"1").

Therefore,
op(z*1*) = ep(fiz*, fil*)
< kmax{gp(z*, fiz*), op(I*, f1I*)}

= kmax{¢(p(z*,2*)), ¢(p(v*,0"))}
= 0.

The definition of ¢ informs us that p(z*,1*) = 0. The definition of p implies that q(z*,1*) = 0. Hence:
z¥=1* 0O

Corollary 3. Equip (B, q) with an mw-distance mapping p. Assume p is bounded with respect to the almost
perfect function @. Suppose that for all e,] € B, we have:

ep(fie, fil) < kmax{¢p(e, fie), pp(l, f11)}, wherek € [0,1). (24)

Furthermore, assume that:

(i)  f is continuous;
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u™) +p(fre,u”):e € B} >0.

Then, f1 has a unique fixed point in B.

Corollary 4. Equip (B,q) with an mw-distance mapping p. Assume that there exists A > 0 such that
p(e,1) < Aforalle,] € B. Furthermore, assume that for all e,1 € B, we have:

p(fie, fil) < a(p(e, fre) + p(l, f1l)), where 0 < a < %
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Assume that:

(i) f1 is continuous;
or

(i) ifu* € Band u* # fiu*, then:
inf{p (e,u™) +p(fre,u”):e € B} >0.
Then, f1 has a unique fixed point in B.

Proof. Define the almost perfect function ¢ via ¢(e) = e in Corollary 3. Then:

o(p(fie, fl)) = p(fre, fl)
< A(ple, fie) + p(l, fil))
< 2Amax {p(e, fie), p(l, f1) }
= 2Amax{¢(p(e, fre)), ¢(p(l, fil))) }-

O

3. Application

In this section, we utilize Corollaries 1 and 4 to give some applications of our work.

Theorem 3. For any positive integer n, the equation:
nx" —x" 4 dnx —2=0

has a unique solution in [0, 1].

Proof. Let B = [0,1]. Define g : B x B — R" by q(x,y) = |x — y|. Then, (B,q) is a complete quasi
metric space. Furthermore, define p : B x B — [0, 0) by p(x,y) = |x — y|. Then, p is an mw-distance
mapping. Now, equip (B, q) with p.
Define f; : B — B by:
142
hx) = ey

Furthermore, define ¢ : [0,00) — [0, 0) by:

(a) = a? ifa€0,1;
¢ o a2+% ifa > 1.

Note that ¢ is an almost perfect function and p is bounded with respect to ¢. For x,y € B, we
have:

1 [x 142 yr 142 2
Pl fy) = 5 |~ T
1] 2 l_gynl 2
T T AT )
4(n—1)2 1 .
- n? (x2 +4)2(y> +4)2 y
(n—1? P
< —
= ez MY
(n—1)?




Axioms 2019, 8, 57 11 of 12

12
By taking k = (Z 4}112) and noting that f; is continuous, we conclude that f; satisfies all conditions

of Corollary 1. Thus, f; has a unique fixed point. Note that the unique fixed point of f; is the unique
solution of:

nx" —x" 14 4nx —2=0.

O

Example 2. The equation:
1000x10% — %999 4 4000x —2 =0

has a unique solution in [0, 1].

Proof. It follows from Theorem 3 by taking n = 1000. O

Let Y be the set of non-decreasing functions 7 : RT — R such that 7 is Lebesgue integrable for
all compact sets in R™ and:

H
/ T(v)dv > 0 where p > 0.
0

Theorem 4. Equip (B, q) with an mw-distance mapping p. Assume that there exists A > 0 such that
ple, 1) < Aforalle,l € B. Furthermore, suppose the following condition:

(i) fy is continuous.
(i)  There exists T € Y and « € [0,1/2) such that for all e,] € B, we have:

p(fiefil) ple fie) p(LALD)
< .
/0 T(v)dv < “(/0 T(v)dv + / T(V)di/)

Jo
Then, f1 has a unique fixed point in B.

Proof. Let ¢ = fot T(v)dv. Then, ¢ is an almost perfect function. Corollary 4 ensures that f; has a
unique fixed pointin B. O

4. Conclusions

The notions of (w, ¢)-Suzuki contraction and generalized (w, ¢)-Suzuki contraction are
introduced. According to these nations many fixed point results are investigated. Some applications
are introduced on the obtained results.
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