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Abstract: We prove existence of harmonic coordinates for the nonlinear Laplacian of a Finsler
manifold and apply them in a proof of the Myers-Steenrod theorem for Finsler manifolds.
Different from the Riemannian case, these coordinates are not suitable for studying optimal regularity
of the fundamental tensor, nevertheless, we obtain some partial results in this direction when the
Finsler metric is Berwald.
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1. Introduction

The existence of harmonic coordinates is well-known both on Riemannian and Lorentzian
manifolds. Actually, apart from isothermal coordinates on a surface, the problem of existence of
harmonic coordinates on a Lorentzian manifold (wave harmonic) was considered before the Riemannian
case. Indeed, A. Einstein, T. De Donder, and C. Lanczos considered harmonic coordinates in the study
of the Cauchy problem for the Einstein field equations, cf. [1]. In a Riemannian manifold with a smooth
metric, a proof of the existence of harmonic coordinates is given in [2] (Lemma 1.2) but actually it can
be found in the work of other authors such as [3] or [4] (p. 231). The motivation to consider harmonic
coordinates comes from the fact that the expression of the Ricci tensor in such coordinates simplifies
highly (see the introduction in [2]).

Different from the Riemannian case, the Finsler Laplacian is a quasi-linear operator and,
although it is uniformly elliptic with smooth coefficients where du # 0, the lack of definition of the
coefficients on the set where du = 0 makes the analogous Finslerian problem not completely similar
to the Riemannian one. In a recent paper, T. Liimatainen and M. Salo [5] considered the problem
of existence of “harmonic” coordinates for nonlinear degenerate elliptic operators on Riemannian
manifold, including the p-Laplace operator. We will show that this result extends to the Finslerian
Laplace operator as well.

Theorem 1. Let (M, F, u) be a smooth Finsler manifold of dimension m, endowed with a smooth volume form
u, such that F € CKH1(TM\ 0); k > 2 (respectively, F € C®(TM \ 0)—M is endowed with an analytic
structure, p is also analytic, and F € C“(TM \ 0)). Let p € M, then, there exists a neighborhood V of p and a
map ¥ : V — ¥ (V) C R™ such that ¥ = (u,...,u™)isa C*=1%; a € (0,1) depending on V (respectively,
C*; analytic) diffeomorphism; and Au' = 0, foralli = 1,...,m, where A is the nonlinear Laplacian operator
associated to F.
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Theorem 1 is proved in Section 3, where we also show (Proposition 3) that harmonic (for the
Finsler nonlinear Laplacian) coordinates can be used to prove the Myers-Steenrod theorem about
regularity of distance-preserving bijection between Finsler manifolds. In the Riemannian case, this was
established first by M. Taylor in [6].

For a semi-Riemannian metric 4, the expression in local coordinates of the Ricci tensor is given by

, 1, hij 1/, oH oH'
(R1c(h))1.]. = —Ehrs axralyjcs + 5 (h”'axf + h’faxi> + lower order terms,

(see Lemma 4.1 [2]) where H" := h¥/ Hir]. and Hl.r]. are the Christoffel symbols of . As recalled above,

. . . . . . . . . 9%hjj
in harmonic coordinates, the higher order terms in this expression simplify to — %h’s 390 because

H =0 )

in such coordinates. When / is Riemannian, by regularity theory for elliptic PDEs system [7,8],
this observation leads to optimal regularity results for the components of the metric / once a certain
level of regularity of the Ricci tensor is known [2]. Roughly speaking, the fact that the nonlinear
Laplacian is a differential operator on M while the fundamental tensor and the components of any
Finslerian connection are objects defined on TM \ 0—harmonic coordinates for the nonlinear Finsler
Laplacian do not give such information (see Remark 5). Nevertheless, in Section 4, we will consider
these types of problems for Berwald metrics and we will obtain some partial result in this direction.

2. The Nonlinear Finsler Laplacian

Let M be a smooth (i.e., C*°), oriented manifold of dimension m, and let us denote by TM and
TM \ 0, respectively, the tangent bundle and the slit tangent bundle of M, i.e,, TM\ 0:= {v € TM :
v # 0}. A Finsler metric on M is a non-negative function on TM such that for any x € M, F(x,-) is a
strongly convex Minkowski norm on Ty M, i.e.,

e F(x,Av) = AF(x,v) forallA > 0and v € TM, F(x,v) = 0if and only if v = 0;
e the bilinear symmetric form on TxM, depending on (x,v) € TM \ 0,

1 92
<(x,v)[wy, wy] = E@Fz(x, v+ swy + tw)] (s, 1)=(0,0) ()

is positive definite for all v € TyM \ {0} and it is called the fundamental tensor of F.

Let us recall that a function defined in some open subset U of R™ is of class C**, for k € N and
a € (0,1], (respectively, C* and C¥), if all its derivative up to order k exist and are continuous in U
and its k-th derivatives are Holder continuous in U with exponent a (respectively, if the derivatives of
any order exists and are continuous in U; and if it is real analytic in U).

We assume that F € CK*1(TM \ 0), where k € N, k > 2 (respectively, F € C*(TM\ 0); F €
CY(TM\ 0), provided that M is endowed with an analytic structure) in the natural charts of TM
associated to an atlas of M—it is easy to prove, by using 2-homogeneity of the function F?(x, -), that F?
is C! on TM with Lipschitz derivatives on subsets of TM of the type K x R™, with K compact in M.

Let us consider the function

F*: T"M — [0, +00), F*(x,w) := max w(x)[v],
R
F(v)=

which is a co-Finsler metric, i.e., for any x € M, F*(x, w) is a Minkowski norm on T M. It is well-known
(see, e.g., [9] (p. 308)) that F = F* o £, where £ : TM — T*M is the Legendre map:
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l(x,0) = (x,;aava(x,v)H) ’

and %Fz(x, v)[-] is the vertical derivative of F? evaluated at (x, ), i.e., aa—UFz(x, v)[u] = %F(D + tu)|4=o.
Thus, F* = Fo /™!, and F* € CK(T*M \ 0) (respectively, F* € C®(T*M \ 0); F* € C¥(T*M\ 0)).
Its fundamental tensor, obtained as in (2), will be denoted by g*. The components ( g*)ij (x,w) of
g (x,w), (x,w) € T*M\ 0, in natural local coordinate of T*M define a square matrix which is the
inverse of the one defined by the components g;; (¢! (x,w)) of (£ (x,w)).

Henceforth, we will often omit the dependence on x in F(x,v), F*(x,w), g(x,v), §*(x, w), etc.
(which is implicitly carried on by vectors or covectors), writing simply F(v), F*(w), g, g%,/ etc.

For a differentiable function f: M — R, the gradient of f is defined as Vf := ¢~1(df). Hence,
F(Vf) = F*(df) and, wherever df #0,df = ((Vf) = gv((Vf,").

Given a smooth volume form y on M, p locally given as y = odx! A ... Adx™, the divergence of a
vector field x € X(M) is defined as the function div(X) such that div(X)u = £xu, where £ is the Lie
derivative—in local coordinates this is the function %Bxi (0X"). The Finslerian Laplacian of a smooth
function on M is then defined as Af := div(Vf), thus, in local coordinates it is given by

1 19F*2
Af = (;axf <C’2 e (df)> ,

where (x/, w;j)i=1,..m are natural local coordinates of T*M and the Einstein summation convention has
been used. Notice that, wherever df # 0, Af is equal to

A = 2, (alsip)iaf),

thus, A is a quasi-linear operator, and when F is the norm of a Riemannian metric h and ¢ = v/ det h—it
becomes linear and equal to the Laplace-Beltrami operator of .
Let (O C M be an open relatively compact subset with smooth a boundary, and let H{‘O [(Q),
k € N\ {0} be the Sobolev space of functions defined on Q) that are of H¥ class on the open subsets
QY with compact closure contained in Q. Q' CcC Q H{‘O (Q) can be defined only in terms of the
differentiable structure of M, see [10] (Section 4.7). Let us also denote by H!(Q)) and H}(Q) the usual
Sobolev spaces on a smooth compact manifold with boundary (see [10] (Sections 4.4 and 4.5)).
Let E(u) := 3 [(F*?(du)du = } [ F>(Vu)dyu € [0,+00) be the Dirichlet functional of (M, F).
Let ¢ € H'(Q), then, the critical points u of E on {¢} + H} (Q) are the weak solutions of
{Au 0 inQ) 3)

u=¢ ondQ),

ie, forall 7 € H}(Q) it holds:

1/ O u)ldgldu =0, ¢ e HY(Q)
3 | G @ldnldu =0, u—g e H}(Q).

Let (V, ) be a coordinate system in M, with¢ : V.C M — U C R™, ¢(p) = (x}(p),...,x"(p)),
and U compact. In the coordinates (xl,...,x’”), (up to the factor 1/0), the equation Au = 0

corresponds to div(A(x, Du) = 0, where A: U x R™ — R™ is the map whose components are given by

Al(x,w) = U(x)%%f;z (w) and Du is the vector whose components are (9,14, ...,0ymu). Observe
that A € CO(T x R™) N C*1(T x R™ \ {0}) (respectively, A € CO(U x R™) N C®(U x R™\ {0});
A€ CO(U x R™)NC« (U x R™\ {0})). Thus, Finslerian harmonic functions are locally .A-harmonic
in the sense of [5]. We notice that A satisfies the following properties: There exists C > 0 such that
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1. forall (x,w) € UxR™\ {0}:
[A(x, @) || + [[0xA(x, @) || + [[w]l |90 A(x, w) || < Cllw]]; @)
2. forall (x,w) € U x (R™\ {0}) and all h € R™:
dwA(x, w)[h, ] > %th% ®)
3. forallx € Uand wy,wp € R™:

(A(x,wz) - -A(xrwl))(wZ —wy) > %sz - lez; (6)

in particular, (6) comes from strong convexity of F*2 on TM \ 0 (i.e., by (5)) and by a continuity
argument when wy = —Aws, for some A > 0.

By the theory of monotone operators or by a minimization argument based on the fact that E
satisfies the Palais-Smale condition (see [11] (pp. 729-730)) we have that for all ¢ € H'(Q), there
exists a minimum of E on {¢} x H}(Q), which is then a weak solution of (3).

Now;, as in [11,12], the following proposition holds:

Proposition 1. Any weak solution of (3) belongs to HE () N Cllc;‘é‘ (Q)), for some a € (0,1).

Remark 1. The Holder constant « in the above proposition depends on the open relatively compact subset
QO CC Q, where u is seen as a local weak solution of Au = 0, i.e.,

1/ O d)dnldu =0,  forally € C(QY)
3 Jo 9w ndp =0, forally € C(CY).

From the above proposition and classical results for uniformly elliptic operators, we can obtain
higher regularity, where du # 0. In fact, if du # 0 on an open subset U C C (), then, being u € H?(U),
the equation Au = 0 is equivalent to

2 *2 2 2
iél(32“>ijaiz;cf S :1 (ig;;aazl (du) + ;aaxlgwl(du)> , a.e. onlU. (7)
This can be interpreted as a linear elliptic equation:
o (x)3 i1 = (),
where a¥(x) = (gj,,))7, and f(x) = — T, (ng) 92 () 430 (du(x)) + 3 EE (du(x))). Thus,

when k > 3, the coefficients a¥ and f are at least a-Holder continuous, then, u € Cz""(ll). By a
bootstrap argument, we then get the following proposition (see, e.g., [13] (Appendix ], Theorem 40)):

Proposition 2. Let U CC Q) be an open subset such that du # 0 on U, then, any weak solution of (3) belongs
to Ck=1%(U), for some « depending on U. Moreover, it is C*®° (L) (respectively, C*(U)) if k = oo, (respectively,
if M is endowed with an analytic structure, k = w, and o is also analytic).

3. Harmonic Coordinates in Finsler Manifolds

Let us consider a smooth atlas of the manifold M and a point p € M. Let (U, ¢) be a chart of the
atlas, with components (x!,...,x™), such that p € U, ¢(p) = 0, also let us assume that the open ball
B¢(0), for some € € (0,1), is contained in ¢(U).
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Proof of Theorem 1. Let (u');. {1,..,m} be weak solutions of the m Dirichlet problems:

div (A(x, Du')) =0 in B¢(0)
ul = xf on 9B (0).

Following [14] (Section 3.9) and [5] (Theorem 2.4), we can rescale the above problems by
considering (%) := lu'(ex) and Ac(% w) := A(eX,w), so that the problems are transferred on
By (0) with Dirichlet data & := % Notice that A, satisfies (4)—(6) uniformly with respect to € € (0,1).
Hence, there exists a solution # € H!(B;(0)) of

{div (Ae(%,Dir')) =0 in By(0) @
it = on 0B1(0).

Moreover, there exists § € (0,1) such that ||if’|| ) < Cy, foralli € {1,...,m}, uniformly

cte (Bs(0)

with respect to € (notice that, since & depends only on m, C, §, and || it I o ( s , which is uniformly

1(0))
bounded with respect to to €, & is independent of € as well).

Let us denote # by ﬁf) and let & := ii! — ﬁé. From (6), we have
Do'[’dz < C / Ac(%,Dit') — Ac(%, Dity)) (D9")d.
Jy o IDFPAESC [ (A D) ~ Az, D)) (D7)
Recalling that ii’ solves (8) and using &' as a test function, we obtain

/B1(0) (Ae(%, Dii') — Ae(%, Dﬁé)) (D3)dx =

where the last equality is a consequence of being il}, .Ap-harmonic. As A is locally Lipschitz and Dil}
is a constant vector, also using Holder’s inequality, we then get

1/2

_/31(0) (Ae(f,DﬁB) _AO(O/Dﬁé))(Dﬁi)df < eCy (/E; o |D51|2df) /

1

< eC, || DF|| |Do' ||L2 (5:0) < €C,. Since there exists also a constant

hus, || D9 ||? ie.
thus, || D? ”LZ(Bl(O)) Lz(Bl(O))'le’ \
C4 > 0 such that

1D ) S Co

o= (B;(0)
by [5] (Lemma A.1)) we get that there exists &’ € (0,6), such that HD771'||Loo (5,(0)
5/
for all i € {0,...,m}. Therefore, if (%) := (i'(%),..., 4" (%)), we have |D®(0) — Id|| = o(1)
as € — 0, and then D®(0) = D®(0) (®(x) := (ul(x),...,u™(x))) is invertible. Moreover, up to
considering a smaller ¢/, we have also that Du/(x) # 0 for all x € By (0) and all i € {1,...,m}.
Thus, from Proposition 2 ® is a Ck~1* (respectively, C®°; analytic) diffeomorphism on By (0) and for
V, := ¢ 1(By(0)), we have that ¥ := ® o ¢|V is a C*~ 1 (respectively, C*; analytic) diffeomorphism
whose components 1 o ¢ are harmonic. [

):0(1)ase—>0,

Harmonic coordinates were successfully used by M. Taylor [6] in a new proof of the
Myers-Steenrod theorem about regularity of isometries between Riemannian manifolds (including the
case when the metrics are only Holder continuous). In the Finsler setting, Myers—Steenrod theorem
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has been obtained with different methods, in [15,16] for smooth (and strongly convex) Finsler metrics;
and in [17] for Holder continuos Finsler metrics. We show here that harmonic coordinates can be
used to prove the Myers—Steenrod in the Finsler setting too, provided that the Finsler metrics are
smooth enough.

Let (My, Fi, u1) and (My, F», i2) be two oriented Finsler manifolds of the same dimension m,
endowed with the volume forms p; and 5. Let us assume that y1 and y; are locally Lipschitz with
locally bounded differential, meaning that in the local expressions of 1 and pp, py = oydx! A... Adx™,
Uy = odx! A ... Adx™, o and oy are Lipschitz functions and their derivatives (which are defined
a.e. by Rademacher’s theorem); and 0,07 and 0.0, for eachi € {1,...,m}, are L® functions. Let d;,
i = 1,2, be the (nonsymmetric) distances associated to F;. Let Z : M; — M be a distance-preserving
bijection. Clearly, 7 is an isometry of the symmetric distance d;(x1, x3) := d;(x,y) + d;(y, x), thus,
in particular, it is a bi-Lipschitz map (i.e., it is Lipschitz with Lipschitz inverse) with respect to the
distances d;; and it is locally Lipschitz with respect to the distances associated to any Riemannian
metric on M; and M;. Hence, 7 and its inverse are differentiable a.e. on M; and M, respectively.
In the next lemma we deal with the relations existing between the Finsler metrics F; and F,, the inverse
maps of their Legendre maps /1 and /5, and their co-Finsler metrics F;" and F;, in presence of an
isometry Z. For a fixed x in M or M, let us denote by J; ,, i = 1,2, the diffeomorphisms between
T«M; and T; M;, given by J; ,(v) := %%Ff(x, v)[]

Lemma 1. Let Z be a distance preserving bijection between (My, Fy, j1) and (My, Fp, pi2). Then, for a.e.
X € My, we have:

(a) F =7I*(R),(ie, Fi(x,v) = R(Z(x),dZ(x)[v]));

®) Hxw)= (x,dI_l(I(X))[jz,_Il(x) (wodZ™h)]);

(c) Ff =TI%(F), (e, Ff (x,w) = E5 (Z(x),wodZ1)).

Proof. It is well-known that any Finsler metric F on a manifold M can be computed by using the

1
associated distance d as F(x,v) = lim+ ¥d (7(0),(t)), where 7 is a smooth curve on M such that
t—0

7(0) = x and 7(0) = v—hence, (2) immediately follows from this property and the fact that Z is a
distance preserving map. From (a), we get

2 (B(Z0 ()] ) = 5 2o (T(0),aZ(x)[o]) [4Z(x) ]

_ % To.z(0) (Z(x)[0]) [AZ(x)[]],

jl,x (Z)) =

N —

then, we deduce (b). Finally, (c) follows from

O

Proposition 3. Let (My, Fy, u1) and (My, Fy, up) be two oriented Finsler manifolds, where yy and y, are
locally Lipschitz with locally bounded differential (in the sense specified above) volume forms. Let T: My — My
be a distance preserving bijective map, if uy; = Z*(p2) (i.e., locally oy = |Jac(Z)|oy o Z, where Jac(Z) is the
Jacobian of T) and F;, i = 1,2 are at least C3 on TM; \ 0, then T is a C! diffeomorphism.

Proof. Given that Z a bi-Lipshitz map, it is enough to prove that Z is locally C! with locally C! inverse.
Under the assumptions on F; and y;, i = 1,2, we have that (4)-(6) hold, then, given an open relatively
compact subset {3y C M; with Lipschitz boundary, we have the existence of a minimum of the
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functional E; on {¢} x H}(Q), for any ¢ € H!(Q))—clearly, the same existence of minima holds for
E; on analogous subsets (2 CC Mj. Moreover, the same assumptions on F; and y; ensure that such
minima are locally weak harmonic and, arguing as in [12] (Theorem 4.6 and Theorem 4.9), they are H?
and C1* on subsets U; CC (O (respectively, Uy CC )y). Therefore, Theorem 1 still holds under the
assumptions of Proposition 3, and it provides C!* diffeomorphisms ¥;, i = 1,2, whose components
are harmonic. Now, let p € M and (Ua, ¥;) be a chart of harmonic coordinates of (Ma, Fy, j12) centred
atZ(p), Y2 = (ul,..., ulh). Let us show that, foreachj € {1,...,m}}, u} := u} o T is weakly harmonic
on Uy = ¢~ 1(Up). First, we notice that for any function u € H1 (U), uoZ € H'(Uy), because T is
Lipschitz. Moreover, from (c) of Lemma 1 and the change of variable formula for integrals under
bi-Lipschitz transformations, we have

Ev(uoT|y) = 2/ ,(duodTodT ™) (1(x)))T* (dy) = ;/uz F2(x, du(x)) dyia.

Hence, given that ué is a minimum of E; on {ujz} x H}(U,), we deduce that u]i is a minimum of
Ey on {u}} x H}(U), and then it is a weakly harmonic function. Therefore, ¥; := (ul,...,ul")isa
C'* diffeomorphism, and Z |y, = ¥5 1o ¥, and its inverse are both C* map as well. [J

Remark 2. If, for each i € {1,2}, F; is of class CkH1on TM \ 0, with k > 3; and y; is of class Ck1 asin
Theorem 1 (recall, in particular, (7)), we can deduce that T is a C*=1 diffeomorphism provided that yy and yy
are related by py = T*(uy).

4. Regularity Results for Berwald Metrics

Let us recall the following result from [2], which gives optimal regularity of a Riemannian metric
in harmonic coordinates, in connection with the regularity of the Ricci tensor (the meaning of “optimal”
here is illustrated in all its facets in [2]).

Theorem 2 (Deturck-Kazdan). Let h be a C?> Riemannian metric, and Ric(h) be its Ricci tensor. If,
in harmonic coordinates of h, Ric(h) is of class C*, for k > 0, (respectively, C* and C¥), then, in these
coordinates, h is of class CKT2* (respectively, C* and C¥).

Let us consider now a Finsler manifold (M, F) such that F is C* on TM \ 0. A role similar to
the one of the Ricci tensor in the result above will be played by the Riemann curvature of F. This is a
family of linear transformations of the tangent spaces defined in the following way (see [18] (p. 97)):
let G'(x,y),y € TeM \ {0}, and x € M be the spray coefficients of F:

; 14 0%F? oF?
6'tx) = 387(09) (s (e = G5 () )

where g'(x,y) are the components of the inverse of the matrix representing the fundamental tensor g
at the point (x,y) € TM \ 0.
Let

, oG! 02G! 02G! oG! oG™"
1 = _.m 2 m o
Ri(x,y) 2 xwy) —y axmayk(" ) + 267 y) 5 e oy (0 y) 3y ()= oF (x,y).

As above, we will omit the explicit dependence on x, by writing simply R;;(y). The Riemann
curvature of F aty € TeM \ {0} is then the linear map R, : TxM — TxM, given by R, := Ri(y)d,; ®
dx¥. It can be shown (see [18] (Equations (8.11)—(8.12)) that

Ri(y) = Riy(n)y'y,
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where R;:kl are the components of the hh part of the curvature 2-forms of the Chern connection,
which are equal, in natural local coordinate on TM, to

i 5rj‘l (SF;k m i m i
() = W(]/) - W(y) + T (W (v) = T ()T (v), )

where l";.k are the components of the Chern connection and Jixf is the vector field on TM \ 0 defined by

% = a%» - Nim(y)ayim,where N"(y) := %aai:.n (y)-
Finally, let us introduce the Finsler Ricci scalar as the contraction of the Riemann curvature
R(y) := Ri(y) (see [18] (Equation (6.10))).
We recall that, if F is the norm of a Riemannian metric h (ie.,, F(y) = +/h(y,y)), then,
the components of the Chern connection coincide with those of the Levi-Civita connection, so they do

not depend on y but only on x € M, and the functions Rj‘kl are then equal to the components of the

standard Riemannian curvature tensor of h.
Let us also recall (see [18] (p. 85)) that, to any Finsler manifold (M, F), we can associate a canonical
covariant derivative of a vector field V on M in the direction y € TM, defined in local coordinates as

D,V = (aVi(y) + VICNIW)) 0l x = 7(y),

and extending itas 0 if y = 0.
There are several equivalent ways to introduce Berwald metrics (see e.g., [19]), we will say that a
Finsler metric is said Berwald if the nonlinear connection N} is actually a linear connection on M—thus,

N]i(y) = F;k(x)yk (see [20] (prop. 10.2.1)), so that the components of the Chern connection do not

depend on y. From (9), the same holds for the components of the Riemannian curvature tensor R;"kl'

From a result by Z. Szab6 [21], we know that there exists a Riemannian metric & such that its
Levi-Civita connection is equal to the Chern connection of (M, F). Actually, such a Riemannian metric
is not unique, and different ways to construct one do exist—in particular, a branch of these methods
is based on averaging over the indicatrixes (or, equivalently, on the unit balls) of the Finsler metric
Sy:={y € TxM : F(y) = 1}, x € M (see the nice review [22]). Moreover, the fundamental tensor of
F can be used in this averaging procedure as shown first by C. Vincze [23]; then, in a slight different
way, in [24] (based on [25]); and in other manners also in [22]. In particular, as described in [22],
the Riemannian metric obtained in [25] is given, up to a constant conformal factor in the Berwald
case, by

Js. 8(x,y)[V1, Vo]dA
hx(VLVZ) = = s
Js. dA

where dA denotes the measure induced on Sy (seen as an hypersurface on R = T, M) by the Lebesgue
measure on R™.

(10)

Proposition 4. Let (M, F) be a Berwald manifold such that F is a C* function on TM \ 0. Assume that the
Finsler Ricci scalar R of F is of class cka k>0, (respectively, C®° and C¥) on TW \ 0, for some open set
W C M. Then, the Riemannian metric h in (10) is of class CK<+2% (respectively, C* and C%) in a system of
harmonic coordinates (U, ¢), U C W, of the same metric.

Proof. Given that F is of class C* on TM \ 0, the partial derivatives of ¢(x,y), up to the second order,

aFazy(y) ly] = 2F%(y) # 0, thus, 1 is a regular
value of the function F?, and the indicatrix bundle {(x,y) € TM : F(x,y) = 1} is a C* embedded
hypersurface in TM. Thus, both the area of Sy and the numerator in (10) are C? in x, then, & is a C?

Riemannian metric on M. From (9), and the fact that F is Berwald, the components R;kl are equal to

exist on TM \ 0 and are continuous—for each y € Sy,

the ones of the Riemannian curvature tensor of i, then we have
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1 9 1 9°R
Ric(h)up(x) = Rip(¥) = 555 (Rhu(wiy') = 5555 5 (xw) an

Moreover, R is quadratic in the y/ variables, i.e., R(x,y) = R, (x)yly! and its second vertical

derivatives

ya a 5, being independent of yl, are CK* (respectively, C°° and C%) functions on W. Thus,
the result follows from (11) and Theorem 2. [

Remark 3. Clearly, an analogous result holds for any C* Riemannian metric, such that its Levi-Civita
connection is equal to the canonical connection of the Berwald metric as the Binet—Legendre metric in [26].

Remark 4. Under the assumptions of Proposition 4, we get that components of the Chern connection of the
Berwald metric F are CK+1% (respectively, C* and C) in harmonic coordinates of the metric h. In particular
the geodesic vector field y'd.; — Fj.kyf ykay,- is CK+12 (respectively, C*° and C¥) in the corresponding natural
coordinate system of T M.

Remark 5. Other notions of Finslerian Laplacian, which take into account the geometry of the tangent bundle
more than the nonlinear Finsler Laplacian, could be considered in trying to obtain some reqularity results for the
fundamental tensor without averaging. Natural candidates are the horizontal Laplacians studied in [27] which,
in the Berwald case, are equal (up to a minus sign) to

_ 14 ij Of
AHf*%E (\/§g15xj>,

where f is a smooth function defined on some open subset of TM and /g := +/det g(x,y). We notice that this
is also the definition of the horizontal Laplacian of any Finsler metric given [28]. Moreover, for a C? function
f:M — R, Ayf is equal to the g-trace of the Finslerian Hessian of f, Hessf := V (df), where V is the Chern
connection. In natural local coordinates of TM, for each (x,y) € TM\ 0, and allu,v € TeM, Hessf (x,y)|u, v]

is given by (Hessf);j(x, y)u'v/ = 2f (x)u'v/ — af + (x)Tk (e y)u! vl (see e.g., [29])—hence, the g-trace of

9x19x/
Hessf is equal to ¢'(x,y) aiiafxi (x) — %(x)l"k(x,y), where Fk = g”l";‘j. This expression is equivalent to
. . 52 f Sf ‘

8" (x,y) (Hessf);j(x,y) = 87(x,y)5 = (x) = S (¥ (x,y), (12)
because ;fk = axk for a function defined on M. For a C? function f on TM \ 0, taking into account that
%gl’” ‘553’(;” = Fl and g’]Fl ‘Sgi] = —gpql“pq, we have

y )
puf 1gzm5gzm jOF 88y 8

2 Sxt © 6xi 0 Oxt xl Sxtidxd
5f | 68" 6f g & f
”(5 7 xt Sxl Sxidxl
j Of 4 il &f

hk ox/ Sxidxl’

= 8

which coincides with (12) when f is a function defined on M.
In particular, if f is a Ag-harmonic coordinate on M, then,

1 9

L () =gt =
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which is analogous to (1). Anyway, ellipticity (and quasi-diagonality)—that hold in the Riemannian case for

the system R;; := le’:nj = Ajj, where Aj;j are Ck® (respectively, C® and C¥) functions—uwould be spoiled,
Pgij

axryl”

ijs

in Ag-harmonic coordinates of a Berwald metric, by the presence of second order terms of the type ¢" N/

Author Contributions: The authors contributed equally to this work.

Funding: The authors are supported by PRIN 2017JPCAPN “Qualitative and quantitative aspects of
nonlinear PDEs”.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Choquet-Bruhat, Y. Beginnings of the Cauchy problem for Einstein’s field equations. In Surveys in Differential
Geometry 2015. One Hundred Years of General Relativity; Surveys in Differential Geometry; International Press:
Boston, MA, USA, 2015; Volume 20, pp. 1-16.

2. DeTurck, D.M.; Kazdan, J.L. Some regularity theorems in Riemannian geometry. Annales Scientifiques de
L’Ecole Normale Supérieure 1981, 14, 249-260. [CrossRef]

3. Miiller zum Hagen, H. On the analyticity of static vacuum solutions of Einstein’s equations. Proc. Camb.
Philos. Soc. 1970, 67, 415-421. [CrossRef]

4. Bers, L.; John, F; Schechter, M. Partial Differential Equations; Lectures in Applied Mathematics;
Interscience Publishers John Wiley & Sons, Inc.: New York, NY, USA; London, UK; Sydney, Australia, 1964;
Volume III.

5. Liimatainen, T.; Salo, M. n-harmonic coordinates and the regularity of conformal mappings. Math. Res. Lett.
2014, 21, 341-361. [CrossRef]

6. Taylor, M. Existence and regularity of isometries. Trans. Am. Math. Soc. 2006, 358, 2415-2423. [CrossRef]

7. Douglis, A.; Nirenberg, L. Interior estimates for elliptic systems of partial differential equations. Commun. Pure
Appl. Math. 1955, 8, 503-538. [CrossRef]

8. Morrey, C.B., Jr. On the analyticity of the solutions of analytic non-linear elliptic systems of partial differential
equations. I. Analyticity in the interior. Am. J. Math. 1958, 80, 198-218. [CrossRef]

9.  Shen, Z. Landsberg curvature, S-curvature and Riemann curvature. In A Sampler of Riemann-Finsler Geometry;
Mathematical Sciences Research Institute Publications; Cambridge University Press: Cambridge, UK, 2004;
Volume 50, pp. 303-355.

10. Taylor, M.E. Partial Differential Equations I. Basic Theory, 2nd ed.; Applied Mathematical Sciences; Springer:
New York, NYY, USA, 2011; Volume 115.

11.  Ge, Y.; Shen, Z. Eigenvalues and eigenfunctions of metric measure manifolds. Proc. Lond. Math. Soc. Third Ser.
2001, 82, 725-746. [CrossRef]

12.  Ohta, S.I; Sturm, K.T. Heat flow on Finsler manifolds. Commun. Pure Appl. Math. 2009, 62, 1386-1433. [CrossRef]

13. Besse, A.L. Einstein Manifolds; Reprint of the 1987 Edition; Classics in Mathematics; Springer: Berlin,
Germany, 2008.

14. Taylor, M.E. Tools for PDE; Pseudodifferential Operators, Paradifferential Operators, and Layer Potentials;
Mathematical Surveys and Monographs; American Mathematical Society: Providence, RI, USA, 2000;
Volume 81.

15. Deng, S.; Hou, Z. The group of isometries of a Finsler space. Pac. ]. Math. 2002, 207, 149-155. [CrossRef]

16. Aradi, B.; Kertész, D.C. Isometries, submetries and distance coordinates on Finsler manifolds. Acta Math.
Hung. 2014, 143, 337-350. [CrossRef]

17.  Matveev, V.S,; Troyanov, M. The Myers-Steenrod theorem for Finsler manifolds of low regularity. Proc. Am.
Math. Soc. 2017, 145, 2699-2712. [CrossRef]

18.  Shen, Z. Lectures on Finsler Geometry; World Scientific Publishing Co.: Singapore, 2001.

19. Szilasi, J.; Lovas, R.L.; Kertész, D.C. Several ways to a Berwald manifold—And some steps beyond.
Extr. Math. 2011, 26, 89-130.

20. Bao, D.; Chern, S.S.; Shen, Z. An Introduction to Riemann-Finsler Geometry; Graduate Texts in Mathematics;
Springer: New York, NY, USA, 2000.


http://dx.doi.org/10.24033/asens.1405
http://dx.doi.org/10.1017/S0305004100045710
http://dx.doi.org/10.4310/MRL.2014.v21.n2.a11
http://dx.doi.org/10.1090/S0002-9947-06-04090-6
http://dx.doi.org/10.1002/cpa.3160080406
http://dx.doi.org/10.2307/2372830
http://dx.doi.org/10.1112/plms/82.3.725
http://dx.doi.org/10.1002/cpa.20273
http://dx.doi.org/10.2140/pjm.2002.207.149
http://dx.doi.org/10.1007/s10474-013-0381-1
http://dx.doi.org/10.1090/proc/13407

Axioms 2019, 8, 83 11 of 11

21.

22.

23.

24.

25.

26.

27.

28.

29.

Szab6, Z.1. Positive definite Berwald spaces. Structure theorems on Berwald spaces. Tensor Soc. Tensor
New Ser. 1981, 35, 25-39.

Crampin, M. On the construction of Riemannian metrics for Berwald spaces by averaging. Houst. . Math.
2014, 40, 737-750.

Vincze, C. A new proof of Szabd’s theorem on the Riemann-metrizability of Berwald manifolds.
Acta Mathematica Academiae Paedagogicae Nyireqyhdziensis 2005, 21, 199-204.

Matveev, V.S. Riemannian metrics having common geodesics with Berwald metrics. Publ. Math. Debr. 2009,
74,405-416.

Matveev, V.S.; Rademacher, H.B.; Troyanov, M.; Zeghib, A. Finsler conformal Lichnerowicz-Obata conjecture.
Annales De L'Institut Fourier 2009, 59, 937-949. [CrossRef]

Matveev, V.S.; Troyanov, M. The Binet-Legendre metric in Finsler geometry. Geom. Topol. 2012, 16, 2135-2170.
[CrossRef]

Bao, D.; Lackey, B. A geometric inequality and a Weitzenbock formula for Finsler surfaces. In The Theory
of Finslerian Laplacians and Applications; Mathematics and Its Applications; Kluwer Academic Publishers:
Dordrecht, The Netherlands, 1998; Volume 459, pp. 245-275.

Dragomir, S.; Larato, B. Harmonic functions on Finsler spaces. Univ. Istanbul. Fac. Sci. ]. Math. 1989,
48, 67-76.

Caponio, E.; Javaloyes, M.A.; Masiello, A. Finsler geodesics in the presence of a convex function and their
applications. J. Phys. A 2010, 43, 135207. [CrossRef]

® (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.5802/aif.2452
http://dx.doi.org/10.2140/gt.2012.16.2135
http://dx.doi.org/10.1088/1751-8113/43/13/135207
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	The Nonlinear Finsler Laplacian
	Harmonic Coordinates in Finsler Manifolds
	Regularity Results for Berwald Metrics
	References

