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1. Introduction and Preliminaries

We know that the fixed points that can be discussed are divided into two types. The first type deals
with contraction and is referred to as Banach fixed point theorems, the second type deals with compact
mappings and more involved. Metric fixed point theorems plays very important role, many authors
proved fixed point theorems in various spaces (see e.g., [1-36]).

The study of fixed points for multivalued mappings using the Hausdorff metric was initiated
by Nadler ([14]. The theory of multivalued mappings has a wide range of applications, it has been
applied in control theory, convex optimization, differential inclusions, economics, etc. The existence of
fixed points for various multivalued contractive mappings has been studied by many authors under
different conditions (see [15-30]).

In the year 2014, Ma et al. [7] introduced the concept of C*-algebra valued metric space
and established some fixed point results. Later, Alsulami et al. [32] suggested some remarks on
C*-algebras and proved Banach type contraction result, this line of research was continued in
(see [8,10-12,31,34,35]).

Fuzzy set theory was introduced by Zadeh [36] and the theory of soft sets initiated by
Molodstov [37] which helps to solve problems in all areas. Maji et al. [38,39] introduced several
operations in soft sets and as also coined fuzzy soft sets. In [1] Thangaraj Beaula et al. defined fuzzy
soft metric space in terms of fuzzy soft points and proved some results. On the other hand several
authors proved smany results in fuzzy soft sets and fuzzy soft metric spaces (see [1,2,5,6,40-44]).
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Recently, R.P.Agarwal et al. [25] introduced the concept of C*-algebra valued fuzzy soft metric
space based on C*-algebras and fuzzy soft elements and described the convergence and completeness
properties in this space also they provided some fixed point theorems (see [25,26]).

The main aim of this paper is to introduce the concept of multi-valued mappings in C*-algebra
valued fuzzy soft metric spaces and proved some coincidence and common fixed point theorems
for a two-pair of multi-valued and single-valued maps satisfying new type of contractive conditions.
Also we provided some coupled fixed point theorems and finally we are initiate some examples which
supports our main results.

Throughout this paper, we use the following notations as in C*-algebras:

U refers to an initial universe, E the set of all parameters for U and P(U) the set of all fuzzy set of
U. (U, E) means the universal set U and parameter set E, C refer to C*-algebras. Details on C*-algebras
are available in [27]. An algebra ‘C’together with a conjugate linear involution map *:C — C, defined
by @ —» @* such that for all 4,b € C, we have (ab)* = b*a* and (4*)* = 4, is called a *-algebra. Moreover,
if C an identity element I, then the pair (C, +) is called a unital x-algebra. A unital x-algebra (C, *)
together with a complete sub multiplicative norm satisfying @ = 4* for all @ € C is called a Banach
x-algebra. A C*-algebra is a Banach x-algebra (C, =) such that 4% = @ for all 7 € C, An element 4 € Cis
called a positive element if @ = #* and (i) c R(C)* is set of non-negative fuzzy soft real numbers,
where () = {A € R(C)* : AI -4, is non-invertible}. If 7 € C is positive, we write it as @ > 0z. Using
positive elements, one can define partial ordering on C as follows; < b if and only if 0z < b-a.
Each positive element ‘4’of a C*-algebra C has a unique positive square root. Subsequently, C will
denote a unital C*-algebra with the identity element I=. Furthermore, C, and C’ will denote the set
{deC:0s=<a}and set {a e C:ab = ba}, respectively.

Definition 1 ([37]). A Fuzzy set A in U is characterized by a function with domain as U and values in [0,1].
The collection of all fuzzy set U is P(U).

Definition 2 ([38]). A pair (F,E) is called a soft set over U if and only if F: E — P(U)is mapping from E into
P(U) the set of all sub set of U.

Definition 3 ([43]). Let C c E then the mapping Fg: C - P(U), defined by Fg(e) = u°Fg (a fuzzy sub set of
U), is called fuzzy soft set over (U, E) where, u’Fg =0 if e € E~ C and u°Fg + 0 if e € C. The set of all fuzzy
soft set over (U, E) is denoted by FS(U, E).

Definition 4 ([43]). Let Fg € FS(U, E) and Fg(e) = 1 for all e € E. Then Fg is called absolute fuzzy soft set.
It is denoted by E.

Now we recall some basic definitions and properties of C*-algebra-valued Fuzzy soft
metric spaces.

Definition 5 ([25]). Let C ¢ E and E be the absolute fuzzy soft set that is Fg(e) = 1 forall e € E. Let C
denote the C*-algebra. The C*-algebra valued fuzzy soft metric using fuzzy soft points is defined as a mapping
dp+: E x E — C satisfying the following conditions.

(Mp) OC < J(Fgl,ng)Mfor all F,,, F,, € E.

(Ml) d’g*(Ff?l/ng):OC@FE]:FEZ

(Mz) dg*(F€1/F€z) = dg* (F€2fF€1) . ~
(M3) de» (Fgl,FES) <dx (FEI,FEZ) +dox (FEZ,F63) V F,Fe,, Fy € E.

The fuzzy soft set E with the C*-algebra valued fuzzy soft metric de« is called the C*-algebra valued fuzzy
soft metric space. It is denoted by (E,C,dy+).

Definition 6 ([25]). A sequence {F,,} in a C*-algebra valued fuzzy soft metric space (E,C,d+) is said to
converges to F,1 in E with respect to C. If ||dex (E,, F.1 )| as n — oo that is for every

- OCissaidtoconvergesto
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Oz < & there exists Ox < & and a positive integer N = N(&), such that ||de+(F.,, F.1)|| < & implies that
g, (8)—ug, ) || < & whenever n > N. It is usually denoted as limy, o0 Fe, = Fo1.

Definition 7 ([25]). A sequence {F.,} in a C*-algebra valued fuzzy soft metric space (E,C,d.+) is said
to be Cauchy sequence. If to every 0 < & there exist 0x < & and a positive integer N = N(&) such that
\|dex (Ee,,, Fe, )| < 0 implies that 1%, (s) - pg, (s)I| < & whenever n,m > N. That is \dex (Fe,p, Feu)lle =
0gas n,m — oo.

Definition 8 ([25]). A C*-algebra valued fuzzy soft metric space (E,C,d.+) is said to be complete. If every
Cauchy sequence in E converges to some fuzzy soft point of E.

Example 1 ([25]). Let C < R and E c R, let E be an absolute fuzzy soft set that is E(e) = 1 forall e € E,
and C = My(R(C)*), define de+:Ex E — C by

~ i 0

where i = inf{| ;ﬂpel (s)- y’]:ez (s)|/s € C} and ., F., € E. Then d_+ is a C*-algebra valued fuzzy soft metric and
(E,C,d,+) is a complete C*-algebra valued fuzzy soft metric space by the completeness of R(C)*.

Lemma 1 ([25]). Let C be a C*-algebra with the identity element I= and % be a positive element of C. If a e C
is such that ||| < 1 then for m < n, we have

Jim 3 @) - Tl (25 a)

and .
S (@*)*x(a)k - 0z as m — oo. )

Lemma 2 ([25]). Suppose that C is a unital C*-algebra with unit 1.

(i) IfdaeC, with llall < 3 L then T - a is invertible and ||a(T - )| < 1
(i) suppose that a,b € C with d,b > 0C and b = bi then ab > 0z
(iii)  C' we denote the set {d e Clab=bi ¥V beC}. LetaeC', ifb,ce Cwithb>¢>0and [-deC/ isan
invertible operator, then (I —&)~'b > (I -a)~'¢, where C, =C.nC".

Notice that in c*-algebra, if 0 < d,b, one cannot conclude that 0 < db. Indeed, consider the c*-algebra
M5 (R(C)*) and set
[ Fata ) F.,(a) 03 0.1
| F,(a) F(b) 0.1 02
- 1-"81 (c) Fe,(c) 04 05
andb = [ E,(c) F.,(d) 05 0.6
then clearly @ > 0 and b > 0 but d,b € My(R(C)*)+ while b ¢ Ma(R(C)*)5.

2. Main Results

In this section, first we give the notion of Hausdorff metric in C*-algebra valued fuzzy soft
metric spaces.

Let (E,C,d.+) be a C*-algebra valued fuzzy soft metric space. We denote by CB(E) be a class
of all nonempty closed and bounded subsets of E. For a points F.,F,, € E and X,Y ¢ CB(E),
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define Do« (., Y) = infGe1 oy Ao (Fey, Ge, ). Let Hex be the Hausdorff C*-algebra valued fuzzy soft

metric induced by the C*-algebra valued fuzzy soft metric d.+ on E that is

He+(X,Y) =max{ sup Dex(F,,Y), sup Dex (X, Ge,)
FopeX Ge, eY

for every X, Y e CB(E). It is well known that (CB(E), C, H,+ ) is a complete C*-algebra valued fuzzy
soft metric space, whenever (E,C,d,+) is a complete C*-algebra valued fuzzy soft metric space.

Definition 9. Let T : E - CB(E) be a multivalued map. An element F,, € E is fixed point of F if F,, € TF,,.

Definition 10. Let T : E - CB(E) and f : E — E be a multivalued map and single valued maps. An element
F,, € E is coincidence point of F and f if fF,, € TF,,. We denote

C{f,T}={F, ¢E/fF, € TE,}

Definition 11. The mappings T : E -~ CB(E) and f : E - E are weakly compatible if they commute at their
coincidence points, i.e., if fTF, = TfF,,, whenever fF, €TF,,.

Definition 12. Let T: E - CB(E) and f : E — E be a multivalued map and single valued maps. The map f is
said to be T-weakly commuting at F,, € E if ffF, € TfF,,.

Definition 13. An element F,, € E is a common fixed point of T,S : E —~ CB(E) and f : E - Eif F,, = fF,, €
TF. nSF.,.

Example 2. Let U = R* and E = C = [0,4], let E be an absolute fuzzy soft set that is E(e) = 1 forall e € E,
and C = My(R(C)*), define dew: Ex E — C by d+ (Fo,(a), Fe,(a))(s) = [ (l) (1) ] where i = ir1f{|y”FB1 (s) -

us. (s)|/s e C} then (E,C,d+) is a C*-algebra valued fuzzy soft metric space and define f : E - E and
€
T:E - CB(E)

{Fe(a)} if Fo(a) €[0, 3]
[0,1- 97 if F(a) e (1,1]

0 if Fe(a) €[0,3]
) if F(a) e (1,1]

fFE(”):{ F, ,TFe(a):{

o fi=1¢[0,2]="Tithatis, F.(a) = 1is a coincidence point of f and T;
o fTI1=] [0, %] = Tf1 that is, f and T are not weakly compatible mappings;
o ffl=1¢(0,3]=Tf1thatis, fis T -weakly commuting at 1.

Theorem 1. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space, and T:E - CB(E) bea
multivalued map satisfying

Hg+ (TF,,, TF,)) < @*dg (F.,, Fey)il 3)
for all F,, Fe, € E, where d € C with ||a|| < 1. Then T has a unique fixed point in E.

Lemma 3. If X,Y ¢ CB(E) and F,, € X, then for any fixed b € C," with ||b|| < 1, there exists F,, = Fo,(F,,) € ¥
such that

d;* (F€1/F€2) < EHC* (X/ Y) (4)
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Theorem 2. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space. Let S, T:E — CB(E) bea
pair of multivalued maps and f,g : E — E be a single-valued maps. Suppose that

PIN‘C* (SF€1/TF62) = ﬁd;*(fpelngez)+ﬁ(D~c*(fF61;SFel)+D~c*(gF€erF€z))
+i (Dex (fFey, TF.,) + Dex (gFe,, SE2,)) ®)
forall E,,, F,, € E, where i € C." with l@|| < 1. Suppose that

(A1) SEcgE, TE c fE;
(A2) f(E)and g(E) are closed.

Then, there exist points Fy, G € E, such that fF, € SFy, §Gor € TGy and fFo = §Gyr, SFor = TGer.

Proof. Let F,; € Ebean arbitrary. From (A;) and Lemma 3, there exist F,,, Fe, € E, such that gF., €SF,,
fFe, € TF, and

des (§Fe,, fFe,) < bHex (SF,y, TF,,). (6)
From (5) and (6), we have
dex (§Fe,, fFe,) < bHg(SE,, TE,)
< bades (fF., gFe) + b (Des (fFey, SEyy) + Dex (§Fey, TF:,))
+b (Dex (fFey, TFey) + Des (§Fe,, SFyy) ) - ?)

In contrast, we have

D+ (fFey, SFay) < dex (fFey, §Fey)

D+ (gFe,, TF.,) < dex (gFe,, fFey)

D+ (gFe;, SFay) < dex (§Fe;,§Fe,) = 0

D+ (fFey, TFey) < dox (fFey, fFey) < dow (fFey, §Fey) + e (§Fey, fFey ). (8)

From (7) and (8), we have
o (fFey, §Fe,) + b (des (fEoy, §Fey ) + dex (8Fey, fFey))

bad o+
+ba (d (fFeong€1 +dC*(gF61/fF€2)
= Eﬁdc* (fFeorgFel) + Zbﬂdc* (gFel,fPez)‘ (9)

dex (§Fe,, fFe,) <

Therefore,

(1-2ba)des (gFe,, fFe,) < 3bdde (fEey, §Fe,)-
Since ||b]|||a]| < % Then 1 - 2bd is invertible, and can expressed as (1 -2bd)~! = § (2ba)™,
which together with 2bd € C,” can yields (1-2ba)~! € C,’. By Lemma 2 (iii), we know
dex (gFey, fFe,) < Rdex (fFey, gFey),

where & = 3ba(1-2ba)! e C,” with ||3ba(1 - 2ba) || < 1. Again from (A7) and Lemma 3 with ||b|| < 1,
as fF,, € TF,,, there exists F,, € E such that gF, € SF,, and

dex (fFey, gFey) < bHex (SF.,, TF,,). (10)
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From (5) and (10), we get
de (fFey, §Fe;) < bHex(SE,, TE,)
< bad.+(fF.,, gF,) +bi (D (fFe,, SE.,) + Dex (§F.,, TF:,))
+bi (Dgs (fFe,, TFe, ) + Dex (8, , SF2, ) ) - (11)

In contrast, we have

D+ (fF.,,SF.,) < de+ (fF.,, gFz,)

D+ (§Fe,, TFey) < dex (8Fey, fFe,)

D+ (fF.,, TF.,) < dp (fFe,, fF.,) =0

D, (gFe,, SFe,) < des (gFe,, gFe,) < des (gFe,, fFe,) + des (fFe,, gFes ) (12)

Similarly as above, from (11) and (12), we get

dex (fFey, gFey) < Rdex (§Fey, fFey).

Continuing this process, we can construct a sequence {G,,} in E, such that G, = gF, and,
foreachn e N,

GeZn = gPe2n+1 € SFeZVl GleHl = fF62n+2 € TF€2n+1 (13)

and
dc* (GQZW’ G92n+1 ) C* (gF32n+1’fF32n+2) = ch* (gFEZnH’fFeZn)

dC* (GEZH 17 GeZn) C* (fFEZn’ gF6211+1 ) = de* (gFeZn 1’fF32n )

Therefore, we have

dex (Gey, Ge,,y ) < kdex (G, ,,Ge, ) foralln>1. (14)
From (14), by induction and Lemma 2 (iii), we get
des (Geyy Ge,y,y ) < &"dex (Gey, Ge, ) forallneN. (15)

Now, we shall show that {G,, } is a Cauchy sequence in E.
For m > n, by using triangle inequality and (15), we have

d;* (Gen/Gm) = dc (an/G€n+1) +d;* ( €n+1/G€n+2) +d;* (Gfm—vG@m)
< (~ n+1 +Kn+2 -+ km 1)dc* (Gt’o/ Gel)
< [l + &4 712 1t 72| (Gey, Gy ) |
< [|&" L|+Hk””|\+ +Hﬁ’” Hllides (Geys Gey ) N

At

1”‘||\|KH ”dc* (GEO’Gel) ||IC —0asn — oo.

Hence {G,,} is a Cauchy sequence. Now as, (E,C,d.+) be a complete C*-algebra valued fuzzy
soft metric space, {G,, } converges to some G, € E. Therefore,

HILHQO Ge, = nhjf}o SFey1 = nhj?o fFeyz = Ger- (16)

As Ge,, = 8§Fey,.1s Geypy = fFey,,, and f(E), g(E) are closed, then G, ¢ f(E) and G, € g(E).
Therefore, there exist F./, For € E, such that fF,s = G and gF.» = G,. Thus, we have proved that

ng/ = ngu. (17)
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From the contraction type condition (5) and (13), we obtain

D~c* (fFe’rSFe’)
* (fFE’/fF82n+z) + H~C* (SFE” TFezn+1)
ot (fFer, fFepiy) + ad.s (fFe/8Fep.1)
+d (D (fFor, SEor) + Dex (§Fepy 010 TFeriy))
(D~C* (fFé‘" TF€2n+1) + D~C* (gF€2n+1'SF€’))
< dx (fFe’/fPezn+z) +ades (fFe’/gFezn+1)
+a (D~C* (fFer,SFor) + DNC* (gF€2n+1/fF€2n+z))
+a (D~C* (fFe’rfFezn+2) + D~C* (gF62n+1/SF€’)) :

< dpe (FFer, fFepysz) + Der (FFeyyinr SEe)
<d,
<d,

+
U

which implies

Des (fF,SFer) < (1=8)""des (fFor, fFey,.,) + (1= ) adce (fFer, gFey, )
+(1 - ﬁ)ilﬁ (Df* (gFe2n+1’fPeZnJrZ))~
+(1 - ﬁ)_lﬁ (DC* (fFCI’fF€211+2) + DC* (gFEZrHl’ SFE,)) .

Letting n — oo in the above inequality and using (16) and (17), we obtain
IDex (fEer, SEe) | < /(1 - &) a8l | Des (fFer, SE) |l

Then D+ (fF,,SF.) = 0. Hence, as SE, is closed,

fFy € SF,r. (18)
Similarly, we can prove that

gF,n € TF,n. (19)
Now, we have to prove that

SF, =TF,n. (20)

Using (5), (17)—(19), we get
I_fc* (SFe’/ TPe”) = ﬁd;* SfFe’lgPe”) +a (D:i* (fPE’l SFE’) + D;* (8Fe", TFE"))
+a (I?C* (fFer, TFpr) + Df* (gFer, SFe’)) 5
<@ (Dex (gFor, TFor) + Dex (fFer, SFyr)) = 0.
Hence, SF,» = TF,». Thus, by (17)=(20), we have proved that
fFe/ € SFEI gFe” € TFeu fFEI = gFgH SPEI = TFEH.
O

Example 3. Let E = {e1,e3,e3}, U = {a,b,c,d} and C and D are two subset of E where C = {e1,ep,e3},
D = {eq, e, }. Define fuzzy soft set as,
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(Fg C) _ { €1 = {aO.ll bo3, co.4s dO.S}/ € = {ﬂo,g,, bo.a, coe, d0.7}, }
’ e3 = {ap6,b07,c08,doo}

(Gg,D) = {e1 = {a0.4,bo5,c02,d06},€2 = {a05,bo6,c03,d07}}
Fe, = ur,, ={a01,b03,co4,dos}, Fe, = pir,, = {803, D04, C06,d0.7}
Fe; = i, = {a0.6,b0.7,c08,doo}

Ge, = pa,, ={a04,b05,c02,d06}, Ge, = ., = {05, D06, C03,d07}

and FSC(Fg) = {F.,,F.,, Fe;, Ge,, Ge, }, let E be absolute fuzzy soft set that is E(e) = 1, for all e € E,
and C = Mp(R(C)*), be the C*-algebra. Define de«:E x E - C by dx(F.,, Fo,) = (inf{|F,, (a) - Fo,(a)|/a €
C},0), then obviously (E,C,d.+) is a complete C*-algebra valued fuzzy soft metric space.

We define S:E —~ CB(E) by SF,,(a) = F2 +, T:E - CB(E) by TF, (a) = F3 +1, fiE - E
by fF, = 2F; and $:E — E by gF,, = 2F, forall a € U and F, ¢ E. Notice that fF, = 2FZ =
{0.02,0.18,0.32,0.50} and gF, = 2F}, = {0.054,0.128,0.432,0.686} . Thus, inf{|%, (5) - gy, (s)|/s € C)
0.034 0 ]

= inf{0.034,0.052,0.112,0.186} = 0.034. Hencet{c*(fpelrgFEz):[ 0 0034

Also, we have

d« (S, TF,))(a) = (inf{|SF,, (a) - TF.,(a)|/a € C},0)
= (inf{0.017,0.026,0.056,0.093},0) = [

<[ 0027 0 ]
1l o0 0027
<[0.8 0 ][0.034 0 ]
1l 0 08 0  0.034

5 EJC* (ngl,gFez).

0017 0
0 0.017

0 08

Therefore, (5) holds for all F,,, F,, € E. Also, the other Hypotheses (A1) and (Ay) are satisfied. It is seen
that 5(0.5) = f(0.5) = 0.5and T(0.63) = g(0.63) = 0.5. Therefore, S and f have the coincidence at the point
Fy =0.5, T and g at the point F,» = 0.63, and 5(0.5) = T(0.63).

HereE:[OS 0 ]with||5||:0.8<1.

Theorem 3. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space. Let S, T:E — CB(E) bea
pair of multivalued maps and f : E — E be a single-valued map. Suppose that

Hes (SF,, TF,,) = ddg(fF, fE,)+d(Dex (fFe,,SFe,) + Dex (fFey, TE:,))
+i (D (fFey, TF.,) + Dex (fFe,, SF.,)) (21)

forall F,, Fe, € E, where i € C." with ||@]| < 1. Suppose that
(B,) SEUTE < fE;
(B2) f(E) is closed.

Then, f,T and S have a coincidence in E. Moreover, if f is both T -weakly commuting and S-weakly
commuting at each Fyr € C(f,T), and ffFo = fFy, then, f, T and S have a common fixed point in E.

Proof. If f = g in Theorem (2), we obtain that there exist points F,, Gy € E, such that fF,, € SF,,
fGe € TGy and fEy = fG,r, SFy = TGy. As For € C(f,T), f is T-weakly commuting at F, and
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ffEy = fFu. Set Gy = fF,. Then, we have fGy = Gy and G = ffFy € T(fF,r) = TG,r. Now, since also
F.r e C(f,S), then f is S-weakly commuting at F,/, and so we obtain G, = fG» = ffFyr € S(fFy) = SG,r.
Thus, we have proved that G = fG, € TG, N SGy, that is, G, is a common fixed point of f,T
and S. O

Corollary 1. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space. Let S, T:E — CB(E) be
a pair of multivalued maps. Suppose that

I_fc* (SF€1/TP€2) = ﬁd;*(Felrpez)+d(D~C*(FellSF€1)+D~C*(F32’TF€’2))
+i (Dg+ (Fey, TF.,) + Dex (Fey, SEe,)) (22)

for all F,,, F,, € E, where & € C," with ||a|| < 1. Then there exist a point F, ¢ E such that F, € SF, 0 TFy and
SE, = TF,.

Proof. If f = ¢ = I~ (I» being the identity map on E) in Theorem 2, then, we obtain the common
fixed-point result. [

Corollary 2. Let (E,C,d,+) be a complete C*-algebra valued fuzzy soft metric space. Let S: E — CB(E) be a
pair of multivalued map. Suppose that

Hee (SFe,SFey) < ddex(Fey, Fey) + @ (Dex (Fey, SFey) + Dex (Fey, SFey))
+0 (Dex (Fey, SEey) + Dex (e, SE,)) (23)

forall F,,,Fe, € E, where i € C." with ||@|| < 1. Then there exist a point F,r € E such that F, € SF,.

3. Coupled Fixed Point Results

In this section, we shall prove some coupled fixed point theorems in C*-algebra valued fuzzy soft
metric spaces by using different contractive conditions.

Definition 14. (E,C,d.+) be a C*-algebra valued fuzzy soft metric space. Let S : E x E — E be a mapping,
an element (F,,, G, ) € E x E is called coupled fixed point of S if S(Fe,, Ge,) = Fe, and S(Ge,, Fe,) = Ge,.

Definition 15. E be an absolute fuzzy soft set. An element (F,,Ge,) € E x E is called

(i) a coupled coincidence point of mappings S : ExE - Eand f : E - E if fF,, = S(F.,,G,,) and
fGey = 5(Gey, Fey) L L

(i) a common coupled fixed point of mappings S: ExE - Eand f : E - Eif F,, = fF, = S(F.,,G,,) and
Gg] = ’f(;e1 = S(G(_’],Fgl ).

Definition 16. Let E be an absolute fuzzy soft set and S: ExE — Eand f : E — E. Then {S, f} is said to be
w-compatible pairs iff(S(Fel,Ggl)) =S(fF,, fGe,) andf(S(Ggl,Fgl)) =S(fGe,, fF,).

Theorem 4. Let (E,C,d.+) be a C*-algebra valued fuzzy soft metric space. Suppose S, T:E x E — E and
f,$:E — E be satisfying

(1) S(ExE)cg(E)and T(ExE)c f(E)

(2) {S,f}and {T,g} are w-compatible pairs.

(3)  oneof f(E) or g(E) is complete C*-algebra valued fuzzy soft metric of E

(4)  des (S(Eey, Gey), T(Fey, Gey)) < @*des (fEey, §Fey )i + A% dex (fGey, §Gey )l
forall F,,, F,,,Ge,,Ge, € E,

where G € C with ||\/24d|| < 1. Then S, T, f and g have a unique common coupled fixed point in E x E.
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Proof. Let F,,, G, € E. From (Theorem 4 (1)), we can construct the sequences {F,, Yome1s 1Gean Yome1r
{Iey, Y517 ey tomeq such that

S(Pezn/ GeZn) = gP€2n+1 = Loy, T(Ffznnf G€2n+1) = fP€2n+2 = I€2n+1
S(GEZH’ FeZn) = gG€2n+1 = Ieln T(G32n+1’ F€2n+1) = fG€2n+2 = ]62n+1’

forn=0,1,2,--

Notices that in C*-algebra, if d,beC,and i < b, then for any ¥ e C., both 4% and #*D% are
positive elements and ¥* % < #*bX.

From (Theorem 4 (4)), we get

d;* (I€2n+1’ 192n+2) = d;* (S(F32n+1’ G€2n+1 )' T(F€2n+2/ G32n+2 ))

= ﬁ*dC* (fF62n+1 'gF€2n+2 )’j + d*d;* (fG€2n+1 'gG€2n+2 )ﬁ
< d* (d;* (Iezw 162n+1 ) + d;* (]Eznf ]€2n+1 )) a. (24)
Similarly,
d;* (IEZnH ’ ]€2n+2) = ﬁ* (d;* (]5211’ ]62n+1 ) + d;* (IEZn’ IeZn+1 )) a. (25)

Let azyy = d;* (Tegysrr Tegnin) + d;* Ueznerr Jezuan)-
Now from (24) and (25), we have

Aops1 = dex (IEZrH—l’ I€2n+2) + d;*g@mnf]fz“z)
<a* (dc* ({Ezn' I€2n+1) +dex (]Ezn/ ]€2n+1 )) a
+a (dc* (]ffzn' ]€2n+1) + d;* (Ifzn' I€2n+1 )) a
< (V2)" 10 (v/27)

.S[(\/Eﬁ)*]zn-ﬂ 060(\/2&)2”+1.

Now, we can obtain for anyneN

&p = d;* (Ien’ Ien+1) + d;* (]en’ ]EnJrl)
< (V28) "ty 1 (v/22)

< [(V2a)]" ao(V2a)".

If ag = ()C/ then from Definition-1 of S, we know (Iy,, Ja,) is a coupled fixed point of S, T, f and g.
Now letting 0= < &g, we get for any 7 € N, for any p € N and using triangle inequality

dC* (162n+p’ IEZn) = d;*SIEZVHp’ 152n+p—1 ) B
+dox (Ifzwp—l ’ Ieznw—z) ot dee (Leyy e, )-

dZ* (]€2n+p’162n) < d;*§]6211+p’132n+p—1) ~
+dC* (]32n+p—1’ ]62n+p—2) Tt dC* (]32;z+1’ ]92n )

Consequently,

er Loy Toy,) + der (Jegyyr Jer) = @2msp1 + Ranipa + o+ oy
2n+p-1
< 3 [(v28)*]" o (v/22)™
n

m=
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and then . B
||d e (IEZVH»p’ Iezn) +der (]62,,“,/ ]ezy,)H S Qoptp-1t &opyp-2 + -+ &y

2n+p-1

< Y IV2alPrag
n

m=2,
oo

< ¥ V24| ag
m=n

_ v
1-[v2a|?
which together with dex(Ioy,,,, ley,) = dee(Leyrys ley,) + dex ey Jepy) and dex (Jey o Jer,) <
e+ (Iey,,, pr Len, ) + dex (Jey, o+ Jer, ) implies {Ie,, } and {J,, } are Cauchy sequences in E with respect to C.
It follows that {I, ., } and {Je, ., } are also Cauchy sequences in E with respect to C. Thus, {I,, } and
{Je, } are Cauchy sequences in (E,C,d_+).

Suppose f(E) is complete subspace of (E,C,dc+ ). Then the sequences {I, } and {J, } are converge

to I, ] respectively in f(E). Thus, there exist F,r, G, in f(E) Such that

ag > 0asn — oo,

nlim I, =1, = fFy and nlim Jen = Jor = fGer. (26)
We now claim that S(F,/, Gyr) = I and S(G,r, For) = Jor.
From (Theorem 4 (4)) and using the triangular inequality

OC Sdg*(S(Pe’/Ge’)/ Iel) _
= dg* (S(Fer, Ger), ey, o ) +dex (IEZ,H,]I Ie’N)
<d (~S(Fef, Ger), T(Fey,iqs G52n+1 ) +dc(Iey, o Ie’z
<@ dex (fFer, §Fey, )A+ 8" Ao (fGer, 8Gey, ) )8+ dex ey, Ler)
<3%dex (Ipr, Ly, VA + 3" A (Jor, Jes, )i +dex (Iezle Lr).

Taking the limit as n - oo in the above relation, we obtain Ao (S(Fyr, Ger), Ir) = OC and hence
S(Fy,Ger) = L. Similarly, we prove S(G,, Fr) = Jo. Therefore, it follows S(Fpr, Ger) = Iy = flr and
S(Ger, For) = Jor = f]er. Since {S, f} is w-compatible pair, we have S(Ir, Jor) = fIy and S(Jor, Iyr) = f]or.
Now to prove that fIs = Is and f], = Jr.

OC‘ < d;* (fle’/ I€2n+1 ) = dC* QS(IE’I ]6’ )/ T(FEZHHI G€%n+1 ))
= ﬁ*dg* (fIE’I gP€2n+1 )ﬁ + Lz*dc* (f]g,’gG62n+l )d
<@ (flpr, ey, )a+a*des (fler, Jey, )a-

Taking the limit as n - oo in the above relation, we obtain des (flor, 1) = 0¢ which implies
fIs = Ir. Similarly we can prove f ], = J.. Therefore, S(Ly, Jo) = fl = I and S(Jor, Ipr) = flor = Jor.
Thus, (I, Jr) is common coupled fixed point of S and f. Since S(E x E) ¢ ¢(E). So there exist K,/,
Ly € E such that S(I,, Jor) = I = gKor and S(Jer, L) = Jo» = gLer. Now from (Theorem 4 (4)) and using
the triangular inequality

OC < d;*(lel, T(Kel, LEI)) < d;* QS((IE’IIE’))/ T(Kgl, {,g/))
= ﬁ*dg* (fler, gKer)a + ‘z*dc* (fler,gLer)a
= ﬁ*dc*(le’/ Ly)a+a’de (]e’/]e’)ﬁ-

We have d« (I, T(Ky,Ly)) = 0, which means Iy = T(Ku,Ly). Similarly, we can prove
T(Ly,Kyr) = Jor. Since {T,g} is w-compatible pair, we have T(ly,J,) = gl and T(Jor, L) = gJer.
Now we prove that gl,» = I and g/ = Jr.
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0g <de (L, gl) = dex(S((Ler, Jer)), T(Ler, Jer))
< @ de(flo, 8lo)a+ 3" de(flor, 8)er )
< ﬁ*d;* (Iel,glel)ﬁ + ﬁ*d;* (]e/,glel)ﬁ (27)
and
Oc"fd;*(]e’/g]e’) < d;*(s((]e’zle’))rT(]e’/Ie’))
< @ de(flo,8e)a+a de(flo, gl )a
< @y (Jor,gJe )i+ dos (Ir, 81,0 )a. (28)

From (27) and (28)

OC <dex (Lo, gler) + des (Jer, 8Jer) < (\/Eﬁ*) (d;* (I, gler) + der (]e’rgje’)) (\/iﬁ)

Therefore, . 3
0 < ldex (Ter, g ler) +dex (Jer, 8Jer )|
< [[(V22) (A (Lo gler) + de U 1) (V2]
< ||(\/§ﬁ)||2||dc*(le’/gle’) +der (Jor, 8Jer)|I-

Since ||(\/§5)|| <1, then”d;*(le’/gle’) + d;* (]e’rg]e’)H =0. Hence gls = Iy and 8ler = Jer-

Therefore, we have T(ly,J,) = gly = I and T(Jor, L) = §Jer = Jor. Thus, (I, Jor) is common
coupled fixed point of S, T, f and g. In the following we will show the uniqueness of common coupled
fixed point in E. For this purpose, assume that there is another coupled fixed point (L, Jo») of S, T, f
and g. Then

d;*(le’rle”) = d;*(s(le’r]e’)zT(Ie”/]e”))
< ﬁ*d;* (erl,gIeH)ﬁ"’ﬁ*d;x— (g]e/,g]gu)ﬁ
< ﬁ*d;*(lel, Ie//)ﬁ+a~*d;* (Ie/, ]e//)ﬁ (29)
and
d;*(]e’r]e”) < d;*(s(]e’rle’)r T(]e”/ Ie”))
< lz*d;* (f]g/,g]eu)ﬁ-f-d*d;* (gle’/gle”)d
< @ de(Jor, Jor)a + 0" dox (L, Lo ). (30)

From (29) and (30), we have that
des (Lor, T ) +des (Jor, Jor) - < (V28)* (dox (Ir, L) + dox (Jor, Jor) ) (V/28),
which further induces that
s (e, Ter) + de (Jer, Jer)I < |INV/281P Mo (Ter, Ter) + des (Jer, Jer) |

Since ||\/§ﬁ|| < 1 then ||d;>e(lgl, Igu) +d;>+ (]e’r]e”)” = 0. Hence we get (Ie’r]e’) = (Ie”/]e”) which
means the coupled fixed point is unique.
To prove that S, T, f and g have a unique fixed point, we only have to prove I/ = J.
Now ~ ~
des (Ler, Jer) = dex ES(Ie’r]e’)/ T(Jer, 18’2)
< ﬁ*dg* (fler,8Jer )i + ﬁjdc* (fler,8ler)a
<8%dex (Lr, Jor )i+ d%dex (Jor, Lpr )i,
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then B o - o
ldex(Ler, Jel| - < llalll|dex (Ler, Jo )| + (18] ¥ lldex (Jer, L)
< 2alPlldes (Ler, Jer)-

It follows from the fact ||a|| < % that ||dz+ (Ir, Jor)|| = 0, thus I = J-. Which means that S, T, f and

g have a unique common fixed point. [

Corollary 3. Let (E,C,d.+) be a C*-algebra valued fuzzy soft metric space. Suppose S:Ex E — E and
f,8:E — E be satisfying

(1) S(ExE) < f(E)and S(ExE) c ¢(E)

(2)  {S,f}and {S, g} are w-compatible pairs.

(3)  oneof f(E) or g(E) is complete C*-algebra valued fuzzy soft metric of E

(4)  dp (S(Fey, Ge,),S(Fey, Gey)) < @*dex (fFey, gFey )i + 3 ds (fGey, §Ge, )i
forall F,,Fe,,Ge,, Ge, € E,

where & € C with ||\/24|| < 1. Then S and f, g have a unique common fixed point in E.

Corollary 4. Let (E,C,d,+) be a C*-algebra valued fuzzy soft metric space.Suppose S: Ex E — Eand f:E — E
be satisfying
(1) S(ExE)cf(E)
(2)  {S, f} is w-compatible pairs.
(3)  f(E) is complete C*-algebra valued fuzzy soft metric of E
(4)  des (S(Fey, Gey), S(Fey, GEZ)) <% (fFey, fFo,)a+a* dex (fGey, fGey )il
forall F,,, Fe,, Ge,, Ge, € E,

where i € C with ||\/2d|| < 1. Then S and f have a unique common fixed point in E.

Corollary 5. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space.Suppose S, T:E x E —
E satisfies

(1) dg+ (S(Fey, Gey), T(Fey, Gey)) < @ dps (Foy, Fe, )i+ 3% dex (Gey, Ge, )i

forall F,, Fe,, Ge,, Ge, € E, where i € C with ||\/§ﬁ|| < 1. Then S and T have a unique fixed point in E.

Corollary 6. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space.Suppose S:E x E —
E satisfies

(1) dg+ (S(Eey, Ge,), S(Fey, Gey)) < @*dex (Foy, Fey )i+ d*dex (Gey, Ge, )i

for all F,, Foy, Ge,, Ge, € E, where & € C with ||\/24|| < 1. Then S has a unique fixed point in E.

Example 4. Let E = {e1,ep,e3},U = {p,q,1,5} and C and D are two subset of E where C = {e1,ep,e3},
D = {eq,ep}. Define fuzzy soft set as,

) ea= {P0.1,QO.3,70.4, 505,62 = {Po.3,110.4,r0.6150.8},
(FE/ C) - _
e3 = {P0.6,90.7,70.8,50.9}

(Ge,D) = {e1 = {po4,905,702,506},€2 = {P0.5,90.6, 703,507} }
Fe, = pr,, = {po1,903, 704,505}, Fe, = ik, = {Po3,904,70.6,508}
Fe; = pr,, = {po.6, 907,708,509}

Ge, = pG,, = {Po.as905, 702,506}, Ge, = tc., = {P05, 906,703,507}
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and FSC(Fg) = {F., Fe), Fe;,Ge;, Gey}, let for all e € E, E(e) = 1 be absolute fuzzy soft set,
and C = Mp(R(C)*), be the C*-algebra. Define dex: E x E - C by dex(Ge,, Ge,) = (inf{|Ge, () = Ge, (p)|/p €
C},0), then obviously (E,C,d.+) is a complete C *—algebm valued fuzzy soft metric space.

We define S:Ex E — E by S(Fo,,Go)(p) - (Fo Go)(p) = 255,
f:E - E by fF, = F% and g:E - E by gF, = 1—"81 for all p € U and F.,,G,, € E. Notice that
fE, = % = {0.05,0.15,0.20,025} and gF,, = F,, = {0.3,04,0.6,0.8} . Thus, inf{|nfy, ()~ W, (DIt €
) :1nf{025 0.25,0.4,0.55) = 0.25.

- 0.25 0
Hence d.+(fFe,, gFe,) = [ 0 025 ]
Also, fGe, = % = {0.2,0.25,0.10,0.30} and gG,, = G,, = {0.5,0.6,0.3,0.7} . Thus, inf{|‘u?G (f)
€]
. = 020 0
yg%(t)w e C} =1inf{0.3,0.35,0.2,0.4} = 0.20 and do+ (fGe,, §Ge,) = [ 0 020 ]

ng Gg 1-“2+G2

Moreover, S(F.;,G,,)(p) = = = {0.034,0.068,0.040,0.122} and T(F,,,Ge,)(p) = 252~ =
{0.11,0.17,0.15,0.37}. Then

T (S(Fy G T(F Ge)) =| 2% O ]

| £ 0]045 OH\? o]

o @ 0.45 0 @

1% o ]([ 025 0 ]+[o.20 0 ])l? 0 ]

1 o @ 0 025 0 020 0 g

< &* (dpr (fFep, §F2y) + dev (FGey, §Gey) ) €.

B |
Here ¢ = | 3 N: with ||¢]] = f f

3
Hence S, T, f and g have a unique coupled fixed point.

Therefore, all the conditions of Theorem 4 satisfied.

Theorem 5. Let (E,C,d.+) be a C*-algebra valued fuzzy soft metric space. Suppose S,T:ExE — E
be satisfying

(1) S(ExE)cT(ExE)

(2)  {S, T} is w-compatible pairs.

(3)  oneof S(E x E) or T(E x E) is complete.

4)  d- (S(F€1/ Ge, ), S(Fey, Ge, )) <A der (T(Fe;, Gey), T(Fey, Gey))i
forall F,,Fe,,Ge,, Ge, € E,

where i € C with ||d|| < 1. Then S and T have a unique common coupled fixed point in E x E. Moreover, S and T
have a unique common fixed point in E.

Proof. Similar to Theorem 4. [

Theorem 6. Let (E,C,d.+) be a C*-algebra valued fuzzy soft metric space. Suppose S, T:E x E - E and
f,$: E — E be satisfying

(1) S(ExE)cg(E)and T(ExE)c f(E)

(2)  {S,f}and {T,g} are w-compatible pairs.

(3)  oneof f (E) or g(E) is complete C *-algebra valued fuzzy soft metric of E

(4)  dex (S(Fgll Gel) T(Fezl Gez)) < ad (S(F61/ Gel) fFel) + adc*(T(Fezl Gez) gFez)
forall F,,Fey,Ge,, Ge, € E,
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where & e C with ||d]| < % Then S, T, f and g have a unique common coupled fixed point in E x E. Moreover,
S, T, f and g have a unique common fixed point in E.

Proof. Similar to Theorem 4. [

Corollary 7. Let (E,C,d,+) be a C*-algebra valued fuzzy soft metric space.Suppose S:E x E — E and
f,$:E — E be satisfying

(1) S(ExE)c f(E)and S(Ex E) < g(E)

(2) {S,f}and {S, g} are w-compatible pairs.

(3)  oneof f(E) or g(E) is complete C*-algebra valued fuzzy soft metric of E

(4)  des (S(Fey, Ge,),S(Fey, Gey)) < dex (S(Fey, Ge, ), fFey) + de (S(Fey, Gey ), 8 Fey)
forall F,,Fe,,Ge,, Ge, € E,

where i € C with ||| < % Then S and f, g have a unique common fixed point in E.

Corollary 8. Let (E,C,d,+) be a C*-algebra valued fuzzy soft metric space.Suppose S: Ex E — E and f:E — E
be satisfying

(1) S(ExE)cf(E)

(2)  {S, f} is w-compatible pairs.

(3)  f(E) is complete C*-algebra valued fuzzy soft metric of E

4) d;* (S(F€11 Ge, ), S(Fey, Gez)) = ﬁd;* (S(Fe;,Ge,), fFey) + ﬁd;* (S(Fe,Ge,), fFey)
forall F,, Fey, Ge,, Ge, € E,

where d € C with ||d]| < % Then S and f have a unique common fixed point in E.

Corollary 9. Let (E,C,d.+) be a complete C*-algebra valued fuzzy soft metric space.Suppose S:E x E — E
satisfies

(1) dg+ (S(Fey, Gey), S(Fey, Gey)) < ddes (S(Fey, Gey ), Foy) + dex (GS(Fey, Gey), Fey)

for all F,, Fey, Ge,, Ge, € E, where @ € C with ||a]| < % Then S has a unique fixed point in E.

4. Applications to Integral Equations

Theorem 7. Let us Consider the integral equation

Fu(®) = [ (Ti(x,, Fey ) + Ta (5, Fey (1)) dy, x € C
C

Fu@) = [ (hGoy B () + By, Fo (1)) dy, x € C.
C

where C is a Lebesgue measurable set. Suppose that

(i) T;,T,:CxCxR(C)* > R(C)*and I, : CxCxR(C)* - R(C)*.
(ii) there exist two continuous function ¢, : CxC - R(C)* and r € (0,1) such that for u,v € C and
Fo (v), Fey(v) € R(C)*

inf{|Ty (u, v, Fey (v)) = I (1,0, Fe, (0))[} < 7inf{|¢(u, v)[}. inf{|(Fe, () - Fe, (0))]},
inf{|Ty(u, 0, Fe, (v)) = Ia(u, 0, Fe, (0))[} < rinf{[g(u, 0)|}. inf{[(Fe, (0) - Fe, (0)) [}

(iii) sup [ inf{|¢p(u,v)|}dv <1 and sup [ inf{|p(u,v)|[}dv <1
xeC C xeC C

then the integral equation has a unique solutions in L= (C).
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Proof. Let E=C =

d;*:EXE - L(H) byd;*(PeyFL’z) =M

multiplication operator defined by My,(¢) = h- ¢ for ¢ € H. Then d.« is a C*-algebra valued fuzzy soft
metric and (E, L(H),d.+) is a complete C*-algebra valued fuzzy soft metric space. Define two self

[0,1] and E = L°°(C) be the set of essential bounded measurable function on C
and H = L2(C). The set of bounded linear operators on Hilbert space H denoted by L(H). Consider
forall F,,, F,, € E, where M, : H - H is the

inf{lpg, ()=, Iy}

mappings S, T: Ex E - E by

Notice that

d;* (S(FEV G61 )/ T(Fé‘z' foz)) =M,

IN

IN

IA

IA

IA

S(Fgl, Gel)(x) = f (Tl(xrylpel(y)) + TZ(xly/ Gel (]/)))dy, X € C’
C

T(ng,GeZ)(x)=f(11(x,y,Fe2(y))+Iz(x,y,Gez(y)))dy/ xeC.

C

p p
mf{Ws(Fel /Gel ) (y)—ﬂT(FeZ,GEZ)(y)\/yEC}

|dex (S(Fey, Gey ), T(Fey, Gey))|

sup (M
[I11=1

sup [, .y 0 = 1, ) DIy € C} o))
= c

| I
bl s, ) D, IIvecy )

ﬁlﬁpl f l f inf{Tl(x,y,Fel(y))—11(x,y,Fez(y))I}dy]Ih(X)2dx
= cC

C

+|T£ﬁp1 l/ inf{|T>(x,y, Ge, (v)) - Io(x,y, GEZ(y))|}dy]|h(x)|2dx
= C C

1 (x)Pdx

ﬁlﬁpl [ l f rinf{|¢p(x, y) (Fe, () — Fe, (v)) |}y
= C

C

- sup / l [ rinf{lo(e,1)(Ge (1) - G (1) hey |l ()P
e

C |

h(x)[*dx

r”shlﬁplfl[inf{|¢(xly)|}inf{|Fe1(y)—Fez(y)}dy
1% j

C

o sup / { / inf{|¢(x,y>|}inf{|cq<y>—Gez(y)udylm(xnzdx
=lc

C

r sup / [ / inf{w»(x,y)|}dy]|h(x)|2dx.||inf{ufel )~ Fa )l
= C

[l C

orsup [ [ / inf{w(x,y)|}dy]|h<x)|2dx.||inf{|cm<y>—Ge2<y>|}||oo
e

C

rsup [ inf(lp(x,y)}dy. sup [ ()P llinf(|Fe; () - Fey (1)} e
k=1 & I1l=1 &
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+rsup [ inf{|p(x,y)[}dy. sup [ [h(x)Pdx.[[inf{|Ge,(y) ~ Gey (¥)] oo
k=1 & =1 ¢

< rf[inf{[Fe; () = Fop (4)[Hloo + 7l inf{|Ge; () = Gey (¥)[}loo-

Set i = \/rly(y), thend e L(H) and ||a]| = /7 < % Hence, applying our Corollary 5, we get the
desired result. [

5. Conclusions

In the present work, we proved some existing and uniqueness fixed point results for these new
type of contractive mappings in complete C*-algebra valued fuzzy soft metric spaces. Furthermore,
the examples illustrate the validity of the obtained results. We hope that the results of this paper will
support researchers and promote future study on C*-algebra valued fuzzy soft metric spaces.
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