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1. Introduction

Let Q) be an arbitrary domain of RN, (N > 2). In this paper, we investigate the existence and
uniqueness solution of the following problem:

N
A(u) + Y bi(x,u,Vu) = f in Q,
(P) i=1
u>y a.e.in ),

N
where, A(u) = Y (a;(x,u,Vu))y, is a Leray-Lions operator defined on W(Q)) (defined as the
adherence space ZC§°(Q)) into its dual; B(t) = (By(t), - -, Bn(t)) are N-uplet Orlicz functions that
satisfy A;-condition; the obstacle ¢ is a measurable function that belongs to L (Q) N W}(Q2); and for
i=1,---,N, bj(x,3,&) : QxR x RN — Rare Carathéodory functions (measurable with respect to
x in Q) for every (s, &) in R x RN, and continuous with respect to (s, &) in R x RN for almost every x
in ) that do not satisfy any sign condition and the growth described by the vector N-function B(t).
Take f € L(Q) too.
Statement of the problems: Suppose they have non-negative measurable functions ¢, ¢ € L}(Q);
and 4, i are two constants, positive, such that for & = (&, -+ ,&y) € RN and g = ((;‘/1,- . ,Q’IN) € RN,

we have
N

Z[ai(xrslg)fai(xfslgl”'(‘:i*d‘) >0, (1)

i=1
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N N
Y ai(x,s,8).¢i>a ) Bi(|&]) — ¢(x), (2)
i—1 i=1
N N
lai(x,5,8) | <a Y B 'Bi(|Z]) + o(x), ®)
i—1 i=1
and
N N
Y Ibi(x,5,8) | < h(x)+1(s). ) Bi(|¢]), (4)
i=1 i=1

with B(t) being the complementary function of B(t), h € L'(Q)) and I : R — R™ being a positive
continuous function such that I € L}(Q) N L®(Q).

We recall that in the last few decades, tremendous popularity has been achieved by the
investigation of a class of nonlinear unilateral elliptic problem due to their fundamental role in
describing several phenomena, such as the study of fluid filtration in porous media, constrained
heating, elastoplasticity, optimal control, financial mathematics and others; for those studies, there are
large numbers of mathematical articles; see [1-4] for more details.

When Q is a bounded open set of RN, we refer to the celebrated paper by Bénilan [5],
who presented the idea of entropy solutions adjusted to Boltzmann conditions. For more outcomes
concerning the existence of solutions of this class in the Lebesgue Sobolev spaces (to be specific
B(t) = |t|F), we cite [6,7]. We cite [4,8,9] for the Sobolev space with variable exponent. In the case
of Orlicz spaces, we have some difficulties due to the non-homogeneity of the N-functions B(t) and
a rather indirect definition of the norm. It is generally difficult to move essentially L? techniques to
Orlicz spaces. For more work within this framework, we quote [10-13].

On the other hand, when Q2 is an unbounded domain, namely, without expecting any assumptions
on the behavior when | x | — 400, Domanska in [14] investigated the well-posedness of nonlinear
elliptic systems of equations generalizing the model equation

=2 (g () P20, (x) )+ () [P~ 2u(x) = f (),

with corresponding indices of nonlinearity p; > 1 (i =0, n). In [15] Bendahmann et al. the problem
(P) with b(x,u, Vu) = div(g(u)) and g(u) a polynomial growth like u7 in LP-spaces was solved.
For more results we refer the reader to the work [16]. We mention [17-19], for the Sobolev space with
variable exponent, and [20-26] for the classical anisotropic space.

The oddity of our present paper is to continue in this direction and to show the existence and
uniqueness of entropy solution for equations (P) governed with growth and described by an N-uplet
of N-functions satisfying the A;-condition, within the fulfilling of anisotropic Orlicz spaces. Besides,
we address the challenges that come about due to the absence of some topological properties, such as
the densities of bounded or smooth functions.

The outline of this work is as follows. In Section 2, we recall some definitions and properties of
N-functions and the space of Sobolev—Orlicz anisotropic solutions. In Section 3, we prove the Theorem
of the existence of the solutions in an unbounded domain with the help of some propositions; to be
demonstrated later. In Section 4, we show the uniqueness of the solution to this problem, which is
expected for strictly monotonic operators at least for a broad class of lower-order terms. Finally, there is
Appendix A.

2. Mathematical Background and Auxiliary Results

In this section, we introduce the notation, recall some standard definitions and collect necessary
propositions and facts that are used to establish our main result.
A comprehensive presentation of Sobolev-Orlicz anisotropic space can be found in the books of
M. A Krasnoselskii and Ja. B. Rutickii [23] and in [20,25].
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Definition 1. Wesay that B : Rt — R is a N-function if B is continuous, convex, with B(z) > 0 for z > 0,

@%0 when z—)Oand@—)oo when z — oo.

z
This N-function B admits the following representation: B(z) = / b(t) dt, withb : RT™ — R which
0

is an increasing function on the right, with b(0) = 0 in the case z > 0 and b(z) — oo when z — co.

_ |z
Its conjugate is noted by B(z) = / q(t) dt with q also satisfying all the properties already quoted
0
from b, with
B(z) =sup(y|z| - B(y)), z€R ®)

y>0
The Young's inequality is given as follows:
vz, y €R |zy| < B(y) + B(2). 6)
Definition 2. The N-function B(z) satisfies the Ap-condition if 3¢ >0, zy > 0 such that
B(2z) < ¢B(z) |z | > zo. (7)
This definition is equivalent to, Vk > 1, 3 c(k) > 0 such that

B(kz) <c(k)B(z) for |z|> zo. (8)

Definition 3. The N-function B(z) satisfies the Ay-condition as long as there exist positive numbers ¢ > 1
and zo > 0 such that for | z | > z we have

zb(z) < ¢B(z). )
Additionally, each N-function B(z)satisfies the inequality
B(y+z) <cB(z)+cB(y) z, y € R (10)
Definition 4. The N-function B(z) satisfies the Vy-condition if 3¢ > 2, zo > 0 such that
B(2z) < ¢ B(2) |z | > zp. (11)

We consider the Orlicz space Lg(Q)) provided with the norm of Luxemburg given by

lulls.o=int (k >0/ [ 5“3 ) ax<1). 12)

According with [23] we obtain the inequalities

/B(u(x)>dx§1, (13)
o \llullga

lulls.o < [ B dx+1 (14)

and

Moreover, the Holder’s inequality holds and we have for all u € Lg(Q)) and v € Lz(Q)

| [ @) o) dx| <2l[ullsa- NIl 0 (15)
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In [23,25], if P(z) and B(z) are two N-functions such that P(z) < B(z) and measQ) < oo,
then Lg(Q)) C Lp(Q)); furthermore,

[ ]lp0 < Ao (measQ) [|u|[p0 u € Lp(Q). (16)
Additionally, for all N-functions B(z), if meas () < oo, then L (Q) C Lp(Q2) with

[[ullpo < A1 (meas Q) [| |0 u € Lg(Q). (17)
Additionally, for all N-functions B(z), if meas Q < oo, then Lg(Q) C L'(Q) with

[|u

1,0 < Ao |lullpa u € Lp(Q). (18)

We define for all N-functions By (z),- - -, By(z) the space of Sobolev-Orlicz anisotropic Wj(Q) as
the adherence space C§°(Q)) under the norm

N
iy = X [1ux 1,0 (19)
i=1

Definition 5. A sequence { u,, } is said to converge modularly to u in VOVI}3 (QY) if for some k > 0 we have

/()B(umk_u)dx—>0 as  m— . (20)

Remark 1. Since B satisfies the Ay-condition, the modular convergence coincides with the norm convergence.

Remark 2. If the doubling condition is imposed on the modular function, but not on the conjugate, then the
space for the solutions to exist is non-reflexive in general. For this reason we will assume in the remainder of this
article that B satisfies the both conditions; the Ay-condition and ¥V ,-condition, so the Propositions 1 and 2 will
remain true.

Proposition 1 ([23]). The Sobolev—Orlicz anisotropic space Wé(Q) is complete and reflexive.
Proposition 2 ([23]). The Sobolev—Orlicz anisotropic Wfl; (Q) is separable.

Proposition 3.
zB'(z) = B(B'(z)) + B(z), z >0, (21)

with B’ being the right derivative of the N-function B(z).

Proof. By (6), we take y = B’(z); then we obtain

B'(z)z < B(z) + B(B'(z)),
and by Ch. I [23], we get the result. [

|z
In the following we will assume that for each N-function B;(z) = / bi(t) dt obeys the
0

further condition b (00
lim inf 20 _ o i1 N 22)
a—00g>0 bi(a)

Example 1. The function
B(z) = |z|"(|Inlz[| + 1),
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with b > 1 checks the Ay-condition and (22).

Lemma 1. Suppose that (X, T, meas) is a measurable set such that mes(X) < oo. Let 6 : X — [0, 4-o0] be
a measurable function such that meas{ x € X : 0(x) = 0} = 0. Then, for any € > 0, there exists 6 > 0 such
that for any bounded domain Q

/QG(x) dx < 6

implies that
meas(Q) < e.

Proof. See [27] (Lemma 2). [

3. The Existence of an Entropy Solution

This section is devoted to the proofs of our main results which will be split into different steps.
For m € N*, we define the truncation at height m, T;,,(u) : R — R by

u if |u|<m,
T (u) =
m if ju|>m.

Definition 6. A measurable function u is said to be an entropy solution for the problem (P), if u € W}; (Q)
such that u >  a.e. in Q) and

o N
i_zl/nai(x,u,Vu).V(u—v) dx+i§/0bi(x,u,Vu).(u_v) dx

+/Qm.Tm(M—I,U)i.sgl(u)'(u_v) dx

m

< /Qf(x) (u—v)dx  YoeK,NL®(Q),

where, Ky = {u € WE(Q)/u > pae in Q}, and sgy(s) = Tn(s)

m

We have f" —s f in L1(Q)), m — oo, | f™(x)| < | f(x)|and fori=1,--- , N, al"(x, tim, Vity) :
(WEQ))N — ( Wg 1(Q) )N being Carathéodory functions with

al'(x,u, Vu) = a;(x, Tn(u), Vi),

and b (x, uym, Vi) : QO x R x RN — R again being Carathéodory functions not satisfying any sign
condition, with

bm(x/ u, vu) = li(x/ i Vu) ’
1+ [b(x,u,Vu) |
and
| 6™ (x,u, Vu)| = |b(x, Tu(u), Vu) | < m forall m € N¥, (23)

and for all v € W}(Q), we consider the following approximate problem:

N
(Pm) : Z/ﬂa;-”(x, U, Vi) .V (U — 0v) dx + ;/ﬂb;-”(x, U, Vity) . (U —0) dx

+/Qm.Tm(um—lp)*.sg%(um).(um—v) dx:/nfm(x).(um—v) dx.
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Theorem 1. Assume that conditions (1)—(4) and (22) hold true, then there exists at least one solution of the
approximate problem (P, ).

Proof. See Appendix A. [

Theorem 2. Under assumptions (1)—(4), the problem (P) has at least one entropy solution.

N B N
Proof. Let R > 0 and (R) = {x € Q : |x| < R}. Note by h(t) = (H Zt )
and we assume that / () dt converge, so we consider the N-functions B*(z) defined by
121 h(t)
*\— — P
(B)(.z)_/O Zar. O
Lemma 2 ([20]). Let u € WL(Q(R)). If
/ M) 4y~ o, (24)
1 t
then WA (Q(R)) C Lp+(Q(R)) and || u B+ 0(r) < B u ||w1 ow) ¥

/ Q dt < oo, (25)
1 t

5 ‘ ® p(t
then Wé(Q(R)) C Lo(Q(R)) and || u ||OO,Q(R) <B|lu ||W113(Q(R)),wzth B= /0 a4
Step 1. A priori estimate of { uy, }:
SI(t)
Letv = uy — 17 exp(G(um)) . Te(tt — v9) T where G(s) = / — dt,k > 0and y > 0; we have
0

vE Wé(Q) and for a small enough # we deduce that v > . Thus v is an admissible test function in
(Pm) and we get for all vy € Ky N L*(Q)) that

z ot Vi) 9 (exp(Glotn)) Tt —0) )

+ Z /Qb;“(x, iy, Vityy) - exp(G(ttm)) - Te(ttm — 00)™ dx
i=1

+/ m. Ty (U — )~ .sg%(um). exp(G(um)) . Te(tm —vo) ™ dx

< [ £ exp(Glun)) . Telun = 00)* d;
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then,
2/ (x, tm, Vi) . Vit . Z(L;m) . exp(G(um)) - Te(tm —vo) ™ dx
+ Z/ (x, tm, Vity) . exp(G(um)) . Vi (i —v9) " dx
+/Om.Tm Um — )~ .sg%(um). exp(G(um)) - Te(tm —vo) ™ dx
N
< Z/ | BT (x, i, Vi) | . exp(G(um)) - Ty (um — o) T dx
[ () exp(Glun)) - Telutm — 00)*
by (2) and (4), we obtain
Z/ (x, um, Vi) . exp(G(um)) . VTi(uy —vo) T dx
+/ 1 Tt — )59 3 (1) - exp(Gltm)) . Ticatm — v0) " dx
< [ 1) + ) + 9. ] exp(G ) Telutm — o)
so
N m
z;/{um—vofk} al (x, um, Viiy) . Vi . exp(G(up)) dx

3 VUO
—¢ Z*/{‘um —op | <k} a; (x/uml vum) . T . exp(G(um)) dx

/m T (i — )~ .sgl(um).exp(G(um)).Tk(um—UO)Jr dx
< [ D)+ 570+ 00) - ) exp(G ) Tt —v0)

where c is a constant such that 0 < ¢ < 1, and since 1, f™, ¢ € L!(Q) we deduce that

N
2/{‘ - al (x, um, Vity) . Vit . exp(G(um) dx
i Um—00 |=

[0 T = ) 51 (1) exp(G (1)) Tl — 00)*

N
< ¢ Z/ [a}”(x,um,Vum) = (%, L2 |V (1t — Y20 exp(Glutm)) dx
i=1 {lum =00 |<k} ¢

(x, um, Vity) . Vity . exp(G(up)) dx

l

e Z/Wm g | <k}
+c Z/ al (x, ty, ——

{lum—vo |<k}

VU() VU()

VAV = —=) [ exp(G(um)) dx +c1,
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by (1)

(1—c) Z/ al (x, U, Vitg) . Vit . exp(G(uy)) dx

{1 um—vo |<k}

+/Qm.Tm(um — )" 581 (1) - exp(Glum)) - Tiutm — 20)* dx

<c %/ |am(x u @)| |Vu | ex (G(L{ )) dx
= = {|llm ‘U()\Sk} 1 rYmy C . m |- p m
N

VUO ). ‘Vvo . exp(G(um)) dx +cy,

+c / a(x, um,
i; {|um—vo\§k}| 0t

o l
since m € WA (Q), and by (8), (3) and (6) and the fact that exp(G(£)) < exp ( ! Hgl(R) > we have

N
1-— M(x, U,V .Vu,d . T, — ). d
( C)Z/{\um 00|<k}aZ (x, th, Vi) . Vg, dx + {|umiv0‘20}m m (i — ) sg%(um) X
i(l—c)
< : .
B 2 l;/{”mvﬂ<k} Bl(vuM) dx+C2(k) v

where ¢, (k) is a positive constant which depends only on k.
Finally, by (2) we obtain

=

Bi(Viy) dx < c3.k, 26
/{‘um gy Bi(T ) dx < s (26)

=1

and

< . . - e
0 N /{‘um*UU‘>0} " Tm(um l’b) Sg% (um) dx S (27)

Similarly, taking v = u,, — 7. exp(G(um)) . Te(um — vo)~ as a test function in (Py, ), we obtain
2/ (%, um, Vi) . V(exp(G(um)) . Ty (um —vo) ™) dx

+g/ﬂb}”(x,um,Vum). exp(—G (ttm)) . Ty (it — v0)™ dx

+ /Qm.Tm(um — )" .sg%(um) .exp(—G(um)) . T (um —vo) ™~ dx
< (x) . exp(—Glitm)) . Te(itm — v0) ™~ dx,

and using same techniques, we obtain also

N
Bi(Vity) dx < ¢4k, 28
;/{\um vo |>k} ( " ) r=a (28)

and
0§/ m . Ty (thyy — )~ 581 () dx < cs. (29)
{lum—oo |<0} "

Additionally, by (26), (27), (28) and (29) we conclude that

/Q B(VTy () dx < c.k, (30)
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with c3, ¢4, ¢5, ¢ being positive constants.
Step 2. Almost everywhere convergence of { i, }:

Firstly, we prove that meas{x € Q : |uy, | >k} — 0.
According to Lemma 2, we have

| Tic(ttn) |5 < || VT(tm) |15
< c.elk B(VT, d
<c.e(k) [ B(VT(uwn)) dx
<c.e(k).k fork>1,

with ¢ being a positive constant and (k) — 0 when k — co. By (31) we obtain

(Y

ok .
B(Hn( )mwﬂxen”'”zk}é/) T Ta(um) 5

”m) ||B* Q

< 2 ()

Thus, we deduce that
k

N(HRWMHW

)—>oowhenk—>oo.

Hence
meas{x € Q:|uy| >k} —0ask — coforall m € N.

Secondly we show that for all {u,, } measurable function on Q) such that
Ti(um) € WEH(Q) Vk >1,

we have
meas{x € Q:B(Vuy,)>a} —0asa — .
In the beginning

meas{x € Q:B(Vu,, ) >0} =meas{ {x € Q:|uy| >k B(Vuy,)>a}
U{xeQ:|un| <k B(Vuu)>ua}}

if we denote
g, k) =meas{x € Q: |uy| >k B(Vuy)>a},

we have
meas{x € Q: |up| <k, B(Vuy)>a}=g(0)—g(ak),
then .
B(V d:/ 0) — o(w k) da < c.k,
~/{x€Q:\um|<k} ( Mm) x 0 (g(“ ) g(“ )) o c

with & — g(a, k) is a decreasing map; then

2(a,0) < 1 /Oa <(s,0) ds

n
< [ (560 —glsk)) ds+ - [ gtk ds
< [* (80 ~g(5%)) ds+50,0)

9 of 28

(31)

(32)

(33)

(34)

(35)
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and according to (34) and (35) we have

g(a,0) <

c.k
7+g(0,k),

like [28] we obtain
lim g(0,k) = 0.

k—ro0

Hence
¢(a,0) = 0as a — oo.

We have now to demonstrate that the almost everywhere convergence of { u, : }
uy, — u almost everywhere in Q).

Let g(k) = sup,,.ymeas{x € Q: |uy | >k} — 0 as k — oo. Since () is unbounded domain in RV,

we define
1 if x <R,

nrR(x) =< R+1—a if R<x<R+1,

0 if x>R+1.
For R, k > 0, we have by (10)

/QB(VnR(\xD.Tk(um)) dx < c/ B(Vity,) dx

{xeQ:|um|<k}
+C/QB(Tk(um).V17R(|x|)dx
< c¢(k, R),

which implies that the sequence { 7g (| x |) Tx(t4n) } is bounded in W}(Q(R + 1)), and by embedding
Theorem, for an N-function P with P < B we have

WE(Q(R+1)) < Lp(Q(R+1))
and since 7g = 11in Q(R), we have:
7R Ty () — vg in Lp(Q(R+1)) as m — oo.

For k € N¥,

Tk(um) — Uk in LP(Q(R + 1)) as m — oo
by a diagonal process, we prove that there is measurable u : (3 — R such that u,, — u a.e. in Q).
Lemma 3 ([29]). Let an N-function B(t) satisfy the Ay-condition and uy,, m > 1 and u be two functions of

L(Q) such that
|| um||lp <c m=1,2---.

Uy, — u almost everywhere in (), m — oo.

Then,
Uy — u weakly in L(Q)) as m — oo.

Hence,
meas{x € Q: |uy | >k} — 0 when k — oo forall m € N.
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Step 3. Weak convergence of the gradient:

Since W} (Q) reflexive, there exists a subsequence

Ti (1) — v weakly in WE(Q), m — oo,

and since
W3(Q) — Lp(Q),
we have
VT (um) — Vi in Lg(Q) as m — oo,
since

Uy — u almost everywhere in () as m — oo, (36)

implies the local convergence in measure and, therefore, the local Cauchy property of u,, in measure
meas{ Q(R) : | uy —uy| >k} — 0asm, n — oo for any k > 0. (37)

Proving that

Viuy, — Vu locally in measure asm — oo. (38)
For that, we borrow ideas from Evans [13], Demangel-Hebey [12] and Koznikova L. M. [21,22].
Let 6 > 0 be given. By Egoroff’s Theorem, there exists E; , CC () such that

Espa(R) ={ Q(R) : |um —un| <k, B(Vupy) <a, B(Vuy) <a, |uy| < a,
lun | <, [V(um —un)| =20}

{QR) : |V(ty —up) | =25} c{Q:B(Vuy) >a}U{Q:B(Vu,) >a}
U{Q(R) : |t —upy | Zk}U{Q: | up|>a}
U{Q: |uu| >a}UEsr,(R).

Then, by Lemma 3 and (33) we obtain that

meas { Q(R) : | V(uy —uy) | > 0} <4e+ measEsy ,(R)
+meas { Q(R) : |um —uy | >k} Vn, m e N*. (39)

According to (1) and the fact that a continuous function on a compact set achieves the lowest value,
there exists a function 6(x) > 0 almost everywhere in (), such that, for B(¢) < &, B(Z') <a, |s| <«
and fori=1,--- ,N, |§i—(§; | > k, we have that

N !

2 x S, é — a; (xlsrgl)] . (gl - §1> 2 G(X), (40)

i=1

holds. Writing (P,) twice for { u,, } and { u, }, and by subtracting the second relation from the first
and according to (23), (27), (29) and (36) we obtain

2/ (2, i, Vi) — @ (x, un, Vi) | . V (g — g — 0) dx = 0.

Consider the following test function:

0= tm — tp — IR X [) 7a(| tin [) (| i |) exp(G(| b — tin ) Ts (st — tn).
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Further on, by applying (40), we get

d < / /v - 7 rv
‘/Eb',k,pc(R) x Z (%, i, Vi) — a (X, um, Vi) |

Esga(R
x V(nr(|x \) Ha ([ 1n ) (| tim |) exp(G(| um — tn |)) Ts(tm — un) ) dx
< 3 oy TR D ) €50 = )
x [al"(x, um, Vitg) — af' (%, ttm, Viry) | .V (uy — ) dx

= Al'(x) + AY(x),
with

U — Uy \<k}

N
A (x :;/ R X [) 72 (| tn |) (| i ) exp(G(| tm — un [))
x [al"(x, um, Vi) — af' (x, 1y, Vity) | .V (t — 1) dx,

and

N
:Z/ R D) 170l 1) 10 ([ 4 1) exp(G (|t = un )

; {|um— un\<k}

=1
x [al"(x, un, Vi) — af' (x, 1tm, Vity) | .V (U — ) dx.

Since B(u) satisfies the Ay-condition, by (14) we have

/B dx < collnllso. @)
According to Lemma 3, we get
[ |y ) < @1 m € N¥, (42)
and
1B(Vim) [[1 < e m € N*. (43)

Additionally, using (14) and (3) we have

N
la(x,u, V) |1y 0) = Z% [l ai (e, u, Vi) [, ()
i=

<Z/ a;(x,u,Vu)) dx+ N

<cl|[Bu)|lLatllellia+N
< 4. (44)
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Hence,
N

Al'(x) =)

exp(G(|uy —u
1'/{0:”'"_”11<kzx<R,|um<zx,un<a} p( (| m n|))

x [al"(x, um, Vi) — af* (x, 1, Vitg) | .V (ty — uy) dx

1

N
Y (R+1—|x])
=1 L Q: Jum—un | <k, RZ| x |[<RAL, a<  uy |[<a+1,a<| uy [<at1}

(41 —Jup|) (@+1—|uml|). exp(G(|tm —unl))

x [al"(x, um, Vi) — af' (%, 1, Vitg) | .V (ty — uy) dx,

1
since exp(G(+£o0)) < exp < % ), and according to (42), (43), (44) and (15) we obtain that
Al'(x) <c1(R, o) .k

the same for A%'(x). We get
Then,
/ 0(x) dx < c3(R, ) . k. (45)
Ej ja(R)

For any arbitrary § > 0 for fixed m and &, by choosing k from (45) we establish the following inequality

/ O(x) dx < 4.
Ejja(R)

By applying Lemma 1, for any € > 0, we find
meas Es i o(R) < €. (46)
In addition, according to (37), we have
meas { Q(R) : |y —uy | >k} <€, m,n>0. (47)
By combining (39), (46) and (47) we deduce the inequality
meas { Q(R) : | V(uy —uy)| >} < 6€, n,m>0.

Hence, the sequence { Viu,, } is fundamental in measure on the set Q(R) for any R > 0. This implies
(38) and the selective convergence,

Vu, — Vu almost everywhere in (), m — oo. (48)
Then, we obtain for any fixed k > 0
VTi(um) —> VTi(u) almost everywhere in () as m — co.
Applying Lemma 3, we have the following weak convergence
VTi(um) = VTi(u) in Lg(Q) as m — oo.

Proposition 4. Suppose that Conditions (1)~(4) are satisfied and let (1) men be a sequence in Wh(Q(R))
such that
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(a) uy —uin Wl(Q(R))
(b) a™(x,um, Vum) is bounded in Lz(QX(R))

(c) Z/ (x, um, Vi) — ai* (%, 16y, Vuxe) . V(um — uxe) dx — 0O0ase — +oo (xe the
chamcterzstchunctzon of Qe(R) ={x € ;| Vu| <e}) Then

B(|Vun|) — B(|Vu|) in LY(Q(R))

Proof. Let e > 0 fixed, and 7 > €; then from (1) we have

0< Z/ (%, tm, Vi) — af (X, i, Vi) | .V (1 — 1) dx

N
< Z/Q(R) [a]" (x, 1, Vi) — al' (X, um, Vuxe) | .V (um — uxe) dx,
using the condition (c) we get

lim Z/ (%, thm, Vi) — ' (X, um, Vuxe) | . V(i — uxe) dx =0

m—o0
proceeding as in [28], and we obtain Vu,, — Vu; by letting e — oo we get

Viumxe — Vu,

Thus, since

z

/ ai' (x, um, Vitg) . Vit dx
Q(R

N2

i=1

Z

= /Q (%, th, Vi) — af (X, um, Vuxe) | . V(i — uxe) dx
i=1
N

+ /Q (%, tum, Vxe) . V(um — uxe) dx+2/ (%, thy, V) . Vuye dx,
1

i=1

using (b), we have

N
al (x, um, Vi) = Y al"(x,u, Vu) weakly in (Lg(Q(R)))N.
i=1

‘MZ

Il
-

Therefore

Z/ (X, th, Vidy) - Vu)(edx%Z/ "(x,u,Vu).Vu dx as m — 0o, € — 0.
Q(R
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Thus,

1=z

/Q(R) [a]" (%, 1, Vi) — af (x, i, Vuxe) | . V(um — Viuxe) dx — 0 as m — o0, € — 0.
1

and

N
2/ (%, ttm, Vuxe) . V(g — uxe) dx — 0 as m — 00, € — 0.

Thus,
%%Z/Q(R (x, um, Vity) . Vit dx = Z/ (x,u,Vu).Vu dx,

from (2), and the vitali’s Theorem, we get

aZ/ (| Vi |) dx—/. ﬁ/ \Vu|)dx—/ P(x) dx,

Q(R) - O(R)
Consequently, by Lemma 2.6 in [11] and (48), we get
B(| Viim |) — B(| Vu) in Wy(Q(R)),
thanks to lemma 1 (see [20]) and (48), we have
B(| Vi |) — B(| Vu ) in L'(Q(R)).
O

Step 4. Strong convergence of the gradient:
In this step we consider again the following test function:
v =t + 17 exp(G([uml)) (Ti(m) = Ti(w)) 1 ([t ]) by (14,
1 if {1t] > f}
with, hj(um)) =1 — [ Ty (um — Tj(um)) | = 0 if {Jum| >j+1}
A1 = |um| i {j < |um| <j+1}

and, | T (um) — Ti(u)| at the same sign when u,, € { |um| > k}, where j > k > 0 and 7 is small enough,
we obtain

Z/ (x, tm, Vi) -V (exp(G(fum])) (Tie(tm) = Tie(w)) 1 ([um|) j(um)) dax
+/Qm-Tm(um—llJ)’-Sg%(um)- exp(G([tm])) (Tic(um) — Te(w)) mj(|um]) hj (1t dx
N
+E/ b (x, i, Vi) - exp(G([tm]) (Te(um) = T(w)) 7 ([ttm]) Bj(14m) dx

/f - exp(G([uml)) (Tie(m) — Tee(w)) 7j(|um|) hj(um) dx,
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which implies,

N

Z/ ai" (%, tm, Vitm) .V (exp(G(|um|))) ( Te(um) — Tie(w)) nj([t4m]) hj(um) dx

= Ja
+Z/ (x, tm, Vi) - exp(G([um|)) V ((Te(um) = Tie())) 17 (|m]) hj (1t ) dx
+ Z/ (x, tm, Vi) - exp(G([um|)) (Te(um) = Tie()) Vipj([utm]) bj(um) dx
+ Z/ (x, ttm, Vi) - exp(G([um|))) (Tic(um) = Te(w)) 17 ([m]) V1 (i) dx
+l;/0b?1(xf”m/V”M)-eXP(G(“M|))(Tk(”m)Tk( D) 1j([tm]) i () dx

[ T — )58 () ex(G(fem])) (Tiltar) = Ticw)) 5 (a0
< [ £7e)- exp(G([aml)) (TeCotm) = Tew)) 1y [ Iy 1)

then,

N
Y [, i) T L oG fn)) (Tean) — TeCu) )y )

i=1 a

N

+ % [ a e, V) exp(Glun])) 9 ((Titn) = Te00))) 1yt )
i=1
N

+ Z/Qa;-n(x,um,Vum) - exp(G(|um|)) ( Tie(um) — T(w)) Vi (Jtm|) hj(um) dx
i=1
N

+ 1 [, V)« exp(G(Jn]))) (TeCttn) = Tlw) 1] V) dix

[y

+/K)M~Tm(um—¢)’-sg%(um)-eXP(G(IMmI))(Tk(um)—Tk( ) 1) hj(utn) dx
N
< Z/ | 67" (x, i, V) [ - exp(G([um])) (Tic(tm) — Tie(w)) 17j(|um|) () dx

+/ f"(x) - exp(G([uml)) (T(um) — Tie()) mj([eml) hj(um) dx,
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by (2) and (4) we get

N
1, BVl M exp(G ) (et —Telw)) ) )
3t i) expG ) 9 (Tilatn) = 400 3 )
3t i) expG ) (T = To) Vo )

+Z/ (x, tm, Vi) . exp(G([um|))) (Tie(um) = Tie()) 7 ([um|) Vhj(um) dx
+/QM-Tm tm =) 581 (um) - exp(G([um|)) (Tic(um) = Tic(1)) 7j ([l ) j (1) dx

N
< Z/ Bi(|Vum!) I([um|) - exp(G(|uml)) (Tic(um) — Tic(u) ) j([um|) bj(um) dx

b 0+ 77 90 -y (6 ) (T — Tie)) 1) By )

a

we then obtain

N
; /{ oy Tt Vi) - (G (fnl)) (VTeitm) — V() 1)

N
_ Z/{j<|u Kjﬂ}alm(x,um,Vum).Vum.(j—|— 1+ |um| ). VT (1) 17]-(|um|) exp(G(|um|)) dx
+ Z/ (¢, i, Vi) . exp(G(|um|)) ( Tee(um) — Te(u)) Vi ([tm]) hj(um) dx

N
FL A, Fin) T (G ) (Tet) — Telw)) )

+/Qm‘Tm(”m*l/’)_~Sg%(”m)'eXP(G(‘”mD)(Tk(”m)*Tk( D) 1j([tm]) i (um) dx

< [0+ £+ ) Dy (Gl ) (Tan) — TaCw) )yt ) .
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By (2) we get

N .
Zl/HH ot V) (G () (VT () = V() )

+ Z/ (xy tm, Vi) - exp(G([um|)) (Te(um) = Tie()) Vg ([um|) bj(um) dx
+/ 1 Ton (i *lP)_-Sg%(um)- exp(G(|um|)) (Tie(tm) = Te(w)) 1 ([um|) hj(um) dx

< / 0+ () + 92 ) exp (G ) (TCun) — Tioe)) o) )

a

Y[ 0 1 lanl) V() explGl ) )

]‘§|um‘S]‘+1}

N
) $(x) - xp(Gltm])) (TeCotm) — Ti0)) 71l dx
N

Fa [ BVl) (T ) VT (G (lnl)) 1)
N

—ay.

3 iepeny BT PGl (Th ) = i) i)

According to (27), (29); and Ty (1) — Ty (u) weakly in Vo\fé(Q), hi >0, 17]-(|um\) > 0,and uy, ( T (um) —
1
Ti(1) ) > 0 and exp(G(£)) < exp < Hg(m ), we deduce that

N
;/{WM} a" (%, um, Vim) - exp(G([uml)) (VTi(um) = VTi(u)) nj([um|) dx < C(k,j,m).  (49)

Then,

Z Lo Tom), VT ) = Ty, 9T5(0)]
 exp(G ) (VT (atw) — VTx(a) ) 7 (Jan) dx

N
- E/Qﬂi(x/ Tie(tm), VTi(w)) . exp(G([um)) | VTi(um) = VTie(u) [17j(|um]) dx

N
- Z/W <k} ai(x, Te(m), VTi(u)) . exp(G(lum|)) VTi(u) 5j([m]) dx + C(k, j,m ). (50)

By Lebesgue dominated convergence theorem, we have Ty (u,,) — Ty(u) strongly in W B 1oc () and
VTi(um) = VTi(u) weakly in W} (Q); then the terms on the right hand side of (50) go to zeros as
k, j, m tend to infinity, which gives

2 L T, VT ) = i3 Tean), V() 6D
X (VTi(um) = VTi(u) ) exp(G([um|)) nj([um|) dx — 0.
By Proposition 4 and the diagonal process, we deduce for k — oo that

B(|Vum|) — B(|Vu|) in L}(Q). (52)
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Hence, we obtain for a subsequence

Viu, — Vu a.e. in Q.

Step 5. The equi-integrability of b} (x, ty, Vi) :

In this step we will show that

Therefore, it is enough to show that b}" (x, um, Vi) is uniformly equi-integrable. We take the following

bl (x, thy, Vi) — bi(x, u, V).

test function

We have

then,

v =ty — 1 XP(2G([tm])) 7 ([um|) T (m — Tj(14m)).

2/ (%, 1t V)V (@xp(2 G [ )) 7 1t]) Tr (s = Ty(um))) dx

+ ;/Qb;”(x,um,Vum) - exp(2G(|um|)) i ([um|) T1(um — Tj(um)) dx

—l—/ m . Ty (thyy — )~ .sg%(um). exp(2G([uml)) 7;j(|um|) To(um — Tj(um)) dx

/ f"(x) - exp2 G([uml)) nj([um]) Ta(um — Tj(um)) dx;

N [(Jum])

Z/Qa;" X, U, Vi) . Vi, . ( _

a

exp(2 G ([tm)) 7 (1tm]) Ts (1t — Ty (1)) dx
+2 / (%, tt, V) . exp(2 G([utm])) V(5 lm])) To (s — Ty (1)) dx
+2/ (%, tm, Vitw) - exp(2 G (|Jttm])) 7 ([m]) VT (st — T (1)) dc
[ T = )58 () X2 G (1)) 1 (10m]) Ty (0 = Ty )
< f /' |57ty V) | exp(2 G () 77 (Jtm) T (st — Ty(1a)) dx

+/ £7(x) . exp(2 Gt ) 1y [t ]) Ty (1t — Ty (1) .

By (2) and (4) we get

Z/ (s, Vi) - exp(2 G([um)) V (7([4m])) To (i — Tj(um)) dx

+ Z/ (X, ttm, Viuw ) . exp(2 G([um|)) 17j(|um]) VT (um — Tj(um)) dx
"‘/Qm-Tm Um — )~ ~58%(“m)~ exp(2G([uml)) 7j([um|) Ta (um — Tj(um)) dx

< [ (n)+ £+ 90 Ly o2 G ) ) it — Ty o))
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we deduce that

Z/ (%, tm, Vi) - exp(2 G([um])) V (7([4m])) To (m — Tj(um)) dx

i wm, Vi) .V 2G : d
+g/{j§um§jmal (3t Vit) . Vit @xp(2Gltm])) 1y (] )

+ /Om-Tm(um =) 581 (um) . exp(2 G(|um|)) 1 ([wm]) Ta (sm — Tj(uam)) dx

< [ () + £+ 9. "Ly o2 G ) 1) Ti Gt — Ty )

a

Since a}" (x, ty, Viiy,) is bounded in Wg(ﬂ), and 77;(|um|) > 0 then by (27), (29) we obtain

N
% Jjercinny 074D
1wy " 1(|ttm])
<erp (2B ) [ LI+ () 8 + 170+ () L)

a a

Thus, Ve > 0 3j(e) > 0 such that

N
Z/ Bi(|Vitm|) dx <
i—1 U+ I<]um| }

Let V(Q(R)) be an arbitrary bounded subset for Q); then, for any measurable set E C V(Q(R)) we have

Vi > j(e). (55)

NI o™

%/ Bi(|Vitm]|) dx
< Z/B VT (1)) dx + z/ B(| Vi) dx (56)

{j+1<]um| }

We conclude that VE C V(Q(R)) with meas(E) < B(e), and Ty (1) — Ti(u) in W(Q),

(57)

N
IZ{/EBiUVTk(”m)D dx <

N ™

Finally, by combining the last formulas we obtain
N o
y / Bi(|Vim|) dx < ¢ VE C V(Q(R)) such that meas(E) < B(e),
i=1"F

giving the assumed results.

Step 6. Passing to the limit:

Let ¢ € W}(Q) N L™(Q); we take the following test function:

U= Uy — Py Ty (tm — q’)/ Yk € D(Q),



Axioms 2020, 9, 109 21 of 28

such that
1 for Q(R)
Pr(x) =
0 for Q(R+1)\Q(R)

and |um| = [|¢|le < |tm — @| < j. Then, by {[um — ¢ <j} C {|um| <j+ [|p[le} we obtain
Z/Q(RH (%, Ton (i), Vi) i VT (U — @) dx

+ Z / ke (%, T (tim), Vi) T (st — @) Vi dx

Z/ O(R+1) (%, tm, Vi) Pr Te(um — @) dx
* /Q(R+1) . T (s — ) 58 1 (thm) - i Te(um — ) dx
= /Q(R+1) S 0) Y Ti(um — @) dx,

which implies that
z / (%, Toatm), Vi) 1 VT (i — @) dx
Q(R+1)
= Z/Qum) i T gl (), VT g o teme) 9V T — ) dhx

N Z%/num) [0 T gl (), VT g1 o (1)) — i (%, T g (), V') ]
X VT gl (= 9) - X{ un—l<j} 9X

Z/ e T Tilglle () V) VT gl (tn = @) - X{ jun—gl<j} 4%

By Fatou’s Lemma we get

nligéomfZ/ ORe1) (¢ T gl oo (1), V@) V Ty g (tn = @) - X { 1 —g] <} 9%

- Z/ Q(R+1) Tt llglle (1), V@) VT 9] (4= @) - X {u—g)<j} %,
and the fact that

i (%, Ti gl oo (Um)s V T g () = @52, Ti )10 (1), VT g1 (#)) (58)

weakly in W} (Q). Additionally, since g Ty (um — ¢) — ¥ Te(u — @) weakly in W}(Q), and by (53)
we obtain

Z/ kD (%, um, Viig) P Te(thy — @) dx — Z/ (x,u, Vu) oy Ti(u — @) dx,

Q(R+1)
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and
~/Q(R+1) fm(x) l;bk Tk(um — (p) dx — /Q(R+1) f(x) ll)k Tk(u — (p) dx,

and

fQ(RH) m. Ty (m — )~ .sg%(um) Pk T (g — @) dx — fO(RH) m. Tn(u— 1)~ 581 (u) . Y T (u — @) dx, (59)
so we get

N N
i u, v VTi(u—¢)d i(x,u, Vu) Ti(u— @) Vi d
l; /Q(Rﬂ)ﬂ (x,u, V) P VTi(u — ) dx +;/Q(R+1)a (x,1, Vr) Te(ut — @) Vi dux

N
! ;1 /Q(R+1) bi(x,u, Vi) i Tic(u — @) dx
+ /O(R+1) m. Ty (u—1)~ .sg% (1) .y Te(u — @) dx
= /Q(R-H) f ) e Tie(u — ) dx,

now passing to the limit to infinity in k, we obtain the entropy solution of the problem.

4. Uniqueness of the Entropy Solution
Theorem 3. Suppose that conditions (1)—(3) are true, and b;(x,u, Vu) : Q x R x RN — R are strictly

monotonic operators, at least for a broad class of lower order terms. Then, the problem (P) has a unique solution.

Proof. Let u and # belong to Ky N L*(Q)) being two solutions of problem (P) with u # .
In accordance with Definition 6, we obtain

M-

, N
/ ai(x,u, Vu) . V(u—0) dx+ Y bi(x,u,Vu).(u—0v) dx
170 i=1

—I—/Qm.Tm(u—t[J)_.sgm(u).(u—v) dx

g/ﬂf(x).(u—v) dx (60)

1

and
N N
aj(x,4,Via).V(i—ov) dx bj(x,u,Vii). (il —v) dx

3 [t Va). Via = o) dxs Y V). (1 -0

+/Qm.Tm(ﬂ—lp)’.sgm(ﬂ).(ﬂ—v) dx

< [ £ (=) dx (61)

Denote v = u — p(x)(u — i) (x) and v = it — p(x)(u — i) (x) with
0 if x>k,
n(x) = k=B i x| <k,

0 if x < —k,
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as test functions in (60) and (61) respectively. Using (1), (27), (29) and the condition of a strictly
monotonic for the operator b;(x, u, Vu), we substract the equations to obtain

Z/ (x,u, Vu) —a;(x, 1, Vi) ] . (u — 1) Vu(x) dx <0,

According to (6), we obtain

Z/ (ai(x,u, Vu) —a;(x,i, Vi) ) dx—i—Z/ (u—1).Vu(x)) dx

IN
.MZ

Il
-

/QEi(ai(x,u,Vu) —ai(x, i1, Vi) ) dx +2 ;/{)Bi(u—ﬂ) dx

<0 (62)
Since the N-functions B, verified the same conditions and properties of B;; then by (10), we have
Z/ (ai(x,u,Vu) —a;(x,i, Vi) ) dx
<CZ/|B xuVu))|dx—cZ/|B a;(x,,Via)) | dx;
according to (3), we obtain
N -
) /Q Bi(ai(x,u, Vu) — a;(x,1, Vi) ) dx
i=1
N
gkzl/BAVW—aﬂdx
i=1/9
< acl| B(u—)||,0. (63)

Combined with (62) and (63) we get
0< (ac+2).||Bu—i)|ln <0.

Finally, || B(u — i1) ||; o = O; therefore, u = 7 a.e. in Q). O
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Appendix A
Let S be the operator defined by

2/ (x,u,Vu) dx—l—Z/bmxuVu dx+/m Ton(u—1)~ .sg1 (u) dx

—/Qfm(x) dx
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and for any v € Wé(Q) ueWw

Bloc(Q(R)) we have

Z/QR (x,u, Vu). Vvdx+2/ "(x,u, Vu).v dx
+/Q(R)m.Tm(u—lp) sg1 vdx—/ f™(x).vdx. (A1)

In order to show the result of the Theorem 1, it is sufficient to show that operator S is bounded,
coercive and pseudo-monotonic.

Let us start by demonstrating that S is bounded. Additionally, according to (A1), (15), (27) and
(29) we obtain

| (S(u),0) | < 2|[a"(x,u, V) [|g o) - ||UHV°\/é(Q) +21[0"(x,u, Vu) || o) - ||U||Wé(o)
—CO~||UHW§(Q)~

or

N
HamwﬁhVuH@nm)§§:A&mBAaT@JLVW)dx+AI
i=1

and by diagonal process we obtain
[1a™(x,u, Vu) llgar) < @llulliyo) +elh +N

and by (23) we deduce that
b™(x,u, Vu) bounded in Lg(Q})

if u with bounded support, and if support u = Q)(R), then (A1) is bounded.
Next, we will move to proving that S is coercive. By (27), (29) for any u € Wé (Q)

51 Zﬁi/ (‘axz

SO

)dx—/ @(x) dx—i—%/ﬂbf”(x,u,Vu).u dx—/Qf’"(x).u dx,
i=1

>dx—cl—c0}

b (x,u, Vu).u dx,

1

N
(Slwu) o 1 [a i Bi(‘au
||”||W§(Q) ||”||W113(Q) -/ ox;
1 N

[|u ||V°v};(0) i=17Q
using (23), we obtain

1 N
Z/ b (x,u, Vu).u dx > —2c(m).
||”||W}3(Q) i=1/Q

N
(S(u) | 1 [az/ Bi(‘au
Tl ~ Tl L &S da | o

Thus,

) dx—cl—co} —2c(m)

according to (22) we have for all k > 0, Jay > 0 such that

bxh%|)>kh<|u”|> i=1,---,N;

Hux,, ||B[,Q
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we take || uy, [|g,0 > ao, i = 1,---,N. Additionally, since () is unbounded domain, then we can
assume that || u/ szl;(ﬂ) — o0 as j — o0. We suppose
[ ||B,0+ -+ [ty ||By,0 = Nag,

according to (9) we get ' ‘ .
[ [b([u]) < cB(w),

S0,

|<| Sgujjv Z/ (15

C2
) dx — Nao —2c¢(m)
N

2 | x,| b |ux|) x———Zc(m)
chlux,IIB i= 1 0

ak N/ < > o)
dx — —2c(m),
_CNZ ||Mx||BQ N ag o)

with ¢ = ¢ + ¢1. Now, by the Luxemburg norm, we have

||u1|\3—mf{k>0// ( ))d <1}

then .
|11, | N
B; T deZHuXiHB,"
|| ux; 15,0 i=1

Hence,

(S(u/),u) €2 :
L > || ]||W1 - —2c(m) — o0 as || |1 q) —>
147 ) cN (@) Nag 5(Q)
which gives the coercivity of the operator S.

Finally, we will end it by the demonstration of pseudo-monotonic of S. Following up this
assumption, since the space W} (Q) is separable, then 3(u/) € CP(Q) such that

w — uin WH(Q), (A2)
and
S(w) =y in (WH(Q))'; (A3)

according to (A2), we have for all subsequences denoted again by u/,
1/ ey < c20 j €N
() jen is bounded in W (Q), and since W}(Q) is continuously and compactly injected into Lg(Q2)
w — uin Lg(QY),

ujﬂua.e.inﬂ,jEN,

and according to (53), we have

a"(x,ul, Vi) — a"(x,u,Vu) ae.in Q, j €N
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and
b (x,w,Vu') — b"(x,u,Vu) ae.in Q), jeN

and
m. Ty (W — )~ .sg1 (W) — m. Tpy(u—)~ .sg1(u) ae.inQ, jeN

from (A2) and (A3), 3@ € Lz(Q) such that

al"(x,u,Vul) =~ a", jeN
and 3b™ € Lp(Q) such that ' ' )

b (x,u!, V) = b", jeN;
by (27) and (29) it is clear that for any v € W}; (Q)), we get

—hmZ/ (x,ul, Vi) Vvdx—l—hmZ/ b (x,ul, Vul) . v dx

]%oo ]%oo

:/ﬁm.Vvdx—i-/bm.vdx
@) @)

whereof
lim sup < S(w),u/ > = hm sup{Z/ x,ul, Vul) Vul dx
j—ro0
+ lim Z/ b (x,ul, V) ul dx} < / a" Vil dx + / b"ul dx,
]—>oo
by (A5), we have
/ b'”(x,uj,Vuj)uj dx — / "y dx;
Q Q
consequently,

lim sup 2/ (x,/, Vul) Vul dx < / " Vul dx.

j—o0 Q

On the other hand, we have by the condition of monotony,

(a;”(x,uf,Vuj) - af”(x,uf,Vu)).V(uj —u) >0,

M=

1

which implies
N . . . . .
Y (ai(x, T (W), Vi) — ai(x, T/(w/), V) ).V (1 — u) >0,
i=1

then;

M=

I
—

i=1 i=1
and by Step 3, we get
N

» a;(x, Tm(uj),Vu) — ;ai(x, Twm(u),Vu) in Lz(Q);

M=

26 of 28

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

. . . N . N .
a;(x, T (W), Vi) .V > Y a;(x, T(W), Vi) . V(i — u) + Y a;(x, Tu(), Vi) . Vu,
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according to (A4), we obtain

N . . . .
lim ian/ al(x,w/, V) . Vul dx > / am . v dx; (A11)
=Ja 0

j—roo

therefore, from (A9), we have

N . . . .
lim Z/ al"(x,w, Vi) . Vi dx = / am .Vl dx; (A12)
o) Jo

j=e i3

according to (A6), (A8) and (A11) we get

<S(u),ul >— <yu> as j— oo

Hence, from (A12), and (53) we obtain

lim Z/Q(alm(x,u],Vu]) —al'(x,u/,Vu)).V(w — u)dx = 0.
]~>c>oi:1

By (A6) we can conclude that

<y,u>=<Su),u> YucWiQ).
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