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Abstract: The narrow tilting vehicle receives extensive public attention because of traffic congestion
and environmental pollution, and the active rolling motion control is a traffic safety precaution that
reduces the rollover risk caused by the structure size of the narrow vehicle. The drifting motion
control reflects the relatively updated attentive research of the regular-size vehicle, which can take
full advantage of the vehicle’s dynamic performance and improve driving safety, especially when
tires reach their limits. The narrow tilting vehicle drifting control is worthy of research to improve
the driving safety of the narrow tilting vehicle, especially when tires reach the limit. The nonlinear
narrow tilting vehicle dynamic model is established with the UniTire model to describe the vehicle
motion characteristics and is simplified to reduce the computation of the drifting controller design.
The narrow tilting vehicle drifting controller is designed based on the robust theory with uncertain
external disturbances. The controller has a wide application, validity, and robustness and whose
performance is verified by realizing different drifting motions with different initial driving motions.
The narrow tilting vehicle drifting robust control has some practical and theoretical significance for
more research.

Keywords: narrow tilting vehicle; drifting motion; robust controller

1. Introduction

With increasing population and rapid economic development, there are continuing
high numbers of vehicle population as [1] and traffic accidents as [2,3]. The mini-size
vehicle has been paid close attention to universally, and the narrow tilting vehicle entered
the public consciousness. The narrow tilting vehicle is designed to solve traffic congestion
and environmental pollution problems caused by the vehicle’s rapid growth. Furthermore,
the active rolling motion of the narrow tilting vehicle is the steady state realized by the
active rolling controller based on the velocity and the steering angle to avoid the rollover.

Traffic safety is in constant focus [4], and most relative research includes the au-
tonomous steering of the regular-size vehicle [5] and the active rolling of the narrow vehicle.
The autonomous steering of regular-size vehicle research is almost wholly working under
the linear vehicle and tire condition, such as the path following in [6] and the human-
machine cooperation driving in [7]. Most traffic safety research on narrow vehicles has
looked at how to reduce the rollover risk. The active rolling of the narrow vehicle can
improve turning driving safety and avoid the rollover risk caused by the narrow size. The
narrow vehicle is divided into direct tilt control and steering tilt control [8] based on active
rolling methods. It is also divided into the four-wheel [9], the three-wheel [10], and the
reversed three-wheel [11] based on the structures. The direct tilt control of the narrow
tilting vehicle is directly applied to the vehicle body, but it has poor adaptability under
different working conditions. The narrow tilting vehicle based on the steering tilting control
realizes the active rolling based on the steering angle, but it needs the driving technique
and is not well suited at the low longitudinal velocity. The narrow tilting vehicle studied in
this paper is a four-wheel narrow tilting vehicle with direct tilt control based on the steering
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angle [12] to improve driving safety at a multi-level velocity in different steering angles.
The active rolling target angle is the steady state calculated based on the centrifugal force
balance analysis in [13], which is realized by relying on the active rolling mechanic [12,14].
The narrow tilting vehicle studied in this paper is verified whereby the active rolling angle
can realize the steady-state target and lower the rollover risk significantly by the active
rolling mechanic and controller [12–14]. Most other traffic safety research on the narrow
tilting vehicle focuses on vehicle performance under normal working conditions, as seen in
one study [15].

The drifting motion control is a unique control strategy available to enhance traffic
safety, which is little used in narrow drifting motions. The drifting movement of the
racing car can be controlled by the drifting controller, which realizes the target drifting
motion analyzed based on the three-of-freedom vehicle dynamics model when tires reach
the maximum in [16]. The regular-size vehicle drifting motion parameters, including
velocity, sideslip angle, yaw rate, and steering angle can be calculated and obtained by
analyzing the steady-state vehicle dynamics expressions in the adhesion limit [17], and
the drifting controllers of a regular-size vehicle are designed based on the linear quadratic
regulator theory [17–19], the model predictive control theory [20,21], and the adaptive
control theory [22]. There is reinforcement learning [18], and neural networks [23] are
applied to the vehicle drifting control based on existing vehicle drifting motion parameters.
Most drifting research without the learning realize the target drifting motion, which is the
core work, and ignores some important details which affect the practical implementation,
especially disturbances. Most drifting research based on the learning realize the passed
path under drifting motions, and the adaptability in different working conditions are not
fully verified, and most vehicle dynamics models of drifting movements are very similar
to the classic one [24] that suggests vehicle dynamics with no-active rolling. According
to the narrow tilting vehicle characteristics, it is necessary to design a drifting controller
with extensive suitability with external disturbances to improve driving safety when tires
reach the maximum. The robust theory performs better in solving problems caused by
disturbances and can accommodate engineering requirements in practice. The linear matrix
inequality (LMI) is widely applied in solving the problems of controller and system designs,
which has become popular in the controller solution, especially in the robust controller.

From the above analysis, this paper researches how to control the narrow tilting vehi-
cle drifting motions. According to the narrow tilting vehicle characteristics, the non-linear
narrow tilting vehicle dynamics model is established to describe the vehicle motion char-
acteristics and is appropriately simplified to reduce the computing effort in the drifting
controller design. The narrow tilting vehicle drifting controller is designed based on the
robust theory with uncertain extern disturbances considering the practical application
environment, which is relatively independent and does not affect the active rolling con-
troller working. The performance of the drifting controller is tested to realize different
target drifting motions based on different initial motions, which can express the reliability,
availability, and universality of the designed controller.

2. Narrow Tilting Vehicle Dynamics System for Drifting Controller Design

The narrow tilting vehicle shown in Figure 1a, whose structural diagram is shown in
Figure 1b in [25], avoids rollover danger by the active roll control, which is different from
most vehicles. To ensure all wheels are on the ground and avoid rollover, the rolling con-
troller of the narrow tilting vehicle creates a good balance between the gravity component
caused by rolling and centrifugal force caused by turning [12–14].

The vehicle dynamics system is requested to describe the narrow tilting vehicle drifting
motion characteristics and is applied to the controller design to realize target motions. The
rolling motion of the narrow tilting vehicle is different from most vehicles; as a result, the
major influence factors of the vertical load transfer are distinctive. The drifting motion is
a unique motion state for the vehicle, and tire forces reach limits in the drifting motion.
Therefore, the tire model also has an essential effect on the controller design.
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Figure 1. The narrow tilting vehicle: (a) the physical; (b) the structural [25].

2.1. Narrow Tilting Vehicle Dynamics Equations

The active rolling movement meets the need for the active rolling angle for the cen-
trifugal force equilibrium based on narrow tilting vehicle dynamics characteristics. The
vehicle dynamics model, including the active rolling movement, is shown in Figure 2 and
is described as Equations (1)–(4), where Equation (5) describes the normal rolling motion
without the active rolling mechanic.
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where m is the vehicle mass, mb is the vehicle body mass, hb is the height of gravity
center from the roll axis, l f and lr are the distances from gravity center to front and rear
axle, w f and wr are the distances between left and right wheels of the front and rear axle,

Rr =
(

l f + lr
)

/δ f is the ideal turning radius calculated based on the steering angle, v and
.
v are the vehicle velocity and accelerated velocity, β and

.
β are the vehicle sideslip angle

and rate, γ and
.
γ are the vehicle yaw rate and angular acceleration, δ f is the front-wheel

steering angle, ψ is the vehicle steady roll angle and is implemented by the active roll
controller, Iz is the moment of inertia with respect to yaw axis, Cd is the aerodynamics
drag coefficient, A f is the vehicle frontal area, and Fxij and Fyij (i = f , r; j = l, r) are the
longitudinal and lateral forces at each tire, respectively, the index i = f , r is used to express
the front and rear axles, and the index j = l, r is used to express the left and right wheels.
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Figure 2. The vehicle dynamics model.

2.2. Vertical Load Transfer

The rolling movement of the narrow tilting vehicle is distinctive. The roll angle has a
significant influence on the vertical load transfer. Considering the load transfer caused by
longitudinal and lateral forces and the active roll control shown in Figure 3, the vertical
force at each tire can be described as Equations (6)–(9).
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where hg is the height of gravity center, Fsx =
(
Fx f l + Fx f r

)
cos δ f −

(
Fy f l + Fy f r

)
sin δ f l + (Fxrl + Fxrr)−

Cd A f v2 cos3 β/(21.15m), and Fsy =
(
Fx f l + Fx f r

)
sin δ f l +

(
Fy f l + Fy f r

)
cos δ f l +

(
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)
.

2.3. Tire Models and Equations

The vehicle drifting motion is nonlinear, and tire forces reach the maximum while the
steering angle is non-vanishing in the drifting motion. Therefore, the nonlinear tire model
is essential in this system to describe the force condition at each tire. The UniTire tire model
can express tire forces more accurately not only in single working conditions but also in
complex working conditions [26], which means it is ideally suited to the part of the vehicle
drifting motion. If the UniTire tire model is applied directly to the narrow tilting vehicle
drifting controller, there will be a large amount of computation in the controller design.
The linearized tire model based on UniTire is proposed in the controller design to solve
this problem and express tire forces accurately. Thus, UniTire describes tire forces during
the narrow tilting vehicle motion, and the linearized tire model is applied to the narrow
tilting drifting controller design.
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Figure 3. The vertical load transfer: (a) the longitudinal movement caused; (b) the lateral and active
roll movements caused.

2.3.1. UniTire

UniTire can express longitudinal and lateral tire forces and overturning, rolling resis-
tance, and aligning tire moments based on the tire coordinate system and is applicated to
the vehicle dynamics simulation and the vehicle motion controller design [27]. In this paper,
the tire model is applied to express longitudinal and lateral tire forces, which are the main
characteristics of different working conditions. Thus, the simplified tire coordinate system
is shown in Figure 4 with the consideration of longitudinal and lateral tire motions and the
neglect of tire moments, and the equations of the tire model are described as Equation (10).

Fij = 1− e−φij−Eφij
2−(E2+ 1

12 )φij
3

Fxij = Fij
φxij
φij

µxijFzij

Fyij = Fij
φyij
φij

µyijFzij

, (10)

where Fij (i = f , r; j = l, r) is the normalized force, E is the curvature factor of the com-
bined slip resultant force and is the variable related to the tire slip ratios in [28], µxij and

µyij (i = f , r; j = l, r) are the longitudinal and lateral friction coefficient, φxij = KxijSxij/
(

µxijFzij

)
,

φyij = KyijSyij/
(

µyijFzij

)
, and φijj =

√
φxij

2 + φyij
2 (i = f , r; j = l, r) are normalized longitudinal, lat-

eral and combined slip ratios, Sxij =
(

ωijreij − vij cos αij

)
/
(

ωijreij

)
and Syij = −vij sin αij/

(
ωijreij

)
(i = f , r; j = l, r) are the longitudinal and lateral slip ratios in UniTire, Kxij and Kyij (i = f , r; j = l, r) are
the longitudinal slip and cornering stiffness of the tire based on Sxij and Syij, vij (i = f , r; j = l, r) is the
wheel velocity, ωij (i = f , r; j = l, r) is the wheel rotation angular velocity, reij (i = f , r; j = l, r) is the wheel
effective rolling radius, αij (i = f , r; j = l, r) is the wheel slip angle, and the wheel slip angle of each wheel
respectively satisfy α f l = tan−1((−a f l sin δ f + (v sin β + l f γ) cos δ f )(a f l cos δ f + (v sin β + l f γ) sin δ f )),
α f r = tan−1((−a f r sin δ f + (v sin β + l f γ) cos δ f )/(a f r cos δ f + (v sin β + l f γ) sin δ f )), αrl = tan−1(

(v sin β− lrγ)/(v cos β−wrγ/2)), and αrr = tan−1((v sin β− lrγ)/(v cos β + wrγ/2)) in which
al = v cos β−w f γ/2 and ar = v cos β + w f γ/2.

2.3.2. The Linearized Tire Equations

UniTire is a nonlinear tire model, and its tire force equations are complicated for the
controller design. The linearized tire equations are derived based on the representation of
the nonlinear tire model. The TYDEX longitudinal slip ratio is the common expression, and
the nonlinear tire model representation is shown in Figure 5.
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Figure 4. Simplified tire coordinate system.

Figure 5. The representation of UniTire: (a) the longitudinal tire force in which κi is the TYDEX
longitudinal slip ratio and Cxi1 and Cxi2 are slip stiffnesses under different vertical forces Fz1 and Fz2;
(b) the lateral tire force in which Cyi1 and Cyi2 cornering stiffnesses under different vertical forces
Fz1 and Fz2.

According to the UniTire representation, the nonlinear tire model can be approximately
linearized and divided into many groups. The slip angles of the left and right wheels in
the same axle are less differentiating based on the expression of slip angles, which has a
slight influence on tire forces, and it suggests that the value of the vertical force makes a
difference to the tire force value, the slip stiffness, and the cornering stiffness in Figure 5.
The linearized tire equations are described as Equation (11) with the consideration of the
simplified calculation of the controller system and the independent control of the front and
rear axles. {

Fxij = Ĉxij(κi − κ̂i) + F̂xij
Fyij = Ĉyij(αi − α̂i) + F̂yij

, (11)

where κi = −(vi cos αi −ωirei)/(vi cos αi) (i = f , r) is the TYDEX longitudinal slip ratio,
κ̂i, α̂i, Ĉxij, Ĉyij, F̂xij, and F̂yij are the known slip ratio, slip angle, slip stiffness, cornering
stiffness, longitudinal force, and lateral force of the approximation point, respectively,
α f = tan−1((−v cos β sin δ f +

(
v sin β + l f γ

)
cos δ f

)
/
(
v cos β cos δ f +

(
v sin β + l f γ

)
sin δ f

))
is the slip angle of

the front axle, and αr = tan−1((v sin β− lrγ)/(v cos β)) is the slip angle of the rear axle.
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3. Narrow Tilting Vehicle Drifting Controller Design

A block scheme of the narrow tilting vehicle drifting control strategy is shown as
Figure 6. Considering uncertain extern disturbances, de, the narrow tilting vehicle drifting
controller is designed based on robust theory to realize the target drifting motion, including
the target velocity vtarget, the target sideslip angle βtarget, the target yaw rate γtarget, the
target steering angle δ f _target, the target longitudinal slip ratio of the front axle κ f _target, and
the target longitudinal slip ratio of the rear axle, κr_target.

Figure 6. Narrow tilting vehicle drifting control strategy.

3.1. Controller System State-Space Expression

According to the above, the narrow tilting vehicle can be described as Equation (12).
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m
×

∂α f

∂δ f

)(
− sin δ f cos β + cos δ f sin β

)
−

Fy f l + Fy f r

m

(
cos δ f cos β + sin δ f sin β

)
,



Machines 2023, 11, 90 8 of 18
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)
Iz

cos δ f ×
∂α f

∂β
−

lr
(
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)
2Iz

sin δ f ×
∂α f

∂β
,

∂
.
γ

∂γ
=

l f

(
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Ĉy f l − Ĉy f r
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)
+
(

F̂y f l − F̂y f r

))
+

w f sin δ f
2Iz

((
Ĉx f l − Ĉx f r

)(
κ f − κ̂ f

)
+
(

F̂x f l − F̂x f r

)
+
(

Ĉy f l − Ĉy f r

)
× ∂α f

∂δ f

)
− Fy f l f

Iz
sin δ f ,

∂
.
γ

∂κ f
=

l f

(
Ĉx f l + Ĉx f r

)
Iz

sin δ f −
w f

(
Ĉx f l − Ĉx f r

)
2Iz

cos δ f ,
∂

.
γ

∂κr
= −

wr
(
Ĉxrl − Ĉxrr

)
2Iz

,

∂ψ

∂v
= −

2vδ f g
(

l f + lr
)

g2
(

l f + lr
)2

+ v4δ f
2

,
∂ψ

∂δ f
=

v2g
(

l f + lr
)

g2
(

l f + lr
)2

+ v4δ f
2

in which

∂α f

∂v
= −

γl f cos β

v2 + 2vγl f sin β + γ2l f
2 ,

∂α f

∂β
=

v2 + vγl f sin β

v2 + 2vγl f sin β + γ2l f
2 ,

∂α f

∂γ
=

vl f cos β

v2 + 2vγl f sin β + γ2l f
2 ,

∂α f

∂δ f
= −1,

∂αr

∂v
=

γlr cos β

v2 − 2vγlr sin β + γ2lr2 ,

∂αr

∂β
=

v2 − γlr cos β

v2 − 2vγlr sin β + γ2lr2 ,
∂αr

∂γ
=

−lr
v2 − 2vγlr sin β + γ2lr2 .
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The vehicle drifting motion is under the unique motion when forces between tires
and the ground reach the maximum. According to the drifting motion characteristics, the
status parameter values of the narrow tilting vehicle drifting motion can be calculated
based on Equations (1)–(4) and play an important role as the target in the narrow tilting
vehicle drifting realization. In order to simplify the controller design, considering the
target drifting motion, the state-space expression of the narrow tilting dynamics model
Equation (12) is derived as follows.

.
x = Ax + Buu, (13)

where x =
[
v− vtarget β− βtarget γ− γtarget

]T is the state vector of system,

u =
[
δ f − δ f _target κ f − κ f _target κr − κr_target

]T is the control input of system, and coef-
ficient matrices A and Bu are derived based on Equation (12) with the current and target
motions.

3.2. Robust Controller

Combing Equation (13), the narrow tilting vehicle drifting control system with uncer-
tain extern disturbances can be described as Equation (14).

.
x = Ax + Buu + Bdde

y = x
z =

[
CQ, 03×3

]Tx + [03×3, CR]
Tu

, (14)

where y is the measurement output of system, z is the controlled output pf system,
de =

[
dδ d f dr

]T and dδ, d f , and dr are uncertain extern disturbances concerned with
inputs, the coefficient matrix Bd expresses the correlation between the differential state vec-
tor and the disturbance vector, coefficient matrices CQ and CR are symmetric matrices and
CQ > 0, and the symbol 03×3 expresses the null matrix with three rows and three columns.

The robust state-feedback control law is designed as:

u = Kx, (15)

where K is the control gain matrix.
The robust cost function is designed as:

J =
∫ t

0
zTzdt =

∫ t

0

(
xTQx + uTRu

)
dt, (16)

where weight matrices Q and R, respectively, equal CQ
TCQ and CR

TCR.
To ensure the antijamming capability of the narrow tilting vehicle drifting control sys-

tem, it need be suppressed that the uncertain extern disturbances impact on the controller
performance. Thus, the cost function in Equation (16) needs to satisfy the following:∫ t

0

(
xTQx + uTRu

)
dt < ρ2

∫ t

0
de

Tdedt, (17)

where ρ is the scalar to express the anti-disturbance capability and ρ > 0.
To guarantee the convergence of the control system towards the balance state, the

Lyapunov stability is satisfied and the Lyapunov function and the derived function are
selected as follows:

L = xTPx, (18)
.
L =

.
xTPx + xTP

.
x, (19)

where the matrix P is the positive definite symmetric matrix.
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The Lyapunov derived function Equation (19) can be derived as:

.
L = λT

[
Ps

T + Ps PBd
Bd

TP 03×3

]
λ, (20)

where the vector λ is the set of the state vector and the uncertain extern disturbance vector
and λ =

[
xT, de

T]T, the matrix Ps represents the operation P(A + BuK), and the matrix
03×3 expresses the null matrix with three rows and three columns.

The derived function of the cost function Equation (16) can be described as:

xTQx + uTRu− ρ2de
Tde = λT

[
Q + KTRK 03×3

03×3 −ρ2E3×3

]
λ (21)

where the symbol E3×3 expresses the unit matrix with three rows and three columns.
When combining Equations (20) and (21), the following equation can be obtained:

.
L + xTQx + uTRu− ρ2de

Tde = λT
[

Ps
T + Ps + Q + KTRK PBd

Bd
TP −ρ2E3×3

]
λ, (22)

The result of the control system stability judgment can be obtained based on Equation (22),
and the control system will be stable with uncertain external disturbances only if the symmetric
matrix in Equation (22) satisfies the following:[

Ps
T + Ps + Q + KTRK PBd

Bd
TP −ρ2E3×3

]
< 0, (23)

Then, Equation (22) can be derived as:

.
L + xTQx + uTRu− ρ2de

Tde ≤ 0, (24)

Integrating Equation (24), the cost function satisfies the following:

L ≤ ρ2
∫ t

0
de

Tdedt−
∫ t

0

(
xTQx + uTRu

)
dt + L(0) ≤ ρ2

∫ t

0
de

Tdedt + L(0) (25)

Thus, the following can be derived:

Pmin||x||2 ≤ xTPx ≤ ρ2
∫ t

0
de

Tdedt + L(0),

||x||2 ≤
ρ2
∫ t

0 de
Tdedt + L(0)
Pmin

, (26)

According to the Schur complement theorem in [29], the following can be derived and
Equation (23) can be transformed as Equation (27).Ps

T + Ps + Q PBd KTCR
Bd

TP −ρ2E3×3 03×3
CRK 03×3 −E3×3

 < 0,


Ps

T + Ps PBd KTCR CQ
Bd

TP −ρ2E3×3 03×3 03×3
CRK 03×3 −E3×3 03×3
CQ 03×3 03×3 −E3×3

 < 0, (27)
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Because of the equations Ps = P(A + BuK) and Ps
T = (A + BuK)TP, Equation (27)

becomes the following:
P(A + BuK) + (A + BuK)TP PBd KTCR CQ

Bd
TP −ρ2E3×3 03×3 03×3

CRK 03×3 −E3×3 03×3
CQ 05×3 03×3 −E3×3

 < 0, (28)

To solve the two unknown variable matrices P and K simply, both sides of Equation (28)
are multiplied by the matrix S = diag

{
P−1 E3×3 E3×3 E3×3

}
, and the solution can be

calculated by the following LMIs.

P > 0,
AP−1 + BuKP−1 + P−1AT + P−1KTBu

T Bd P−1KTCR P−1CQ
Bd

T −ρ2E3×3 03×3 03×3
CRKP−1 03×3 −E3×3 03×3
CQP−1 03×3 03×3 −E3×3

 < 0, (29)

The inverse operation and the multiplied operation related to the unknow matrices
are expressed as the following for the simplified calculation of Equation (29).

R1 = P−1, (30)

R2 = KP−1, (31)

Thus, Equation (29) can be derived as Equation (32), and the solution of the equation
can be transformed to the solution of Equation (28).

R1 > 0,
AR1 + BuR2 + R1AT + R2

TBu
T Bd R2

TCR R1CQ
Bd

T −ρ2E3×3 03×3 03×3
CRR2 03×3 −E3×3 03×3
CQR1 03×3 03×3 −E3×3

 < 0,
(32)

According the solution, the control gain matrix K can be calculated and the actual
control parameters can be obtained as Equation (33).[

δ f , κ f , κr

]T
= Kx +

[
δ f _target , κ f_target , κr_target

]T
, (33)

4. Narrow Tilting Vehicle Drifting Control Simulation Results

The narrow tilting vehicle main parameters are shown in Table 1 and the maximum
steering angle is 0.52 rad in practice. The satisfying performance of the robust Controller
is verified with uncertain disturbances in MATLAB/Simulink. The simulation system is
established based on Equations (1)–(4) and Equations (6)–(10), and the uncertain external
disturbances are described as random numbers and the coefficient matrix Bd equals the
coefficient matrix Bu.

Table 1. The main parameters of the narrow tilting vehicle.

m mb Iz lf lr wr wf hg

237.1 kg 195.4 kg 243.2 kg·m2 0.73 m 0.80 m 0.68 m 0.70 m 0.42 m

The narrow tilting vehicle drifting controller is calculated and obtained with the
steady-state target drifting motion in Table 2, which can be obtained by the analysis of the
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narrow tilting vehicle drifting motion state parameters in the condition that tire forces reach
the maximum. Furthermore, the narrow tilting vehicle drifting controller starts to work
under different initial motion conditions in Table 3 to verify that the designed controller
has good performance in different conditions.

Table 2. Target drifting motion groups.

Target Group vtarget βtarget γtarget δf_target κf_target
κr_target µ

(1) 3.49 m/s −0.32 rad 1.95 rad/s 0.1 rad 0 0.64 0.75
(2) 10 m/s −0.73 rad 0.71 rad/s −0.35 rad 0 1 0.75

Table 3. Initial motion groups.

Initial Group v β γ δf κf κr µ

(1) 5 m/s 0 rad 0 rad/s 0 rad 0 0 0.75
(2) 8 m/s 0 rad 0 rad/s 0 rad 0 0 0.75
(3) 10 m/s 0 rad 0 rad/s 0 rad 0 0 0.75
(4) 12.5 m/s 0 rad 0 rad/s 0 rad 0 0 0.75

(5) * 6 m/s −0.72 rad 1.16 rad/s −0.34 rad 0 1 0.75

* A drifting motion.

Considering the steering angle and longitudinal slip ratio ranges in practice, their
amplitudes and gains are limited in simulation. The designed controller is used to realize
target drifting motions in different initial motion conditions. The simulation results are
shown in Figures 7–11, including velocities, sideslip angles, yaw rates, steering angles,
longitudinal slip ratios, and position modifications, which suggests the designed controller
has a good performance. In Figure 7, the target drifting motion is a typical drifting working
condition with a large yaw rate, and the initial motion is a uniform linear motion, and
the simulation result suggests the designed controller can realize the drifting motion with
a small turning radius at a low velocity and a large yaw rate. Figure 7f suggests that
there are smaller vertical load transforms of the active rolling than the normal, which
means the narrow tilting vehicle is safer than the normal narrow vehicle in the drifting
motion. In Figures 8–10, the target drifting motion is another typical drifting working
condition with the maximum longitudinal slip ratio of the rear axle wheels, and the initial
motions are uniform linear motions with different velocities, and the simulation results
suggest that the designed controller can realize the same target drifting motion with
different initial velocities. In Figure 11, the initial motion is a steady-state drifting motion
different from others, and the simulation result suggests the designed controller can switch
implementations for different drifting motions. Because the controller dynamics model
is simplified based on the simulation model, there are some distances from the final state
values and the target state values in Figures 7–11, but most relative errors inspected are
less than 5%, and the maximum relative error is less than 10%. In addition, because of the
significant differences between the target and initial motions and the amplitude and gain
limitations of the control inputs, the designed controller needs some implementation time
and some slight adjustments for the final state values to accomplish the target motions.

The narrow tilting vehicle with the designed robust drifting controller can realize
different target drifting motions in different initial states. The designed controller can
realize the narrow tilting vehicle drifting motions with uncertain external disturbances
and with the consideration of not only the target drifting state parameters, but also the
target drifting control parameters. The controller realizes a typical drifting motion with
a large yaw rate, and the final trajectory is a circle with a small turning radius at a low
velocity. Additionally, the controller also can realize another typical drifting motion with a
large longitudinal slip ratio of the rear axle wheels, and the initial states include different
uniform linear motions and a drifting motion. The simulation results suggest that the
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designed controller makes it easy for the narrow tilting vehicle to realize different drifting
motions with uncertain external disturbances.

Figure 7. The simulation result with the initial motion as Group 1 in Table 3 to realize the target
drifting motion as Group 1 in Table 2: (a) the variation curve of the velocity; (b) the variation
cure of the sideslip angle; (c) the variation curve of the yaw rate; (d) the variation cure of the
steering angle; (e) the variation curves of the TYDEX longitudinal slip ratios; (f) the differences
between the steady-state vertical load transforms of the active rolling and the normal rolling based

on Equations (4)–(9), where ∆Fz f =

(∣∣∣Fz f l − Fz f r

∣∣∣∣∣∣
normal rolling

−
∣∣∣Fz f l − Fz f r

∣∣∣∣∣∣
active rolling

)
/2 and

∆Fz f =
(
|Fzrl − Fzrr||normal rolling − |Fzrl − Fzrr||active rolling

)
/2.
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Figure 8. The simulation result with the initial motion as Group 2 in Table 3 to realize the target
drifting motion as Group 2 in Table 2: (a) the variation curve of the velocity; (b) the variation cure of
the sideslip angle; (c) the variation curve of the yaw rate; (d) the variation cure of the steering angle;
(e) the variation curves of the TYDEX longitudinal slip ratios; (f) the position modification of the
narrow tilting vehicle in the ground coordinates.
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Figure 10. The simulation result with the initial motion as Group 4 in Table 3 to realize the target
drifting motion as Group 2 in Table 2: (a) the variation curve of the velocity; (b) the variation cure of
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Figure 11. The simulation result with the initial drifting motion as Group 5 in Table 3 to realize the
target drifting motion as Group 2 in Table 2: (a) the variation curve of the velocity; (b) the variation
cure of the sideslip angle; (c) the variation curve of the yaw rate; (d) the variation cure of the steering
angle; (e) the variation curves of the TYDEX longitudinal slip ratios; (f) the position modification of
the narrow tilting vehicle in the ground coordinates.
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5. Conclusions

This paper researches the drifting motion independent control of the narrow tilting
vehicle based on a robust theory with uncertain external disturbances. The drifting control
of the narrow titling vehicle is significant to improve traffic safety based on a narrow tilting
vehicle and drifting motion characteristics. According to the active rolling chrematistics, the
narrow tilting dynamic model is established to describe the characteristics, and simplified
expressions are used in the drifting controller design. With uncertain external disturbances,
the drifting controller of the narrow tilting vehicle is designed based on robust theory
and calculated by the LMIs to realize narrow tilting vehicle drifting motions and tire limit
operations. The controller is tested to realize different drifting motions with different initial
motions, which suggests that the controller has a good performance of drifting motion
realizations with a wide application. The narrow tilting vehicle drifting control can make
the utmost of the vehicle’s dynamic performance and improve driving safety, especially
when tires reach the maximum, which is worth further research.
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