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Abstract: The periodic impact of a planar two-arm robot is investigated in this study. Lagrange’s
equations of motion are developed, and the symbolic expression of the generalized active forces
are used for the control torques. The actuator torques derived with generalized active forces are
compared with PD and PID controllers. The robot collides with a rebound on a rough surface.
Different nonlinear functions describe the three stages of the impact: elastic compression, elasto-
plastic compression, and elastic restitution. A Coulomb model describes the friction force and the
sliding velocity at the impact point. At the end of the impact period, the kinetic energy of the
non-impacting link is increasing, and the total kinetic energy of the robot decreases. The motion of
the robot with generalized active forces controllers is periodic. The important implication of this
study is the generalized forces controller and the impact with friction for the periodic robot.

Keywords: impact; planar robot; nonlinear collision force; repeated collision

1. Introduction

Impact refers to transferring energy from one body to another due to a collision or
sudden shock. This can cause deformation to the objects involved. Stereo mechanics
studies collisions with the conservation of momentum and the coefficient of restitution
(CoR). Various CoR models are proposed as a measure of impact dynamics: (i) kinematic
coefficient of restitution by Newton [1], (ii) kinetic coefficient of restitution by Poison [2],
and (iii) energetic coefficient of restitution by Stronge [3]. The system’s dynamics is
susceptible to the variation of CoR [4]. Another approach to the impact dynamics problem is
numerically simulating impact using several contact mechanic models. Chatterjee et al. [5]
presented a new approach to the impact problem, reformulating impulse-momentum
equations by relaxing the rigidity assumptions to allow small deformations at the contact
points. The authors provided numerical simulations, yet the study lacks experimental
validation. Green [6] combined an elasto-plastic contact model [7] and Zenner model [8],
which only focuses elastic waves instigated in an elastic impact. Green applied the method
to a large range of materials and their results agreed well with the experiments. A good
review of the available contact models can be found in [9].

It is hard to understand the local behavior of complex and multibody systems due to
the lack of direct measurement techniques. Chen et al. [10] measured the local dynamics of
the structure using the digital image correlation (DIC) method. The authors were able to
measure separation and micro-slip behavior for the first mode and macro-slip for the second
mode. Corral et al. discussed the nonlinear impact phenomena in multibody dynamics
in detail [11]. The numerical solution of the collisions is a challenging computational
problem. The friction force vector is against the sliding direction and is discontinuous.
Using numerical computations, it is difficult to find zero sliding velocity. Smoothed friction
functions are helpful to overcome any discontinuity issue and relax computation. Impact
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dynamics differential equations are numerically stiff [12]. Most of the time, there is a need
to define proper error tolerances for the numerical solver.

In robotics, most of the time, collision with the environment is not desired for the
applications. The trajectory of the robots is meticulously planned to avoid any contact.
Lopez et al. [13] proposed a novel path-planning algorithm for planar robots. However,
many multi-body dynamical systems exhibit impact while performing their tasks, includ-
ing industrial manipulators [14–16], walking robots [17–19], and space robots [20]. The
kinematic restitution coefficient describes the end-effector dynamic in many multibody
dynamic studies. The energetic CoR is advantageous for systems with friction in multibody
systems, and the energetic approach makes more physical sense. Flores [21] presented a
comprehensive review of contact mechanics for dynamical systems. The author compared
continuous approaches and non-smooth formulations. The author also illustrated several
examples of applications.

Control of a robotic manipulator impact is a challenging and common problem in
applications that require an automated system to interact with an environment. The control
challenge is due, in part, to the impact effects that result in possible high stresses, rapid
dissipation of energy, and fast acceleration and deceleration [22]. Two main approaches
are widely accepted to cope with robot impact problems. The first approach is to add
kinematic redundancy to the robot to reduce impulsive forces’ effects. The second approach
is creating multiple control laws that activate for different dynamic configurations [23,24].
Hurmuzlu [25] studied the impact of the kinematic chain’s complementarity conditions at
the contacting ends and critical configurations of rigid-body kinematic chains where the
effect of the impulsive force transmitting a link to link vanishes in a chain. Aouaj et al. [26]
proposed a procedure to predict the post-impact velocity of a robotic arm based on the idea
of removing the post-impact oscillation component, and they acquired good agreement
with the experiments.

Yoshida et al. studied the impact response of a PID-controlled space robot. They
concluded that the system motion after impact and impulsive force could be reduced
if the manipulator configuration before impact and the controller gains are adequately
selected [27]. Bhasin et al. worked on an adaptive nonlinear Lyapunov-based controller
for robotic contact with a stiff environment [28]. The authors limited the contact forces by
substituting the feedback elements of the controller inside a hyperbolic tangent function,
as presented in [29]. Cox et al. [30] proposed feedback linearization control for Inertially
Actuated Jumping Robots. The proposed controller is advantageous to the PID controller
as it accounts for nonlinearities and is beneficial to the sliding mode controller due to its
simplicity. Papadopoulos et al. [31] surveyed robotic manipulation and capture in space.
The authors presented many topics, including contact dynamics and feedback control for
space robots.

Several studies focus on the dynamics of double link systems with revolute joints [32,33].
Pagilla and Yu [34] investigated the planar impact of a two-degree-of-freedom robot in
up-elbow and down-below configurations. The impact of a two-link was studied with
a Jackson-Green contact model [35]. Impact modeling with CoR, momentum equations,
and contact mechanic models are available in the literature for multi-body systems [12].
Another approach to model impact in multi-body systems is to present impulsive forces
with linear or nonlinear spring-damper models [17,36].

This study investigates the serial impact of a two-link planar robot. The equations of
motion are obtained with the Lagrange method. The robot is controlled using a generalized
active force. The impact of the robot consists of three phases: elastic compression, elasto-
plastic compression, and elastic restitution. The impact response of multibody dynamic
systems depends on the pre-impact configuration of the system [37]. The motion of the
repeatedly impacting on the ground surface is analyzed. The impact dynamics of the system
were assessed, including coefficient of restitution, change in kinetic energies, change of
contact velocity, and contact forces. This study represents a new method for analyzing the
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impact of robotic systems. To our best knowledge, the controller with the generalized forces
and the impact of the robots with a nonlinear force and three stages have yet to be studied.

2. Mathematical Model
2.1. Configuration of the Robotic Arm

We consider a robotic system with two degrees of freedom, as shown in Figure 1. The
motion is constrained in the x− y plane. The arm 1 (OA) has mass, m1, and length, L1. The
impacting arm is 2 (AB) with, mass, m2, and length, L2. The centers of mass for the two
arms, 1 and 2, are at C1 and C2, respectively.

q1

q
2

y

x

1

2
B

A

O

T01

T12

C1

C 2

z

Figure 1. Two-degrees-of-freedom robotic arm.

The generalized coordinates of the robotic system are q1(t) and q2(t), where qi(t)
denotes the angle between the arm i with the x-axis. There are two revolute kinematic pairs
at O and A. The moment of the ground on arm 1 is T01 = T01 k and the moment of arm 1
on arm 2 is T12 = T12 k. The moment of arm 2 on arm 1 is T21 = −T12. The unit vectors of
the rectangular cartesian axis are ı, , and k.

2.2. Equations of Motion

The system consists of four different dynamic configurations in sequence: control of the
motion, elastic compression impact, elastoplastic compression impact, and restitution. The
MATLAB symbolic toolbox defines the analytical expressions for the Lagrange equations
of motion. The numerical solutions of the non-linear ordinary differential equations are
calculated with the ode45 function. An event function is defined for each set of motion
states to stop calculation, and the final values of the equation are provided to the following
motion as initial conditions.

The arm 1 has an angular velocity of ω1 = q̇1 k and the arm 2 has an angular velocity
of ω2 = q̇2 k. The mass center C1 has the position given by

rC1 =
1
2

L1 cos q1 ı +
1
2

L1 sin q1 , (1)

and the mass center C2 is defined by

rC2 =

(
L1 cos q1 +

1
2

L2 cos q2

)
ı +
(

L1 sin q1 +
1
2

L2 sin q2

)
. (2)

The velocities of C1 and C2 are

vCi =
d rCi

d t
= ṙCi , i = 1, 2. (3)

The total kinetic energy of the robotic system is

T = T1 + T2 =
1
2

IO ω1 ·ω1 +
1
2

IC2 ω2 ·ω2 +
1
2

m2 vC2 · vC2 , (4)
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where IO is the mass moment of inertia of arm 1 about the fixed point O and IC2 is the mass
moment of inertia of arm 2 about C2. The forces of gravity on arms 1 and 2 are

Gi = −mi g , i = 1, 2. (5)

Their application points are at C1 and C2. The generalized active forces associated
with the robotic motion are

Qi = G1 ·
∂rC1

∂qi
+ T01 ·

∂ω1

∂q̇i
− T12 ·

∂ω1

∂q̇i
+ G2 ·

∂rC2

∂qi
+ T12 ·

∂ω2

∂q̇i
, i = 1, 2. (6)

During the impact, the generalized active forces are

Qi =
(

Fn + F f

)
· ∂rB

∂qi
, i = 1, 2, (7)

where Fn is the normal impact force and F f represents the friction force at the contact point
B. The nonlinear Lagrange’s differential equations of motion are

d
d t

(
∂T
∂q̇i

)
− ∂T

∂qi
= Qi, i = 1, 2. (8)

2.3. Control Strategy

For the control moments, we improve the PD controller using generalized forces

T01pd = −Kd1 q̇1 − Kp1 (q1 − q1 f )− (Q1(t)− T01 + T12)− (Q2(t)− T12),

T12pd = −Kd2 q̇2 − Kp2 (q2 − q2 f )− (Q2(t)− T12).
(9)

where Kpi are proportional gains and Kdi are the derivative gains. The robot starts from an
initial position, and arm 2 will repeatably impact a fixed surface. After impact, the upward
controller with q1 f = 80◦ and q2 f = 70◦ is applied until rB ·  = 1 m. Next, the downward
controller with q1 f = −80◦ and q2 f = −70◦ is exerted. Arm 2 of the robot will impact a
lower fixed surface during its motion; see Figure 2.

y

xO

B

A

impacting surface

h

Figure 2. Impact for the robotic arm.
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Next, we want to compare the tuned controller using the generalized active force with
a PID controller. The PID control moments for relative generalized coordinates are

T01 = −Kd1 q̇1 − Kp1 (q1 − q1 f )− Ki1

∫ t

0
(q1 − q1 f ) du

T12 = −Kd2 q̇2 − Kp2 (q2 − q2 f )− Ki2

∫ t

0
(q2 − q2 f ) du,

(10)

where the integrative gains are Ki1 = 1000 and Ki2 = 120 N m/rad s. In this case, the equa-
tions of motion are integrodifferential, and auxiliary variables are introduced. Finally, we
compared the PD controller constructed by equating Ki1 and Ki2 to the zero in Equation (10).
Figure 3 compares the PID controller, generalized active force controller, and PD controller.
The PD controller does not reach the final position (see Figure 3b). Our generalized active
force controller (Q controller) arrives at the final position quicker than the PID controller
and eliminates overshooting.

(a) (b)
Figure 3. Comparison of PID controller, Q controller, and PD controller: (a) response of link 1 (b)
response of link 2.

2.4. Contact Force during Impact

The spherical contact of the robotic arm is divided into three phases: elastic compres-
sion, elasto-plastic compression, and elastic restitution [38]. The elastic compression phase
starts at the initial contact of the robotic arm with the surface and ends when the maximum
flexible interference is reached. The elasto-plastic compression phase follows until the
maximum interference, δm, is reached. Then the restitution phase starts, concluding at the
separation between the robotic arm and the surface, leaving a residual interference, δr.

2.4.1. The Normal Impact Force

I. For the elastic compression phase, the Hertz theory is considered. The normal impact
force is calculated with

Fn =
4 E R0.5δ1.5

3
, (11)

where δ is the normal elastic interference:

δ = rB · − L1 sin q10 − L2 sin q20.

The reduced modulus of elasticity, E, is defined as

E =
E1 E2

E2 (1− ν2
1) + E1 (1− ν2

2)
,
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where E1 and E2 are the moduli of elasticity of arm 2, and the fixed surfaces, ν1 and ν2, are
the Poisson ratio of arm 2 and the fixed surface. The reduced radius, R, is given by

R−1 =
1

R1
+

1
R2

,

where R1 and R2 = ∞ are the radius of curvature of the end of arm 2 and the surface,
respectively.

The initial position for the impact is given by q10 and q20. The elastic compression
phase terminates when δ > 1.9 δc. The critical interference, δc, at which the initial yielding
starts is

δc = R
(

π Cj Sy

2 E

)2

,

where Cj = 1.295 e0.736ν; Sy is the yield strength of the weaker material.
II. In the elasto-plastic phase, the normal impact force is [7]

Fn = Pc

{
e−0.25(δ/δc)5/12

(
δ

δc

)1.5
+

4H
CjSy

[
1− e(−1/25)(δ/δc)

5/9]( δ

δc

)}
, (12)

where

Pc =
4
3

(
R
E

)2(πCjSy

2

)3

,

B = 0.14 e23 Sy/E, a =

√
R δ

(
δ

1.9δc

)B
,

H
Sy

= 2.84− 0.92
[
1− cos

(
π

a
R

)]
.

III. The normal elastic impact force for restitution is

Fn =
4 E R0.5

r (δ− δr)1.5

3
. (13)

The residual interference, δr, is given by [39]

δr = δm

{
1.02

[
1−

(
δm/δc + 5.9

6.9

)−0.54
]}

,

where δm is the maximum interference.
The radius of curvature for restitution is

Rr =
1

(δm − δr)
3

(
3Pm

4E

)2
,

where Pm = Fn(δ = δm).

2.4.2. The Friction Force

Many friction models are available in the literature. Pennestri et al. [40] presents and
compares well-known friction models. To overcome the possible computational burden
resulting from force discontinuity, smooth Coulomb friction has been implemented by the
simulations. The smooth curve is used to replace the abrupt change in force around the zero
tangential velocity (vt = 0). Kim et al. [41] discuss the performance of several smoothening
functions, including the hyperbolic-tangent function. This study uses a hyperbolic-tangent
smoothed Coulomb friction model [42] for the friction force at contact point B

F f = −µ |Fn| tanh
(

vB · ı
vd

)
(vB · ı) ı
|vB · ı|

, (14)
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where µ is the kinetic coefficient of friction and vd = 0.02 represents the velocity tolerance.

3. Results and Discussion

The robotic system is simulated for 15 motion cycles. Each cycle consists of a down-
ward control, an impact on the ground wall, and an upward control. System parameters are
shown in Table 1, and motion parameters are shown in Table 2. The robotic arm starts its
motion from initial q10 = 60◦ and q20 = 45◦. The arm collides with a surface at h = −1 m,
Figure 2, and retreats to h = 1 m.

Table 1. System parameters.

Robotic Arm Fixed Surface

ρ 7800 (kg/m3) ρ 7800 (kg/m3)
E 210 (GPa) E 210 (GPa)
ν 0.29 ν 0.29

SY 1.12 (GPa) SY 1.12 (GPa)
µ 0.2 µ 0.2
L 1 (m)
R 0.005 (m)
m 1 (kg)

Table 2. Control gains, initial position, and target position.

Control Gains Initial Position Target Position

Kp1 600 (N m/rad) q10 60◦ q1 f ±80◦

Kp2 300 (N m/rad) q20 45◦ q2 f ±70◦

Kd1 100 (N m/rad) q̇10 0
Kd2 100 (N m/rad) q̇20 0

Figure 4 shows the change of the link angles with time. The angle q1 of link 1 swings
between −43.6◦ and 39.3◦ and the angle q2 of link 2 swings between −17.6◦ and 18.2◦.
The figure illustrates a regular motion.

(a) (b)
Figure 4. Change of link angles with time: (a) angle q1(t) and (b) angle q2(t).

Figure 5 shows the phase portraits of the robotic motion. Figure 5a represents the
evolution of q1, q2, and q̇1 and Figure 5b shows q1 and q2 with respect to q̇2. Both phase
portraits in Figure 5 show non-chaotic motion behavior. The motion starts from a distinct
location and gradually submerges towards a limit cycle.
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(a) (b)
Figure 5. Phase portraits: (a) q1, q2, and q̇1, (b) q1, q2, and q̇2.

Figure 6 shows Poincare maps of the dynamic system. Figure 6a represents q1 and q2 at
q̇1 = 0 crossing and Figure 6b depicts the value of q1 and q2 at q̇2 = 0 crossing. Even though
the motion of the robot is simulated for 15 periods, the Poincare maps show four distinct
crossing for the zero angular velocities of link 1 and link 2, respectively. The Poincare
map of the motions illustrated non-chaotic motion. Figures 5 and 6 show that the motion
approaches a limit cycle after three impacts.

(a) (b)
Figure 6. Poincare maps (a) q1 and q2 for q̇1 = 0 crossing, and (b) q1 and q2 for q̇2 = 0 crossing.

Figure 7 shows the velocities of the robotic arm’s end effector, B. Figure 7a illustrates
x-axis velocity of B while Figure 7b depicts the y-axis velocity of the tip point. The velocity
on the x-axis increases to vx = 10.81 m/s at the beginning of the motion and later stays
steady around vx = −4.01 m/s and vx = 6.07 m/s. The velocity on the y-axis swings
between vy = 13.71 m/s and vy = −15.43 m/s. The velocities during the total time interval
(the whole motion with impact) have a regular distribution.

(a) (b)

Figure 7. Velocity of the end effector: (a) velocity on x-axis (b) velocity on y-axis.

Next, we analyze the impact dynamics with the flat solid surface. Figure 8 shows
the indentation of the first impact. The impact duration is 1.44× 10−4 s, the maximum
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compression is δm = 3.53× 10−4 m, and the residual interference is δr = 2.84× 10−4 m.
There is a short interval for elastic compression and a nonlinear distribution for the elasto-
plastic phase. The restitution is nonlinear and elastic. Due to the initial pre-impact, the
configuration of the elastic contact phase is very short compared to the elasto-plastic
compression and restitution phases. A zoomed-in window in Figure 8 shows the elastic
compression phase in more detail.

Zoom of section A

Section A

Figure 8. Indentation during the first impact.

Figure 9 shows the change of tangential velocity and normal velocity during the first
impact, respectively. The initial contact speed on the tangential x-axis is vxi = −3.66 m/s
and end of impact speed is observed vx f = −2.43 m/s. The tangential velocity during
impact decreases in magnitude. The tangential velocity does not change the sign and has a
continuous slip. The initial and final speeds on the normal y-axis are vyi = −5.54 m/s and
vy f = 2.23 m/s, respectively. The kinematic coefficient of restitution of the first impact is
e = 0.40.

(a) (b)
Figure 9. Velocity of the end effector during the first impact: (a) tangential velocity of impact
(b) normal velocity of impact.

Figure 10 represents the normal contact force of the impact, and the maximum contact
force is Fmax = 2.77× 104 N. The elastic period for the Hertz contact force is very short.
The elasto-plastic phase is represented by a nonlinear contact force and represents a more
realistic depiction of the phase. This nonlinear force has not been used until now for
robotics collisions and was experimentally verified [43]. An elastic force is used for the
restitution phase until permanent deformation is obtained. The contact force is maximum at
maximum compression when the normal velocity is zero. The time interval for restitution
is less than the time interval for compression.
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Figure 10. Contact force during impact.

Figure 11 shows the kinetic energy change during impact. Figure 11a shows the kinetic
energy of link 1. The initial kinetic energy of link 1 is T10 = 2.46 J and the kinetic energy
after impact is T1 f = 4.43 J. The generalized kinetic, energetic coefficient of restitution
is defined as the square root of the ratio of the kinetic energy at the end of impact and
the kinetic energy at the beginning of impact. The generalized energetic coefficient of the
restitution [44] of link 1 is e = 1.34. The kinetic energy of the non-impacting arm increases
during a collision. Figure 11b shows the kinetic energy of link 2. The initial kinetic energy
of link 2 is T20 = 13.95 J and the kinetic energy after impact is T2 f = 6.56 J. The generalized
energetic coefficient of the restitution of link 2 is e = 0.69. Figure 11c depicts the total
kinetic energy of the robotic arm. The initial kinetic energy is T0 = 16.40 J and the kinetic
energy after impact is T2 f = 11.02 J. The global generalized energetic coefficient of the
restitution of the system is e = 0.82.

T1

(a)

T2

(b)

(c)

Figure 11. Kinetic energy during impact: (a) the kinetic energy of link 1; (b) the kinetic energy of
link 2; (c) total kinetic energy.
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4. Conclusions

The periodic impact with the friction of a planar robotic arm with revolute kinematic
pairs was studied using Lagrange’s equations of motion. The symbolical expressions of the
generalized active forces have been employed to build control torques. The new controller
was compared with the PD controller and PID controller, and its behavior was superior.
The robot performed periodic operations with rebounds. The impact with friction was
modeled using specific contact functions for elastic compression, elasto-plastic compression,
and elastic restitution. For this new application, during the collision, the kinetic energy of
the nonimpacting link increases. The total kinetic energy of the system decreases after the
periodic impacts with an external surface. The motion of the kinematic chain gradually
moves toward a limit cycle and shows regular behavior. The applications of research can be
applied to walking machines, industrial robots, search and rescue robots hitting obstacles,
and agricultural robots. For future research, the elasticity of the links should be considered,
and experimental validation is needed to verify the results.
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