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Abstract: Due to the advantages of high transmission accuracy and high impact resistance, cycloid-
pin gear drives are widely used in precision machinery. In the actual manufacturing and use process,
a suitable clearance must be left between the cycloid gear and the pin teeth to meet the requirements of
assembly lubrication, so the cycloid gear needs to be modified. In order to improve the performance
of the cycloid-pin gear drive, this paper proposes a multi-objective optimization modification method
which takes into account the maximum transmission error of the cycloid drive on the basis of the
compound modification. Firstly, a compound modification function is constructed based on the
equations of the cycloid gear. Tooth contact analysis is carried out on the cycloid gear to obtain
the equations for calculating the transmission error and return error of the cycloid pinion drive
and to solve for the transmission error and return error of a single cycle with different modification
coefficients. Then, a multi-objective optimization model is constructed, and the optimum coefficients
are solved by genetic algorithm. By analyzing the forces on the cycloid gear under load, the range,
the number and the contact force of meshing teeth are calculated for different modification methods.
At the end, the cycloid gear is modeled and finite element analyzed after multi-objective optimization
modification and compound modification according to the optimal modification coefficients. By finite
element analysis, the correctness of the theoretical calculation of the contact force of the modified
cycloid gear and the loading transmission error is solved. The contact forces and transmission
error of the multi-objective optimization modification are less than the compound modification.
The theoretical calculation and finite element analysis indicate that the cycloid profile with the
multi-objective optimization modification is better than the profile with the compound modification.

Keywords: cycloid drive; tooth profile modification; multi-objective optimization; transmission error

1. Introduction

The cycloid drive is widely applied to the high-precision reducer, which has the char-
acteristics of high transmission precision and long service life. Because a cycloid drive has
the advantages of a large reduction ratio, rigid and compact construction, high transmission
accuracy and high shock-resistant ability, the application of a cycloid drive in industrial
robots, machine tools and wind power has attracted more and more attention [1–3]. As a
key part of the RV reducer, the cycloid gear has a vital effect on the transmission accuracy,
efficiency, service life and other performance of the entire reducer. In the manufacturing
and use process, it is necessary to leave a reasonable gap between the cycloid gear and the
pin teeth in order to facilitate disassembly and lubrication [4]. Therefore, the cycloid gear
should be modified.

Many scholars have conducted relevant research on the tooth modification of cycloid
gears. Guan [5] proposed a compound modification method of negative pin position
modification and positive pin radius modification to obtain the optimal modified tooth
profile, and they deduced the equation of optimal modification amount. Ding et al. [6]
proposed a cycloid gear profile modification method based on the compound modification
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method of negative pin position modification and positive pin radius, homogenizing tooth
contact stresses while maintaining transmission accuracy, which can effectively improve
the service life of the RV reducer. Ren et al. [7] proposed a new method for cycloid gear
tooth modification. The main idea is to design modification clearance curves to adapt
different modification targets. Zhang et al. [8] proposed a compound modification method
of eccentricity, pin position and pin radius, and they confirmed its feasibility. These
methods use a combination of modification methods, including pin position modification,
pin radius modification and rotation angle modification. In addition to the compound
modification method, some scholars have also made more attempts on complex cycloid
profile designs. Based on the parabolic modification method, An et al. [9] adopted the
reverse active modification method with tooth contact analysis and obtained a tooth
profile that is more in line with engineering. Jiang et al. [10] proposed a vector correction
method to achieve single-point partial correction instead of correcting all tooth profile
points at the same time. Chen et al. [11] proposed an exponential function modification
method based on the idea of segmental modification, which can improve the strength and
meshing stiffness of the cycloid gear while ensuring the stability and accuracy of meshing.
Zhang et al. [12] constructed a new topological modification method by dividing the tooth
profile into working and non-working sections, using a combination of rotation angle
modification and variable pin radius modification. Its rationality was verified from several
perspectives. Gong et al. [13] proposed a modification method based on CNC form grinding
technology, which fits the conjugate tooth profile better than the conventional method.
Sun et al. [14] proposed a method based on parabola modification, which considered
the transmission error and used the particle swarm optimization algorithm to solve the
optimization coefficients. For cycloid gear profile modification, the idea of segmental
modification can be used to avoid the problem that the compound modification method
has large coefficients of modification and thus increases the transmission error. However,
it is more difficult to machine the cycloid gear profile. The machining process has a large
impact on the performance of the part [15–17].

In addition to researching new modification methods, analysis of the cycloid drive
performance is also required. Many scholars have conducted research on the transmission
errors and contact conditions of cycloid gears. Lei et al. [18] carried out finite element
analysis on RV reducers and Spinea reducers in an attempt to reveal the static charac-
teristics due to the different structures. Yu et al. [19] used a non-Hertzian elastic contact
method to establish an equation based on the elastic deformation of the gear teeth and
the flexibility of the load distribution to calculate the load distribution of the tooth profile
more accurately. Liang et al. [20] constructed a gear tooth contact analysis model of the
cycloid drive, by which they solved the instantaneous meshing state and meshing area
of the cycloid drive under the conventional modification method. The transmission error
curve and return error curve are also obtained. Li et al. [21] proposed an improved load
distribution model of the mismatched cycloid-pin gear pair with ring pin position devia-
tions for a component-level analysis, verified the correctness of the proposed model, and
demonstrated the impact of ring pin position deviation on the mismatched cycloid-pin
gear pair. Xu et al. [22] proposed a model of cycloid drive dynamics considering bearings
in order to analyze contact positions and calculate contact loads. Bo et al. [23] analyzed
the maximum normal contact load on the teeth of cycloid gears on RV reducers with dif-
ferent modifications, developed a hybrid lubrication model and discussed the effects of
normal load at the point of engagement, radius of curvature, radius of fillet and speed on
lubrication conditions. Lin et al. [24] proposed an algorithm for tooth contact analysis of
cycloid gear reducers based on the discretization of the cycloid gear profile, investigated the
effect of tolerances on motion errors and optimized the tolerances of the design parameters.
Yang and Blanche [25] analyzed the relationship between machining tolerances, drive
parameters and transmission performance parameters. Li et al. [26] proposed a model for
analyzing the performance of cycloid-pin reducers that can predict the loads on the various
components of the reducer in the presence of clearance and eccentricity errors. Lin et al. [27]
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designed a new cycloidal reducer and analyzed the transmission errors using tooth contact
analysis after modification and gave quantitative results caused by different compound
modifications. Han et al. [28] carried out a global sensitivity analysis of the transmission
accuracy of the RV gearbox drive mechanism and thus identified the effect of various
errors on transmission accuracy. He et al. [29] developed a quasi-static load distribution
model considering four tooth profile modification methods, and they demonstrated that
the meshing backlash has a significant influence on the performance of cycloid drive.

Most of the modification methods proposed by these scholars are to ensure that
the modified cycloid tooth profile is closer to the conjugate tooth profile by adapting
a new tooth profile to ensure transmission accuracy, without solving the modification
coefficients directly by transmission performance parameters, and some of the modification
methods ignore the actual machining methods. The optimization algorithm is applied
to tooth profile modification, which greatly reduces the difficulty of calculation and also
provides new ideas for tooth profile optimization. The choice of a suitable modification
method has a relatively important influence on its transmission performance. Compound
modification methods aim to fit the tooth profile and cannot directly select the optimum
modification coefficients by the main transmission performance parameters to ensure a
smaller transmission error and better load-carrying capacity of the cycloid gear. Therefore,
a multi-objective optimization modification method is proposed based on the compound
modification of pin radius and pin position. The method is optimized for the compound
modification and transmission error to reduce the cycloid transmission error and contact
force after modification. The solution is solved by the multi-objective genetic algorithm.
Finite element analysis is used to verify the contact force and engagement range of the
modified cycloid gear and to solve for the loaded cycloid drive error. The results of the
multi-objective optimization and the compound modification method are analyzed and
discussed to illustrate the feasibility of multi-objective optimized modification.

2. Tooth Profile Equation and Modification of Cycloid Gear

The standard cycloid is conjugate to the pin tooth profile and has no clearance during
engagement; the cycloid gear engages half of the pin tooth without clearance.

The main parameters of the cycloid profile equation are shown in Figure 1. The
equation for a standard cycloid profile is as follows [16]:

x0 = (rp − rrpS−1) cos[(1− iH)ϕ]− [a− K1rrpS−1] cos(iH ϕ) (1)

y0 = (rp − rrpS−1) sin[(1− iH)ϕ] + [a− K1rrpS−1] sin(iH ϕ) (2)
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The variable S is:
S = 1 + K2

1 − 2K1 cos(ϕ) (3)

where rp is the radius of the center circle of the pin tooth, rrp is the radius of the pin tooth,
zp is the number of pin teeth, zc is the number of teeth of the cycloid gear, iH is the relative
transmission ratio of the cycloid gear and the pin gear, iH = zp/zc, ϕ is the angle of one pin
tooth relative to the rotating arm, a is the eccentricity, and K1 is the short width coefficient of
the cycloid gear, K1 = azp/rp. For the actual application of the cycloid drive system, in order
to compensate for manufacturing errors, facilitate disassembly and ensure lubrication,
there must be clearance between the cycloid and pin. Thus, we cannot use the standard
tooth profile: the cycloid gear needs to be modified. At present, there are three main
kinds of cycloid gear modification method. The modification of a rotated angle involves
modifying the cycloid profile by turning the cycloid blank around its center at a slight
angle. The rotation angle method is closer to the conjugate tooth profile, but it cannot leave
a reasonable clearance in the tooth top and root position, so the commonly modification
method is commonly used to adapt the profile of rotation angle modification by adding a
small quantity of pin radius modification ∆rrp and pin position modification ∆rp. The tooth
profile equation of compound modification is:

x1 = (rp + ∆rp − (rrp + ∆rrp)S−1) cos[(1− iH)ϕ]−
a

rp+∆rrp
[rp + ∆rp − zp(rrp + ∆rrp)− S−1] cos(iH ϕ) (4)

y1 = (rp + ∆rp − (rrp + ∆rrp)S−1) sin[(1− iH)ϕ]+
a

rp+∆rrp
[rp + ∆rp − zp(rrp + ∆rrp)− S−1] cos(iH ϕ) (5)

It is important to note that when the tooth profile equation has pin position modifica-
tion, the short width coefficient K1 is azp/(rp + ∆rp).

Replace iH ϕ in Equations (1) and (2) with (iH ϕ + δ) to obtain the tooth profile equation
of the rotation angle modification method, and the modification coefficient of rotated angle
is δ. The equation for a cycloid profile with rotation angle modification is as follows:

x2 = (rp − rrpS−1) cos[(1− iH)ϕ− δ]− [a− K1rrpS−1] cos(iH ϕ + δ) (6)

y2 = (rp − rrpS−1) sin[(1− iH)ϕ− δ] + [a− K1rrpS−1] sin(iH ϕ + δ) (7)

2.1. Compound Modification Coefficients

For the purpose of leaving a reasonable clearance and maintaining the conjugate
tooth profile, the compound modification coefficients are ∆rp and ∆rrp. The compound
modification tooth profile should fit the profile of the rotation angle modification as closely
as possible. The rotation angle modification coefficient ∆ϕ of 0.0005 rad was chosen as the
target for the compound modification method to fit.

2.2. Constructing the Objective Function

Since the coefficient of rotation angle modification is already given, then the rotation
angle modification profile can be determined. According to the tooth profile equation, the
two curves are divided equally into m parts from the interval [0, π], so that m + 1 sets of
coordinate points are obtained, and the closeness of the two curves is described by the
average of the relative position deviations of all the corresponding coordinate points. Then,
the objective function f 1 can be obtained:

f1(∆rp, ∆rrp) =
1
m

i=m

∑
i=1

√
(x1 − x2)

2 + (y1 − y2)
2 (8)

When f 1(∆rp, ∆rrp) is the smallest, the optimum coefficients can be obtained.
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2.3. Range of Variable Constraints

According to the literature [5], the radial clearance is ∆r = ∆rp + ∆rrp, and the best
tooth profile can be obtained with a compound modification of “negative pin position
modification + positive pin radius modification”. In this paper, ∆r is calculated as 0.005 mm,
∆rp < 0 and ∆rrp > 0. Also, as too much coefficient will increase the cycloid side clearance
and thus affect the transmission accuracy, the pin radius modification |∆rrp| is limited to
<0.2 mm [30].

3. The Theoretical Foundation of the Multi-Objective Optimization Method

The compound modification method is used to obtain the optimal profile coefficients
by adapting the tooth profile. However, it is also necessary to calculate the transmission
performance parameters of the profile to compare the advantages and disadvantages of
the methods. The multi-objective optimization method takes the transmission error as the
optimization objective to improve transmission accuracy. The equations for the calculation
of transmission error are then obtained through theoretical analysis.

TCA is a computational approach for the position of the gear teeth when they are
engaged in the drive without load, which was a concept first proposed by Gleason Works
in the 1960s in the USA. This method can be used to calculate the change in the position of
the cycloid gear during the drive of the cycloid when analyzing the drive of the pin gear as
a means of analyzing the transmission error of the mechanism.

The literature [14,24] describes the equations of the cycloid-pin gear transmission.
As is shown in Figure 2, the transmission model is established according to the motion
relationship between the cycloid gear and pin teeth.
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Here, the pin gear coordinate system is Sp and the cycloid coordinate system is Sc. If
the coordinate system in which the pin gear is located is a fixed coordinate system and the
coordinate system in which the cycloid is located changes position with motion, then the
transformation of Sc into Sp has the transformation matrix Mcp.

Here, ϕci is the cycloid output angle and ϕin is the crank shaft input angle. The
coordinate system in which the pin tooth is located is the default coordinate system, and
the tooth profile equation in the coordinate system Sp can be expressed as:

Mcp =


cos(ϕci) sin(ϕci) 0 a cos(ϕin)
− sin(ϕci) cos(ϕci) 0 a sin(ϕin)

0 0 1 0
0 0 0 1

 (9)
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Rp(θpi) =


rp sin( 2π

zp
i) + rrp cos(θpi)

rp cos( 2π
zp

i) + rrp sin(θpi)

0
1

 (10)

The unitized normal vector equation for the pin tooth profile Equation (10) np(θpi) can
be obtained by differentiating the pin tooth profile equation Rp(θpi), then crossing normal
vector k of XOY plane and unitizing it. The equation is as follows:

np(θpi) =

dRp(θpi)

dθpi
× k∣∣∣ dRp(θpi)

dθpi
× k
∣∣∣ (11)

where Rp is the pin tooth profile equation, and k is the unit normal vector of the XOY plane;
k = [0,0,1]. The tooth profile equation of the cycloid gear in the coordinate system Sc can be
expressed as:

Rc(θci) =


x
y
0
1

 =


(rp − rrpS−1) cos[(1− iH)ϕ]− [a− K1rrpS−1] cos(iH ϕ)
(rp − rrpS−1) sin[(1− iH)ϕ] + [a− K1rrpS−1] sin(iH ϕ)

0
1

 (12)

Equation (12) is the standard equation for the cycloid gear and θci is the parametric
angle of the cycloid gear, which takes values in the range (0, 2π). It should be noted that
when the cycloid gear is modified, the tooth profile equation in Rc(θci) should be replaced
by the corresponding tooth profile equation.

By differentiating the cycloid tooth profile Rc(θci), intersecting it with the XOY plane
normal vector k and unitizing it, the unitized normal vector equation for the cycloid tooth
profile equation nc(θci) can be obtained:

nc(θci) =

dRc(θci)
dθci

× k∣∣∣ dRc(θci)
dθci

× k
∣∣∣ (13)

where Rc is the equation for the profile of the cycloid gear and k is the unit normal vector of
the XOY plane, k = [0,0,1].

By transforming the coordinates, the points on the cycloid gear in the Sc coordinate
system can be expressed as points in the Sp coordinate system. They can be written as:

Rp
c (θci) = Mcp·Rc(θci)

np
c (θci) = Lcp·nc(θci)

(14)

where Lcp takes the 3 × 3 submatrix in the upper left corner of Mcp.
If the cycloid gear and pin tooth are meshing, then there exists a point both on the

cycloid tooth profile and on the pin tooth profile. Since it is a no-load situation, there
is only one contact point on the pair of meshing teeth, so the system of equations can
be constructed:

Rp
c (θci, ϕin, ϕci) = Rp(θpi)

np
c (θci, ϕin, ϕci) = np(θpi)

(15)

The first formula in Equation (15) can be projected onto the x-axis and y-axis in the
coordinate system Sp, from which two scalar equations can be obtained. Because the normal
vector nc

p and the normal vector np are both unitized, a normal vector projection equation
on x-axes can be obtained. Thus, the system of equations in Equation (15) consists of three
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equations. Given one of the parameters, the other three unknowns parameters can be
solved by the system of Equation (15).

In the process of solving, since the transmission error of the cycloid-pin gear has a
period, the size is 2π/zp [12]. The cycloid drive error has a period of size 2π/zp [14]. The
equation of the cycloid gear expresses only one tooth. In this paper, the x-coordinate of
the pinto equation is translated by a distance along the negative direction of the x-axis
in order to facilitate calculations. The distance size is eccentric distance a. This makes it
easier to determine the meshing range of the cycloid gear with the pin tooth. If so, the
displacement transformation of the coordinate transformation matrix Mcp in the direction
of the x-axis also requires translation by a displacement of one eccentric distance a in the
negative direction of the x-axis.

The transmission error is the difference between the actual output angle and the
theoretical output angle. Reducing the transmission error improves the transmission
accuracy. The output angle is needed to calculate the transmission error, and the angular
parameters of the cycloid and pin tooth profile at the point of engagement cannot be
determined. The cycloid angle ϕout at each moment of engagement can be solved by giving
the crank shaft input angle ϕin a certain number of steps. When solving Equation (15), it is
important to note that there are cases where the solution results in interference between
the cycloid and the pin teeth, which can be avoided by adjusting the initial value of the
solution to the system of equations several times.

The transmission error TE can be calculated using Equation (16):

TE = ϕout − ϕin/r (16)

where ϕout is the actual output angle, i.e., the cycloid output angle ϕci, and r is the reduction
ratio, r = zc.

When calculating the transmission error, the moment when the cycloid gear enters into
engagement needs to be considered. There is no clearance between the standard cycloid
gear and the pin tooth mesh. The crankshaft needs to be turned through a certain angle to
overcome the clearance and engage the cycloid with the pin tooth. Make an assumption
based on TCA. If the crankshaft drives the modified cycloid under no load, when the
cycloid is not yet in contact with the pin tooth, the crankshaft and the cycloid turn through
the same angle, so that β is the angle of rotation of the cycloid from its initial position to
enter engagement, as shown in Figure 3, and the red curve is the profile of the cycloid tooth
that overcomes the clearance to just engage the pin tooth. When the cycloid gear is just
engaged with the pin tooth, Equation (15) has a solution and ϕin = ϕci = β.
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When the cycloid gear reverses its rotation, it also needs to overcome the clearance
in order to engage the cycloid gear with the pin teeth, and the angle through which the
cycloid gear turns in this process is referred to as the return error [31]. The cycloid gear
rotates in reverse in its initial position and theoretically will also have an angle β to make it
just overcome the clearance to engage the pin teeth, so the magnitude of the return error in
this paper is taken as 2β.

4. Multi-Objective Optimization of Modification and Optimization Algorithms

The machining process for the compound modification method is more mature, and
the coefficients of modification determine the machining parameters. The compound
modification is based on pin radius modification and pin position modification, with the
objective of fitting the profile of rotation angle modification. The main objective is to
maintain a conjugate tooth profile on the tooth side and to leave a reasonable clearance at
the root and top of the tooth. When comparing modification methods, it is usually based
on transmission performance parameters. There is a wide range of solutions using genetic
algorithms compared to empirical formulas. And it can better ensure that the solution set
of the multi-objective optimization has diversity. The use of a multi-objective optimization
algorithm to solve for the profile coefficients can further ensure the accuracy of the modified
cycloid-pin gear, which is calculated on the basis of compound modification methods and
transmission errors.

4.1. Constructing Optimization Functions

The equations for the transmission error and the compound modification profile of
the pin tooth of the cycloid are known. When constructing the multi-objective optimization
function, the maximum transmission error and the profile of angular rotation modification
are taken as the optimization objectives. The multi-objective optimization function f 2 is:

f2(∆rp, ∆rrp) = [TEmax(∆rp, ∆rrp), f1(∆rp, ∆rrp)] (17)

where the maximum transmission error TEmax and the compound modification function f 1
are mutually constrained and cannot be taken to be the minimum of both at the same time.
The optimization coefficients are ∆rp and ∆rrp.

4.2. Constraint Conditions

This multi-objective optimization modification method is constructed on the basis
of the compound modification method. Therefore, the constraints are the same as for the
compound modification method to control the radial clearance and facilitate comparison
between the two methods. The radial clearance ∆r = ∆rp + ∆rrp, which is calculated by
taking ∆r = 0.005 mm. In order to prevent excessive modification coefficients, pin radius
modification |∆rrp| < 0.2 mm.

4.3. Optimization Algorithm

Genetic algorithms are a method of finding optimal solutions that mimic the evolution
of natural organisms and can find optimal solutions in a global search relatively quickly.
The genetic algorithm solution is not necessarily the same every time, and the optimal
solution can be determined by solving multiple times. In this paper, a multi-objective
genetic algorithm is used to solve for the optimal modification coefficients. The multi-
objective genetic algorithm uses the operator of crowding to ensure the diversity of the
solution set. The parameters for the solution of the multi-objective optimization algorithm
in this paper are set as follows: the population size is 100, the optimal individual coefficient
is 0.4, the maximum number of generations is 100, the crossover rate is 0.8, and the mutation
rate is 0.1. The flow chart of the algorithm is shown in Figure 4. The compound modification
uses a single-objective genetic algorithm, and the optimization process does not have the
operator of crowding.
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4.4. Optimization Example

The parameters of the cycloid gear analyzed in this paper are shown in Table 1.

Table 1. Parameters table for cycloid gears.

Parameter Value Unit

Pin center circle radius rp 82 mm
Pin radius rrp 4 mm

Eccentric distance a 1.5 mm
Cycloid gear teeth number zc 39 /

Pin number zp 40 /
Width of cycloid gear bc 15 mm

To solve for the modification coefficients using the empirical formula [5], the equation
can be referred to as follows:

∆rrp = ∆r/[1− (1− K1
2)

1/2
] (18)

∆rp = −∆r(1− K1
2)

1/2
/[1− (1− K1

2)
1/2

] (19)

According to Equations (18) and (19), ∆rrp = 0.0157 mm and ∆rp = −0.0107 mm can be
obtained. And according to the genetic algorithm, ∆rrp = 0.0081 mm and ∆rp =−0.0031 mm,
which is smaller than the modification coefficients of empirical formula. This is beneficial
for improving the transmission accuracy. So, in this paper, the combined trimming and
multi-objective optimized trimming coefficients are derived from the genetic algorithm.

Case a. The compound modification method with the objective of adapting the
modification profile of the rotated angle is solved by the genetic algorithm. The objective
function is Equation (8) f 1(∆rp, ∆rrp).

Case b. The multi-objective optimization modification method with the objective of
maximum transmission error and maximum contact force is solved by the genetic algorithm.
The objective function is Equation (30) f 2(∆rp, ∆rrp).
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As is shown in Figure 5, the compound modification is relatively fast, converging
after approximately 10 generations using the genetic algorithm, and satisfying the stopping
condition in approximately 50 generations. The result obtained from Case b is a set of
Pareto solutions. A pair of these modifying coefficients is selected in Table 2. Figure 6
shows a plot of the Pareto optimal solutions obtained by Case b.
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Table 2. Optimization coefficients of two case.

Modification Method Modification Coefficient ∆rp
(mm)

Modification Coefficient ∆rrp
(mm)

Case a −0.0031 0.0081
Case b −0.0014 0.0073
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Figure 6. Iteration diagram of the multi-objective optimization algorithm.

The Pareto optimal solution should be a point diagram with an overall uniform
distribution in general. The graph shows that the contact force and transmission error are
mutually constrained: as one becomes smaller, the other must become larger. The uniform
distribution of the scattered points indicates that the multi-objective optimization results
are reliable.

Figure 7 shows a comparison of the modification profiles. It can be seen that the
profiles of Cases a and b have a good fit with the profile of the rotation angle modification.
The difference in normal clearance between the two methods is not significant, and a
certain amount of radial clearance is left at the top and root of the tooth. The tooth profiles
obtained by two cases are similar in position, but the profile of Case a is closer to the profile
of the rotation angle modification. Case b is better than Case a in terms of transmission
errors and contact forces. This shows that the closeness of a cycloid profile to the rotation
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angle profile does not necessarily mean better transmission performance. The advantages
and disadvantages of the methods should also be compared according to the specific
transmission performance parameters.
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Figure 7. Comparison of cycloid tooth profiles.

Excluding the effect of errors, solving Equation (15) for the modified cycloid gear
profiles and then bringing the result into Equation (16) can find one period of transmission
error for a single tooth, and by translating the angle of one period 2π/zc [27], the transmis-
sion error curve for one period under no load can be obtained. The change in transmission
error as the crankshaft turns through one revolution is usually taken as a small period
of the cycloid-pin drive. As shown in Figure 8, Figure 8a can be obtained by translating
Figure 8b.
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In Figure 8b, the intersection of the cycle curves gives the minimum value of the trans-
mission error. The absolute value of the minimum transmission error for multi-objective
optimization is 0.2374′ and that of compound modification is 0.2936′. The absolute value of
the minimum transmission error reduces 19.1% compared to the compound modification.
According to Equation (16), the return errors of the multi-objective optimization and the
compound modification are, respectively, 1.15′ and 1.92′. The return error of multi-objective
optimization reduces 19.5% compared to the compound modification.
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5. Cycloid-Pin Gear Contact Force and Engagement Range
5.1. Theoretical Force Model

The contact forces between the cycloid gear and the pin teeth affect the performance
of the cycloid-pin drive in terms of load-carrying capacity, service time, etc. The multi-
objective optimization modification in this paper needs to consider the maximum contact
force during the cycloid-pin drive. The contact forces between the cycloid gear and the pin
teeth are shown in Figure 9, and the figure shows the standard cycloid gear.
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The modified cycloid tooth profile no longer engages half of the pin teeth at the same
time. In the case of no load, when one of the pin teeth is in contact with the cycloid, there is
an initial clearance between the other pin teeth and the cycloid. When loaded, the tooth
profile of the cycloid is deformed so that it engages with more pin teeth. We compare the
initial clearance with the deformation of the cycloid tooth. When the cycloid gear tooth
deformation δ is greater than the initial clearance, then the tooth is engaged under force;
otherwise, there is no engagement. According to the literature [32], the initial gap ∆(ϕ)i of
the cycloid gear is:

∆(ϕ)i = ∆rrp(1−
sin(ϕi)√

1 + K2
1 − 2K1 cos(ϕi)

)−
∆rp(1− K1 cos(ϕi)−

√
1− K2

1 sin(ϕi))√
1 + K2

1 − 2K1 cos(ϕi)
(20)

where ϕi is the rotation angle of the i-th pin tooth relative to the rotating arm OcOp. The
pin tooth number can.be referred to Figure 9.

When the cycloid drive system works under load, let the maximum pair of cycloid
contact deformation Wmax and the bending deformation of the pin teeth fmax sum up to
δmax; then, the contact deformation of the i-th tooth is δi as:

δi =
li
r′c

δmax =
sin ϕi√

1 + K2
1 − 2K1 cos ϕ0

δmax
(
i = 1, 2, · · · , zp/2

)
(21)

where r′c is the radius of the cycloid pitch circle, and li is the distance from the common
normal of the i-th pin tooth engagement point or the normal of the point to be engaged to
the center of the cycloid gear Oc. li can be expressed as:

li = r′c
sin(ϕi)√

1 + K2
1 − 2K1 cos(ϕi)

(22)
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When the contact deformation δi is greater than the initial gap ∆(ϕi), the i-th tooth is
in meshing.

Assume that the force between the i-th pair of teeth is Fi, proportional to the actual
deformation δi − ∆(ϕi) of the teeth in meshing, so:

Fi =
δi − ∆(ϕi)

δmax
Fmax (23)

Fmax is the contact force of the tooth with the highest force among the meshing teeth,
which can be obtained from the moment balance equation:

Tc =
i=n

∑
i=m

Fili (24)

where Tc is the torque on a single cycloid gear, and the torque magnitude is the same as the
output torque of the cycloid gear. Taking Fi into equation Tc, Fmax is:

Fmax =
Tc

i=n
∑

i=m
( li

r′c
− ∆(ϕi)

δmax
)li

(25)

where Tc is 0.55T and T is the torque applied to the output shaft.
The total contact deformation δmax of the most stressed pair of meshing teeth under

the force Fmax is:
δmax = Wmax + fmax (26)

Under the effect of Tc, the maximum contact deformation is Wmax, which is calculated
by the equation as follows:

Wmax =
2(1− v2)

E
Fmax

πbc
(

2
3
+ ln

16rp|ρ|
c2 ) (27)

where v is the Poisson’s ratio of the material. For bearing steel, v is 0.3; E is the modulus of
elasticity of the material, E = 2.06 × 105 MPa. c is the axial clearance between the cycloid
gear and the pin tooth casing. ρ is the radius of curvature of the cycloid gear profile, and it
can be calculated by equations as follows:

c =4.99× 10−3

√
2(1− µ2)

E
× Fmax

bc
×

2|ρ|rrp

|ρ|+ rrp
(28)

ρi = rrp +
rp(1 + K2

1 − 2K1 cos ϕi)
3/2

K1(1 + zp/a) cos ϕi − (1 + zpK2
1)

(29)

f max is the maximum contact deformation of the pin tooth and is calculated by the
equation as follows:

fmax =
FmaxL3

48EJ
× 31

64
(30)

where J is the moment of inertia of the section, L is the distance between the two pivot
points of the pin, and the equation for calculating J is:

J = πd4
sp/64 (31)

where dsp is the diameter of the pin tooth. In this paper, the pin tooth contact deformation
f max is ignored, taking into account the calculation model.

Equation (21) shows that it is necessary to know δmax and the mesh tooth number to
solve Fmax, and according to Equations (25)–(27), it is necessary to know Fmax to solve δmax.
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δmax and Fmax are mutually known variables, so it is necessary to give the initial value of
Fmax firstly. The initial value Fmax0 is:

Fmax0 =
4Tc

K1zcrp
=

2.2T
K1zcrp

(32)

Substitute Fmax0 into the equation to solve δ0, then solve Fmax1. Iterate until the Fmaxk
obtained in the k-th iteration satisfies the condition |Fmaxk-Fmax(k−1)| < 0.1%Fmaxk; then, take
Fmax = 1/2(Fmaxk + Fmax(k−1)) as the exact value to use. For the iteration flow chart, refer to
Figure 10.

Machines 2023, 11, x FOR PEER REVIEW 15 of 21 
 

 

Calculate Fmax0, k=0

Maximum deformation δmax

Deformation δi

Initial gap ∆(φ)i

Contact tooth i

 δi>∆(φi)

k = k+1, Maximum contact 
force Fmax k

|Fmaxk-Fmaxk-1|<0.1Fmaxk

Non-contact teeth i
N

Y

N

Y
Output Fmax, Solve Fi 

 
Figure 10. Flow chart of contact force iteration. 

5.2. Calculation Example 
The initial clearance and deformation of the cycloid gear can be obtained by substi-

tuting the modification coefficients of the multi-objective optimization and compound 
modification into the equation and calculating them according to the iterative process in 
Figure 10. Figure 11 shows the initial clearance and deformation curves for the two mod-
ification methods. The intersection of the initial clearance and deformation curves can be 
used to determine the meshing range of the modified tooth profile. The maximum defor-
mation of the multi-objective optimized profile is greater than that of the compound mod-
ification profile, and the initial clearance is less than that of the compound modification 
profile. 

Angle/°

y/
m

m

y/
m

m

    

12° 112°

0051

14° 106°

0054

(a) (b)
Angle/°

Initial clearance
Deformation

Initial clearance
Deformation

 
Figure 11. Deformations and initial clearances: (a) Compound modification; (b) Multi-objective op-
timization modification. 

According to the range of teeth engaged, the contact force is calculated for the contact 
pair in the engagement range. The comparison of the contact forces between the two meth-
ods is shown in Figure 12. 

Figure 10. Flow chart of contact force iteration.

5.2. Calculation Example

The initial clearance and deformation of the cycloid gear can be obtained by substi-
tuting the modification coefficients of the multi-objective optimization and compound
modification into the equation and calculating them according to the iterative process in
Figure 10. Figure 11 shows the initial clearance and deformation curves for the two modifi-
cation methods. The intersection of the initial clearance and deformation curves can be used
to determine the meshing range of the modified tooth profile. The maximum deformation
of the multi-objective optimized profile is greater than that of the compound modification
profile, and the initial clearance is less than that of the compound modification profile.
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Figure 11. Deformations and initial clearances: (a) Compound modification; (b) Multi-objective
optimization modification.

According to the range of teeth engaged, the contact force is calculated for the contact
pair in the engagement range. The comparison of the contact forces between the two
methods is shown in Figure 12.
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Here, the multi-objective optimized profile has a higher number of teeth in contact
and therefore a lower maximum contact force. The maximum contact force is 1057.08 N for
the multi-objective optimized profile and 1131.37 N for the compound modification profile,
showing a reduction of 6.6% in the maximum contact force.

6. Finite Element Analysis
6.1. Establishment of the Static Model

The contact forces of the cycloid drive can be verified with a static finite element
model. The model mesh is shown in Figure 13. Only one piece of the cycloid gear is
retained in the static analysis model, and the width of the cycloid gear is the same as the
length of the pin teeth. In this paper, we mainly analyze the contact area of the cycloid
gear. While the cycloid drive process is a dynamic process, for all pin teeth, as soon
as they enter the engagement interval, they become the first contact teeth [33]. For this
process, only one particular position in the drive needs to be analyzed to view the contact
forces during the drive. The analysis in this paper is of the position where the cycloid
gear overcomes the gap and just makes contact with the pin tooth under the action of the
torque. The material of both the cycloid gear and the pin tooth is set to bearing steel, with a
material modulus of elasticity E = 2.06 × 1011 MPa, Poisson’s ratio of 0.3 and a density of
7850 kg/m3. According to the principle of motion of the cycloid-pin gear drive, the motion
process can be approximated as a moment in which the cycloid gear rotates freely along
the circumference of the eccentric axis, the pin tooth is fixed, and the cycloid gear rotates in
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contact with the pin tooth and transmits the motion [33]. The transmission load acts on the
cycloid gear, and the model applies a transmission torque T = 420 Nm.
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6.2. Establishment of the Dynamic Model

The drive error after loading the cycloid can be obtained by dynamic finite element
analysis with the parts and mesh of the model shown in Figure 14. The pin teeth are set as
rigid bodies to save calculation time. The input speed of the crank shaft is increased from 0
to 10 rad/s at 0–1 s and kept constant at 10 rad/s at 1–2 s. The load on the output end cap
is 420 Nm. The material is set to bearing steel with an elastic modulus E = 2.06 × 1011 MPa,
Poisson’s ratio of 0.3 and density of 7850 kg/m3. The error of the loaded cycloid drive
can be obtained by extracting the angle of rotation of the crank shaft and the cycloid gear
during the movement.
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6.3. Analysis of Optimization Results

The contact forces obtained from the static analysis are extracted, and a comparison
of the contact forces obtained by the two methods is shown in Figure 15. Figure 15a,b
show the comparison of the theoretical contact forces and the finite element method contact
forces for the two modification methods, respectively. This reflects the number of tooth
pairs that were meshed after loading the tooth profile obtained by modification. Case a
simultaneously engages 10 pairs of teeth from tooth numbers 2 to 11. Case b engages
11 pairs of teeth from 2 to 12. The higher contact forces for both methods are concentrated
on teeth 4, 5 and 6, with the maximum contact forces for Case b being somewhat lower. The
overall trend of the results is similar to the theoretical calculation results, so the correctness
of the theoretical calculation results can be verified.
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Figure 15. Comparison of contact forces for modified cycloid gears: (a) Compound modification;
(b) Multi-objective optimization modification.

Figure 16 shows the contact stress clouds for the multi-objective optimization and the
compound modification, respectively. The contact stress magnitudes are 375.78 MPa and
389.45 MPa, respectively, with a small difference in contact stresses. The positions of the
higher contact stresses are on the three contact pairs 3, 4 and 5, where it can be seen that
the contact stresses are relatively continuous and uniform. In the marginal parts of the
engagement such as teeth 11 and 12, however, it can be seen that the contact stresses are
no longer partially continuous and uniform. This indicates that the errors associated with
the FEA are magnified during the iterative calculations, but the overall figure reflects the
number of simultaneous engagements of the cycloid during the drive and the position of
the first teeth involved in the transmission.
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Deriving the angular displacement variations of the cycloid and crank shaft during the
FEM dynamic analysis and calculating the transmission error according to Equation (16),
the loading transmission error can be obtained as shown in Figure 17. Figure 17a is the
transmission error by FEA.
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Here, the speed of the crank shaft increases from 0 to 573.25◦/s in 0–1 s and remains
constant at 573.25◦/s in 1–2 s. The mean value of transmission error was −0.608′ for the
multi-objective optimization and −0.635′ for the compound modification in 1–2 s, with
the mean transmission error for the multi-objective optimization being smaller in absolute
value, reducing by 4.25%.

Table 3 shows the transmission performance parameters for two cases.

Table 3. Transmission performance parameters for the two modification methods.

Modification
Method

Return Error
(Arcmin)

Maximum
Contact

Force (N)

No-Load
Minimum

Transmission
Error (Arcmin)

Loaded Average
Transmission

Error (Arcmin)

Case a 2.30 1131.37 −0.25 −0.64
Case b 1.92 1057.08 −0.18 −0.61

The return error and maximum contact force of the multi-objective optimization
modification are smaller. The transmission errors of the multi-objective optimization
modification are both less than 1′, so the results are reliable. Overall, Case b is better than
Case a.

7. Conclusions

This paper presents a multi-objective optimization modification method that reduces
the transmission error of the cycloid gear and increases the load-carrying capacity compared
to compound modification. The multi-objective optimization modification method uses a
genetic algorithm to solve the optimal modification coefficients, ensuring the diversity of
the solution set. From this research, some conclusions can be summarized:

(1) The multi-objective optimized coefficients are solved by a multi-objective genetic
algorithm on the basis of compound modification. The multi-objective optimization genetic
algorithm solution set is homogeneous and is not influenced by the weight distribution of
the optimization objectives.

(2) The modified profile of multi-objective optimization reduces the return error by
19.5%, the maximum contact force by 6.6% and the transmission error at no load by 19.1%



Machines 2023, 11, 775 19 of 20

compared to the compound modification, which is overall better than the compound modi-
fication.

(3) The finite element analysis results verify the theoretical contact force and engage-
ment range, with similar trends in contact force and small differences in engagement range.
The loading transmission error of the multi-objective optimization modification is overall
smaller than that of the compound modification, and the average transmission error is
reduced by 4.25% when the motion is stable.

(4) The modification coefficients and constraints are the same for the multi-objective
optimization and the compound modification. The multi-objective optimized tooth profile
has a better transmission performance. However, the compound modification profile is
closer to the conjugate profile. This indicates that under certain conditions, the closeness to
the conjugate profile does not necessarily mean higher transmission accuracy.
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