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Abstract: The aim of this manuscript is to explore singularity-free solution for a specific self-
gravitating highly dense object known as gravastar suggested by Mazur and Mottola, in the context of
f(G) gravity theory. Gravastars are regarded as a possible alternate to black hole. To derive modified
field equations and law of conservation related to Gauss-Bonnet gravity, we assume cylindrically
symmetric irrotational configuration. Particular equation of states are used for the illustration of
three sectors of gravastar model. Furthermore, we are intended to obtain a regular solution for our
model and graphs will be used to elaborate various substantial characteristics of it.
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1. Introduction

The universe’s beginning has always been the topic of interest since the conception of
life. The big bang explains the wide variety of phenomenon such as concentration of light

check for elements and large scale structures, which were evolved originally from a high temperature
updates and high-density state. With the lapse of time, the temperature of cosmos decreased to
Citation: Bhatti, M.Z; Yousaf, Z.; some extent that enabled the creation of atoms and subatomic particles. It is believed that
Rehman, A. Cylindrical Gravastar at the earlier stage, the stars and galaxies were formed due to the existence of large clouds
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of hydrogen, lithium, and helium. Earlier astronomers were convinced with the view that
our universe is static. Gold and Bondi proposed the “stationary model of the universe”,
according to which the universe was not concerted at a point and the time had no specific
Academic Editor: Lorenzo lorio origin. Later on, they suggested the constant cosmos density by claiming the continuous
matter formation. Olber through the understanding of Kepler asked himself a question
“Why the sky is dark at night”? Olber argued that the increasing size of the universe and
uniform population of stars within it must increase the light received by the earth. The
paradox was resolved by the concept of expansion of the universe.
Publisher’s Note: MDP1 stays neutral The concept of expanding the universe is reasonable instead of the static one. Wirtz
with regard to jurisdictional claims in - and Hubble suggested that galaxies are drifting away from our planet with velocities
published maps and institutional affil- - proportional to their distances from it. The expansion of the universe was proven theo-
iations. retically by Friedmann by using Einstein field equations. According to the virial theorem,
the gravitating potential energy should be doubled as compared to the internal thermal
energy to preserve the stability of a star. In the case of a massive star, its matter will be
5 attracted in the direction of its center of gravity and at the end of fuel, it diminishes due to
its gravity. This phenomenon is known as gravitational collapse. Based on distinct masses
of collapsing star white dwarf, neutron star, and black holes are devised as the outcome
of gravitational collapse. The presence of numerous stellar-mass black holes is assumed
conditions of the Creative Commons 1 our galaxy. However, if we analyze the quantum gravitational effects then it may be
Attribution (CC BY) license (https://  POssible that no event horizon is formed and in this scenario no black hole will be formed.
creativecommons.org/licenses /by / By considering this fact many researchers proposed distinct compact objects as the alternate
40/). to a black hole and gravastar is one of these assumptions [1]. The solution related to distinct
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compact objects can also be seen in literature [2-7]. In the case of gravastar, a quantum
vacuum phase transition is claimed which prevents the creation of event horizon. Mazur
and Mottola (MM) [8] suggested the creation of a singularity-free object named gravastar
as a result of the gravitational collapse of a massive star. For their proposal, they used the
concept of Bose-Einstein condensation. The structure of gravastar is generally assumed to
consist of three sectors named as an inner sector, shell, and outer sector. The thickness of
the shell is taken as small within the limits r; < 7 < rp, where r; is taken as the radius of
the inner sector, whereas the radius of the outer sector is represented by r, = r + € while €
points out the width of the thin shell. These sectors are elaborated by the use of following
Equation of states (EoS)

1.  Innersector: p = —p,
2. Intermediate thin shell : p = p,
3.  Outersector: p=p=0.

The inner region’s EoS indicates the dominance of dark energy in it. The repelling force
generated by the dark energy evades the development of singularity in the inner sector.
The absence of singularity and event horizon in gravastar play a vital role in differentiating
it from a black hole [9]. After the inner region, we assume the presence of an intermediate
thin layer shell consisting of ultra-relativistic matter that was firstly used by Zel’dovich [10]
for the illustration of matter with high pressure. The equality between light speed and
sound speed is assumed for such types of matter. The exterior of gravastar is a vacuum and
we use Schwarzschild, Reissner-Nordstrom or Kerr-Newmann metric for its elaboration
depending upon the assumed conditions.

A lot of theoretical and mathematical work related to gravastar exist in literature and
is mostly done in general relativity (GR) [11-20]. Bhatti [21] constructed the gravastar
model by assuming thin-shell representation and discussed its feasible characteristics with
the help of cylindrically symmetric metric. Visser and Wiltshire [17] dynamically analyzed
the gravastar model proposed by MM [8] and derived the EoS which was necessary for
the dynamical consistency of the model. Cattoen et al. [22] deduced the result that the
existence of anisotropic pressure is necessary in the case of no shell in gravastar. Bhatti
et al. [23] evaluated the substantial attributes of gravastar in f(R,G) gravity. Specific
junction conditions have been used to obtain even matching between two distinct zones.
The consistency of gravastar was examined by Chirenti and Rezolla [9] and concluded that
the difference in quasi-normal modes can be used in identifying a gravastar from a BH.
The construction and evolution of string-like axially symmetric dense objects have been
analyzed by Yousaf et al. [24] in f(R, G) gravity. Horvat et al. [25] investigated the radial
stability of gravastar having sustained pressure. Sakai et al. [26] considered two distinct
optical sources along with their detailed description to study the optical images of gravastar.
The impact of the presence of charge on different physical features, i.e, energy, entropy,
and length of the shell of a higher dimensional non- singular gravastar was analyzed by
Rahaman et al. [27]. The junction conditions were used for the smooth matching between
different spacetimes. The impact of presence or absence of event horizon on the production
of gravitational waves from a celestial object was studied by Pani et al. [28]. They analyzed
how a non-rotating gravastar can be distinguished from BH-based quasi-normal modes.
Yousaf described the possible formation of compact structures in A-dominated era [29] and
f(R,T) [30] gravity.

Chirenti and Rezolla [31] examined the dependence of growth of a gravastar on its
ergoregion instability. Based on their derived results, they concluded that rotating gravastar
can also be stable. GR is widely accepted as an efficient theory for explaining a wide range
of cosmological events [32-34]. However, the accelerated expansion of the universe can be
elaborated more precisely after making some changing in the geometric part of the action
in the result of which modified theories, i.e, f(R) and f(G) were introduced. One of the
alternative theories is modified Gauss-Bonnet gravity [35], which involves an arbitrarily
defined function f(G) in Einstein-Hilbert action in which G is Gauss-Bonnet invariant. Since
G behaves as a topological constant in the case of four-dimensional manifold, it may give
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rise to some intriguing cosmological results that occur in the limited energy scale of string
theory. Keeping this in mind, distinct f(G) gravity models are developed which have
significant importance in explaining the prominent role of dark energy in the universe
expansion [36]. Furthermore, these models may aid in the avoidance of finite time future
singularities. A great deal of mathematical work in literature in the context of f(G) gravity
theory is available [37,38]. Bhatti [39] analyzed the self-gravitating stars in the framework
of f(G) theory of gravity. They considered spherically symmetric fluid having anisotropic
pressure and energy density in this regard. The instability regions under Newtonian and
post-Newtonian limits were also revealed with the help of the collapse equation. The
late-time cosmic acceleration is studied by Easson [40] in the framework of Gauss-Bonnet
theory of gravity. Neupane and Carter [41] assumed a feasible cosmological model in
which the Gauss-Bonnet invariant was coupled with the effective action. This model
provided the description of the heating process in the universe. Bhatti and Yousaf [42]
briefly analyzed the important characteristic of inhomogeneous matter dispensation under
the influence of electromagnetic field with the help of alternative gravity theory. Sharif and
Fatima [43] extended the generalization of 2nd law of thermodynamics for FRW metric in
the framework of f(G) gravity. They demonstrated with the help of graphs that this law can
be used for the description of present and future eras. Cognola et al. [44] reformulated the
scalar-Gauss-Bonnet and modified Gauss-Bonnet gravity theories by using the background
of cosmos expansion. They observed that the existence of matter is sufficient condition
for the conversion of decelerated acceleration. The 2nd law of thermodynamics was
inspected in f(G) gravity by Sadjadi [45] and derived the necessary conditions for the
law. Chatterjee and Parikh [46] inquired the role of Gauss-Bonnet term in the necessary
entropy of a BH for the violation of 2nd law of thermodynamics. Bhatti and Yousaf [47]
investigated the constraints of instability for astronomical objects in the framework of
f(G) gravity. They concluded that the dynamical instability of fluid configuration can be
elaborated by using adiabatic index whose systematic value depends upon energy density
and anisotropic pressure.

The primary goal of our research is to study the development of gravastar for an
isotropic cylindrical system in Gauss-Bonnet theory. In Section 2, the necessary mathe-
matical formalism related to f(G) gravity is given. The revised field equations along with
the conservation laws associated with the Gauss-Bonnet gravity are also calculated in this
section. The construction of discussed in Section 3. Junction conditions are explored in
Section 4, whereas some significant features of our model with their graphical demonstra-
tion are given in Section 5. In the end, important results are elaborated in Section 6.

2. f(G) Theory and Revised Field Equations

We shall study the elementary mathematical formulism of f(G) theory. The solution
of revised field equations is also explored in this section. In the case of Gauss-Bonnet
gravity, we consider an random function f(G) instead of Gauss-Bonnet invariant G which
is written as

G = R? — 4R,y R™ + Ry RM7. 1)

where Ry, v and Ry, indicate the Riemann and Ricci tensors. The concept of f(G) is similar
to that of f(R) gravity, having the action written as [48]

s_/Lm\ﬁd4x+ﬁ/R+f )/ —gd*x, @)

here, K? = 87 is a coupling constant. After the variation of action corresponding to gy,
the following field equations are obtained

1 2 1 1
Rypg — ER&/;(P = k“Tpp + Efng — EGng¢‘P — 4Ry V'V f
—4Ryug8up VIV fG + 4Ry pe VIV f + 4Ryuvgpe VIV fo
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+4R¢(pngﬂvvfG - 4R¢ng,yV”VVfG —2R (8¢¢guv - 8¢Hg¢v)
VIV fa, 3)

where f¢ is written for the differentiation corresponding to G. The non singular solution of
gravastar model will be determined by using the following cylindrically static metric

ds*> = —U(r)dt> 4+ V (r)dr? + r*dy? + r*a’dz?, 4)

where U(r) = ﬁ and U(r) = (/n%r? — 4,7—1\;[. The metric given in above equation has
following restraints on the coordinates —co < t < 00,0 < r < 00, —0 <z < 00,0 < ¢ <
27t [49]. Furthermore,  is a constant and the total gravitational mass is indicated by M.
In order to investigate the gravastar’s stability in the domain of f(G) gravity theory, we
consider the locally isotropic matter whose narration is given with the help of stress energy
tensor whose mathematical form is written as

™ = (o + p)uytty + pgu- ®)
Here, u is written for the four-velocity of matter and p specifies the pressure of fluid.
The gravitating mass of the system can be derived with the help of scale factors which
are related to the interior sector of our model. The role of solution of the modified field
equations will be important in determining these values. The non-zero components of
Einstein tensor related to the assumed model of gravastar will be

/

u uv

Goo = 2K + Pk 6)
1 u

_ 1 u 7

=5+ @)

2uv. —v od  u 22U

92 =9 =~z Yoy Touv T uv T auv ®)
_rur v
v - vz

In above equations, prime specifies the differentiation related to . The use of Equations (4)—(8)
in (3), implies the revised field equations as

—V+Vr= rzvz(p+)(8), )
-+t = vitu(p+ad), (10)
2 1" ! ! ! 2 ! /

, g (AU wu o d RuY
r [’sz} “louv Taav v tuv T auv? (11)
_rPu?

Ak

where ng X% and X% represent the correction terms. The values of U and V (metric coeffi-
cients) will be derived with the help of following conservation equation

/ /! /

p n1, pU U o0, V11 1 2 & 5,V 4
v X oy Taph TopX T AT T AT oy
ru u 2
n L L ) (12)
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After assuming the energy density as constant and by using Equation (9), we can
determine the value of V! as

1 _ 1ém

8
V*1=7/20d 40 . 1
r rxor+47_[+ or (13)

Here, m and r point out the gravitating mass and the radius of inner sector, respectively.

3. Composition of Gravastar

Now, we shall study the distinct sectors of cylindrically symmetric gravastar model.
Specific EoS related to different sectors will be used to obtain the required results. It is
fascinating to consider that the inner zone of a gravastar structure is surrounded by a
middle thin shell made up of stiff fluid dispersion, whereas the outside is completely
vacuum. The analysis of this fluid will be used in order to attain even matching between
internal and external zones of gravastar.

3.1. Zone (I)

In the primary model MM suggested that the interior sector of gravastar is not a
vacuum. We assume that the construction of interior sector can be elaborated with the
help of the EoS p = —p. This EoS reveals the appearance of dark energy in internal
region of gravastar. The repellent effect of inner sector caused by dark energy prevents the
development of singularity in gravastar. The absence of singularity is considered as one of
the major differences between gravastar and the black hole. By using above mentioned EoS
along with the law of conservation given in Equation (12), we can write

p = —po(constant), (14)
so that the value of pressure takes the form
P = —po- (15)

The value of V! (metric potential) can be calculated after using Equation (15) in (12)

_ 1 por? A
Vlzf/zod—— =. 1
L rxedr — =+ (16)

The analytical solution can be calculated after considering the value of integration
constant A equal to zero, so that

1 . 2
vl= - / rzxgdr — M. 17)

The dependence of metric potentials on each other can be determined by using
Equations (9), (10), (14) and (15) and is written as

U=YV 410, (18)

here, Y is a constant of integration and the mathematical expression for a(r) can be seen in
Appendix A. The mathematical expression of total gravitating mass M(D) is calculated as

2 2
_ [|% 0, *P0 &
M_/[2x0+ P02 (19)
Equation (19) establishes the relation between r and M and it is regarded as the

significant attribute of gravastar. The above integral will operate as an improper integral at
r = oo.



Galaxies 2022, 10, 40

6 of 13

3.2. Zone (1I)

The presence of a thin shell consisting of ultrarelativistic matter is considered at
the boundary of inner sector. In this subsection, we shall evaluate the construction of
intermediate shell and the EoS used for the illustration of shell is taken as p = p. This
equation indicates the equality between pressure and density which reveals that the shell
of gravastar is not a vacuum. Consequently, it implies that the shell is comprised of
ultrarelativistic matter. The concept of this stiff fluid has been helpful in understanding
many of the cosmological [50] and astrophysical [51,52] events. It is a challenging task
to obtain the solution of field equations in the absence of pressure, therefore, we shall
make some assumptions which will be helpful in determining the analytical solution. We
consider that U and V are smaller than 1, which implies the value of V as 0 < V < 1. The
use of Equations (9)—(11), in the scenario of above discussion, we can have

dr(V) = 7{7(0"‘7(1}/ (20)
u 3ld/1\ o, o
at | (v) =i 2y

After integrating Equation (20), we can write

% - / rxQdr + / rxldr + D, 22)

here D is an integration constant. The values V << 1 and € << 1 implies that the value of
D will be smaller than 1. The use of Equations (20) and (21) yields

u=elso? 1 pri2 (23)

where P is written as integration constant and the values of a1 (r) and a,(r) are given in
Appendix A. The use of EoS in conservation law implies

p=p= %/T(r)dr +n. (24)

The expression for T(r) can be seen in Appendix A and 7 is integration constant. From
Equation (24), we can notice that the density of shell varies directly with the change in
its radius. Therefore, the stiff fluid will be more denser at the external edge of shell as
compared to the internal one. Moreover, Figure 1 indicates that the addition in density will
result the increase in pressure of ultrarelativistic fluid and vice versa.

01863 / 7
0.1862 - ]

£ 01861 | ]

0.1860 [ / ]

01859 / ]
0.1858 | / b
[ L L L L L

= L L L L L L L L L L Il L L L 14
1.0000 1.0002 1.0004 1.0006 1.0008 1.0010

T

Figure 1. Graphical demonstration of density (km~2) correspondence with 7 (km).
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3.3. Zone (I11I)

The EoS p = p = 0 can be used in order to explain the exterior of gravastar. This
equation signifies that the exterior is totally a vacuum. We use the following cylindrically
static metric for the description of exterior region as

i = (1-" Ny (1-7 71d2 2(dg? + a2dz? 25
ss=—{1-12 + -2 r+r<¢+rx z). (25)

4. Junction Conditions

We shall conceive specific junction conditions by connecting inner and outer sectors of
gravastar. Different mathematical expressions will also be established that will enable the
even matching between respective geometries. It is important to mention that gravastar is
comprised of three sectors. In order to obtain even matching between internal and external
geometries, we shall use matching conditions suggested by Darmois-Israel [53,54]. The
persistence of metric coefficients at » = D is of significant importance for the use of these
conditions. Darmois-Israel formulation is also very useful in calculating the value of surface

stress energy. Lanczos equation [55,56] leads to SZJ, as
k
s = *71( 5}ﬁxk) (26)

Here, ko, = K:ljw Ky, shows the discontinuity related to extrinsic curvatures at the
hyper surface. The “—" sign corresponds to the interior sector and “+” is written for the
outer sector. The second fundamental form [57-60] connected to both the edges of shell is

described as
0°x oxH 9xV
+ nE B B
Ky = [agwagw T oFY ogw ] . @7)

here, &Y specifies the intrinsic coordinates of shell and nl:gt is written for the unit normal to
the surface given as

of of |1 of
= o9 ) _
ﬁ ==+l 9x? 9x? = oxP’ (28)
and n*n, = 1. The stress energy tensor S;; = diag|o, —v], is calculated by considering

the Lanczos equation. The energy density of surface is represented by () whereas (v)
indicates the amount of pressure of surface. The mathematical expressions for (¢) and (v)
are given in Equations (29) and (30), which turn out to be

o= —M%[ﬁt. (29)
o 1|7 i
_—2+m[ﬁ‘|. (30)

After the use of Equations (29) and (30), we can write

\/1—%22—1/040(D) .

1— 2D D Dag(D)
v = 1 I e et (32)

/ _QZ \/(Xo(D)

The total mass of cylindrically symmetric gravastar can be derived by using surface
energy density.
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5. Significant Attributes of Gravastar

In this section, we intended to evaluate some important characteristics of cylindrically
symmetric isotropic gravastar. The impact of f(G) theory on these features of model will
also be analyzed. The length of shell as well as its energy and entropy will be studied in
detail and graphs are used to represent their dependence on radial coordinate. In this way,
cylindrically symmetric gravastar model will be analyzed in the context of f(G) theory
of gravity.

5.1. Length of Shell

We suppose that 1 = D and rp = D + € as the radii of internal and external zones of
gravastar. We assumed the value of thickness as € << 1 which implies the small change in
the length of shell. By using Equation (22), length of shell is obtained as

D+e D+e dr
0= / V(r)dr = . (33)
D D \/f rxddr + [rxidr+ D

This equation is not integrable, so we plot it to demonstrate its physical application on
construction of gravastar. Figure 2 indicates the sudden change in the radial coordinate as
expected for the gravastar formation. We also conclude from graph that the length of shell
varies directly after the change in its thickness.

0.004
0.003 - b
— 0.002 - b

0.001 | B

0000 [ L T Il L L L Il L L L Il L L L Il L L L Il ]
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010

€

Figure 2. Graphical illustration of correspondence between proper length ¢ (km) and the shell
thickness € (km).

5.1.1. Energy Content

The geometry of inner zone of gravastar is explained with the help of EoS P = —p.
This EoS reveals the presence of negative pressure in the internal region. The repulsive
effect generated by the dark energy will avoid the creation of singularity. Shell thickness
plays a crucial part in calculating its energy. The shell energy is derived as

D+e D+e /1y
€= / 4rpr*dr = 47T/D (K / T(r)dr+ n) r2dr. (34)
D

5.1.2. Entropy

The evaluation of disorderness of a compact object is called its entropy. The area of
event horizon of a BH is used to determine its entropy. Since, in the case of gravastar,
event horizon is not present so its entropy will be dependent on the thickness of shell [61].
According to the model proposed by MM, the entropy of interior sector of gravastar is zero
and entropy within shell is determined as

S=4rn /DD+E \/ V(r)s(r)r?dr. (35)
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The entropy density related to local temperature is written as

2k2T k
0= S0 () /2

here, T(r) represents the specific temperature whereas « is is written as a dimensionless
constant. The values of Planckian constants are supposed to be 1. Consequently, entropy
density can be written as

s(r) :zx,/% - \/% %/T(r)dr—!—n. (37)

The entropy related to shell will be

D+e
S= A r? <\/ v / T(r)dr+ n) ! dr. (38)
V2m /D K \/f rxddr+ [rxldr+D

The analytical solution of above equation is not possible so we consider numerical
techniques to solve it. Moreover, the dependence of entropy of shell on its thickness is
analyzed with the help of graph Figure (3). It indicates that the entropy of shell will be zero
corresponding to the zero thickness which is physically possible as suggested by [8].

00035 [
00030 |
00025
000201
00015

0.0010 |

0.0005 |

0.0000 £ S S R
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010

€

Figure 3. Graphical representation of entropy S (km) relationship with shell thickness € (km).

5.1.3. Equation of State

Several EoS have been used in research for the elaboration of distinct astrophysical
events [62,63]. EoS relates the state variables that describe the states of matter within the
specific physical conditions. It also plays a key role in evaluating the configuration of
various fluids as well as the internal composition of compact stars. It is not possible to
identify the features of all kinds of materials by using a unique EoS. The association of gas
densities with their temperature is described by the EoS known as ideal gas law. Whereas,
perfect fluid EoS is used in cosmology for understanding the internal configuration of
distinct compact objects. Similarly, for the depiction of barotropic fluids we consider
barotropic EoS. Equation (24) is barotropic EoS which elegantly connects surface pressure
and the surface energy density which are the state variables of our model.

v =w(D)o. (39)
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After the use of Equations (31) and (32) in (39), it becomes
!
1725%2 B (XO(D)+DA%(D)
w,%z Vo (D)
w(D) - (40)

v - 18|

The appearance of positive terms in denominator and numerator of above equation is
the significant condition for the viable solution. In order to make it possible, we ignore the
higher order terms in binomial series.

2 200(D)+Dagy(D
-5 - (e

2
Dy =1+ /a(D)

Distinct values of w(D) have significant importance in the hypothetical study of our
model because they describe the characteristics of matter of distinct regions of gravastar.
The value w(D) = —1 suggests the influence of negative pressure and it is helpful in
explaining the internal region of gravastar. Furthermore, w(D) = 1 is assumed for the
illustration of ultra-relativistic fluid within the thin shell. Similarly, w (D) = 0 refers to the
vacuum which is assumed for the elaboration of external region of gravastar.

w(D) =~ % (41)

6. Conclusions

The main objective of our research article is to analyze the formation and presence of
gravastar. The basic formulation of f(G) gravity has been used in this regard. Moreover,
we assumed the isotropic pressure with perfect fluid and irrotational cylindrical metric
in order to derive the revised field equations and the law of conservation related to f(G)
gravity. Gravastar is claimed to be a viable alternate to black hole structure. Black hole is
a widely known compact object whose formation is assumed at the end of gravitational
collapse. MM suggested in their primary model of gravastar that it is composed of three
sectors. In order to elaborate these sectors, particular equation of states have been used.
The EoS related to interior sector (p = —p) points out the appearance of dark energy in
it. The formation of singularity in gravastar is prevented by the repulsive force generated
force by dark energy. At the end of interior region there is an intermediate shell which
is consisted of an ultrarelativistic fluid. The external sector of gravastar is completely a
vacuum. Different physical features of our model have been discussed in detail and their
dependence on the thickness of shell is signified by the use of graphs. Major findings of
our analysis are the following.

1.  Characterization of density and pressure: (i) In the interior sector of gravastar, negative
pressure will maintain its nature. Moreover, the values of pressure and energy density
will be persistent. (ii) Figure 1 indicates the change in pressure of ultra relativistic
fluid within the shell related to » which is the radial coordinate. Therefore, we can
assume that the outer edge of shell will have more density than the inner one.

2. Length of shell: We have examined the relation between of length of intermediate
shell and shell thickness under the presence of constructive matter. Graph (Figure 2)
between these two physical characteristics of model shows the continuous increase in
length with the increase in its thickness.

3. Entropy: (i) The area of event horizon of BH is used in order to determine its entropy.
Because there is no event horizon in the case of gravastar, its entropy will be dependent
on thickness of shell. (ii) Figure 3 specifies that by the increase (decrease) in shell
thickness € its entropy will also increase (decrease).
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Appendix A

The extra curvature terms appearing in our analysis are given as
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