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Abstract: Neutron stars provide a unique physical laboratory in which to study the properties of
matter at high density and temperature. We study a diagnostic of the composition of high-density
matter, namely, g-mode oscillations, which are driven by buoyancy forces. These oscillations can be
excited by tidal forces and couple to gravitational waves. We extend prior results for the g-mode
spectrum of cold neutron star matter to high temperatures that are expected to be achieved in neutron
star mergers using a parameterization for finite-temperature effects on equations of state recently
proposed by Raithel, Ozel and Psaltis. We find that the g-modes of canonical mass neutron stars
(~1.4M,) are suppressed at high temperatures, and core g-modes are supported only in the most
massive (>2Mg) of hot neutron stars.
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1. Introduction

The study of pulsations of stars has a rich history, beginning with the observations of
variable stars (e.g., Cepheids and RR Lyrae) and continuing through the last century with
treatises by Ledoux and Walraven [1], Cox [2], Unno [3] and others [4]. Helioseismology
and asteroseismology are considered mature fields that have provided important insight
into the inner structures of the star as well as the mechanisms that power their variability.
Compact stars such as neutron stars and black holes can support pulsation modes that
couple to gravitational waves, providing a fingerprint of the equation of state (for neutron
stars) [5], or global properties such as mass and spin rate (for black holes) [6]. Within
the context of neutron stars, which is the focus of this work, of particular interest is the
g-mode: a type of non-radial fluid oscillation that is driven by buoyancy forces arising
from temperature and composition-related gradients in the star [7]. Strong tidal effects
during the inspiral phase of neutron star mergers could excite g-modes that are potentially
observable with the next generation of detectors.

While many studies of the g-mode abound in the literature (e.g., [8] and references
therein), most hew to the discussion of discontinuity g-modes at zero temperature, for
e.g., [9,10]. In contrast, fewer works have studied the composition g-modes pioneered in
the work of Reisenegger and Goldreich [7] or the effect of high temperatures (O(MeV)) on
them. This work is a focused study of how temperature affects the composition g-mode
through lifting of degeneracy of neutron star matter. In general, the detection of g-modes
through gravitational wave astronomy could play an important role in uncovering the
composition of neutron stars in the near future, including various forms of exotic matter
in them.

For the benefit of the busy reader or non-expert, we summarize the main conclusion
of this work up front. We find that g-modes of hot neutron stars are very different in
frequency than those of cold neutron stars, and that the former are suppressed for canonical
mass neutron stars due to thermal effects that lead to an increase in the equilibrium sound
speed at typical core densities. A detailed discussion is provided in Sections 4.4 and 5. The
paper is organized as follows: we begin with a description of the core g-mode in neutron

Galaxies 2022, 10, 79. https:/ /doi.org/10.3390/ galaxies10040079 https://www.mdpi.com/journal/galaxies


https://doi.org/10.3390/galaxies10040079
https://doi.org/10.3390/galaxies10040079
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/galaxies
https://www.mdpi.com
https://orcid.org/0000-0003-1677-4185
https://doi.org/10.3390/galaxies10040079
https://www.mdpi.com/journal/galaxies
https://www.mdpi.com/article/10.3390/galaxies10040079?type=check_update&version=1

Galaxies 2022, 10, 79

20f11

stars and its relation to the equilibrium and adiabatic sound speeds in the star through
the principal equations used to compute the g-mode frequencies within the relativistic
Cowling approximation [11], which neglects the associated perturbations of the background
metric. In order to extend our analysis of g-mode frequencies to high temperatures, we
find it convenient to utilize an analytic parameterization for temperature effects on the
equation of state for hot and dense matter developed by Raithel, Ozel and Psaltis [12] and
applied to simulations of neutron star mergers. The microscopic physics underlying this
parameterization is general enough to apply to most nuclear equation of state, and so we
choose two EOS, namely, the Akmal-Pandharipande-Ravenhall (APR) equation of state [13]
and the Zhao-Lattimer (ZL) equation of state [14] for our study. Finally, we interpret our
results for the g-modes of hot neutron stars and motivate our conclusions.

2. g-Modes and Sound Speeds in Neutron Stars

In general, the oscillatory displacement of a fluid element in a spherically symmetric
star is represented by a vector field & (7)e ™! with n,! and m denoting the radial, az-
imuthal and magnetic mode indices [8]. To be precise, the frequency w also carry subscripts
nlm implicitly understood, with degeneracies that are broken in more realistic cases such
as with rotation or magnetic fields (not considered here).

For even-parity or spheroidal modes, separation into radial and tangential compo-
nents yields & (7) = (1) Y;,, (6, ¢) and gﬁl’" (7) =17 (r)V L Y1 (6, ), respectively, where
Y, (6, ¢) are the spherical harmonics [15]. From the perturbed continuity equation for the
fluid, the tangential function #, can be traded for fluid variables as
Sp/e = w?rn (1), (6, p)e !, where Jp is the corresponding local (Eulerian) pressure
perturbation and € the local energy density. Within the relativistic Cowling approximation',
the equations of motion to be solved to determine the frequency of a particular mode are
(in ¢ = 1 units) [7,19,20],

19 (I+1)e’ op A
2] + (I+1)e" op _Ap
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dép 1 A—v 2 2 _

where enthalpy h = p + ¢, 7y the adiabatic index of the fluid, and we have suppressed the
indices on w and ¢. The Lagrangian variation of the pressure enters as Ap, and is related to
the Eulerian variation dp through the operator relation A = § 4- ¢ - V. The symbol ¢; denotes
the adiabatic sound speed, the square of which is given as c? = 1 p/ (unng) where y,, is the
neutron chemical potential®, np the local baryon density and v = (ng/p)dp(np,Y,)/ong
is the adiabatic index. The advantage of employing the analytic parameterization of the
finite temperature EOS, which separates out the dependence on np and Y, is that the
partial derivative dp(ng,Y,)/dnp and hence the adiabatic sound speed at any density
can be computed analytically. On the other hand, the equilibrium sound speed squared
c2 = (dp/de) is a total derivative that can be evaluated numerically from the tabulated
EOS. Both sound speeds enter through the Brunt-Viisila frequency (N) which is given by:

1 1
szgz(g—é)ev A 2)
where the local gravitational field g = —V¢ = —Vp/h, v(r) and A(r) are metric functions
of the unperturbed star which feature in the Schwarzschild interior metric. Equation (1)
can be analyzed in the short-wavelength limit (kr > 1) where the local dispersion relation
has two distinct branches, with the lower frequency branch corresponding to the g-modes.
The local g-mode frequency is then w? o« e*N? [20], highlighting the importance of the
two sound speeds (in particular, the difference of their inverse squares, as in Equation (2)).
The global g-mode frequency is constant for a given stellar configuration (see Figure 1)
and can be thought of as an average of the local g-modes (although it is still sensitive to
phase transitions).
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g-mode frequency vs stellar mass
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Figure 1. Plots of the g-mode frequencies as a function of the star’s mass (in solar masses). As tem-
perature increases, g-mode frequencies are suppressed. At temperatures of 30 MeV, g-modes vanish
except near the maximum mass, and eventually these disappear as well with increasing temperature.

In this work, we study the fundamental g-mode with # = 1 and fix the mode’s multi-
polarity at I = 2. This is because the I = 2 mode is quadrupolar in nature, and can couple
to gravitational waves. Higher [ values (octupole and higher) are generally weaker than
the quadrupole. The reason to study the n = 1 (fundamental) g-mode is that the local
dispersion relation for g-modes w? « 1/k? implies that the n = 1 excitation has the highest
frequency, whereas higher values of n are known to have a smaller amplitude of excitation
and a weaker tidal coupling coefficient [21]. For the non-rotating stars we consider here,
solutions are degenerate in m. Note that our definition of the “fundamental” mode refers to
the lowest radial order of the g-mode which also has the highest frequency. This should not
be confused with the qualitatively different f-mode, which is also referred to sometimes
as the fundamental mode. Furthermore, overtones with lower frequency exist, but we do
not perform any computations with them here, since the fundamental g-mode is likely
the most strongly excited during a tidal perturbation and is within the sensitivity range of
current generation of gravitational wave (GW) detectors [22,23].

The system of equations in Equation (1) cannot be solved analytically even with a
simple model of a neutron star. Our aim will be to solve this numerically as an eigenvalue
system for the g-mode frequency w. Physically, the solution to this system of equations,
under the boundary conditions Ap = 0 at the surface and ¢&,, dp/e€ regular at the center,
only exists for discrete values of the mode frequency w. These values represent the g-
mode spectrum for a chosen stellar model. Because we have employed the Cowling
approximation and ignored the perturbations of the metric that must accompany fluid
perturbations, we cannot compute the imaginary part of the eigenfrequency (damping
time) of the g-mode’.

The effect of temperature on the g-mode in degenerate matter inside neutron stars is
relatively unexplored. Fu et al. [26] calculated the time-evolution of the g-mode spectrum of
a newly born neutron star and strange quark star as it cools after formation in a supernova
explosion, within a specific model (the relativistic mean-field/MIT Bag model). Our
purpose in this work is to explore the behavior of g-modes with increasing temperature
(decreasing degeneracy) in an evolved neutron star. For this exercise, we employ two
parameterized models for a purely nucleonic finite-temperature equation of state that
satisfy current observational constraints and are described in more detail below.

3. Finite Temperature Model for the Neutron Star Equation of State

Reference [12] introduced a finite-temperature model (henceforth, ROP) in parameter-
ized form that captures thermal effects in npe matter at arbitrary density, temperature and
proton fraction, and can describe a wide range of microscopic realistic EOS. In particular,
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the model can describe thermal effects on degeneracy and is therefore more widely applica-
ble to the temperature and density regimes relevant to neutron star mergers than the ideal
fluid approximation. The authors also tabulate fit parameters for different classes of ther-
mal EOS, such as the single nucleus approach of Lattimer and Swesty [27], Shen et al. [28]
as well as nuclear statistical equilibrium, e.g., Hempel and Schaffner-Bielich [29] and
Steiner et al. [30]*.

The relevant aspects of the ROP model for this work are the various thermal contribu-
tions to the energy and pressure of neutron star matter, which are all expressed in analytic
(exact or parameterized) form, with explicit dependence on temperature, density and com-
positional dependence (in this case, proton fraction only), facilitating a computation of the
equilibrium and adiabatic sound speed required for the finite temperature g-mode. Ther-
mal contributions come from the relativistic species (photons and leptons only; neutrinos
are ignored), the ideal gas component (non-degenerate nucleons) and a thermal-degenerate
component calculated to leading order ( T?). Each of these three components dominates
in different density regimes, from low-density to high-density respectively, which can be
approximated by a smoothed expression that recovers the dominant contribution to the
energy and pressure of the strongly interacting matter. In the ROP prescription, the Dirac ef-
fective mass of the nucleon (neutron or proton) is also parameterized by a power-law form,
which, at the expense of introducing additional fit parameters, reproduces the behavior of
the effective mass in the microscopic theory at densities and temperatures relevant to the
core of neutron stars [34,35]. The nucelon’s effective mass has been shown to be important
for other oscillation modes, such as f-modes [36]. Thus, the ROP model is well suited to a
computation of the sound speeds and the finite-temperature g-mode. For the convenience
of the reader, we reproduce the generic expressions for the pressure and energy within the
ROP model in the Appendix A.

4. Results

We present our results for the g-mode in this section, beginning with the inputs required
for their computation, namely, the EOS, the mass-radius relation, and the sound speeds.

4.1. Pressure and Energy

We choose two representative nuclear models for the EOS of dense matter in the
core of the neutron star. One is the APR EOS [13]. To construct this cold EOS for use in
Equations (A1) and (A2), we fit the parabolic approximation E(#n,Y,, T =0) = Eg(n, Y, =1/2,
T = 0) + (1-2Yp)?Esym(n, T = 0) to the results of [13] with Eg(n,Y, = 1/2,T = 0) =
Eo(u—2—6)/ (1 + ué) with u = n/ng; (nsar = 0.154 fm=3 is the saturation density),
Ep = —16 MeV the binding energy of uniform nuclear matter and é a parameter that is
fixed by choosing the value of the compressibility x of nuclear matter at saturation®. It is
easy to check that the pressure of symmetric matter vanishes at saturation. The fit for
Esym(n, T = 0) is given by Equation (14) of [12] and the parameters required for this are the
symmetry energy at saturation Esy, (nsat, T = 0), the density dependence of the potential
contribution to the symmetry energy, typically parameterized by a power-law index y and
the slope parameter L at saturation®. A common nucleon mass is chosen for convenience.
With these choices fixed, one can obtain Y, (1), the proton fraction in charge-neutral npe
matter in B-equilibrium. The compressibility at saturation density x is tuned to satisfy the
maximum mass constraint of 2.08 fg:g;M@ derived from observations of PSR J0740+6620
in [38]. All parameter values for the APR EOS are listed in Table 1.
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Table 1. Parameters of the cold EOS employed in this work.

Esym (nsut) L
EOS * (MeV) (MeV) v
APR 254 32 57.6 0.6
ZL 250 31.6 60.1 0.8

The second EOS model is that of Zhao and Lattimer [14]. In this case, the data
for Eg(n,Y, = 1/2,T = 0) are fitted to the compressibility of nuclear matter, along

with a binding energy of —16 MeV and vanishing pressure, all at saturation’” while
data for Esym(n, T = 0) are again fit by Equation (14) of [12]. The parameters values
K, Esym(nsat), L, 7y for the ZL EOS are listed in Table 1.

For the cold (T = 0) APR EQS, the dimensionless tidal polarizability A’ﬁER =492 while
for the more compact ZL EOS, Alz.li = 357. Both are within the constraint 70 < A4 < 580 ob-
tained using uncorrelated priors on the binary components of the merger event GW170817
obtained by Abbott et al. [39], and also within the constraints of De et al. [40] which used
correlated priors. For both EOS, we will treat the crust as a homogeneous fluid so that
cs = ce and no crustal g-modes are supported. The assumption of homogeneity is reasonable
given that the crust melting temperature is estimated to be well below temperatures of
10 MeV or more that we are considering in our study of finite temperature g-modes.

In either case, adding the thermal contributions gives us the complete EOS at any
temperature and density relevant to this study; Equations (A5) and (A6). Figure 2a shows
the pressure-energy relation for the APR EOS in B-equilibrium for varying temperatures
including the density regime of relevance to the core of neutron stars, while Figure 2b
shows the relative importance of thermal contributions as a function of density for a fixed
temperature (right panel). The smoothed pressure is the sum of the relativistic term and the
harmonic mean of the ideal and the degenerate terms, and is employed to avoid artificial
discontinuities in the calculation of sound speeds. It also has the right limits in that it
approaches the ideal gas pressure at low densities and the degenerate pressure at high
density. The corresponding results for the ZL EOS are qualitatively similar, hence not
shown here.

(2
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Figure 2. (Left panel) The APR EOS with thermal contributions included as per the parameterizations
in [12]. (Right panel) Thermal effects are most pronounced in the low-density regime (0.05-3.0)
nsat and are thus expected to inflate the radius of the hot neutron star relative to a cold one. This is
proportionate to the impact of thermal effects, shown here for a temperature T = 50 MeV, on lifting
the degeneracy of dense matter. Corresponding results for the ZL EOS are qualitatively similar.

4.2. Mass-Radius Relation

The mass—radius relations of cold and hot neutron stars described by the parameter-
ized APR EOS and the ZL EOS are shown in Figure 3. The maximum mass of the T =0
neutron star is 2.12 M, for the APR EOS and 2.15 M, for the ZL EOS, representative of
the heavier neutron stars observed to date, giving us a sufficiently wide range to study the
g-mode dependence on the mass. With increasing temperature (T from 0 to 30 MeV), the
maximum mass for the APR EOS changes only slightly to 2.15 M, while the size of the
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star increases, with dramatically larger radii near the upper limit of this range. Such high
temperatures can be achieved a few tens of milliseconds after the merger in the core of
the remnant, as suggested by results for the thermal profile emerging from merger simula-
tions [41]. It should be noted that at this stage, the remnant is not in a state of mechanical
or chemical equilibrium, so our mass-radius profiles are not directly applicable to such a
scenario. However, it does demonstrate that the radial extent of the star is quite sensitive to
the treatment of thermal pressure. Including the thermal terms leads to radius inflation
and as we note below, affects the sound speeds and the behavior of the g-mode frequency.

20 i PSR J0740+6620
- - APREOS
- ZLEOS
~ 1.5}
S
‘_g — T=0MeV
&10_ — T=10 MeV
s — T=20 MeV
T=30 MeV
0.5}
0.0L
10 1 12 13 14 15

R (km)

Figure 3. The effects of temperature on a neutron star’s structure. As the temperature increases,
degeneracy is lifted. This means that the stars will essentially “puff” up without gaining more mass.

4.3. The Equilibrium (c,) and Adiabatic (cs) Sound Speeds

The difference between the (inverse squares of) equilibrium and adiabatic sound
speeds determines the driving frequency of the g-modes and depends on the composition
in B-equilibrium. As pressure and energy density vary with temperature, we find that
the sound speed difference also changes strongly with temperature, which affects the
g-mode frequency. If we assume the proton fraction remains unchanged from the cold EOS
value Yy =Y}, 5, we observe from Figure 4a that with increasing temperature, this sound
speed difference gradually decreases and turns negative, switching off the g-modes. At
low temperatures, the equilibrium sound speed squared (c?) is smaller than the adiabatic
sound speed squared (c?) at all densities of relevance to the neutron star’s core. With
increasing temperature, c? exceeds c? at a threshold density which is within the realm
of a neutron star’s core densities. This increase in c? is principally due to the thermal
pressure from the ideal gas term at lower densities, and the degeneracy term at higher
densities. On average, the sound speed difference c2 — c? is most affected by the lifting of the
degeneracy. We conclude that composition g-modes in neutron stars should be suppressed
at high temperatures. Both figures terminate at a lower density of n;, = 0.08 fm 3 (core-crust
interface). In principle, the crust can also support g-modes and these can be calculated given
a particular model of the crust with shells of varying composition and shear moduli [42],
but crustal g-modes couple very weakly or not at all to core g-modes [7], hence for our
purposes, it suffices to treat the crust as a homogeneous fluid with cs = ¢, without any

g-modes there.
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Figure 4. The difference between the inverse of the squares of the equilibrium and adiabatic sound
speeds as a function of density in the neutron star core for varying temperatures, for the APR EOS. A
positive difference indicates stable g-modes. (a) For Y} the same as that given by the cold EOS (i.e.,
in B-equilibrium), at temperatures of 50 MeV or more, no stable g-modes are supported. (b) For a
fixed, arbitrary Y}, = 0.1, this difference, though positive at low density eventually turns negative
at large density irrespective of the temperature. Interpolation effects at the core-crust boundary
(np = 0.08 fm—3) cause the peaks in the left panel figure and do not have any physical significance.
In practice, the sound speed difference in the core rises smoothly towards the core-crust boundary
and drops abruptly to 0 in the crust in accordance with our assumption of a homogeneous fluid
crust (see text for additional discussion on this point). The corresponding results for the ZL EOS are
qualitatively similar.

As the model in ROP is a good fit to realistic EOS across a range of asymmetries
0.01 <Y, < 0.5 in npe matter, we also study the behavior of the sound speed difference
with baryon density at fixed Y). Although the fixed Y}, scenario is not realized in neutron
stars and does not apply to the g-mode perturbations which assume small deviations from
B-equilibrium, we display the results here to demonstrate the marked effects of composition
on sound speeds. For example, Figure 4b shows that ¢2 < ¢2 at low densities, even up to
high temperatures, as matter in the core of a neutron star is, on average more degenerate
than a configuration with fixed Y, = 0.1 implies. The corresponding results for the ZL EOS
are qualitatively similar, hence not shown here.

4.4. g-Modes at Finite Temperature

For composition-driven g-modes of zero-temperature neutron stars, the scale of
the characteristic frequency is set by the Brunt-Viisdld frequency, and is of the order
of 100-200 Hz. The g-mode frequency increases slowly with stellar mass, until a sharp
increase occurs near the maximum mass. The g-mode frequency has been found to scale
with the central lepton fraction [18], and is sensitive (in 7pe matter) to the symmetry energy
and its density derivative [25]. As Figure 1 shows, these modes are strongly dependent on
the star’s temperature as well, with g-modes for canonical neutron stars (1.4 M) being
suppressed at or above temperatures of 30 MeV or so. This is a direct result of an increase
in the equilibrium sound speed with increasing temperature. Neutron stars close to the
maximum mass of 2M, in the APR or ZL EOS model can support stable g-modes even at
higher temperature, but eventually at temperatures of 50 MeV or more, no stable g-modes
can be found.

5. Discussion

We studied the effects of temperature on the composition-driven g-modes of a neutron
star, which could be excited during or in the aftermath of a neutron star merger, and
possibly be detected in future gravitational wave detectors. Toward this end, we employed
a convenient parameterization of finite temperature effects that accurately reproduces
exact results from a variety of microscopic calculations of finite-temperature equations. In
particular, the separation of the density and composition dependence of the parameterized
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form, for both the cold and thermal contributions to the pressure, facilitates the computation
of the g-mode frequencies.

Several effects can be seen with temperatures of order 10 MeV or more which charac-
terize hot neutron stars. In general, higher temperatures alter the equation of state, leading
to higher energy density and pressure. As a result, the mass—radius relation of the stars
changed as a function of temperature (see Figure 3). For example, with the APR EOS, a
star with a mass of 1.4 solar mass at low temperature has a radius of about 12.45 km. At
30 MeV, a star with similar mass has a radius of 13.68 km. The increased temperature lifts
the degeneracy and puffs up the star creating an overall slightly less dense neutron star on
average when compared to lower temperatures.

Additionally, the calculated frequencies of the g-mode decreased as temperature
increased (Figure 1). One observes that at high temperatures g-mode oscillation frequencies
are suppressed and disappear almost completely beyond 30 MeV, except in the most
massive of neutron stars near the maximum mass configuration, due to the stronger effect
of degeneracy in the cores of such stars. This suppression is due to specific thermal
contributions in the equation of state which makes the equilibrium sound speed larger than
the adiabatic sound speed.

Since the merger of two neutron stars results in a hotter and more massive neutron star
than the merging components, one may speculate that g-modes can still be marginally sup-
ported in the remnant due to its highly degenerate core. Such remnant stars vibrate strongly
for a few seconds, so gravitational wave detectors may detect g-modes from them, assum-
ing viscosity does not damp the g-mode too quickly. The detection of zero-temperature
g-modes from neutron stars in the pre-merger phase has been studied extensively, and may
also be a promising avenue to constrain the composition of cold neutron stars.

Some caveats to our study are to be noted. The composition g-modes introduced
by Reisenegger and Goldreich [7] are, strictly speaking, excited in non-convective (cold)
neutron stars. If temperatures become large enough for convective forces, such g-modes
can become unstable. Convective forces are not taken into account in this work, nor
are temperature gradients. For a varying temperature profile (e.g., assuming a con-
stant entropy/baryon), a more general expression for the adiabatic sound speed such
as Equation (56) of [43] is required. A more detailed investigation of the g-mode with a re-
alistic temperature profile and a locally temperature dependent sound speed is much more
involved and left to future work. Neutrino trapping is also ignored, but if we nominally
include them as a thermal component by setting f; = 43/8 above typical trapping tempera-
tures of 10 MeV, we find a systematic reduction of approximately 15-20% in the g-mode
frequency. This is significant and implies that neutrinos can affect the g-mode frequency
in hot neutron stars, a finding worthy of additional study. The inclusion and impact of
additional species (such as hyperons or quarks) can all cause a substantial enhancement of
the g-mode frequency by about 500 Hz, though in each case the reason for the enhancement
is different (see, e.g., discussion in [21]). As the g-mode is expected to be swamped by the
f-mode, it has not been the focus of attention in the early LIGO/VIRGO studies (e.g., [44])
but the important compositional information carried by the g-mode may be teased out in
future detectors such as the Cosmic Explorer or the Einstein Telescope.
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Abbreviations

The following abbreviations are used in this manuscript:

EOS  Equation of State
ROP  Model for finite-temperature effects introduced by Raithel, Ozel and Psaltis in [12].
GW  Gravitational Waves

Appendix A
ROP Parameterization for the Temperature Dependent EOS

A note about units: Following convention, in the governing g-mode equations of
Section 2, we have set ¢ = 1 and chosen MeV /fm? for units of energy density and pressure.
For consistency, in this section, E is in MeV and p in MeV /fm3, so one should use as appropri-
ate the conversions MeV.fm = 1/197.33, while measuring T in MeV (1 MeV = 1.16 x 10'° K)
and number densities in fm 3. The energy and pressure are decomposed as

Etotul (T’Z, Ypr T) = Ecold(nl YP) + Eth (1’1, Ypr T) . (Al)
Ptotal (n/ Ypr T) = Pcold(n/ YP) + Pt (I’l, YP' T) . (AZ)

where Ey, (Ep1q) and pyy,(peoia) represent the total respective thermal (cold) components.
In Equations (A1) and (A2)

Ecota(n,Yp) = E(n, Y5, T = 0) + Egym(n, T =0) [ (1-2Y,)* = (1-2Y,,5)*| (A3)
4/3 4/3\,.1/3
+ 3Ky,
Peota(n,Yp) = P(”/ Ypp T = 0) + psym(n, T =0) [(1 - ZYP)Z - (1 - ZYp,ﬁ)z} (Ad)
4/3 4/3Y,.4/3
+ 3K(YpR =y )t

where the cold symmetry energy or symmetry pressure is denoted by Esym or psym

and K = (372)1/3. The thermal terms in the smoothed approximation are provided
in Equations (A5) and (A6) below.

4o fsT*

Eth(n,Yp, T) = "

-1

-1
T ((?) +[a(0.5n,0.5M§M)+a(an,me)Yp]‘1T‘2) , (A5)

where ¢ = 72/60 is the Stefan-Boltzmann constant, 1, is the electron mass, fs is the
number of ultra-relativistic species that contribute to the thermal energy (taking the value
of either 1 for T < 1 MeV or (11/4) for T > 1 MeV provided neutrinos are neglected
above T~10 MeV), and a(n, Mg,,) is a level density parameter that relies on the Dirac
effective mass of the nucleon in symmetric matter, Mg,,, and the baryon density. This
parameter is defined in Equation (A7). Similarly,

4o f;T*
pth(n/ Ypr T) = gs

9a(0.51, 0.5 M oa(Y,n,my)Y,] -1
+((nT)‘1+[ a(0.5n, 5M)+ a(Ypn, me) ”] nsz) , (A6)

on on
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2 \/(371211,,)2/3 + M (nq)2

U
2 (37‘(2r1q)2/3

a(ng, M; ) , (A7)

_py /b
n —u
2( 4
mc ( ) ] . (A8)
1o
where 1, refers to the density of a single species g (nucleon or lepton), m is its vacuum
mass and 7y is a fiducial density. We chose b =2, « = 0.87 and ny = 0.13 as in [12] since
these provide best fits to the density dependence of the common nucleonic effective mass

in symmetric matter Mg, for a wide variety of EOS. Equations (A5)—(A8) were used for all
our numerical computations involving thermal terms in the energy and pressure.

M; (ng) = (mcz) B +

Notes

1

The Cowling approximation neglects the back reaction of the gravitational potential and reduces the number of equations we have
to solve. While this approximation is not strictly consistent with our fully general relativistic (GR) treatment of the equilibrium
structure of the star, it does not change our conclusions qualitatively or even quantitatively that much, since this approximation
is accurate for g-mode frequencies at the few % level [16-18].

In beta-equilibrated charge neutral neutron star matter, the neutron chemical potential is sufficient to determine all other
chemical potentials.

The damping time of g-modes due to viscosity and gravitational wave emission, estimated in some works [24,25], suggests
that the g-mode can become secularly unstable for temperatures 108 K < T < 10° K for rotational speeds exceeding twice the
g-modefrequency of a static star.

4 Not all fit parameters in the ROP model are consistent with the combined set of experimental constraints [31] or with error bands
from chiral effective field theory [32,33] but a subset of parameters always are, with a reasonable compromise to allow for a wide
range of EOS in their initial study.

> A straightforward calculation yields compressibility x = —18Ey/ (1 + J) for the fitted APR EOS.

6 Our parameter values are within the typical range allowed by terrestrial and astrophysical data, as detailed in [37].

7 Data for the ZL EOS was obtained in private communication with the author of [21].
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