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Abstract: Recent experimental and ab initio theory investigations of the 208Pb neutron skin thickness
have the potential to inform the neutron star equation of state. In particular, the strong correlation
between the 208Pb neutron skin thickness and the pressure of neutron matter at normal nuclear
densities leads to modified predictions for the radii, tidal deformabilities, and moments of inertia
of typical 1.4 M� neutron stars. In the present work, we study the relative impact of these recent
analyses of the 208Pb neutron skin thickness on bulk properties of neutron stars within a Bayesian
statistical analysis. Two models for the equation of state prior are employed in order to highlight the
role of the highly uncertain high-density equation of state. From our combined Bayesian analysis
of nuclear theory, nuclear experiment, and observational constraints on the dense matter equation
of state, we find at the 90% credibility level R1.4 = 12.36+0.38

−0.73 km for the radius of a 1.4 M� neutron
star, R2.0 = 11.96+0.94

−0.71 km for the radius of a 2.0 M� neutron star, Λ1.4 = 440+103
−144 for the tidal

deformability of a 1.4 M� neutron star, and I1.338 = 1.425+0.074
−0.146 × 1045 g cm2 for the moment of

inertia of PSR J0737-3039A whose mass is 1.338 M�.

Keywords: neutron stars; nuclear equation of state; chiral effective field theory

1. Introduction

Neutron stars have attracted a great deal of attention in recent years as new measure-
ments of masses from radio pulsar timing [1–3], tidal deformabilities from gravitational
wave analyses [4,5], and radii from X-ray pulse profiling [6–9] have begun to clarify the
possible existence of novel states of matter in the dense inner cores of the heaviest neutron
stars and the equation of state of dense matter [10–12]. At the same time, progress in nuclear
effective field theories [13,14] have enabled similarly strong constraints [12,15–22] on the
dense matter equation of state and bulk properties of typical 1.4 M� neutron stars. These
nuclear theory models can be further refined through precise investigations of neutron-rich
nuclei, which probe the density dependence of the nuclear isospin-asymmetry energy that
characterizes the energy cost of converting protons into neutrons in a nuclear many-body
medium. Recently, the PREX-II experimental measurement [23,24] of the 208Pb neutron skin
thickness Rnp ≡ Rn − Rp = (0.283± 0.071) fm has provided new insights into the nuclear
isospin-asymmetry energy, which can then be combined with neutron star observations
in comprehensive statistical analyses [10,25] of the dense matter equation of state. One
finds that on one side, measurements of neutron star tidal deformabilities from merging
binaries and nuclear theory calculations based on chiral effective field theory tend to favor
soft equations of state around 1 – 2 n0, where n0 is the nuclear matter saturation density.
On the other side, NICER radius measurements and the PREX-II neutron skin thickness
measurement of 208Pb tend to favor stiff equations of state. Even more recently, ab initio nu-
clear theory calculations [26] have predicted a significantly smaller neutron skin thickness
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Rn − Rp = (0.14 – 0.20) fm of 208Pb, which is consistent with the soft equations of state
found from previous chiral effective field theory investigations. The goal of the present
work is to systematically study the relative impact of these 208Pb neutron skin thickness
analyses together with other theory, experimental, and astrophysical constraints on the
dense matter equation of state, all within a Bayesian statistical framework. We will show
that our posterior probability distributions for the neutron star equation of state remain
relatively broad, even under the assumption of a smooth extrapolation from low to very
high densities, where the composition of neutron stars remains highly uncertain.

One of the strongest constraints on exotic states of matter in neutron star interiors
comes from neutron star mass measurements. For instance, the observation of ∼2 M�
neutron stars [1–3] strongly disfavors [27,28] the appearance of strangeness in neutron
stars at around 2 – 3 n0, the canonical density inferred from a variety of hyperon–nucleon
two-body forces [29,30]. To resolve this apparent tension, it is natural to investigate the
role of the more uncertain hyperon–nucleon–nucleon three-body forces [31], which can
delay [28,32] the onset of strangeness in neutron stars, perhaps even indefinitely.

Observations of gravitational waves from the late-inspiral phase of GW170817 strongly
favor small tidal deformabilities for 1.4 M� neutron stars, Λ1.4 = 190+390

−120 [4,5,33], and
hence soft equations of state around twice the nuclear matter saturation density 2n0.
In order to infer the existence of a phase transition at high densities, it may be more
promising to observe gravitational waves from the post-merger phase of binary neutron
star coalescence and in particular the oscillation frequencies of hypermassive neutron star
remnants. Neutron star equations of state with only lepton and nucleon degrees of freedom
show a strong correlation between the peak frequency of the oscillating remnant and the
radius or tidal deformability of typical 1.4 M� neutron stars [34]. Strong deviations from
this speculated correlation could indicate the presence of a phase transition to a hybrid
quark-hadron star. For most neutron star merger events, however, current gravitational
wave detectors do not have sufficient sensitivity in the high-frequency band above 1kHz to
measure remnant oscillations.

Neutron star radii and tidal deformabilities are strongly correlated. From GW170817
one can already place an upper bound R1.4 . 13.5 km on the radius of 1.4 M� neutron
stars [5,16,35]. More direct measurements of neutron star radii from X-ray pulse profiling [6–9]
are consistent with inferences from GW170817, but statistically favor somewhat larger
radii. In the case of the NICER X-ray measurements of PSR J0030+0451, two independent
analyses found M = 1.44+0.15

−0.14M� and R = 13.02+1.24
−1.06 km [6] and M = 1.34+0.15

−0.16M� and
R = 12.71+1.14

−1.19 km [7] at the 68% credibility level. Furthermore, the recent results from
NICER-XMM for PSR J0740+6620 also support the stiff EOS scenario. The radius of this
2.08 M� neutron star is predicted to be R2.08 = 13.7+2.6

−1.5 km from Miller et al. [8] and
R2.08 = 12.39+1.30

−0.98 km from Riley et al. [9]. One possibility to infer the existence of a phase
transition at high density from radius measurements is to search for so called “twin stars”,
that is, two neutron stars with similar gravitational mass but different radii, which would
provide strong evidence for a third stable branch of cold dense stars (after white dwarfs and
neutron stars) [36]. Present uncertainties in neutron star radius measurements, however,
are likely still too large to be able to resolve hypothetical twin stars.

Complementary to the progress that has taken place in neutron star observations
and astrophysics simulations, theoretical modeling of neutron stars based on state-of-the-
art nuclear forces have reached sufficient accuracy to strongly constrain the neutron star
equation of state and the associated properties of light ∼1.4 M� neutron stars [18,19]. For
instance, in Ref. [15] chiral effective field theory calculations of the neutron matter equation
of state up to nuclear matter saturation density n0 were used to predict that the radius
of a 1.4 M� neutron star lies in the range 9.7 km < R1.4 < 13.9 km. Later, in Ref. [18] it
was shown that, by combining chiral effective field theory, priors on the dense matter
equation of state together with likelihood functions obtained from isovector properties of
medium-mass and heavy nuclei, R1.4 lies in the range 10.4 km < R1.4 < 12.9 km and the
tidal deformability for 1.4 M� neutron stars lies in the range 140 < Λ1.4 < 520 (see also
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Ref. [19] for a similar study of the binary tidal deformability parameter Λ̃ associated with
GW170817). Low-density constraints from chiral effective field theory have also enabled
more refined predictions of neutron star radii [20,37] and moments of inertia [38,39].

Isovector properties of medium-mass and heavy nuclei provide a third avenue to infer
the empirical parameters of the nuclear equation of state around the saturation density n0.
For instance, the combination of experimentally measured masses, neutron skins, giant
dipole resonances, and dipole polarizabilities has provided a strong constraint [40,41] on
the nuclear isospin-asymmetry energy, with uncertainties comparable to that of recent
chiral effective field theory calculations [42–44]. In addition, heavy-ion collisions [45–47]
can give insights into the equation of state at supra-saturation densities. Recently, the
measurement [23] of the parity-violating asymmetry in the elastic scattering of longitu-
dinally polarized electrons off 208Pb has provided new constraints [24,48] on the neutron
skin thickness of 208Pb and the symmetry energy slope parameter L, though the extraction
of the latter quantity requires model assumptions. For instance, Refs. [23,24] report the
constraints Rn − Rp = 0.283± 0.071 fm and L = 106± 37 MeV, while Ref. [48] reports
Rn − Rp = 0.19 ± 0.02 fm and L = 54 ± 8 MeV using a wider class of energy density
functionals and including also the experimentally measured electric dipole polarizability
of 208Pb as a constraint. In addition, the recent ab initio nuclear theory calculation [26] of
the neutron skin thickness of 208Pb has obtained Rn − Rp = 0.14− 0.20 fm, which is much
closer to the experimental evaluation in Ref. [48].

In light of these recent novel nuclear experiments, ab initio nuclear theory calculations,
and neutron star observations, we study their relative impact on the dense matter equation
of state and derived properties of neutron stars. Given the highly uncertain nature of the
composition and pressure of ultra-dense matter beyond about twice nuclear saturation
density, we employ two different prior probability distributions in our analysis. Both are
based on the work of Refs. [18,49], where chiral EFT calculations at varying cutoff scale
and order in the chiral expansion are first used to construct a probability distribution
of energy density functionals. These models are then further constrained by empirical
information on nuclear matter properties around saturation density inferred from studies
of medium-mass and heavy nuclei. Up to twice nuclear matter saturation density, our
two prior distributions are identical. Beyond 2n0, our first prior probability distribution
assumes a smooth extrapolation of the functional form obtained at lower densities. Our
second prior model assumes a transition to the maximally-stiff equation of state, where the
speed of sound is equal to the speed of light, at a transition density nc that is uniformly
varied in the range 2n0 < nc < 4n0. Taken together, the two models may be used to infer
potential breakdowns in the chiral effective field theory description of nuclear interactions
and the possible existence of phase transitions at supra-saturation density.

The paper is organized as follows. In Section 2 we provide a description of our neutron
star modeling, which explicitly accounts for the physics of the outer and inner crusts.
In Section 3 we describe details of the Bayesian statistical modeling used to account for
constraints from ab initio nuclear theory, nuclear experiment, and neutron star observations.
In Section 4 we present results for the nuclear equation of state and derived neutron
star properties based on our propagated likelihood functions. We end with a summary
and discussion.

2. Neutron Star Modeling

Many qualitative features of neutron star structure are well understood and do not
depend sensitively on the choice of nuclear force model used to generate the equation
of state. The neutron star crust consists of ionized heavy nuclei with the possibility of
unbound neutrons beyond a transition density set by the neutron chemical potential. This
inhomogeneous phase of nuclear matter exists until the total baryon number density
increases to approximately one-half saturation density [50], at which point the lattice
structure melts to a fluid of protons, neutrons, and electrons, a state of matter that has a
lower energy than the inhomogeneous phase. The effects of three-nucleon forces already
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begin to play a role close to the crust–core transition density, and the uncertainties in
chiral EFT calculations of uniform neutron matter begin to increase considerably at around
half saturation density, regardless of the many-body method employed (e.g., many-body
perturbation theory [42,51–55], quantum Monte Carlo [56–59], or self-consistent Green’s
function theory [60]). In addition, uncertainties in the symmetric nuclear matter equation
of state, especially regarding the saturation energy and density, impact the crust-core
transition density. However, the transition density does not depend on the mass of the
neutron star.

The region of a neutron star below the crust is traditionally divided into an “outer core”
and “inner core”, where the transition to the inner core is accompanied by the appearance
of novel degrees of freedom beyond protons, neutrons, electrons, and muons (the latter
arise when the electron chemical potential surpasses the rest mass of the muon, 105.7 MeV).
For instance, in the inner core, the ground state of dense matter might be comprised of
hyperons, meson condensates, or deconfined quarks. Since the existence of such exotic
states of matter is not certain, especially in light of observed heavy ∼2 M� neutron stars,
the neutron star inner core remains highly speculative.

Although the general composition of the neutron star outer core is well understood,
its detailed properties (e.g., proton fraction or pressure as a function of density) depend
sensitively on the nuclear force. In the outer core, the nuclear equation of state can be
constrained from nuclear experiments, nuclear theory, and astrophysical observations.
Currently, there are more than 2300 nuclei whose masses are measured [61] and which
provide a strong constraint on the nuclear matter saturation energy B, saturation density n0,
and incompressibility K. Pure neutron matter cannot be studied directly in the laboratory,
but at low to moderate densities up to ∼2n0 chiral effective field theory can provide strong
constraints on the neutron matter equation of state [42,51,62]. In the following we will
derive properties of neutron stars through parametric modeling of the equation of state
from chiral effective field theory and nuclear experiments.

2.1. Neutron Star Equation of State

The mass–radius relation for non-rotating neutron stars can be obtained by solving
the TOV equations,

dp
dr

= − [M(r) + 4πr3 p](ε + p)
r[r− 2M(r)]

,

dM
dr

= 4πεr2 ,

(1)

where p and ε are the pressure and total energy density, r is the distance from the center,
and M(r) is the enclosed mass of a neutron star at the distance r from the center. Note that
we use units where G = 1 and c = 1. The nuclear physics inputs are therefore the energy
density ε and pressure p, which are related through the equation of state. Since the pressure
is given by the derivative of the energy density with respect to the baryon number density,
we can regard the EOS as the energy density for a given baryon number density.

In principle, one can approximate the equation of state of isospin-symmetric nuclear
matter through a Taylor series expansion around saturation density n0:

A0(n) = −B +
K
9

(
n− n0

n0

)2
+

Q
27

(
n− n0

n0

)3
+ · · · , (2)

where B is the (positive) binding energy of nuclear matter at the saturation density, K is the
incompressibility, and Q is the skewness parameter. One may similarly expand the equation
of state for asymmetric nuclear matter about the isospin-symmetric point, however, in
addition to the normal even powers of the isospin asymmetry δnp = (nn − np)/(nn + np)
one also finds [54,63] nonanalytic logarithmic terms in the combined expansion
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E
N
(n, δnp) = A0(n) + S2(n)δ2

np

+
∞

∑
i=2

(S2i(n) + L2i(n) ln |δnp|)δ2n
np

(3)

when the equation of state is computed at least to second order in perturbation theory.
Although the above expansion in Equation (3) was originally derived [63] assuming a zero-
range contact interaction, detailed calculations [64] have demonstrated that realistic nuclear
forces do not give rise to any additional nonanalytic terms. One also finds [53,54,64–66]
that the expansion in Equation (3) is dominated by the leading term S2(n), referred to as
the isospin-asymmetry energy, which like Equation (2) can be expanded about nuclear
saturation density:

S2(n) = J +
L
3

(
n− n0

n0

)
+

Ksym

9

(
n− n0

n0

)2

+
Qsym

27

(
n− n0

n0

)3
+ · · · .

(4)

Although useful for orientation, neither Equation (2) nor (4) is generally well con-
verged at high densities beyond 2n0. Thus, we model the equation of state of homogeneous
matter using energy density functionals, where the energy density is given as a function of
the baryon number density n and proton fraction x:

E(n, x) =
1

2m
τn +

1
2m

τp

+ (1− 2x)2 fn(n) + [1− (1− 2x)2] fs(n),
(5)

where

fn(n) =
3

∑
i=0

ain2+i/3 , fs(n) =
3

∑
i=0

bin2+i/3 . (6)

In the above functional, fn ( fs) represents the potential energy for pure neutron matter
(symmetric nuclear matter). Note that n1/3 ∼ kF is used for the expansion instead of integer
powers of n for the smooth fit to microscopic calculations.

In chiral effective field theory, the short-distance part of the nuclear force is encoded
in a set of two-nucleon (2N) and three-nucleon (3N) low-energy constants that are typically
fitted to 2N and 3N scattering, reaction, and bound-state observables only. Therefore,
theoretical predictions for the dense matter equation of state from chiral EFT can be used to
generate a prior probability distribution for the parameters {ai, bi} entering in Equation (6).
In Ref. [18] we have used a set of five chiral interactions with varying momentum-space
cutoff and order in the chiral expansion to calculate the neutron matter and symmetric
nuclear matter equations of state at varying orders in many-body perturbation theory (up
to third order [42]). The functional form in Equation (6) including four terms (i = 0, 1, 2, 3)
in the power series was shown to be sufficient to fit the nuclear equation of state up to 2n0.
Only small variations in the fitted parameters were observed when the maximal density
was reduced to 1.5n0. We note that we do not consider correlations between the sets of
{ai} and {bi} parameters, since our aim is to generate a relatively conservative estimate of
the distribution. In contrast, recent work [67] has shown that such correlations can have
an important impact on uncertainty estimates for derived quantities, such as the nuclear
symmetry energy.

The binding energy of symmetric nuclear matter around the saturation density is a fine-
tuned quantity, and therefore chiral effective field theory calculations tend to have sizeable
uncertainties at and above saturation density. In particular, the tensor force generated by
one-pion-exchange is a dominant feature in the spin-triplet interaction that contributes
strongly to the uncertainty in the symmetric nuclear matter equation of state. In contrast,
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the pure neutron matter equation of state receives only small contributions from the tensor
force, since the L = 0 spin-triplet state is Pauli forbidden. One finds that the uncertainties
in the symmetric nuclear matter and pure neutron matter equations of state around the
saturation density are comparable, despite the fact that one may naively anticipate a poorer
convergence of the neutron matter calculations since the neutron Fermi momentum is about
25% larger than in symmetric nuclear matter.

The probability distribution for the equation of state parameters in Equation (6) can
be significantly reduced by combining the prior distribution with likelihood functions that
include experimental data from medium-mass and heavy nuclei. For this purpose, we take
a set of 205 mean field models [68] fitted to the properties of finite nuclei and compute the
derived constraints on the nuclear matter empirical parameters. In the case of symmetric
nuclear matter we employ empirical constraints on (i) the nuclear saturation density n0,
(ii) the binding energy per particle at saturation density B, (iii) the incompressibility K,
and (iv) the skewness parameter Q in Equation (2). Whereas the saturation properties are
strongly constrained by known nuclear masses, the incompressibilty and especially the
skewness parameter have larger uncertainties. We refer the reader to Ref. [20] for additional
details, including plots of the empirical parameter distributions used in constructing the
symmetric nuclear matter equation of state prior. In the case of pure neutron matter, we
employ empirical constraints on J [41,69] together with universal correlations among J, L,
Ksym, and Qsym observed in Refs. [70,71]. Additional details can again be found in Ref. [20],
where for instance it is shown that the symmetry energy slope parameter L lies in the range
20 MeV < L < 90 MeV, which is sufficiently flexible to accommodate additional constraints
from e.g., the PREX-II experiment.

2.2. Uniform Nuclear Matter

Our posterior probability distribution for the equation of state parameterization in
Equation (6) is only constrained in a relatively narrow region 0 < n < 2n0, where both chiral
effective field theory calculations and finite nuclei properties are informative. However,
the central density in the heaviest neutron stars can reach 5 – 10n0, and therefore we
consider two separate models for the high-density equation of state. First, our “smooth
extrapolation” extends the posterior probability distribution for the equation of state to
the highest densities without modification. The only additional constraint we impose
on this distribution is that the speed of sound cannot exceed the speed of light (such
unphysical equations of state are removed from our modeling). Second, our “maximally
stiff extrapolation” [49] probes the limiting case where the speed of sound achieves the
maximal value of cs = c at and above a specified transition density nc. This maximally stiff
extrapolation allows one to probe the maximum neutron star mass consistent with low-
to moderate-density constraints from nuclear physics and to draw model-independent
conclusions about the density at which traditional nuclear physics models break down.

For the maximally stiff high-density extrapolation, we introduce a smooth jump in the
speed of sound at the critical density nc,

c2
s

c2 =


1 if ε > εc + ∆ε ,

c̃2
c +

1−c̃2
c

∆ε
(ε− εc) if εc < ε < εc + ∆ε ,

χEFT otherwise ,

(7)

where εc is the energy density at n = nc and c̃2
c is the speed of sound at n = nc in units

of c2. The parameter ∆ε is set to 1
10 εc for a rather smooth transition. In this work, we

vary nc from 2n0 to 4n0 to simulate the effects on the neutron star mass-radius relation,
tidal deformabilities, and moments of inertia. From the definition of the speed of sound
c2

s /c2 = ∂p
∂ε , we can obtain the pressure and baryon number density, which is necessary for

solving the TOV equations. The pressure in the phase transition region, i.e., between εc and
εc + ∆ε, is given by
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p = pc + c̃2
c (ε− εc) +

1− c̃2
c

2∆ε
(ε− εc)

2 . (8)

Note that ε is an independent variable, and the pressure is simply determined by the
relation between c̃2

c and ε.

2.3. Neutron Star Crust

The neutron star crust consists of nuclear clusters, i.e., ionized heavy nuclei, which
have a lower ground state energy than homogeneous matter at the same density. In addition,
neutrons may drip out of heavy nuclei as the total baryon number density increases or more
nucleons are added to a fixed volume of box. In this case, the total energy density (Ftot)
consists of the internal energy of heavy nuclei (FH), the internal energy of neutrons (Fo), the
electron contribution (Fe), the Coulomb interaction (FC) between protons and electrons, and
the surface energy (FSurf) to make the non-uniform nuclear density profile. Therefore, the
ground state configuration is obtained by minimizing the total energy density for a given
baryon number density;

Ftot = FH + FC + FSurf + Fo + Fe

+ λ1[n− uni − (1− u)nno]

+ λ2[nYp − unixi] + λ3[nYp − ne] ,

(9)

where u is the volume fraction of a heavy nucleus in the Wigner–Seitz cell for the numerical
calculation, n (ne) is the total baryon (electron) number density in the Wigner–Seitz cell, ni is
the baryon number density of a heavy nucleus, Yp is the proton fraction in the Wigner-Seitz
cell, nno is the neutron number density, and λ1, λ2, and λ3 are the Lagrange multipliers
necessary for the energy minimization [50]. In detail, the contributions to the free energy
density are given as

FH = uni fi,

FC = 2π(nixierN)
2u fd(u),

FSurf =
σ(xi)ud

rN
,

Fo = (1− u)nno fo,

Fe =
m4

e
8π2 χ(xe) .

(10)

In the electron energy density, xe =
p fe
me

, p fe is the electron Fermi momentum and me is the
mass of electron. The function χ(xe) is given by

χ(xe) =
{

xe(1 + x2
2)

1/2(1 + 2x2)− ln[x + (1 + x2)1/2]
}

.

At equilibrium all quantities are obtained by solving ∂Ftot
∂u = 0, ∂Ftot

∂ni
= 0, ∂Ftot

∂xi
= 0, ∂Ftot

∂Yp
= 0,

∂Ftot
∂nno

= 0, ∂Ftot
∂ne

= 0, ∂Ftot
∂λ1

= 0, ∂Ftot
∂λ2

= 0, and ∂Ftot
∂λ3

= 0. Note that the energy density involving
the Coloumb and surface energy can be combined into one energy density FCS = FC + FSurf
from nuclear virial theorem (2FC = FSurf) [72]. The transition from inhomogeneous matter
to uniform nuclear matter is found by comparing the energy density differences in this
formalism.

3. Bayesian Statistical Analysis

Neutron star properties such as radii, tidal deformabilities, and moments of inertia
can be constrained by nuclear theory calculations, nuclear experiments, and astrophysical
observations. Bayes’ theorem states
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P(Mi|D) =
P(D|Mi)P(Mi)

∑j P(D|Mj)P(Mj)
(11)

where Mi are the equation of state model parameters, i.e., the set of {ai} and {bi} in
Equation (6), P(Mi) is the prior probability distribution for {ai} and {bi}, D is the data
which are independent of {ai} and {bi}, and P(D|Mi) is the likelihood. Here the indepen-
dence implies that we assume no correlation between D and Mi before we obtain the final
posterior distribution. In the present work, we implement the following data D = {PREX-II,
Rth

np(
208Pb), GW170817, NICER I, NICER II}, which correspond respectively to the neutron

skin thickness measurement from Ref. [23], the ab initio neutron skin thickness prediction
from Ref. [26], the neutron star tidal deformability constraints from GW170817 [5], the
simultaneous mass-radius measurement of PSR J0030+0451 [6,7], and the NICER-XMM
radius measurement of PSR J0740+6620 [8,9].

For the Rexp
np (208Pb) PREX-II measurement, we use the constraint on the slope parame-

ter of the nuclear isospin-asymmetry energy from Reed et al. [24]:

LPREX−II =
1√

2πσL
exp

[
− (L− 〈L〉)2

2σ2
L

]
, (12)

where 〈L〉 = 106 MeV and σL = 37 MeV. Although the central value of L from the
analysis in Ref. [24] appears inconsistent with previous analyses [10,20,41,67,69,73], the
Rexp

np (208Pb) measurement and model-dependent extraction of L show large uncertainties,
i.e., σL = 37 MeV. Thus the 95% confidence interval (32 MeV < L < 180 MeV) covers
almost all previous results. In comparison, the ab initio theory prediction Rth

np(
208Pb) [26]

of the neutron skin thickness is linked with various nuclear force parameters so that nu-
clear matter properties such as the binding energy, saturation density, incompressibility,
symmetry energy, and its slope parameters are correlated. In Ref. [26], the symmetry
energy is defined as the energy difference between pure neutron matter and symmetric nu-
clear matter at the nuclear saturation density, which in their calculations can vary between
0.14–0.18 fm−3. Thus it is necessary to construct a three-dimensional kernel density estimate
(KDE) for a given set of density, symmetry energy, and slope parameter with corresponding
likelihood

LRth
np(

208Pb) = P(n0, Sv, L) , (13)

where P(n0, Sv, L) is the 3D-KDE from the analysis of Hu et al. [26].
On the astrophysical side, analysis of the gravitational waves from the neutron star

merger event GW170817 [74] provides a likelihood by integrating the allowed range of the
neutron star mass for a given neutron star EOS,

LGW =
∫

f (M1, Λ1, M2, Λ2) dM1dM2 , (14)

where f (M1, Λ1, M2, Λ2) is a four-dimensional probability. Since the EDF employed in this
work determines the tidal deformability Λ, it is not necessary to perform the Λ1 and Λ2
integrals. The results from NICER I [6,7] and NICER II [8,9] provide posterior samples
from the joint mass-radius distribution f (M, R) that enters in the likelihood:

LNICERI,II =
1

Mmax −Mstart

∫ Mmax

Mstart
f (M, R) dM , (15)

where Mmax stands for the maximum mass of a neutron star for a given EOS. We set the
starting mass Mstart of a neutron star for the integration as 1M�, since the mass distribution
of observed neutron stars has no weight below this value. In principle, another likelihood
could come from observed heavy neutron stars [1,2]. However, the NICER analysis of PSR
J0740+6620 [8,9] already places a strong constraint on the maximum neutron star mass. The
final posterior probability is then given by
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L = LPREX−IILRth
np(

208Pb)LGWLNICERILNICERIILprior . (16)

From the above equation, we can obtain the probability or weight factor for each (~a,~b)
associated with the neutron star equation of state.

4. Results

In Figure 1 we show the 99.5% confidence bands for the prior (blue) and posterior
(red) neutron star equations of state for both the smooth (left) and maximally-stiff (right)
high-density extrapolations. One observes that the main effect of neutron star observation
and 208Pb radius likelihood functions is to eliminate the softest equations of state from
the smooth high-density prior. The maximally-stiff high-density prior shifts probabilistic
weight from soft to stiff equations of state, resulting in 99.5% confidence bands on the
equation of state that change very little with the inclusion of the various likelihood functions.
One can conclude that our nuclear physics modeling based on chiral effective field theory
and nuclear data built into the prior probability distributions already strongly constrains
the neutron star equation of state and is consistent with current neutron star observations.

0 400 800 1200

E (MeV fm−3)

0

200

400

600

800

1000

P
(M

eV
fm
−

3
)

Prior

Posterior
Smooth extrapolation

0 400 800 1200

E (MeV fm−3)

0

200

400

600

800

1000

P
(M

eV
fm
−

3
)

Prior

Posterior
Maximally stiff extrapolation

Figure 1. The 99.5% confidence intervals for the prior (blue) and posterior (light red) equations
of state assuming a smooth high-density extrapolation (left) and a maximally-stiff high-density
extrapolation (right).

Table 1 shows the average values of the prior and posterior energy density and pressure,
i.e., (ε, p) at a given baryon number density {2n0, 4n0, 6n0}. Since the lowest value of the
critical density in the maximally-stiff EOS scenario is 2n0, there is almost no difference in
the average (ε, p) values at 2n0 for the smooth and maximally-stiff extrapolations. One
sees that the posterior EOS distributions peak at larger values of the pressure and energy
in all cases. In addition, the maximally-stiff high-density extrapolation gives rise to larger
average pressures and energy densities.

Table 1. Average values of energy density and pressure (ε, p) in units of MeV fm−3 at each baryon
number density.

Number Density 2n0 4n0 6n0

Prior (Smooth) (312.76, 20.02) (684, 152) (1164, 483)
Prior (Stiff) (312.76, 20.02) (712, 280) (1331, 897)

Post. (Smooth) (313.60, 22.44) (694, 175) (1200, 560)
Post. (Stiff) (313.23, 21.49) (719, 296) (1353, 929)

The posterior distribution of EDF parameters enables us to obtain various neutron star
properties as well as nuclear matter properties. Figure 2 shows the correlations among the
nuclear matter properties and neutron star properties from the posterior distribution in
Equation (16), assuming the maximally-stiff high-density extrapolation for Lprior. In the
interest of brevity, we do not show the corner plot associated with the posterior distribution
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derived from the smooth high-density extrapolation, which is very similar to that shown in
Figure 2. At the top of each column in Figure 2 is the marginal probability distribution func-
tion associated with each of the given quantities. For example, the probability distribution
for R1.4 has a peak around 12.4 km and the probability decreases rapidly as R1.4 increases.
The left tail, on the other hand, reaches 11.63 km which is the left bound for the 90% credi-
bility. Other plots in the first column show the correlation between R1.4 and other neutron
star properties and nuclear matter properties. In particular, one can see the very strong
correlation between Λ1.4 and R1.4 which has already been analyzed in Refs. [16,18]. An
even stronger correlation can be found between R1.4 and I1.338. Since the central densities
for a 1.4 M� and a 1.338 M� neutron star are very close [20], the small difference in mass
does not strongly affect the correlation. Both L and Ksym have strong correlations with R1.4
and to a lesser extent Λ1.4 and I1.338. In contrast, the nuclear symmetry energy J is only
weakly correlated with the bulk parameters of ∼1.4 M� neutron stars. We find that the
radius of ∼2 M� neutron stars is not strongly correlated with any nuclear matter empirical
parameter but instead can be constrained from more precise observations of radii, tidal
deformabilities, or moments of inertia of ∼1.4 M� neutron stars.

Figure 2. Correlations among neutron star properties and nuclear matter properties from the posterior
probability distribution Equation (16) when the maximally-stiff high-density EOS extrapolation is
used for Lprior. The colors in the 2D correlations represent the magnitude of the probability density,
increasing from blue to red.

In Figure 3 we show the mass-radius probability distributions under the smooth high-
density extrapolation (left subfigure) and the maximally-stiff high-density extrapolation
(right subfigure). The subpanels within each subfigure show the constraints imposed on
the mass-radius relation from each of the separate likelihood functions in Equation (16) as
well as the combined posterior distribution labeled “All”. We see that when all likelihood
functions are implemented, the mass-radius confidence interval is highly reduced. In
particular, the NICER II constraint (which simultaneously enforces a lower bound on the
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maximum neutron star mass) has a strong impact on the posterior mass-radius relation in
the “smooth extrapolation” scenario. This is due to the fact that chiral effective field theory
predicts relatively soft equations of state, many of which lead to maximum neutron star
masses less than 2 M�. For the “maximally stiff” extrapolation, the NICER II constraint
also eliminates the softest equations of state, but the stiff extrapolation naturally leads to
heavier neutron stars more consistent with NICER II. The strongest reductions in the space
of stiff equations of state come from GW170817 and the ab initio prediction Rth

np(
208Pb) =

0.14− 0.20 fm [26]. This theoretical calculation is ultimately based on a wide range of chiral
nuclear forces, which are associated with soft equations of state. Despite the large central
value of Rexp

np (208Pb) (and the associated large value of the nuclear symmetry energy slope
parameter L) from PREX-II, the sizeable uncertainty in the measurement only eliminates
the softest equations of state from our modeling. The most likely probability region for the
radius of a 1.4 M� neutron star in the case of the maximally stiff high-density extrapolation
is somewhat larger than the case of the smooth extrapolation. This is due to the fact that
many equations of state that are relatively soft for densities n < 2n0 can nevertheless
survive the likelihood functions that favor stiff equations of state due to the large increase
in pressure after the transition density nc. One therefore finds that smaller radii for∼1.4 M�
neutron stars are allowed in the maximally-stiff high-density extrapolation. The upper
bound on the radii of ∼1.4 M� neutron stars is almost identical R1.4 < 12.8 km under the
two high-density EOS scenarios.

Figure 3. The mass-radius probability densities (priors, individual posteriors, and combined pos-
teriors) from the smooth high-density extrapolation (left) and the maximally-stiff high-density
extrapolation (right) energy density functionals.

In Figures 4 and 5 we show the R1.4 and R2.0 probability densities when the smooth
high-density extrapolation (left) and maximally-stiff high-density extrapolation (right) are
employed. The blue shaded regions represents the prior distributions, while the gray
shaded regions represents the final posterior distributions when all likelihood functions are



Galaxies 2022, 10, 99 12 of 20

combined. The other curves include only the effects of single likelihood functions (labeled
in the figure) and thus can be used to evaluate the relative strengths of the individual
experimental, theoretical, and observational constraints. From Figures 4 and 5 it is evident
that GW170817 strongly favors soft equations of state, significantly shifting the distributions
towards smaller radii for both 1.4 M� and 2.0 M� neutron stars. In the left panels of
Figures 4 and 5, one also sees the importance of heavy neutron stars and the NICER II
constraint when our nuclear theory models are extrapolated without modification into
the high-density regime. The NICER II observation has less impact in the maximally-
stiff high-density scenario since equations of state that are soft around n ∼ 2n0 can be
made sufficiently stiff at high densities to support heavy neutron stars. Instead, for the
maximally-stiff high density assumption, the PREX-II neutron skin thickness constraint
plays the largest role in eliminating soft equations of state. These observations highlight
the general fact that the impact of heavy neutron star observations on theoretical modeling
depends sensitively on the choice of the high-density equation of state.
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Figure 4. The R1.4 probability densities (priors, individual posteriors, and combined posteriors)
from the smooth high-density extrapolation (left) and the maximally-stiff high-density extrapolation
(right) energy density functionals.
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Figure 5. The R2.0 probability densities (priors, individual posteriors, and combined posteriors)
from the smooth high-density extrapolation (left) and the maximally-stiff high-density extrapolation
(right) energy density functionals.

In Table 2 we show the most probable R1.4 values, the 68% credibility intervals, and
the 90% credibility intervals for the prior and posterior probability distributions assuming
either the smooth or maximally-stiff high-density prior. When we employ the smooth
high-density extrapolation, we see that the 90% uncertainty spread is reduced from 2.01 km
(prior) to 0.96 km (posterior), which represents a dramatic reduction in the allowed radii
of 1.4 M� neutron stars. This is due to competing likelihood functions, some of which
favor stiff and others that favor soft equations of state. However, the 90% credibility
range of R1.4 = 12.38+0.39

−0.57 km is sufficiently large that there is no strong tension between
present nuclear physics and neutron star observational constraints. For the maximally-stiff
high-density extrapolation, the 90% credibility range for the prior spans 1.69 km while the
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posterior is reduced to 1.11 km. The combined set of likelihood functions result in a nearly
equal range of allowed radii in the two posteriors, with the maximally-stiff extrapolation
allowing for a somewhat larger set of soft equations of state around twice saturation density.

Previous works have found results for R1.4 that are consistent with our analysis. For
instance, the first estimations of R1.4 inferred from GW170817 found R1.4 < 13.6 km [16],
8.9 km < R1.4 < 13.2 km [35] across all choices of their mass prior, 10.4 km < R1.4 <
12.8 km [18], and R1.4 = 11.9+1.4

−1.4 km [5] assuming a common equation of state for both
neutron stars that can support the heaviest observed pulsars. Including also electromag-
netic (EM) counterpart data from GW170817, Radice and Dai found R1.4 = 12.2+1.0

−0.8 ±
0.2 km [75], while Capano et al. found R1.4 = 11.0+0.9

−0.6 km [21], where the EM data were
particularly important in setting a more stringent lower bound on the radius. Follow-
ing work that included constraints from NICER observations of PSR J0030+0451 found
R1.4 = 12.54+0.71

−0.63 km [76], and including also NICER observations of PSR J0740+6620 re-
sulted in R1.4 = 12.33+0.76

−0.81 km [77] for a piecewise polytrope expansion of the high-density
equation of state, R1.4 = 12.45+0.65

−0.65 km [8] as the 1σ credible interval consistent with three
different equation of state modeling assumptions, R1.4 = 12.64+0.71

−0.88 km [25] based on the
Riley et al. [9] posteriors, and R1.4 = 12.34+1.01

−1.25 km [78] also based on the posteriors of
Ref. [9], all of which are strongly consistent with our analysis.

Table 2. The 68% and 90% credibility ranges for R1.4 associated with the smooth and maximally-stiff
high-density priors as well as the two posteriors accounting for all likelihood functions included in
this work.

R1.4(68%)[km] R1.4(90%) [km]

Prior (Smooth) 12.16+0.34
−0.78 12.16+0.59

−1.42
Prior (Stiff) 12.28+0.26

−0.71 12.28+0.49
−1.2

Post. (Smooth) 12.38+0.23
−0.35 12.38+0.39

−0.57
Post. (Stiff) 12.36+0.22

−0.44 12.36+0.38
−0.73

Table 3. The 68% and 90% credibility ranges for R2.0 associated with the smooth and maximally-stiff
high-density priors as well as the two posteriors accounting for all likelihood functions included in
this work.

R2.0(68%)[km] R2.0(90%) [km]

Prior (Smooth) 11.58+0.35
−0.79 11.58+0.61

−1.19
Prior (Stiff) 11.90+0.64

−0.67 11.90+0.97
−1.15

Post. (Smooth) 11.76+0.27
−0.50 11.76+0.46

−0.84
Post. (Stiff) 11.96+0.65

−0.40 11.96+0.94
−0.71

In Table 3 we show the numerical values for the R2.0 probability distribution. As
expected, small radii are disfavored mostly due to the PSR J0740+6620 radius analysis in
our NICER II likelihood function. The width for the 90% credibility range decreases from
1.80 km (2.12 km) to 1.30 km (1.65 km) in case of the smooth (maximally stiff) high-density
extrapolation. The uncertainty in the 90% width for R2.0 is larger compared to the R1.4
uncertainty width due to uncertainties in the dense matter composition and equation
of state at the largest baryon number densities. The two posterior median values of
R2.0 = 11.76 km and R2.0 = 11.96 km associated with the smooth and maximally-stiff
high-density extrapolations are somewhat lower than other recent analyses. For instance,
including observational constraints from GW170817 as well as the NICER mass-radius
measurements of PSR J0030+0451 and PSR J0740+6620 with the Riley et al. posterior [9],
it was found R2.08 = 12.70+1.01

−1.25 km at the 90% confidence level [25] and R2.08 = 12.35±
0.75 km [8] as the range that spans the 1σ credibility interval across all of their equation
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of state models. Including the same observational data together with non-parametric
modeling of the nuclear equation of state, the authors of Ref. [78] find R2.0 = 12.09+1.07

−1.17 km.
Figure 6 shows the prior density (blue shaded band), individual posterior densities

(lines), and combined posterior density (gray shaded band) for the tidal deformability of a
1.4 M� neutron star using both the smooth extrapolation prior (left) and the maximally stiff
extrapolation prior (right). In general, the different likelihood functions have qualitatively
similar effects on neutron star tidal deformabilities and radii (shown in Figure 4). This
is due to the positive correlation between Λ1.4 and R1.4 as seen in Figure 2. In particular,
the likelihood from GW170817 strongly favors low values for Λ1.4 in both prior scenarios
since it is more difficult to deform neutron stars with smaller radii. The ab initio theory
prediction for the neutron skin thickness Rth

np(
208Pb) gives only a small shift in the peak

of the Λ1.4 distribution, since it is strongly consistent with our chiral effective field theory
constraints on the nuclear equation of state. The other constraints (NICER I, NICER II,
PREX-II) all give larger shifts toward higher tidal deformabilities. Interestingly, the large
uncertainty in the PREX-II likelihood function leads to greater statistical weight at both
high and low values of Λ1.4 compared to most of the other likelihood functions. Overall, the
maximally-stiff high-density extrapolation exhibits a wider range in Λ1.4 than the smooth
extrapolation case, but the two posteriors peak at similar values of Λ1.4 ∼ 440. We also
note that most likelihood functions have a smaller impact on the Λ1.4 distribution in the
maximally-stiff high-density extrapolation compared to the smooth extrapolation prior
because of the greater flexibility in the maximally-stiff model. Nevertheless, for both priors
the combined effects of all likelihoods is to shift the Λ1.4 distribution to larger values as
seen by comparing the blue-shaded and gray-shaded curves.
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Figure 6. The Λ1.4 probability densities (priors, individual posteriors, and combined posteriors)
from the smooth high-density extrapolation (left) and the maximally-stiff high-density extrapolation
(right) energy density functionals.
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Figure 7. The I1.338 probability densities (priors, individual posteriors, and combined posteriors)
from the smooth high-density extrapolation (left) and the maximally-stiff high-density extrapolation
(right) energy density functionals.
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Table 4 shows the most likely value of Λ1.4 as well as the 68% and 90% credibility
ranges under the smooth and maximally-stiff high-density extrapolations. The two prior
probability distributions are already strongly consistent with the constraint Λ1.4 = 190+390

−120
from GW170817 [5] obtained when a common equation of state is used to model the two
progenitor neutron stars. We note that the result from Ref. [5] also does not include the
existence of heavy ∼2 M� neutron stars as a constraint. The largest difference between
our prior models and the analysis [5] of GW170817 is that the latter cannot strongly
constrain the lower bound of the tidal deformability, whereas chiral effective field theory
calculations exclude the extremely soft equations of state that would be needed to reach
values of the tidal deformability Λ1.4 < 150. The 90% credibility ranges for the smooth and
maximally-stiff high-density priors have uncertainties of 370 and 330, respectively, whereas
the posteriors have uncertainties of 210 and 250. Again, we find that the smooth high-
density extrapolation has a larger spread in the prior but a smaller spread in the posterior,
primarily due to the strong constraints from NICER II and the existence of massive ∼2 M�
neutron stars. Interestingly, the two posteriors have the same peak value of Λ = 440
and quite similar uncertainties, indicating that the posterior is not dominated by the
choice of prior. Our results are consistent with previous analyses that included a range of
observational constraints. With a completely agnostic prior, it was found [76] that including
only data from GW170817 the tidal deformability of a 1.4 M� neutron star lies in the range
Λ1.4 = 228+319

−134 and including also NICER measurements of PSR J0030+0451 Λ1.4 = 451+241
−279.

With priors tightly constrained on realistic neutron star equations of state from the literature,
a somewhat smaller range of Λ1.4 = 491+216

−181 was found [79]. With the inclusion of chiral
effective field theory constraints on the equation of state up to 2n0 as well as constraints
from NICER observations of PSR J0030+0451, the authors of Ref. [76] find a much reduced
range Λ1.4 = 465+125

−177. Finally, several works have also included constraints from NICER-
XMM observations of PSR J0740+6620 to obtain e.g., Λ1.4 = 575+262

−232 [25] using the Miller
et al. [8] posteriors and Λ1.4 = 457+219

−256 [78] using the Riley et al. [9] posteriors. These
distributions peak at larger central values of Λ1.4 and have larger uncertainties compared
to our analysis primarily due to their use of nuclear-physics-agnostic parameterizations of
the neutron star equation of state.

Table 4. The 68% and 90% credibility ranges for Λ1.4 associated with the smooth and maximally-stiff
high-density priors as well as the two posteriors accounting for all likelihood functions included in
this work.

Λ1.4(68%) Λ1.4(90%)

Prior (Smooth) 376+91
−129 376+151

−216
Prior (Stiff) 408+81

−123 408+136
−195

Post. (Smooth) 440+60
−71 440+101

−113
Post. (Stiff) 440+61

−89 440+103
−144

In Figure 7 we show the prior density (blue shaded band), individual posterior densi-
ties (lines), and combined posterior density (gray shaded band) for the moment of inertia
I1.338 of PSR J0737-3039A using both the smooth high-density extrapolation (left) and the
maximally stiff high-density extrapolation (right). The neutron star moment of inertia is
strongly correlated with both the radius and tidal deformability, and therefore the trends
observed in the two latter cases (see Figures 4 and 6) are also exhibited by the moment
of inertia. Like the radius R1.4 and tidal deformability Λ1.4, the probability distribution
of I1.338 is not symmetric about its peak value but instead has a longer tail toward small
values. The ab initio theory prediction for the 208Pb neutron skin thickness eliminates a
small fraction of the softest equations of state and stiffest equations of state such that the
peak of the distribution is nearly the same as that of the prior. Comparatively, the PREX-II
neutron skin thickness measurement gives rise to longer tails at both low and high values
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of the moment of inertia. Both posteriors, however, have very similar peak values and
uncertainty widths.

In Table 5 we show the most likely value of I1.338 as well as the 68% and 90% credibility
ranges under the smooth and maximally-stiff high-density extrapolations. Recently, Kramer
et al. [80] have obtained the value I1.338 < 3× 1045 g cm2 at the 90% credibility level for
the moment of inertia of PSR J0737-3039A. We see that all of our models satisfy this upper
bound on the moment of inertia and in fact lie much below the empirical upper bound.
Landry and Kumar [81] obtained I1.338 = 1.15+0.38

−0.24 × 1045g cm2 from neutron star universal
relations [82] linking the neutron star tidal deformability and moment of inertia. Recently,
Greif et al. [39] obtained 1.058 < I1.338 < 1.708× 1045g cm2 from the speed of sound model
and piecewise polytropic model constrained by chiral effective field theory and neutron star
observables. Compared with all of these works, our posterior analysis gives a considerably
smaller 90% credibility width of 0.19 and 0.22× 1045g cm2 from the smooth extrapolation
and maximally-stiff extrapolation posteriors, respectively. The probability density for
I1.338 peaks around 1.43× 1045 g cm2 under both high-density models. The net effect of all
likelihood functions is to reduce the uncertainty while only slightly increasing the peak of
the I1.338 distribution.

Table 5. The 68% and 90% credibility ranges for I1.338 (in units of 1045 g cm2) associated with the
smooth and maximally-stiff high-density priors as well as the two posteriors accounting for all
likelihood functions included in this work.

I1.338(68%) I1.338(90%)

Prior (Smooth) 1.375+0.068
−0.143 1.375+0.118

−0.260
Prior (Stiff) 1.400+0.056

−0.132 1.400+0.100
−0.221

Post. (Smooth) 1.430+0.039
−0.071 1.430+0.074

−0.115
Post. (Stiff) 1.425+0.041

−0.089 1.425+0.074
−0.146

5. Discussion

We have studied the impact of recent theoretical and experimental investigations of
the neutron skin thickness of 208Pb on predicted neutron star radii, tidal deformabilities,
and moments of inertia. These have been included in a comprehensive Bayesian statistical
analysis that also includes constraints from chiral effective field theory, properties of
medium-mass and heavy nuclei, and astronomical observations of neutron star radii and
tidal deformabilities. We have employed two choices for the high-density equation of state
and find that the associated posteriors are very similar and do not depend sensitively on
this choice. We find that the ab initio nuclear theory calculation of Rth

np(
208Pb) narrows the

uncertainty in neutron star properties without strongly modifying the peak probabilities
for radii, deformabilities, and moments of inertia. In comparison, the PREX-II experimental
determination of Rexp

np (208Pb) leads to broader posterior distributions for neutron star
properties that are peaked at larger central values but also have longer tails toward the
minima of the distributions. Given the large allowed space of posterior equations of state
from the smooth high-density extrapolation scenario, it is not yet necessary to introduce
phase transitions or hyperonic degrees of freedom in neutron stars to accommodate all
current constraints [28,83–87], though such exotic states are also not ruled out in our
analysis. Our present modeling can be further refined through future measurements of
neutron-rich nuclei at rare-isotope beam facilities, ab initio nuclear theory calculations, and
neutron star observations.
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