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Abstract: The relaxed motion of stars and gas in galactic discs is well approximated by a rotational
velocity that is a function of radial position only, implying that individual components have
lost any information about their prior states. Thermodynamically, such an equilibrium state
is a microcanonical ensemble with maximum entropy, characterised by a lognormal probability
distribution. Assuming this for the surface density distribution yields rotation curves that closely
match observational data across a wide range of disc masses and galaxy types and provides a useful
tool for modelling the theoretical density distribution in the disc. A universal disc spin parameter
emerges from the model, giving a tight virial mass estimator with strong correlation between angular
momentum and disc mass, suggesting a mechanism by which the proto-disc developed by dumping
excess mass to the core or excess angular momentum to a satellite galaxy. The baryonic-to-dynamic
mass ratio for the model approaches unity for high mass galaxies, but is generally <1 for low mass
discs, and this discrepancy appears to follow a similar relationship to that shown in recent work on
the Radial Acceleration Relation (RAR). Although this may support Modified Newtonian Dynamics
(MOND) in preference to a Dark Matter (DM) halo, it does not exclude undetected baryonic mass or
a gravitational DM component in the disc.

Keywords: galaxies: kinematics and dynamics; galaxies: spiral; lognormal density distribution;
galaxies: entropy

1. Introduction

In classical thermodynamics, entropy is defined as a state function of the system. This is a property
that, like volume, density, and internal energy, is dependent only on the current state of the system and
independent of how that state was achieved, being in principle measurable to any precision. As with
any thermodynamic system, cosmological systems such as a galaxies typically have a large number of
particles including gas molecules, dust, and stars, in any of a huge number of possible arrangements
within the system defining the amount of information needed to specify the state of the system as
a measure of its entropy.

Peebles [1] postulated that galactic spins originated from induced tidal torques from neighbouring
structures, whereby initially spherical galaxies developed their pronounced disc shape through
acquired angular momentum. The initial spin impulse would have added kinetic energy to the
system through induced movement and potential energy through drawing out filaments of stars from
merging galaxies. More recently, Herpich et al. [2] proposed that, with the addition of torque, radial
migration effectively mixes the angular momentum components of a proto-galaxy to produce the
observed circular orbits while conserving total mass and angular momentum, such that the disc’s
distribution of specific angular momenta j should be near a maximum entropy state.

The stability and ubiquitous nature of galactic discs imply that any relative motion of a displaced
star will rapidly be partitioned on the disc rotational time scale. Sellwood and Binney [3] demonstrated
that the spiral waves in galaxy discs provide an effective method of radial mixing by churning the
baryonic components in a manner that preserves the overall angular momentum with little increase

Galaxies 2020, 8, 12; doi:10.3390/galaxies8010012 www.mdpi.com/journal/galaxies

http://www.mdpi.com/journal/galaxies
http://www.mdpi.com
https://orcid.org/0000-0001-9879-3026
http://dx.doi.org/10.3390/galaxies8010012
http://www.mdpi.com/journal/galaxies


Galaxies 2020, 8, 12 2 of 16

in random motion, and on observational grounds, there is generally little tendency for macroscopic
turbulence to occur within the stable disc. This does not preclude local gravitational interactions
producing other parameters of the velocity distribution, such as the age-velocity dispersion relation
described by De Simone et al. [4] in the solar neighbourhood or the formation of local areas of over-
or under-density such as spiral arms, bars, or voids, and the influence of these on chaotic motion
in the solar region was explored by Chakrabarty [5]. There are therefore strong analogies between
this additional energy and the addition of a volume of hot gas into a chamber of cold gas with
the mixture allowed to diffuse to equilibrium; and the relaxed state of the disc has parallels with
adiabatically isolated thermodynamic systems of interacting particles that attain statistical equilibrium
with an increase of entropy.

Galactic discs may not be fully isolated as they can eject high-energy stars and may acquire some
loose stars and gas from other systems, but once formed, they are thought to have had minimal active
development over the past 6 Gyr [6–8]; even the massive Brightest Cluster Galaxies (BCGs) have
shown only slow changes in overall brightness over the last 3.5 Gyr of their 10 Gyr of observable
history [9], suggesting that external accretion is not required to sustain star formation. Over the recent
past, discs may therefore be considered as isolated assemblies of discrete particles undergoing only
conservative gravitational interactions, with conservation of independent parameters such as total
angular momentum, internal energy, overall number of baryons, and total disc mass. In addition to
the conserved macroscopic variables, the observed stable circular orbits imply that all information
about the initial conditions has been lost. This implies that reversing the orbits will produce a mirror
version of the disc, but will not recreate the original proto-galaxy. On a macro scale, such a system
approximates an adiabatic thermodynamic system in thermal equilibrium with a time-invariant, stable
mass distribution. This defines a microcanonical ensemble whose entropy is maximized through
chaotic mixing of its components as the system approaches equilibrium.

A dynamical approach to describe the relaxation process is difficult as no exact description of the
initial state is known, but the similarity and stability of disc galaxies allows them to be considered as
idealized relaxed systems in an equilibrium state. The typical disc has ∼108–1012 stars, and with large
N, it is necessary to consider the average, statistical properties of the system rather than individual
orbits. In contrast to systems with short range repulsive interactions like neutral gases, the attractive
long range gravitational force precludes the standard methods of statistical mechanics from being
used directly, but the microcanonical distribution can be used to study the statistical properties of
any closed system with a fixed total energy E; gravitating systems can also be described by this
distribution [10]. Such a relaxed state has parallels with adiabatically isolated thermodynamic systems
of interacting particles that attain statistical equilibrium with the increase of entropy and an associated
mass distribution that is essentially Lognormal (LN). Hence interpreting the disc as a thermodynamic
system with high entropy also provides a model universal distribution function for rotationally
supported discs with a minimum of free parameters [11,12]. By looking at disc galaxies as isolated
systems with maximal entropy, the theoretical dynamic masses can be computed for a wide range
of galaxies and compared with their observational masses. We discuss how such systems may have
developed their observed mass-density distributions in the disc and compare these with observations
to consider potential mechanisms to describe them.

2. Entropy Changes within an Evolving Galaxy

Several papers have considered the role of entropy in galaxy formation and structure, and entropy
optimization provides a powerful method for data analysis [13]. A maximum entropy approach
has been utilized to describe the local structures of the velocity distribution for the phase density
function of several samples from the HIPPARCOSand Geneva-Copenhagen survey catalogues [14],
while Cubarsi [15] concluded that the entropy method offers an excellent estimation of the truncated
velocity distributions of samples containing only thin disc stars.
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Following Peebles’ conjecture [1], assume a filament of mass δM to be drawn out from a galaxy of
total mass M. In the absence of torque, the filament will provide an added gravitational potential δE to
the system, such that the total internal energy E of the system increases. The filament will then fall back
into the body of the galaxy such that the potential energy of its individual components will convert to
kinetic energy with added radial velocity that will equilibrate over time through mechanisms such
as dynamically important strong galactic magnetic fields. These provide the transport of angular
momentum required for the collapse of gas clouds and the formation of new stars, drive mass inflow
into the centres of galaxies, and can affect the rotation of gas in the outer regions of galaxies, playing
important roles in the evolution of galaxies through their direct impact on star formation and stellar
feedback-induced turbulence [16,17]. This results in a large number of individual stars acquiring
additional radial energy, and the volume of the galaxy will expand. The transfer of torque to the galaxy
will also transfer kinetic energy of rotation to the system, adding to the total internal energy. The total
disc energy (kinetic plus potential) is then the sum of the individual energies:

E =
N

∑
i=1

ε(i) . (1)

A system of N particles can be described at any moment by a point in a phase space of 6N + 1
dimensions, parametrized by the 6N canonical co-ordinates and momenta, and time (qi, pi, t). These
6N functions are conserved, and at equilibrium, the statistical behaviour becomes independent of time;
therefore, P(q, p, t) ≈ P(q, p), with the phase point tracing a one-dimensional curve on a hypersurface
of constant E in phase-space [10]. Observations appear to confirm that the equilibrium behaviour
of a smoothly rotating galactic disc is independent of its initial conditions [13], obeying statistical
regularity in conformity to the microcanonical distribution. The average for any phase-space function
f (p, q) is then given by Equation (2):

〈 f (p, q)〉 =
(

1
N!g(E)

) ∫
f (p, q)δ(E− H(p, q))dp dq , (2)

where g(E) is the density of states, N!g(E) is the volume of phase-space, and H(p, q) is the
Hamiltonian [10].

As with all classical systems, because the properties are continuous, the number of microstates is
uncountably infinite. The microstates must therefore be grouped by a coarse graining technique by
defining their positions and momenta within limited ranges of volume and momenta, δV and δp, to
obtain a countable set to define g(E) [18]. For microscopic systems, these limits are set by quantum
parameters. For a macroscopic system such as a galactic disc, it is sufficient to define δV in terms of
a capture volume and δp in terms of differential rotational momenta such that individual pairs of stars
remain separated over a time scale that is long when measured against their periods of rotation around
the disc.

The gravitational potential of a star of one solar mass at a distance of four light years from the Sun
is U ≈ −3.78× 103 J/kg, in contrast to that for the Milky Way disc at the position of the Sun (≈ 8 kpc
from the centre) of U ≈ −2.68× 1011 J/kg, a factor of 7.1× 107, and to have a comparable acceleration
to the disc, a star of one solar mass would have to enter the Oort cloud (∼5000 A.U.). Although
a gross simplification, this does justify considering close encounters to be weak interactions. Standard
arguments then show that if N � 1 and the interactions are weak, the relative probability associated
with the distribution function 〈 f (p, q)〉 is a distribution of particles in N-dimensional space that is
uniform on the manifold. Although the motion of individual stars in a many-body gravitational field
is chaotic, with no possibility of recreating the original state of motion of the galaxy at its formation,
observations confirm that the equilibrium behaviour of the rotating galactic disc obeys statistical
regularity. Because the volume, mass, and internal energy are fixed at equilibrium (the microcanonical
ensemble), such a system is one in which all states are equally likely and independent of the initial
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conditions. Maximisation of the entropy is then equivalent to maximising the phase-volume, with the
entropy of the system S(E) given by Equation (3):

S(E) = Ks ln (g(E)) . (3)

where KS is a dynamical constant of the system, analogous to KB, the Boltzmann constant in
thermodynamics.

For the disc system, a more turbulent state may be assumed to have existed at the formation time
of the galaxy, when components had acquired angular momentum, but not settled into a regular disc.
Such an early structure would have a unique position and momentum signature for each component,
and perhaps counter-intuitively, turbulent motion is a more ordered state than laminar flow; hence,
the transition towards laminar flow is accompanied by an increase in entropy [19]. Once the disc has
stabilized, the gross motion of its components is described by the radial variable, which represents
a reduction in information about the system as a whole. An appropriate model for the flow of stars
in the galactic disc is suggested by a hydrodynamic analogy to the adiabatic laminar flow of fluid
through a thin, flat pipe. Laminar flow is a flow regime characterized by low-momentum convection,
but high-momentum diffusion, and these conditions may be extended to the disc components moving
in approximately circular orbits at constant linear velocity, with a radial differential velocity across
the disc. The stability and ubiquitous nature of galactic discs suggests that any relative motion of
a displaced star will rapidly be dissipated, compared with the time scale of disc rotation, to allow it to
match the specific momentum of gravitational mass at its new position [2]. Detailed analysis, however,
remains complex even within a well-defined hydrodynamic system such as laminar flow through
a circular pipe [20].

We seek to maximise entropy using the Wallis probability distribution [21]. Consider a system
with n mutually exclusive states, assigned probabilities (p1, p2, · · · , pn), and let q quanta of probability,
each worth δ = 1/q, be randomly distributed among the n possibilities. Then, pi = qi/q, where pi is
the probability of the ith position (i = 1, 2, · · · , n) and qi is the number of quanta assigned to the ith
position, with:

n

∑
i=1

pi = 1 , (4)

The probability of p is the multinomial distribution [21]:

Pr(p) = n−q ·W , (5)

where W =
q!

q1! q2! · · · qn!
=

q!
(qp1)! (qp2)! · · · (qpn)!

. (6)

The most probable outcome is then the maximum of W. We can equally maximise any monotonic
increasing function of W, and this is most easily achieved by maximising q−1 log(W), using:

1
q

log W =
1
q

log
q!

(qp1)! (qp2)! · · · (qpn)!
(7)

We may simplify (7) by the Stirling approximation [21]. Letting the quanta size δ → 0 as the
number of quanta q→ ∞, the probability levels go from discrete and grainy to smoothly continuous:

lim
q→∞

1
q

log(W)→ −
n

∑
i=1

pi log(pi) , (8)

and it may be shown that, for large n, (8) is the entropy of the system [21]:

−
n

∑
i=1

pi log(pi) = S(p1, p2, · · · , pn) . (9)
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Therefore, maximising (8) is equivalent to maximising the entropy [21]. For a normal distribution
of (p1, p2, · · · , pn), (8) will have a lognormal distribution, which is the distribution of the product of
independent random variables [22]. By equating (9) with (3), the lognormal distribution is then the
maximum entropy probability distribution for the disc system [23], which is the canonical ensemble,
originally derived by Gibbs as the maximum entropy distribution over the classical state space, or
phase volume, based on a specified mean value of the energy.

Rationale for a Lognormal Density Distribution

The ability to build an accurate model is helpful when comparing the theoretical dynamical
mass with the observational mass, and a number of methods have been described to generate a disc
mass density distribution that mimics any observed Rotational Curve (RC), generally by using ad
hoc fitting models. Because the disc is thin compared to its radius, most analytical studies assume it
to have negligible thickness and describe it in terms of a pure surface density function, Σ(r). This is
generally taken to be a function of the surface brightness of the disc, and on empirical grounds, this
led to a model of the disc as an exponential function of the form Σ(r) = Σ0 exp (−r/r0)

1/n where r0 is
a characteristic scale factor for the galaxy, with 0.5 ≤ n ≤ 10 (the Sérsic function); many simulations
of disc formation lead to an approximation of this exponential form with n = 1 for the galactic disc
(the Freeman disc) [2,24].

The unification of thermodynamic concepts of entropy and Shannon’s information theory by
methods such as Jayne’s maximum entropy principle have been well described [25], and a number
of papers support the use of a lognormal function on thermodynamic grounds as an appropriate
model to describe systems undergoing information loss [2]. Theoretical hydrodynamic simulation
by Passot and Vázquez-Semadeni [26] suggested that driven turbulence produces a local LN density
distribution, and column density observations of star-forming and non-star-forming molecular clouds
have supported this [27–29], with a Probability Distribution Function (PDF) that resembles a lognormal
function and a high mass tail attributed to turbulence and self-gravity [30]. Pratt et al. [31] measured
the entropy profiles of 31 nearby galaxy clusters selected on X-ray luminosity, without morphological
bias. The observed distributions showed a centrally concentrated excess entropy extending to larger
radii in lower mass systems, with a large dispersion in scaled entropy in the inner regions, possibly
accounted for by cool cores and dynamical activity, but becoming increasingly self-similar at large
radii. Pichon [32] used perturbation theory to analyse bi-symmetric instability generated by a structure
such as a bar. He derived a distribution function corresponding to the extremum of entropy, given
some supplementary constraints such as linearity in the perturbation, and concluded that a state of
maximum entropy compatible with total energy and angular momentum conservation corresponded
to uniform rotation. Herpich et al. [2] used a radial migration model to generate a state close to
maximum entropy. By assuming circularity of the orbits and a maximum entropy distribution of
angular momentum, they showed that the derived surface density varied as exp(R/R0)

1/2 at large
radii and as R−1 at small radii for a model with no halo.

In this paper, we used a lognormal function with Newtonian gravity to describe the disc
density distribution. This can mimic a wide range of RCs with good accuracy [11] using the general
mathematical form modified to the more physical form of Equation (10):

Σ(r) =
Σ0

r/rµ
exp

(
−
[log(r/rµ)]2

2σ2

)
, (10)

where Σ(r) is the disc surface density (M� kpc−2); r is the normalized radial variable (kpc); rµ is the
radial scale factor (kpc); σ is the standard deviation of the natural logarithm of the radius; and Σ0 is
the surface density of the disc at r = rµ (M� kpc−2).

The lognormal model has three independent parameters. Σ0 only changes the scale of the
rotational velocity, V(r), by sliding the curve up or down with no change in shape, but varying σ and
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rµ provides a variety of possible curves that demonstrate typical D-, F-, and R-type curves that are
generally consistent with those described by Verheijen [33]. The assumed disc radius, Rmax, is not
a free parameter, as it can always be normalized to unity. Measuring the actual disc radius, however, is
non-trivial, as it is often unclear where the disc terminates or if it truncates abruptly. Conventionally,
the half-light radius may be used, but for the LN model RCs, Rmax was generally defined as the last
reported observation, plus one half-bin size, using the quoted values in kpc or converting from arcsecs
using the reported distance parameter [12].

The LN distribution fulfils the probability distribution for disc systems in a number of important
ways: the radius where the stars orbit must be > 0; the distribution is highly skewed; and normalization
of the function to unity corresponds to the probability that the disc contains all the angular momentum
of the galaxy. It is also smoothly asymptotic to zero at the core rather than peaking to a cusp where
rotation is unsupported (Equation (10)). The LN function does not describe the bulge, which is
assumed to be non-rotating, and the gravitational potential of which is additive to the total potential
within the disc. The high angular momentum of the discs and their internal density and velocity
profiles resemble hurricanes, and this similarity extends to the null central velocity required for spin as
emphasised by Criss and Hofmeister [34].

In contrast to an exponential distribution, these characteristics match the rotation curves for both
dwarf galaxies such as NGC 2366 and large galaxies such as M31 (Figures 1a and 2, respectively)
and satisfy the observed disc density distributions for many spiral galaxies [35]. Stopping the
surface density abruptly at Rmax produces a noticeable terminal rise in the RC [11], but although
Equation (10) is exact only in the limit r → ∞, in practice, Σ(r)→ 0 as r → Rmax, the maximum radius
for observations (kpc) beyond which gas and dust at the galactic periphery become undetectable.
Although the terminal density may fall away more gradually, it is difficult to detect this termination
observationally because any observable matter will already be included in the disc; matter beyond
the detectable disc boundary will by definition be unobserved. Nevertheless, some observers have
reported HI observations that showed no evidence of stopping at their limit of detection, and with
the increasing sensitivity of observations, there is now evidence for some HI and molecular gas
components extending beyond the original disc boundaries, usually described by adding further
exponential components to the disc boundary as a biaxial or triaxial component to the disc [36,37].
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Figure 1. NGC 2366’s (a) Rotational velocity for the LN model (solid line) and observations ([38]).
(b) Radial distribution of density (M�/kpc2) for the LN model (solid line) and Freeman exponential
disc model (dashed line).
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Figure 2. Rotational Curve (RC) for the massive galaxy M31, with rotational velocity for the LN model
(solid line) and observations with error bars ([39–41]).

The ability of the LN model to generate realistic RCs with a good fit to observations is
demonstrated for the dwarf galaxy NGC 2366 in Figure 1a, with Σ0 = 1.15× 108 M�/kpc2, σ = 1.16,
rµ = 2.85 kpc, Rmax = 8.3 kpc. The high-resolution data were taken from the THINGSsurvey [42].
This survey enabled the effects of random non-circular motions due to collapsing gas clouds in star
formation processes, bars, spiral density waves, and warps in the disc to be minimized with the
construction of a “bulk” velocity field showing the underlying undisturbed rotation, as described
by Oh et al. [42], with tracers such as HI and Hα defined to follow circular orbits. NGC 2366 has
a relatively flat F-type curve, but shows a strong terminal rise beyond 7.5 kpc. This is a feature of many
RCs with an abrupt termination [36], and the fitted LN curve fits the observations well, including the
terminal rise.

Figure 1b also compares the NGC 2366 LN density curve used to generate the RC with the best
fitting exponential density curve. The LN curve (red solid line) is seen to overlie the exponential
curve (blue dashed line) for some portion of the radial distance, implying a possible mechanism for
the Sérsic exponential models. Observations show there are more stars than expected in a Freeman
disc at small radii where bulge stars predominate near the galactic centre, whereas in the LN model,
Σ(r)→ 0 as r → 0, reflecting the collapse of the rotation curve where rotation is unsupported and the
disc disappears (Figure 1b).

3. Generating the Spin Parameter and Virial Mass Estimator

Equation (10) is an integrable function allowing the total disc mass to be calculated (Equation (11)):

Mdisc = Σ0
√

2π3r2
µσ exp

(
σ2

2

)[
1− erf

(
σ2 − log (Rmax/rµ)

σ
√

2

)]
, (11)

and this theoretical disc mass may be compared to observational data for the system. Using a standard
function to describe the disc mass distribution also enables other parameters, such as angular
momentum and disc total energy, to be computed for a comparative analysis of other galaxy disc
properties, such as the dimensionless spin parameter, λ (Equation (12)) [1,43–45]:

λ ≡ J|E|1/2

GM5/2 , (12)

where M is the total gravitational disc mass, J is total angular momentum, and |E| is total energy of
the disc, computed using the LN model for a sample of 38 galaxies of varying morphologies using
observational RC data, with radii ranging from 3.0–130 kpc and disc masses spanning more than
three decades (Figure 3). These gave a mean value of λ ' 0.423± 0.014 [12], comparable to Binney
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and Tremaine’s theoretical value for the exponential disc, λ = 0.425 [13], implying that λ is a universal
function and the LN function is a valid description of the disc as a system of maximum entropy.
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Figure 3. Log-log plot of angular momentum vs. disc mass for the LN model galaxies (squares) and
the theoretical slope 5/3 (purple solid line). Idealised evolutionary changes are shown for a disc with
excess mass dumping mass into the core while conserving angular momentum (R–S ); and a disc with
excess angular momentum shedding mass and angular momentum to a satellite galaxy, leaving a less
massive disc (P–Q ).

Changes in Mass and Angular Momentum to Reach Equilibrium

A log plot of J vs. M for the LN model, using the derived disc masses, is shown in Figure 3, with
the r.m.s. best fitting slope of 1.683± 0.018, which correlates well with the theoretical slope of 5/3 [46].
It is, however, unlikely that the initial total induced angular momentum/unit mass of the proto-disc
would have had this exact spin parameter, and two scenarios are shown: (a) excess M over J (Point
R); and (b) excess J over M (Point P). To reach stability, each of these must move to the (J/M) line
as suggested in Figure 3. In Case (a), it is possible that particles with low angular momentum will
fall towards the centre of the proto-galaxy by a process of core-dumping; in effect, the proto-disc will
lose mass to the bulge (Line R–S). In Case (b), it is unlikely that the proto-disc can lose pure angular
momentum (Line P–S), but it may spin-off mass and angular momentum together to move to point Q
on the (J/M) line, as shown (Line P–Q).

Many disc galaxies possess a number of satellite galaxies, and this spin-off mass may go on to
form a number of distinct and separate orbiting satellite galaxies, removing both mass and angular
momentum from the primary disc. A possible observational consequence of this relationship is that
the number of satellite galaxies possessed by a disc system might be inversely proportional to the mass
of its bulge. Additional evidence for migration is the exceptionally low metallicities of some nearby
molecular clouds compared to the average metallicity of the local interstellar medium and the high
metallicity of the Sun [3], suggesting that these clouds formed when the proto-galaxy was forming.

4. The Mass Discrepancy Relation

Calculation of the theoretical total dynamic masses (Mdyn) computed with an LN density
distribution allows direct comparison with the observational baryonic mass (stars + gas + other
components, Mbar) (Table 1). Total observational disc masses were estimated by summing the
components of luminosity mass and computed hydrogen and helium gas mass from published values
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for HI, although accurate determination of the total baryonic mass distribution remains difficult [47],
and even for the Milky Way, there are large intrinsic uncertainties [48,49]. As with all values for Mgas

in Table 1, the values for HI mass were multiplied by a factor 1.4 to account for the presence of helium,
but dust and molecular and ionized gas were not quantified in the mass models, although for neutral
gas, this could be derived directly by integrating the HI map.

Table 1. Observational masses and computed lognormal masses for 41 disc galaxies.

Name D Mgas M∗ Total Mass LN Mass Refs.
Mpc (log10 M�) (log10 M�) (log10 M�) (log10 M�) [D][Mdisc]

DDO 154 4.04 8.40 8.00 8.54 ± 0.27 9.53 ± 0.15 [50,51]
F563-V2 61.0 9.51 9.74 9.94 ± 0.18 10.30 ± 0.15 [52,53]
F568-1 85.0 9.87 9.50 10.02 ± 0.21 10.60 ± 0.15 [52,53]
F568-3 77.0 9.71 9.62 9.97 ± 0.18 10.40 ± 0.15 [52,53]
F568-V1 84.8 9.53 9.82 10.00 ± 0.13 10.60 ± 0.15 [50,53]
F574-1 96.0 10.32 9.52 10.38 ± 0.21 10.40 ± 0.15 [52,54]
IC 2574 3.91 9.20 8.94 9.39 ± 0.18 10.23 ± 0.20 [50,53]
M31 0.78 9.70 11.36 11.37 ± 0.21 11.40 ± 0.15 [40,40]
Malin 1 366.0 10.97 - - - 12.00 ± 0.13 11.94 ± 0.50 [55,56]
Milky Way - - - - - - - - - 11.83 ± 0.31 11.40 ± 0.15 [–][49]
NGC 1705 5.10 8.23 8.23 8.53 ± 0.24 9.67 ± 0.18 [57,58]
NGC 2366 3.27 8.79 8.41 8.94 ± 0.21 9.67 ± 0.20 [38,50]
NGC 2403 3.16 9.67 10.04 10.20 ± 0.21 10.80 ± 0.15 [50,53]
NGC 2683 8.59 8.70 10.54 10.55 ± 0.16 10.80 ± 0.15 [53,59]
NGC 2841 14.10 10.23 11.51 11.53 ± 0.18 11.60 ± 0.15 [50,53]
NGC 2903 8.90 9.49 10.74 10.76 ± 0.16 11.20 ± 0.15 [50,53]
NGC 2915 3.78 8.78 7.99 8.85 ± 0.13 10.30 ± 0.15 [53,53]
NGC 2976 3.58 8.53 9.25 9.33 ± 0.18 9.57 ± 0.15 [38,50]
NGC 3198 13.80 9.80 10.36 10.47 ± 0.19 11.10 ± 0.15 [50,53]
NGC 3521 8.00 9.80 10.81 10.85 ± 0.18 11.30 ± 0.15 [50,53]
NGC 3726 13.37 9.79 10.42 10.51 ± 0.17 11.10 ± 0.15 [53,59]
NGC 3741 3.0 8.45 7.24 8.48 ± 0.21 9.42 ± 0.18 [53,53]
NGC 4217 20.14 9.40 10.63 10.65 ± 0.21 10.90 ± 0.15 [53,59]
NGC 4389 9.42 8.75 9.37 9.46 ± 0.16 9.95 ± 0.10 [53,59]
NGC 6946 5.5 10.43 10.43 10.73 ± 0.21 10.90 ± 0.15 [53,60]
NGC 7331 13.87 10.04 11.12 11.16 ± 0.23 11.40 ± 0.15 [53,59]
NGC 7793 3.38 9.46 9.76 9.93 ± 0.22 10.10 ± 0.16 [53,59]
NGC 925 8.91 10.15 10.01 10.38 ± 0.21 10.50 ± 0.18 [38,59]
UGC 128 58.5 9.96 9.76 10.17 ± 0.16 11.10 ± 0.15 [50,53]
UGC 2885 75.9 10.70 11.49 11.55 ± 0.18 12.30 ± 0.15 [50,53]
UGC 5750 56.1 9.71 9.00 9.79 ± 0.21 10.30 ± 0.15 [54,54]
UGC 6399 15.5 8.85 9.32 9.44 ± 0.21 10.10 ± 0.15 [61,61]
UGC 6446 15.5 9.51 9.07 9.64 ± 0.27 10.20 ± 0.15 [61,61]
UGC 6667 18.2 8.90 9.40 9.52 ± 0.13 10.00 ± 0.18 [53,59]
UGC 6818 19.5 9.00 8.60 9.15 ± 0.13 9.84 ± 0.18 [53,59]
UGC 6917 15.5 9.53 9.73 9.94 ± 0.27 10.30 ± 0.15 [53,61]
UGC 6923 18.67 9.07 9.44 9.59 ± 0.21 10.00 ± 0.15 [59,62]
UGC 6969 18.6 8.79 8.49 8.97 ± 0.21 9.94 ± 0.18 [63,63]
UGC 6973 36.8 9.38 10.23 10.29 ± 0.02 10.50 ± 0.18 [61,64]
UGC 6983 18.6 9.46 9.76 9.93 ± 0.24 10.40 ± 0.15 [53,65]
UGC 7089 15.5 9.40 9.28 9.65 ± 0.21 9.97 ± 0.18 [61,62]

The problem of calculating M∗ is non-trivial, requiring knowledge of the Initial Mass Function
(IMF) and the stellar mass-to-light ratio (Υ∗). This itself depends on several poorly constrained factors
including age, colour, metallicity, dust extinction, and recent star formation, and Tutukov emphasized
how this will change with galactic evolution because Υ∗ was almost certainly lower in the past when the
Star Formation Rate (SFR) was higher and there was less obscuration by dust [6,8]. Unfortunately, these
factors are interdependent, giving Υ∗ a large uncertainty in the mass models, leading many studies
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to assume a min-max disc approach [38,66], with a minimum disc mass from assuming a majority of
the rotation arises from the DM halo and the maximum disc hypothesis providing an upper limit on
Υ∗ by maximizing the rotation contribution of the stellar disc. Mass observational errors in Table 1
were taken from quoted values where available or estimated from uncertainties in the HI maps and
the mass-light ratios such as those cited by McGaugh [50].

The total observational baryonic disc masses (Mbar) calculated from Mgas + M∗ for 41 galaxies
widely spaced in mass and type are plotted against their corresponding LN dynamic masses (Mdyn)
for comparison in Figure 4. The disc masses generated by the LN distribution demonstrated an inverse
Mass Deficit Relation (MDR), with an increasing mass deficiency with decreasing disc mass. This
confirmed a discrepancy that was described as the Mass Discrepancy Acceleration Relation (MDAR)
by Janz et al. [67], and convincingly demonstrated by McGaugh et al. [68] who plotted 2693 points in
terms of the local acceleration across the discs of 153 galaxies to show a strong Radial Acceleration
Relation (RAR) with a one-fit parameter, the acceleration scale, g† = 1.20± 0.26× 10−10 m s−2 [68],
where the mass discrepancy became pronounced. The apparent increase in mass discrepancy with
decreasing disc mass in Figure 4 may be correlated with the RAR by a corresponding mass scale, M†

(Equation (13)):

Mdynamic =
Mbar

1− exp(−
√

Mbar/M†)
, (13)

This is shown as the dashed line in Figure 4, with an inflexion point at M† = 3.98± 0.54× 1010M�,
which may be compared to McGaugh’s acceleration scale inflection point at g†. Despite wide margins
of error in deriving the total observational disc mass, the deficiency in observational baryonic mass to
computed theoretical dynamic mass appears to bear a systematic inverse relationship to the computed
galactic mass, approaching the theoretical disc mass asymptotically for the more massive systems,
confirming the earlier observations [68] and lending further support to the LN model as a satisfactory
universal predictor of dynamic mass.

8

9

10

11

12

13

8 9 10 11 12 13

O
b
se
rv
at
io
n
al
  b
ar
yo
n
ic
 m

as
s 
lo
g 1

0
M

b
ar
(M

ʘ
) 

Log‐normal dynamic mass log10Mdyn (Mʘ)

Line of equality

    Mbar

Figure 4. Log-log plot of the modelled lognormal dynamic disc mass vs. the estimated observational
baryonic masses (Mg + M∗) for a wide range of galaxy masses and types. The solid line is the line of
mass equality; the dashed line is for Mdynamic = f (Mbaryonic), with M† = 3.98× 1010 M� (see the text).
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5. Discussion

The Rotation Curves (RC) of galactic discs provide a vital tool for studying the dynamics of distant
galaxies and can be measured with considerable accuracy. Comparing these with the theoretical RCs
generated by the total observable mass of the disc and bulge confirmed the discrepancies between
them. The failure of observed baryonic mass to account for these RCs led to the concept of a Dark
Matter (DM) halo whose properties may be adjusted empirically to fit the observations [69]. However,
the inability of experimentalists to identify any DM candidates has led to the postulate that the
Newtonian gravitational constant varies at weak field strengths to produce the observed RCs as the
Modified Newtonian Dynamics (MOND) hypothesis [70], with gravitational dynamics becoming
non-Newtonian in the limit of low acceleration [71–74].

The ability to generate a universal mass model to describe the observed RCs provides a useful
method for the analysis of mass distribution in the disc, and a number of methods have been described
to generate a universal disc mass density-distribution model that mimics any observed RC [75,76]. Criss
and Hofmeister used the virial theorem to model galactic RCs via their linkage of the rotation rate to the
gravitational self-potential (Ug) and the moment of inertia of oblate spheroids. This allowed galactic
mass and volumetric density profiles to be extracted from the velocity and its derivative as functions of
equatorial radius, giving a direct, unambiguous, and parameter-free inverse model for rotation curves
without DM [34,76]. A computational method was presented by Feng [77] for determining the mass
distribution in a mature spiral galaxy from a given rotation curve. Their surface mass density profiles
predicted an approximately exponential law of decay, quantitatively consistent with the observed
surface brightness distributions, and suggested that Newtonian dynamics can adequately describe
the observed rotation behaviour of mature spiral galaxies. similarly, Pavlovich et al. [78] showed that
a broad range of galaxy rotation curves could be explained solely by modelling the distribution of
baryonic matter in a galaxy.

The maximum entropy model described in this paper provides a physically plausible rationale for
a lognormal (LN) surface density distribution that can account for the observed RCs of a wide variety
of disc galaxies varying in type, brightness, and mass and generates a reasonable model to establish the
dynamic mass of the disc for a wide range of disc masses. It gives a good match to the observational
masses of more massive galaxies while approximating the exponential Sérsic distribution over much
of the disc radius. The LN model has a universal spin parameter with a highly correlated theoretical
mass/angular momentum ratio (Figure 3), suggesting a mechanism by which the disc may stabilize
from a proto-disc by dumping excess initial mass to the bulge or shedding excess angular momentum
to form a satellite galaxy.

Several independent sources suggest that neither DM nor MOND are universal requirements.
Stellar kinematics of elliptical galaxies have suggested there are few unambiguous cases where DM is
needed to fit the data, and dynamical modelling of the data indicates the presence of little if any dark
matter in these galaxies’ halos. [79,80]. Two ultra diffuse galaxies, NGC1052-DF2 and NGC1052-DF4,
have very low dispersion velocities nearly identical to the expected values from their stellar masses
alone [81,82], although the distance to these is is still under debate with missing mass comparable to
other LSB galaxies [83].

The LN model accommodates a scenario in which the missing mass is confined to the disc, and
plotting these theoretical dynamic masses of the LN model against the observational masses confirms
a Mass Discrepancy Relationship (MDR) that increases with decreasing disc mass, in close agreement
with the Radial Acceleration Relation (RAR). McGaugh et al. [68] explained the RAR using MOND,
but the presence of DM as a halo or disc component cannot yet be excluded [84], although neither
explanation is fully satisfactory on physical grounds, and Janz et al. [67] and Di Cintio and Lelli [85]
have suggested that the increase in MDR associated with low mass discs is neither well described by
MOND, nor can it arise from a universal NFWprofile, as this would require a mass-dependent DM
density profile in ΛCDM [85].
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An alternative possibility may be unobserved baryonic mass in the disc periphery of the faint LSB
galaxies. Salem et al. [86] suggested that the Milky Way (MW) hot halo accounts for 4.3± 0.9× 1010 M�
or roughly 50% of these baryons, and others suggested a still larger mass of hot gas [87]. Even for the
MW, this hot halo has hitherto been undetectable until recent precise measurements of the movements
of satellite galaxies, suggesting that there may be similar undetected hot halos associated with other
galaxies and undetected baryonic mass in the LSB galaxies. The Interstellar Medium (ISM) is a mixture
of gas and dust remaining from the formation of the galaxy, ejected by stars, and accreted from outside.
The gas is very diffuse with some in the form of single neutral atoms, some in the form of simple
molecules, and some existing as ions. Its chemical composition is about 91% hydrogen and 9% helium.
It is observationally important because spectroscopic emission lines from the gas enable measurements
of its mass and dynamics, including rotation curves, making it unlikely to be hidden baryonic mass.
The total density of dust in the ISM is thought to be considerably less than the gas density, and
Draine et al. [88] suggested that Mdust/M(HI+H2) ≈ 0.01. The composition of the dust particles is
highly variable; grains may vary in size by a factor of 100 : 1, but any excess of dust in LSBs is unlikely
to account for hidden mass if its presence in LSB galaxies is in a similar ratio to the MW.

The size of a stellar system without a sharp boundary may be characterized by a gravitational
radius, rg [13], and for a star of mass 1 M�, the Oort cloud is thought to extend to approximately
1.5× 1013 km if taken to approximate the gravitational sphere of influence rg of a stellar-mass star.
The masses of the Oort clouds surrounding such systems are unknown; therefore, we may only
estimate possible values from the limited information we have for the Oort cloud of the Solar System.
This may contain 1011–1012 icy bodies, with a total estimated mass of 1025–1026 kg and a mean
density ∼2× 10−15 kg km−3, although in one estimate, it may approach 2% of the solar mass, i.e.,
∼4× 1028 kg [89]. The density and mass of the background population of exo-Oort cloud objects
is also completely unknown [90], and again with such uncertainty even in the MW, the proportion
and mass of icy bodies within other galactic discs is completely unknown; however, they will almost
certainly exist. It is a reasonable hypothesis that lower mass galaxies with a higher proportion of gas
and lower star formation rates may have a correspondingly high ratio of undetectable icy bodies to
detectable baryons, and this proportion may increase with decreasing overall mass.

The LN model cannot exclude MOND or a gravitationally bound DM component as causative of
the MDR. However, the good agreement between dynamic and baryonic masses for the RCs of high
mass galaxies using a plausible mass-density distribution model suggests that some proportion of the
unaccounted-for mass in low mass galaxies may be attributable to uncertainties in mass measurements
in the disc peripheries of these Low Surface Brightness (LSB) systems. This may be explained by the
presence of DM in the periphery of the disc itself, but the known difficulty and intrinsic errors in
assessing the absolute true mass of these systems suggest that at least some of the deficiency may be
baryonic [75]. Rather than requiring modification to the law of gravity or a massive undetectable halo
of DM, the possibility that it may be accounted for by undetected baryonic matter remains plausible.
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