
galaxies

Article

Dynamics of Test Particles and Twin Peaks QPOs around
Regular Black Holes in Modified Gravity

Javlon Rayimbaev 1,2,3,4,5,*, Pulat Tadjimuratov 1, Ahmadjon Abdujabbarov 1,3,4,6,7 , Bobomurat Ahmedov 1,3,7

and Malika Khudoyberdieva 3

����������
�������

Citation: Rayimbaev, J.;

Tadjimuratov, P.; Abdujabbarov, A.;

Ahmedov, B.; Khudoyberdieva, M.

Dynamics of Test Particles and Twin

Peaks QPOs around Regular Black

Holes in Modified Gravity. Galaxies

2021, 9, 75. https://doi.org/10.3390/

galaxies9040075

Academic Editor: Christian Corda

Received: 23 August 2021

Accepted: 1 October 2021

Published: 7 October 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Ulugh Beg Astronomical Institute, Astronomy St. 33, Tashkent 100052, Uzbekistan; tadjimura@astrin.uz (P.T.);
ahmadjon@astrin.uz (A.A.); ahmedov@astrin.uz (B.A.)

2 College of Engineering, Akfa University, Kichik Halqa Yuli Street 17, Tashkent 100095, Uzbekistan
3 Faculty of Physics, National University of Uzbekistan, Tashkent 100174, Uzbekistan;

xudoyberdiyeva94@inbox.ru
4 Institute of Nuclear Physics, Ulughbek, Tashkent 100214, Uzbekistan
5 Power Engineering Faculty, Tashkent State Technical University, Tashkent 100095, Uzbekistan
6 Shanghai Astronomical Observatory, 80 Nandan Road, Shanghai 200030, China
7 Department of Physics, Tashkent Institute of Irrigation and Agricultural Mechanization Engineers,

Kori Niyoziy, 39, Tashkent 100000, Uzbekistan
* Correspondence: javlon@astrin.uz

Abstract: In this work, we have presented a detailed analysis of the event horizon of regular black
holes (BHs) in modified gravity known as MOG, the so-called regular MOG BH. The motion of neutral
particles around the BH has also been explored. The test particle motion study shows that the positive
(negative) values of the MOG parameter mimic the spin of a rotating Kerr BH, providing the same
values for the innermost stable pro-grade (retrograde) orbits of the particles in the range of the spin
parameter a/M ∈ (−0.4125, 0.6946). The efficiency of energy release from the accretion disk by the
Novikov–Thorne model has been calculated, and the efficiency was shown to be linearly proportional
to the increase of the MOG parameter α. Moreover, we have developed a new methodology to
test gravity theories in strong-field regimes using precision data from twin-peaked quasiperiodic
oscillations (QPOs) of objects calculating possible values of upper and lower frequencies. However, it
is obtained that the positive MOG parameter can not mimic the spin of Kerr BHs in terms of the same
QPO frequencies. We have provided possible ranges for upper and lower frequencies of twin-peak
QPOs with the ratio of the upper and lower frequencies of 3:2 around regular MOG BHs in the
different models. Moreover, as an example, we provide detailed numerical analysis of the QPO of
GRS 1915+105 with the frequencies νU = 168± 5 Hz and νL = 113± 3 Hz. It is shown that the central
BH of the QPO object can be a regular MOG BH when the value of the parameter is α = 0.2844+0.0074

−0.1317
and shines in the orbits located at the distance r/M = 7.6322+0.0768

−0.0826 from the central BH. It is also
shown that the orbits where QPOs shine are located near the innermost stable circular orbit (ISCO) of
the test particle. The correlation between the radii of ISCO and the QPO orbits is found, and it can be
used as a new theoretical way to determine ISCO radius through observational data from the QPOs
around various compact objects.

Keywords: γ-object; magnetized particle motion; magnetic field; constraints on black hole parameters

1. Introduction

The vicinity of the astrophysical BHS being a compact gravitating object may serve
as a laboratory for testing the gravity theories in the strong-field regime. The test of
gravity theories through X-ray observation of stellar mass (3–30 M�) and supermassive
(up to 1010 M�) has been carried out by numerous authors (see, e.g., [1]). Other ways of
testing the gravity in the strong-field regime are through detection of gravitational waves
by LIGO/VIRGO [2] and image of supermassive BHs at the Event Horizon Telescope
(EHT) [3,4].
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The first spherical symmetric vacuum solution within the general relativity describing
the non-rotating BH with total mass M has been obtained by Schwarzschild in 1916 [5].
Later, Reissner and Nordström independently found the solution describing electrically
charged BH [6,7]. The fundamental problem of these and other exact solutions of the
field equations in general relativity in the presence of the singularity at the center of
the BH, which can not be resolved by the concept of classical theory. Rotating, electric
and magnetic regular BH solutions obtained by coupling general relativity to nonlinear
electrodynamics obeying the singularity problem and physical properties of the BHs such
as thermodynamics, thermal stability and possible phase transition, QNMs and photon
motions are studied in, e.g., refs. [8–23]. Regular BHs in modified gravity have been
investigated in [24].

The spacetime around BHs is strongly curved, leading to the formation of an event
horizon, which is a surface bounding the region of spacetime unobservable by the external
observer. Depending on the central BH, the spacetime geometry near the horizon differs
from each other. The geometrical structure of the spacetime can be determined by the
motion of the particles in the vicinity of the BH [25–31]. The existence of a magnetic field
around BH also alters the particle motion resulting in the chaotic dynamics [32–36].

The existence of dark energy and dark matter in the Universe has been proven by
several observations (e.g., the galactic rotation curves and the accelerated expansion of
the Universe, etc.), which can be explained by introducing the cosmological constant Λ
in the cosmological solutions of general relativity and hidden mass as cold dark matter
so-called standard Λ cold dark matter (CDM) cosmological model. However, general
relativity modifications try to explain such phenomena by the intrinsic effects of the
extended theories of gravity. One of such modifications is the so-called Scalar-Tensor-
Vector Gravity (STVG) proposed by Moffat [37]. The theory has been applied to galaxy
rotation curves [38,39], BH shadow [40,41], supernovae [42] and gravitational lensing in
plasma and vacuum environment [43,44]. Non-rotating and rotating BH solutions in MOG
(known as Schwarzschild–MOG and Kerr–MOG ones, respectively) have been obtained
in [40]. The role of the MOG field on plasma magnetospheric radiation from rotating
magnetized relativistic stars and magnetized particles motion around gravitating compact
objects have also been discussed in refs. [45,46].

Another interesting phenomenon appearing while studying the dynamics of test
particles, especially circular orbits around a compact gravitating object, is related to QPOs.
These objects are detected in the X-ray radiation of microquasars which contains a BH
surrounded by a star. The matter flow from the star to companion BH creates the accretion
disc and the system starts to irradiate in the X-ray diapason due to strong friction of
the matter near the ISCO [47]. The study of QPO is very important since it is related to
astrophysical processes happening in the close environment of the BH. QPOs are useful
for testing both accretion matter physics and the nature of gravitational interaction in
the strong-field regime. Accretion disc surrounding BH as a source of QPO in different
models has been widely discussed in the literature [48–57]. Particularly, various models
explaining the qualitative behaviour of the QPO including disc-seismic models, hot-spot
models, warped disk models, and resonance models have been proposed [50,58–60]. Here,
we analyze the twin peak QPOs observed in X-ray sources thin the MOG model.

In the present work, we have studied dynamics of test particles and twin peak QPOs
around regular MOG BHs based on the idea of whether the regular BH in MOG can show
similar effects as rotating Kerr BHs on generations of the same QPO frequencies. This work
is organized as follows: In Section 2, we have focused on the analysis of the properties of
geometry around regular MOG BH. In Section 3, we have investigated the dynamics of
electrically neutral test particles. Section 4 is devoted to studying fundamental frequencies,
and in Section 5 we have provided astrophysical applications of the studies of fundamental
frequencies of test particles to the analysis of twin peak QPOs in different models. Finally,
in Section 6 we summarize the obtained main results.
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Throughout the paper, the space-like signature (−,+,+,+) is selected for the space-
time, and the geometrized system of units is used where G = c = h = 1 (however, for an
astrophysical application the speed of light and the Newtonian gravitational constant are
written explicitly in our expressions). The Latin indices run from 1 to, 3 and the Greek ones
from 0 to 3.

2. The Spacetime Properties

Action in MOG (STVG) has three additional terms on top of the standard Einstein–
Hilbert action [37]:

Sφ = − 1
4π

∫ [
K + V

(
φµ

)]√
−gd4x, (1)

SS =
∫ 1

G

[
1
2

gαβ

(∇αG∇βG
G2 +

∇αµ∇βµ

µ2

)
− VG(G)

G2 −
Vµ(µ)

µ2

]√
−gd4x, (2)

SM = −
∫ (

ρ
√

uµuµ + Quµφµ

)√
−gd4x + Jµφµ, (3)

where SS, Sφ, SM are actions of massive vector field, scalar fields and pressureless matter,
respectively. Vs are potentials and K = (1/4)BµνBµν is a kinetic term for field φµ with
Bµν = ∂µφν − ∂νφµ. G is a scalar field responsible for a strength of the interaction between
matter and gravity, Q = κ

∫
d3xJ0(x) is the gravitational source charge and Jµ = κTµν

M uν

where Tµν
M is the matter energy-momentum tensor, ρ is density of the pressureless matter

and κ =
√

αGN with α = (G− GN)/GN where GN is a Newtonian gravitational constant.
Field equations are given by [37]:

Gµν −Λgµν + G

[
∂µ∂µ

( gµν

G

)
−∇µ∇ν

1
G

]
= 0, (4)

∇νBµν +
∂V(φµ)

∂φµ
= −Jµ, (5)

∇σBµν +∇µBνσ +∇νBµσ = 0. (6)

By coupling the field equations of MOG to nonlinear electromagnetic field, a regular
BH solution can be obtained [61].

The spacetime around the regular MOG BH can be described by the following line
element [40,62].

ds2 = − f (r)dt2 +
1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2) , (7)

with

f (r) = 1− 2M
r

α + 1[
1 + α(α + 1)M2

r2

]3/2 +
α(α + 1)M2

r2[
1 + α(α + 1)M2

r2

]2 ,

where M is the total mass of the BH, α is the so-called MOG parameter being responsible
for the modified gravity. The metric takes the form of the Schwarzschild solution when
α = 0 and as α = −1 the metric reflects flat spacetime effects. There are several constraints
for the parameter α obtained by Moffat et al. using the different astronomical observational
data. For example, in ref. [24] authors have shown that MOG plays the role of dark matter
providing the same gravitational redshift with the MOG parameter α = 8.89 based on the
data from X-ray band observations of the galactic cluster Abel 1689. Analysing the data
from the gravitational wave events GW150914 and GW151226, the authors of ref. [63] have
obtained the values of the MOG parameter in the range α→ (2÷ 8.3). It has been shown in
ref. [64] that the effect of MOG near the Sgr A* is weak and the upper limit of the parameter



Galaxies 2021, 9, 75 4 of 19

takes the value α = 0.055. Another constraint for MOG parameter as α = 1.13+0.30
−0.24 has

been obtained using the observational data on the image of M87 event horizon [65]. The
analysis of observational data from rotation curves of the nearby galaxies has allowed
getting constraint on the upper value of MOG parameter as α = 8.89± 0.34 [38]. The upper
limit for the MOG parameter for the millisecond pulsars J2145-0750, J0024-7204D, and
J0024-7204H, has been found as α ' 1.6011, 3.06528, and 0.9747, respectively, have been
recently obtained in our previous paper [45].

Now we explore the event horizon properties of the regular MOG BH governed by the
lapse function (8) with nonvanishing MOG parameter α. Generally, the radius of the event
horizon of a BH is defined in a standard way imposing grr → ∞, grr = 0 or, equivalently,
by solving the equation f (r) = 0 with respect to r. We get a quite complicated form of
expression for the radius of outer and inner horizons denoted with (+) and (−) signs,
respectively, in the following form:(

r±h
M

)2

= 2 + α− α2 + P2 ±
√
P5 +

P6

4P2
− P3

3P1
− P1

3 3
√

2
, (8)

where

P3
1 = 2α3(α + 1)6

[
α(α(253α + 312) + 120)− 64

+ 24
√

3α(α + 1)
√

α(2α(14α + 9)− 1)− 16
]

,

P2
2 =

P3

3P1
+
P1

3 3
√

2
+ P4 , P3 =

3
√

2α2(α + 1)4
(

25α2 + 16α + 16
)

,

P4 =
P5

2
= (α + 1)2(4− α

3
(11α + 4)) , P6 = 32(α + 1)4(2− 3α) .

and r±h are corresponding to radius of outer (+) and inner (−) horizons.
The dependence of the radii of (outer and inner) event horizons for the different values

of α is shown in Figure 1. One can see from the figure that the inner and outer horizons
coincide each other at the critic value of the MOG parameter.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0

0.5

1.0

1.5

2.0

α

r

M

Figure 1. Dependence of event horizon radii from MOG parameter. Solid blue line represents outer
horizon and red dashed one is for inner horizon.

At the extreme values of the MOG parameter, the two horizons coincide. The mini-
mum value of the outer horizon can be easily found by the following system of equations
and solving them with respect to r and α

f (r) = 0 = f ′(r) , (9)
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where the prime (′) denotes derivative along radial coordinate. One may solve the equations
of the system with respect to the MOG parameter α and the radial coordinate, r which
implies the critical value of the MOG parameter and minimum value of the outer horizon.
Then we have (rh)min/M = 1.68119 and αcr = 0.67276.

If the value of MOG parameter exceeds the critical one, no BH can be formed.
Now we explore the radial profiles of the lapse function (8) for the different values of

the MOG parameter.
Figure 2 shows the dependence of outer and inner horizons of regular MOG BHs from

the MOG parameters. One can see that the values of outer and inner horizons match when
MOG parameter takes the critical value. Consequently, we may conclude the follows:

• In the case when α < αcr two event horizons do exist: inner and outer ones;
• In the case when α > αcr there are no event horizons;
• If α = αcr we have extreme regular MOG BH and the two horizons coincide (see

Figure 2).

0 1 2 3 4 5

0.0

0.2

0.4

0.6

0.8

1.0

r/M

f(r)

α=1

α=0.5

α=αcr

Figure 2. Dependence of lapse function from the radial coordinate r/M for the different values of
the MOG parameters α.

3. Test Particle Motion

In this section, we will perform a detailed analysis of dynamics of test particles around
regular MOG BH described by the metric (7).

3.1. Equation of Motion

The Lagrangian for neutral test particles with mass m can be expressed in the stan-
dard form,

Lp =
m
2

gµν ẋµ ẋν, (10)

where m is the mass of the particle. Then integrals of motion corresponding to Killing
symmetries of the spacetime are read

gtt ṫ = −E , gφφφ̇ = l , (11)

where E = E/m and l = L/m are specific energy and specific angular momentum of the
particle, respectively. One can govern the equations of motion for test particles through the
normalization condition

gµνuµuν = ε , (12)

where ε takes the values 0 and −1 for massless and massive particles, respectively.
For electrically neutral, massive test particles’ motion is governed by timelike geodesics

of the spacetime (7) and the equations of motion can be derived using Equation (12). Taking
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into account Equation (11), one may obtain the equations of motion in the separated and
integrable form,

ṙ2 = E2 + gtt

(
1 +
K
r2

)
, (13)

θ̇2 =
1

g2
θθ

(
K− l2

sin2 θ

)
, (14)

φ̇ =
l

gφφ
, (15)

ṫ = − E
gtt

, (16)

where K is the Carter constant corresponding to the total angular momentum.
Restricting the motion of test particles to the plane with θ = const and θ̇ = 0 (that is

justified by the conservation of the angular momentum), the Carter constant takes the form
K = l2/ sin2 θ. Then the equation of the radial motion can be expressed in the form

ṙ2 = E2 −Veff , (17)

where the effective potential of the motion of test particles reads

Veff = f (r)
(

1 +
l2

r2 sin2 θ

)
. (18)

Now we consider the conditions for the circular motion, corresponding to zero radial
velocity ṙ = 0 and acceleration r̈ = 0. Then one may obtain the radial profiles of the specific
angular momentum and specific energy for circular orbits at the equatorial plane (θ = π/2)
in the following form

l2 =
r3 f ′(r)

2 f (r)− r f ′(r)
, E2 =

2 f (r)2

2 f (r)− r f ′(r)
, (19)

Figure 3 illustrates the radial profiles of the specific energy and angular momentum.
One can see that the presence of the MOG parameter causes the increase of the specific
angular momentum, the energy decreases. Moreover, the distance corresponding to mini-
mum values of the energy and angular momentum goes outward of the central BH with
the increase of the MOG parameter.

5 10 20 50
10

20

50

100

200

r/M

ℒ

M

Sch
war
zsch

ild B
H

α=0
.2

α=
αcr

5 10 20

0.85

0.90

0.95

1.00

1.05

r/M

ℰ

Schw
arzsc

hild
BH

α=
0.2

α=
αcr

Figure 3. Radial dependence of specific angular momentum (left panel) and energy (right panel)
for circular orbits for different values of MOG parameter.
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3.2. Stable Circular Orbits

The radius of ISCOs for particles around BHs can be defined by the solution of the
condition ∂rrV ≥ 0 with respect to the radial coordinate:

f ′(r)
(

2r
f ′(r)
f (r)

− 3
)
− r f ′′(r) ≥ 0 . (20)

It is impossible to find the exact solutions of Equation (20), however, the limit of
the solution at the critical value of MOG parameter can be obtained numerically in the
following form

lim
α→αcr

risco = 7.31451M. (21)

It shows that ISCO radius of test particles around Regular MOG BHs with the critic
value of the parameter α matches ISCO of the particles in prograde orbits around Kerr BH
with the spin parameter a/M = 0.486402. This fact allows to compare the effects of the
MOG and spin parameters on ISCO radius and may be used for the estimation of MOG
parameter using the observational data for accretion discs.

3.3. Regular MOG BH versus Kerr BH: The Same ISCO

In this subsection, we will carry on our detailed analysis on comparison of effects of
the spin parameter of rotating Kerr BH and MOG field on ISCO radius of the test particles.
In theoretical studies and astrophysical measurements of ISCO radius of test particles, a
problem of indistinguishability of different gravity effects may appear. In most cases BHs
are considered as rotational Kerr BHs, however, other some types of static BHs can provide
similar gravitational effects on ISCO radius as rotating BH [66–69]. In such cases, it is quite
difficult to distinguish the difference of gravitational effects of the two different types of
BHs. Due to this reason, in this subsection we will investigate how the MOG parameter
can cover the gravitational effects of spin of Kerr BH providing the same ISCO radius for
test particles mimicking each other and show possible cases of distinguishable values of
the MOG and spin parameters which can not cover the gravitational effects of each other.

The ISCO radius of test particles in retrograde and prograde orbits around Kerr BH
can be expressed as [70]

risco = 3 + Z2 ±
√
(3− Z1)(3 + Z1 + 2Z2) , (22)

where the notations, Z1 = 1 +
( 3
√

1 + a + 3
√

1− a
) 3
√

1− a2 , Z2
2 = 3a2 + Z2

1 .
Figure 4 shows ISCO radius as a function of the MOG and the spin parameters of the

regular MOG and Kerr BHs, respectively. We provide the figure in order to see how the
MOG parameter can mimic the spin parameter of rotating Kerr BHs providing the same
values to the ISCO radius. It is seen that the spin and MOG parameters can provide the
same ISCO radius to test particles around the Kerr and regular MOG BHs, at their values in
the range (a/M ' −0.4, 0) vs. (α = 0, αcr) and (a/M ' 0, 0.6727) vs. (α ' −0.67, 0). That
means the effects of positive (negative) MOG and negative (positive) spin parameters are
the same on ISCO radius of test particles, at the above-mentioned range of the parameters.
Moreover, one can see that the negative (positive) values of spin parameter and positive
(negative) values of MOG parameter increases (decreases) the ISCO radii.
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-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

3

4

5

6

7

α, a/M

r

M

Reg.
MOG

BH

Kerr BH

Figure 4. Dependence of ISCO radius of test particles from the MOG parameter of regular MOG BHs
and the spin of rotating Kerr BHs.

Figure 5 shows the relation between MOG and spin parameters for the same values
of ISCO radii. It is clear that one cannot fully mimic the spin of Kerr BH by the effects
of MOG parameter, since prograde and retrograde motions require different values of
MOG parameter. The numerical results show that the MOG parameter can mimic the spin
parameter in the range of a/M ∈ (−0.4125, 0.6946) when its values α ∈ (−0.6084, 0.658).

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0.2

0.0

0.2

0.4

0.6

α

a

M

Figure 5. The degeneracy graph between spin and MOG parameters providing the same ISCO radius.

3.4. The Energy Extraction Efficiency

Keplerian accretion around an astrophysical BH is explained by Novikov and Thorn
as geometrically thin disks [71]. The efficiency of energy extraction process in the accretion
disk around a BH is the maximum energy which matter falling in to the central BH from
the disk extracts as radiation energy. The efficiency of the accretion of the particle can be
calculated using the following standard expression

η = 1− EISCO, (23)

where EISCO is the energy of the particle at the ISCO which is characterized by the ratio
of the binding energy (BH-particle system) and rest energy of test particle, and it can be
calculated using the energy of the particles given by Equation (19) at ISCO.

The effects of MOG parameter on the efficiency of the accretion of the test particle
around regular BHs in MOG is presented in Figure 6. One can see that efficiency grows
linearly with the increase of MOG parameter and gives maximum about 15% in the range
of the parameter α ∈ (0, αcr).
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Figure 6. Dependence of energy extraction efficiency from the MOG parameter α.

3.5. Regular MOG BH versus Kerr BH: The Same Energy Efficiency

Here we provide additional astrophysical application of performed study on the
efficiency of energy release from accretion disk around regular MOG BH which is propor-
tional to the measurable total bolometric luminosity of the whole of the accretion disk,
Lbol = ηṀc2 (where Ṁ stands for the falling rate of accreting matter in to the central
BH) [72,73]. Our main purpose is to explore whether the MOG parameter α can show the
similar gravitational effect on the efficiency as well as the spin of Kerr BH. The expression
for the energy efficiency from accretion disk of Kerr BH reads [70]

EKerr(r, a) =
a + r3/2 − 2

√
r

r3/4
√

2a + r3/2 − 3
√

r
, (24)

where a→ a/M and r → r/M.
It is possible to get a relation between the energy efficiency and the Kerr spin parameter

by substituting Equation (22) into Equation (24), then finally using the expression for energy
efficiency given by Equation (6).

In Figure 7, we present degeneracy values of spin and MOG parameters providing
the same energy efficiency of energy release from co- and counter-rotating accretion disk.
One can conclude from the graph is presented in Figure 7 and numerical analysis that the
MOG parameter can mimic the spin up to a = M for retrograde orbits, and the limit for
prograde orbits is a = 0.8425M.

prograderetrograde

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
0.0

0.2

0.4

0.6

0.8

1.0

α

a

M

Figure 7. The same graph as presented in Figure 5 but providing the same values of energy efficiency.

4. Fundamental Frequencies

The fundamental frequencies of test particles orbiting regular MOG BHs are studied.
It can help to be one of the simplest models to explain QPOs observed around BHs.
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4.1. Keplerian Frequency

The angular velocity of test particles measured by an observer located at infinity,
called the Keplerian frequency, is given by

ΩK =
dφ

dt
=

φ̇

ṫ
. (25)

For better understanding of the QPO frequencies it is convenient to express them in
Hertz units as,

ν =
1

2π

c3

GM
Ω , (26)

where we insert the speed of light c = 3× 1010 cm/s and the Newtonian gravitational
constant G = 6.67× 10−8 cm3/(g · s2)

Alternately, the expression for the Keplerian frequency in the spacetime of a static BH,
which gives the same results, is given by

Ω2
K =

f ′(r)
2r

.

For the regular BHs it takes the form,

ΩK =

√
(α + 1)M

[α(α + 1)M2 + r2]
3
2

{
αM
[
α(α + 1)M2 − r2

]

+
(

r3 − 2α(α + 1)M2r
)√

1 +
α(α + 1)M2

r2

} 1
2

. (27)

4.2. Harmonic Oscillations

In this section, we investigate small perturbations of the orbital motion in radial
r → r0 + δr and vertical θ → θ0 + δθ directions, where r0 and θ0 are a radial and an angular
coordinates in which the effective potential takes its extreme value.

Expanding the effective potential into power series of the perturbations δr and δθ up
to the second order we get the following

Veff(r, θ) = Veff(r0, θ0) + δr ∂rVeff(r, θ)
∣∣∣
r0,θ0

+ δθ ∂θVeff(r, θ)
∣∣∣
r0,θ0

+
1
2

δr2 ∂2
r Veff(r, θ)

∣∣∣
r0,θ0

+
1
2

δθ2 ∂2
θVeff(r, θ)

∣∣∣
r0,θ0

+ δr δθ ∂r∂θVeff(r, θ)
∣∣∣
r0,θ0

. (28)

The first term equals to zero at limited motion of the particles characterized by the
energetic boundary conditions given as ṙ = 0 and θ̇ = 0, and we have Veff(r0, θ0) = 0.
Second, third and sixth terms of the expansion given in Equation (28) vanish due to the
conditions ∂r,θVeff(r, θ) = 0. The next two terms, being proportional to the second-order
derivatives of the effective potential concerning the coordinates r and θ. The equation
of motion is obtained by replacing the derivatives to the affine parameter with the time
derivative, as dt/dλ = ut in Euler–Lagrange equations. Finally, we can get equations for
displacements δr and δθ in the following form

d2δr
dt2 + Ω2

r δr = 0 ,
d2δθ

dt2 + Ω2
θδθ = 0 , (29)
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where Ωr and Ωθ are, respectively, the radial and vertical angular frequencies measured by
a distant observer, defined as

Ω2
r = − 1

2grr(ut)2 ∂2
r Veff(r, θ)

∣∣∣
θ=π/2

, (30)

Ω2
θ = − 1

2gθθ(ut)2 ∂2
θVeff(r, θ)

∣∣∣
θ=π/2

. (31)

The radial dependence of the Keplerian frequencies of test particles around regular
MOG BH is shown in Figure 8 with comparison to pure Schwarzschild BH. One can see
that the existence of the MOG parameter causes an increase (decrease) of frequencies
of Keplerian orbits (the maximum frequencies of radial oscillations). Moreover, at large
distances, the effect of MOG (STVG) field on the frequencies vanishes.

Schw BH

Regular
MOG BH

radial frequencies

Keplerian frequency

5 10 20 50
0

20

40

60

80

100

120

r/M

Ω

Figure 8. Keplerian and radial frequencies of test particles around RMOG BH as a function of the
radial coordinate r/M. The unit of the frequency is given in Hz.

5. Astrophysical Applications

From an astrophysical point of view, QPOs are one of the mysterious objects which
explanations of their existence are strongly model-dependent. The physics of QPOs in the
Keplerian orbits are dependent on vertical and radial oscillations of test particles along
stable orbits around BHs. On the other hand, they can play a role as a testing tool of
dominated gravity theories in spacetime around BHs. In most literature, where detailed
QPO data analyse are provided, the central BHs considered as a rotating Kerr BH [50].
However, other BHs in alternative theories of gravity can pretend to be the object providing
the same QPO frequencies in twin-peaked models. In such cases, when another static
BH alternates the Kerr one, in other words, it is impossible to distinguish the rotating
Kerr BH and static BH of alternative gravity by theoretical analysis of data from QPOs.
Thus, in this section, we aimed to explore a new way of providing such analyses, which
help to determine the relations between possible values of upper and lower frequencies of
twin-peak QPOs around regular MOG BHs. Then, one can compare the results with the
results in Schwarzchild and Kerr BHs in various models of twin-peak QPOs [50]. Moreover,
another actual astrophysical issue connected with the determination of ISCO radius around
BHs, which can be the inner edge of the accretion disk around a BH.

Here, we investigate the relation between the possible values of lower and upper
frequencies of twin-peak low and high-frequency QPOs around a BH in possible values of
the BH parameters, in the various QPO models which are, namely, relativistic precession
(RP) model where the upper and lower frequencies of the twin peaked QPOs are νU = νφ

and νL = νφ − νr, respectively, [74], the epicyclic resonance (ER) model (the frequencies for
ER2, ER3, ER4 νU = 2νθ − νr, νL = νr; νU = νθ + νr, νL = νθ , and νU = νθ + νr, νL = νθ − νr,
respectively), [75] and warped disc (WD) model (νU = 2νφ − νr, νL = 2(νφ − νr)) [76,77].
Below we show the relation for the above-considered models for testing the modified
gravity effects on twin-peak QPOs with the ratio of 3:2.
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Figure 9 illustrates the relationship between upper and lower frequencies of twin-
peak QPOs for the different models of BHs and QPOs. In the numerical calculations, we
have assumed for stellar-mass BHs with the value of its mass of 10M�. In this figure, we
have also provided analysis of the QPO GRS 1915+105 [49,60,78] with upper and lower
frequencies νU = 168± 5 and νL = 113± 3 Hzs, respectively, and the total mass M ∼ 10M�.
Here we are interested in whether MOG can help to explain the appearance of the object.
Performed analysis shows that one can explain it by only the RP model, values of the
MOG parameter dominated around gravitating compact objects is α = 0.2844+0.0074

−0.1317 in the
distance from the centre of the BH r/M = 7.6322+0.0768

−0.0826. Other models show that the value
of the parameter around the object is α > αcr. According to the WD and ER2-4 models,
the QPO object GRS 1915+105 can not be regular MOG BH, but the RP model indicates it
could be with the parameter approximately α ' 0.2844. One may also see from this figure
that the MOG parameter can not mimic the spin of Kerr BHs providing the same QPO
frequencies.

Moreover, using analyses of the models, we are interested in the possible range of
upper and lower frequencies for twin-peak QPOs around the regular MOG BH with
3:2 frequency ratios. We have found the following results with the help of numerical
calculations summarized in the following Table 1:

Table 1. The range of upper and lower frequencies of twin peak QPOs from the RMOG BHs in
different QPOs models

Models νL, Hz νU , Hz

RP 100–120 150–180

WD 112–141 168–211

ER2 26–38 39–57

ER3 112–143 168–215

ER4 140–165 210–248

The provided table may help to distinguish (recognizing) the central object of a
new detected twin peak QPO object with the frequency ratio of 3:2. The importance of
such analyses is connected to determine the different theories of gravity that can cause
to existence of the same twin-peak QPO objects at the corresponding values of their
parameters.

Here, we are interested in another issue related to the distance from the centre of the
BH to an orbit where the QPO generate by test particles in geodesic motion. As an example,
we investigate the distance from the central BH to the QPO around object GRS 1915+105.
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Figure 9. Relations between the frequencies of upper and lower peaks of twin-peak QPO objects in the RP, WD and ER2-4
models. The red triangle symbol implies a twin-peak QPO object called GRS 1915+105 with the upper and lower frequency
relation 3:2.

We shown the range of orbits where the QPO GRS J1915-105 could observe in Figure 10
with a light blue-coloured area in the RP model. One can see from the figure that the
increase of the MOG parameter shrinks the range, while the orbits where the QPO object
could shine go outwards as ISCO grows.
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Figure 10. The range of orbits where the QPO around object GRS J1915-105 can shine as a function of
MOG parameter.

Here, we also plan to determine the relationship between this distance and MOG
parameters for the given ratio of upper and lower frequencies 3:2, 4:3, and 5:4. For this, we
first set the following equations

3νL(r/M, α) = 2νU(r/M, α) , (32)

4νL(r/M, α) = 3νU(r/M, α) , (33)

5νL(r/M, α) = 4νU(r/M, α) . (34)

Using contour plots of these equations, one can get the relation illustrating the equation
in a given QPO model.

We show the distance from the regular MOG BH to the positions of twin-peaked QPOs
with the upper and lower frequencies’ ratios 3:2, 4:3 and 5:4 in Figure 11 in RP, WD and
ER2-4 models. It can be seen from the figure that as the MOG parameter becomes bigger, the
position of the QPO goes outwards from the central BH due to the gravitational behaviour
of the MOG field. The QPO orbits locate at further distances than ISCO. Moreover, there
is a correlation between the distance and ISCO radius that if the ISCO radius increases
the distance also increases proportionally. The orbits where QPOs with the ratios 4:3 and
5:4 are located closer than the QPO location with the ratio 3:2. That means the performed
study of the QPO distance may use as a new theoretical tool for determining the values of
ISCO radius in measurements of twin frequencies of the QPOs. In other words, finding
the location of QPO orbits helps to evaluate the ISCO radius. Since practically they are
approximately equal to each other. However, only in the ER2 model, ISCO and the QPO
orbits are located far from each other, and the correlation does not play a role well.

Finally, one can conclude that the intensity of radiation from the oscillations of particles
is higher near ISCO, due to stronger gravitational field. It is seen that due to the presence
of the MOG field, the orbits of QPOs shift farther from ISCO and higher frequency ratio
orbits shift more and are overall located on larger distances.
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Figure 11. The radius of orbits where twin peak QPOs are located with the ratios 3:2, 4:3, and 5:4 in RP, WD, and ER3-4
models and ISCO radius as function of MOG parameter.

6. Conclusions

In the present work, we have studied the properties of the spacetime and event horizon
of regular BH in MOG gravity. It has shown that the increase of the MOG parameter causes
the decrease of scalar invariants of the spacetime of the BH such as Ricci scalar, square of
Riemann tensor and Kretschmann scalar.

We have also explored the motion of neutral particles and obtained that positive
(negative) values of the MOG parameter α causes the increase (decrease) of ISCO radius.
We have shown similar effects of the MOG parameter on ISCO radius with the effect spin
of Kerr BH and how the MOG parameter can mimic the spin of Kerr BH, providing the
same values for the ISCO radius of test particles. The energy efficiency of accretion disk by
the model of Novikov and Thorne has also been investigated. We found that the efficiency
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exceeds 15 %. The fact is that the bolometric luminosity of the accretion disk around BHs is
proportional to the energy efficiency and the rate of falling matter into the central object.
We have also been interested in whether the MOG parameter mimics the spin of Kerr BH
in providing the same value for the luminosity by assuming the same mass rate falling into
the BHS. We have shown that the mimic range of the spin parameter a/M ∈ (−1, 0.8425)
at the MOG parameter α = −1÷ αcr.

Moreover, we have developed a new methodology that helps to test parameters
of gravity theories in strong-field regime using precision observational data from twin-
peak QPO objects constructing diagrams for their upper and lower frequencies. We can
see that possible values for upper and lower frequencies of QPOs can generate around
Schwarzschild, Kerr and regular MOG BHs in RP, WD and ER models. It is shown
that regular MOG BHs can not mimic rotating Kerr BHs providing the same frequencies
of upper and lower peaks of twin QPOs with positive values of the MOG parameter.
Numerical analysis for the twin peak QPO object called GRS 1915+105 with the frequencies
νU = 168± 5 Hz and νL = 113± 3 Hz show that the central BH of the QPO can be regular
MOG BH when MOG parameter α = 0.2844+0.0074

−0.1317 and the resonance oscillations generate
at the distances r/M = 7.6322+0.0768

−0.0826 from the central BH.
Finally, we have provided possible ranges for upper and lower frequencies of twin-

peak QPOs with the ratio of the upper and lower frequencies 3:2 around regular MOG
BHs in the different models. We have also interested in the study of the orbits of twin peak
QPOs with the ratio 3:2, 4:3, and 5:4 and the range where the QPO object GRS 1915+105
is generated. We have shown that the orbits/range are located near the innermost stable
circular orbits (ISCO). Likewise, we have also found that there is a correlation between the
radii of ISCO and the QPO orbits. Furthermore, we have concluded that the performed
study of the QPO distance may play a role new theoretical tool for determining the values
of ISCO radius using data from astrophysical observations of twin peak QPOs, which is an
important issue in relativistic astrophysics.
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